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1 Introduction

The standard characteristic system associated to an initial value problem of nonlinear (H-J)

equations can be described as a system of ODEs

%(ta A) = F(&(t ), e(N), t€[0,T], 2(0,)) = X € R",

where the smooth mappings f(z,u) : R x RN — R™ and ¢ = (p1,...,¢y) fulfil some
regularity conditions (see f € (C}NC?)(R™ x RY;R"™), p € (CLNC?)(R™;RY)). The smooth
solution u(t,z) : [0,7] x R" — RN of the given system of nonlinear (H-J) equations will
be obtained as a composition u(t,z) = @ (t,z)), t € [0,T], z € R, where 0 < T < T is
sufficiently small such that the flow equations #(t,\) = x € R, ¢t € [0, T], can be solved
leading us to a unique smooth solution {\ = ¢(t,z) € R, ¢ € [0, 7],z € R} (Banach fixed

point theorem will be the main ingredient). The irregular perturbations of the flow solution
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{i(t,\) e R" : t € [0,T]} will be generated in a simple case when smooth composition of
commuting deterministic flows y(p, z) := G1(t1) o -+ 0 G (tn)[2], p = (t1, ... tp), z € R™
are used. Define o primary perturbation of the flow {Z(¢,\)} considering the following
smooth mapping g(p,t; \) = y(p,&(t,\)), p € R", t € [O,T], A € R™. Notice that the

smooth mapping {§(p,¢; A)} is the solution of the following gradient system

8151:1) = gl(y)7 ce 7atmlg = gm(g)v atig = f<g7 90()‘))7
9(0,0; 1) =X e R", t € [0, 7],

provided the vector field f(-,u) € C}NC*(R™; R™) commutes with any g; € {g1,..., gm}, i.€.
[f(,u),g:] =0,i€{1,....,m}, u€RY (see [, ] as the Lie bracket). By definition, y(p, z),
p € R™ shares the group property and the unique solution of the perturbed flow equation
gp.t:\) =z € R, t € [0,T], p € R™ will be given by A = (¢, p; ) := (L, y(—p, z)),
where X = 9(t, z) is the unique solution of the original flow equation. Let {w(t) € R™ : ¢ €
[O,T]} be standard m-dimensional Wiener process associated with the complete filtered
probability space {Q, F D {F}, P}. The nonlinear SPDEs involved in this paper will be
obtained as the stochastic dynamics satisfied by the mappings ¢ (t, z) := ¥ (t, w(t); z) € R"
and u(t,z) = ((t,z)) € RN, t € [0,T], z € R", where 1(0,2) = 2 € R” and ¢(t, p; x) €
R"™ stands for the corresponding smooth test deterministic function. They will appear as
solutions for problems (P4) and (P5) correspondingly as it is contained in section 3 of this
paper. We shall recall them as follows
d(t,@) + [0, (t, )] f (w, (W (t,2)))dt + Y 0y0b(¢, ) gi(w)dwy(t) = 0,
k=1

Y(0,2) =z € R", t e 0,77,

and

dyult, z) + [Opult, x)|f (x, ult, )))dt + > [Oput, z)]gi(x)odw () = 0,
k=1

u(0,z) = h(z), z € R*, t € [0,T],

wA”»
[©]

Here, the Stratonovich integral is computed by
1
hk(ta x)adwk(t) = hk<t7 l’) ’ dwk(t) - E[al‘hk(t? $)]gk(x)dt> S {L ce ,m},
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using [to integral “.”.

A direct inspection of the last two nonlinear SPDEs show us that the nonlinearity are
contained in the drift part of both equations, and diffusion part is linear but contain the
gradient with respect to x € R" of the unknown functions. Some subjects of this paper
have been analysed also in [2], [3], [4] and [7], but under stronger hypotheses. Regarding
some applications, one may notice that the drift in both SPDEs contains a nonlinearity
(Opuj(t,x),u(t,z)), 7 € {1,...,n}, as in Burger’s equations from mechanics, provided
N =n and f(z,u) =u € R"™ If this is the case, the nonlinear system of SPDEs includes a
Laplacian of each u; (A,u;(t, x)) in the drift, provided m = n and g, = ex, k € {1,...,n},
where {e1,...,e,} C R"is the canonical basis. This allows us to say that the second SPDEs
mentioned above stands for Burger’s equations with stochastic martingale perturbations
for which a classical solution can be constructed. The investigation of evolution equations
with stochastic perturbations serves a large variety of applicability. It is well known the
applicability of backward SDEs (BSDEs) in mathematical finance as in [1], [4] and [9], and
in stochastic control with partial information as it is specified in [8]. Other applications of
SPDEs, including finance, may be found in Da Prato and Tubaso (see [3]). In Buckdahn and
Ma (see [2]) the authors consider a system of nonlinear SPDEs driven by Fisk-Stratonovich
integrals with the diffusion term independent of the gradiendt of the solution, for which they
prove the existence and uniqueness of the so called stochastic viscosity solution, introduced
in [8] and relying on Doss-Sussmann type transformations applied in the corresponding
stochastic characteristic system. This paper contains section 2 where the problems (P1)-
(P5) are stated. Solutions for the problems (P1)-(P5) given in section 2 will be analysed
in section 3 (see Lemmas 1, 2 and Theorems 1,2 and 3). The main result including the
above given nonlinear SPDEs is contained in Theorems 2 and 3 solving the problems (P4)

and (P5).



2 Quasilinear (H-J) equations with irregular pertur-
bations. Statement of the problems

There are given smooth mappings ¢ = (¢1, ..., ¢on) € (CINCH (R RY), f € (CINC?)(R™ x
RY; R") and a finite set of smooth vector fields {g1,...,gm} C (Cf NC?)(R™;R"™).
Associate two types of characteristic systems. According to some scalar bounded vari-
ation functions ug(t) : [0,7] — R, which are piecewise continuous and p(0) = 0, we
introduce the characteristic system
dyx(t; ) = f(a(tN), e(A)dt + > gr(a(t—; N)dux(t), t € [0,T],
P (1)
z(0;0) = X e R™.
For a given standard m-dimensional Wiener process w(t) = (wq(t),...,w,(t)) € R™,
t € [0,T], over the complete filtered probability space {Q,F D {F'}, P} we consider the

following characteristic system

dip(t; X) = f(@(t; N), e(N)dt + Y gr(a(t; N)) o dwy(t), t € [0,T),

(2)
z(0;A) = X € R",
where the Stratonovich integral “o” is computed by
1
gu(2) 0 dwi(t) = g(x) - dwi(t) + 5(0xgx(2)]gk(z)dt
using [t0 integral “-”. The main assumptions which allow us to get classical solutions for

our problems are the following:
(a) {g1, .-, 9m} C (Cf NC*(R™;R™) commute using Lie bracket [, ];
() [fu, 1) =0, u € RV, k € {1,...,m}, where f,(z) := f(z,u) and f € (C} NC*)(R" x
RY;R") is given.
Denote by {G(0)[z] : ¢ € R™ z € R"} the unique smooth solution of the gradient

system
05,G(0)[x] = 9:(G(0)[z]), i € {1,...,m}, 0 € R™,

(3)
G(0)[z] =z € R",



and let F,,(¢;A) : [0,7] x R™ — R™ be the unique smooth solution satisfying ODEs

dF,(t;\) :
T = J(EL(EX),9(N), t € [0.T], (4)

F,(0;A) = A € R™.

Define a smooth deterministic mapping
Sp(t,o;N) = G(0)[Fyu(t;N)], t € [0,T], e R", 0 € R™ (5)
and consider two types of mappings. Let
zL(t; N) = Sy(t, u(t); A), t € [0, 7] (6)
be a bounded variation piecewise continuous application for each A € R", and define
22 (t;A) == Syt w(t); A), t € 10,7 (7)

as a continuous F'-adapted process for each A € R™.

The problems we are going to study are the following:

(P1) Under the hypothesis (a)-(b), show that {z.(t; \) € R" : t € [0,T]} (see (6)) is the
unique solution of the characteristic system (1) and {z%(t; \) € R : t € [0, T} is the unique
continuous and F'-adapted solution of SDEs (2) (see (7)). The characteristic systems (1)
and (2) will be called gradient characteristic systems (see the gradient representation (5)

of the flow solution).

(P2) Under the hypothesis (a)-(b), find 0 < T < T and a smooth mapping A = (¢, z) :
0, 7] x R* — R" satisfying functional equations F,(t;4(t,z)) = z € R*, t € [0,T], z € R”

(see ODEs (4)). In addition, show (if possible) that A = (¢, z) satisfies the following

quasilinear (H-J) equations

Db (t, 2) + [0:0(1, 2)] f (2, (2, 2))) = 0, t € [0, 7], )
0(0,2) = z € R™.
(P3) Under the hypothesis (a)-(b), prove (if possible) that A = (t, z((t, z)) == ¥ (¢, z),
(see 21 (L, x) = G(—p(t))[z], t € [0,T], z € R"), is a solution of the flow equation zh(t;\) =

bt



z e R tel0,T] and A = (¢, z(t, 2)) := (¢, ), where (see z(t,z) = G(—w(t))[z],

t €0,7], z € R"), is a solution of the flow equation z2(t,\) =z e R", t €[0,7].

(P4) Under the hypothesis (a)-(b), show (if possible) that {\ = ¢'(t,2) : t € [0,T], 2 € R"}

satisfies the following quasilinear (H-J) equations with bounded variation perturbations

di! (¢, 7) + [0 (1, 20)]f (2, 0(4 (1, @)t + Y 00! (1=, ) gi(x)dpus(£) = 0, )

Y'(0,z) =z € R, t € [0, 7).

In addition, A\ = (¢, ) € R" : t € [0, 7],z € R satisfies the following nonlinear SPDEs

e (t, @) + [0.0° (8, )] f (2, (07 (8, 2)) )t + ) 0P (t, ) gr()ddwh(t) = 0, 10)

V2(0,2) =z e R, t €[0,T],

wA”
O

where, the Stratonovich integral is computed by

1
using Ito integral “.”.

(P5) Under the hypothesis (a)-(b), describe the evolution of the functionals u!(t,z) =
h('(t, x)) and w?(t,z) = h(%(t,z)), t € [0,T], z € R", for f € (C} NC?)(R™;RN). In
particular, u!(t,z) := p(¢ (¢, x)), t € [0,T], z € R", is a solution of the quasilinear (H-J)
equations with bounded variation perturbations
dyu;(t, ) + (Opu;(t, x), f(z,u(t, z))) dt + Z (Opuj(t—, x), gr(x)) dp;(t) = 0,
k=1 (11)
u;(0,2) = @;(z), j€{1,...,N}, z € R", t € [0, T].

and u2(t, ) == p(2(t,z)), t € [0,T], z € R", is a classical solution of SPDEs

dyu;(t, z) + (Du(t, @), f(2,u(t, ) dt + Y (Dau;(t, @), gu(x)) ddwy(t) =0, o)

u;(0,2) = (), j € {1,...,N}, z € R, t € [0, 7).
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Here, the Stratonovich integral “6” is computed by
1
hi(t, 2)odwy(t) = hi(t, x) - dwg(t) — 3 (Ophi(t, ), gr(z)) dt, k € {1,...,m},

using Ito integral “.”.

3 Solutions for (P1)-(P5)

Lemma 1. (solution for (P1)) Under the hypothesis (a)-(b), consider the smooth deter-
ministic mapping Sy(t,0;\) € R*, t € [0,T], 0 € R™, A € R" defined in (5) and associate
the flows xl(t; \) = Sy(t, u(t); ) € R™ and z2,(t; A) = Sy(t,w(t); N), t € [0,T] (for each
A€ R") as in (6) and (7). Then {zl(t;\) € R" : t € [0,T], A € R"} satisfies the bounded
variation characteristic system (1) and {x?(t;\) € R* : t € [0,T],A € R"} is the unique
continuous and F*-adapted solution of SDEs (2).

Proof. By definition (see (5)),
So(t,o;0) = G(o)[Fu(t; N)], t €[0,T], 0 € R™ (A € R" fixed) (13)

is a continuously differentiable mapping of second order with respect to ¢t € [0,7] and
o € R™. As far as the m-orbit {G(o)[z] € R" : ¢ € R™} is the unique solution of the

gradient system in (3), we get

05 Sp(t, 03 A) = gi(S,(t,0); ), i € {1,...,m},

07,84(t, 05 N) = [0:9i(Sp(t, 05 M)gi(Se(t, 05 1)), i € 1,...,m. "
In addition, using [f.,gx] =0, k € {1,...,m}, u € RY (see the hypotheses (b)), and
G(=0)[Sp(t,0; M) = Fo(t; A), t € 0,71, (15)
we compute 0[S, (t,0; \)] by the following formula
0l S,(t, o5 N)] = [M (05 2)] " f(G(=0) 2], o(N), for = S,(t, 03N, (16)



where M(o;x) = 0,(G(—o0)[z]). Here H(o;z) := [M(c;2)]"! and M(o;x) satisfy the

following linear gradient systems

0y, H(o;x) = H(0;2)[0,9:(G(—0)[z])], : € {1,...,m}, a7
0o M (03 1) = —[0,9:(G(—0)[z])]M (0;2), 1 € {1,...,m},

and H(0;x) = M(0;x) = I, (identity (n x n) matrix). Notice that by taking straight
derivations and using (17) we get
H(o;2) f(G(=0)[z], (V) = flz,0(N)+

W (18)
> / H(00: ) fur 6:)(G(—00)[2])d0 = F(z, (V).

for any x € R", A € R™.

In particular, for x = S, (¢, 0; A), the equalities in (18) allow us to rewrite (16) as follows
O[S,(t, o M) = f(Su(t, o3 M), (M), t €0, T], c € R™, A € R™. (19)

The dynamic satisfied by z(t; ), t € [0, 7], follows directly from (14) and (19), i.e.

dirl(t; N) = (bt N), o(N)dt + > gl (t—; X)) dp(t),
k=1 (20)

x}p(O; A) =X eR" te|0,T], where x(t—; ) = limx(t,; \).

tnlt

As far as xi = Sy(t,w(t);A), t € [0,T], is concerned, applying the standard rule of

stochastic derivation and using (14) and (19), we obtain SDEs

dl,(t:N) = f(@2(6N), o(N)dt 4+~ gr(al(t: X)) o duwy(t),

(21)
22(0;0) =X eR", t € 0,77,
where the Stratonovich integral “o”is computed by
1
gi(z) o dw;(t) = g;(x) - dw;(t) + é[axgi(x)gi(:c)dt, 1<i<m,
using [to integral “-”. The proof is complete. ]



Lemma 2. (solution for (P2)) Under the hypothesis (a)-(b), there exist 0 < T < T and
a unique smooth deterministic mapping {\ = (t,z) € R" : t € [0,T],z € R"} satisfying

functional equations
F (t;(t,2)) =2 € R, t € 0,T), 2 € R",
In addition, ¥ € CY2([0,T] x R™; R") satisfies (H-J) equations (8)

Proof. By definition, {F,(t; \) € R" : t € [0,T], A € R"} satisfies ODEs (4) which can be

written as integral equations
Fo(t; ) = A+ /Ot F(Eo(s; M), p(N)ds, t € [0, T],A € R" (22)
and functional equations F,(t; A\) = z € R" can be written as
F,(t; )=z =2— /Otf(Fw(s; A),o(\)ds :=V(t,z;\), t € [0,T],A e R".  (23)
Here the smooth mapping V (¢, z;A) : [0, T] x R" x R” — R™ is defined by

Vit A) =2 — / F(Ea(s5:0), o(A)ds (24)

and the functional equations

A=V(t 2\ (25)

will be solved by applying Banach fixed point theorem. In this respect, we are looking for

0<T<T sufficiently small such that
IVt 2 X)) =V, 2 N)| < p N = XN|, t €[0,T], z€ R*, X, X € R", (26)

for some constant p € [0,1) which shows that the nonlinear mapping V(t, z;\) is a con-
tractive one with respect to A € R" and uniformly of ¢ € [0, T], z € R. For proving (26),
define (see f € (Cf NC?)(R™ x RY;R™))

Ky = sup{|0.f(x, o(A\)|[ore(N)] : A € R" 2 € R"},
Ky =sup{|0.f(z,o(N\)] : A € R",z € R"},

9



and K3(7T) = (1 4+ K\T)exp KoT. Then using (22) and (24), by a direct computation, we
get
|Fo(t; ") — Fu(t; N)| < Ks(T)|IN" = N|, t €10, 7], N, \" e R", (27)

V(t, 2 N') = V(t, 2 N)| < TIK, + KoK5(T)||N — N[, t € 0,T), 2 € R, X, N € R™. (28)

Take 0 < T < T sufficiently small such that
p=T[K + K. J5(T)] € [0,1) (29)
and it yelds (see (28))
IVt 2 X)) =V, N)| < pN" = XN|, t €[0,T], z€ R*, ', N € R". (30)

The contractive property of the mapping {V(¢,2;\) : A € R"} found in (30) allow us to
get the fixed point A = zﬁ(t, z) € R™ (satisfying (25)) as a limit of a convergent sequence

zﬂ(t,z) = klim Ak(t, 2), 1&(0,2) =z 1€ [O,T], z e R" (31)
where
Xo(t,2) = 2, Mea (L, 2) = V(t, 2 M(2, 2)), k> 0. (32)

The smooth mapping ¢ € C1’2([O,T] x R™; R™) is the unique solution of the functional

equations (25) and it lead us to

~ A

Bl Fy(t:0) = A t € 0.7, (33)

showing that {{)(t,z) € R* : t € [0,7],z € R"} is a fundamental system of first integral
associated with the flow {F,(¢; \)}. Taking derivative with respect to the variable ¢, from
(33), we get

aﬂg(t’ F@(t§ )‘)) + az&(tv F@<t; )\))f(FSD(tQ )‘)7 QD(A)) =0,t€ [Oa T] (34)

for each A € R"™ and, in particular, for A = &(t, z) from (34) and 1&(0,2) = z we obtain

(H-J) equations (8). The proof is complete. O

10



Theorem 1. (solution for P3) Under the same hypotheses as in Lemmas 1 and 2, consider
the flows {xl,(t,\) e R" : t € 0,T], A € R"}, i € {1,2}, defined in Lemma 1 and satisfying
the characteristic systems (1) and (2) correspondingly. Let the smooth deterministic map-
ping ¥ € CY2([0, T|xR™; R™) be defined as in Lemma 2. Define 2*(t, ) = G(—u(t))[z] € R"
2(t,z) = G(—w(t))[z] € R, t € [0,T], z € R", and

A=t x) = 1(t, 2t x)) € RY, A =P(t,x) = (t, 2*(t,2)) € R", t € [0,T), v € R™.
(35)
Then the bounded variation mapping {1 (t,z) : t € [O,T]} satisfies functional equations

zL(t, 0 (tx)) = 2, Y (2l (t,N) =\ t€[0,T], N e R, z € R", (36)

)

and the continuous and F'-adapted process {\ = ¢?(t,x) : t € [0,T]} satisfies pathwisely

the following equations

(t, % (t,x)) =z, V3 (t,2%(t,\) =\, t € [0,T], A e R", 2 € R". (37)

Ty
Proof. By definition, A = ) € Cl’z([O,T | x R™;R") is the unique smooth deterministic
mapping satisfying functional equations F@(t;@z)(t, 2)) =z, t € [O,T], z € R". Replacing
z = 2Yt,z) € R into the above equations, we get F,(t,9'(t,2)) = G(—u(t))[z] and
al(t ot (t,x) =z, t € [0, 7], for each € R". As far as At al(tN) = Fy(tA),
t €[0,7), it yelds ¢! (¢, zL(t; X)) = A, t € [0,T] and the conclusion (36) is proved. Similar
arguments will be used to get (37) and noticing that ¢?(t, 22 (t; A)) = A, 22 (t, *(t, x)) = z,

t € [0, 7], we obtain (37). The proof is complete. O

Theorem 2. (solution for P4) Under the hypotheses of Theorem 1, consider the mappings
{N=i(t,z) e R* : t € [0,T),2 € R"}, i € {1,2}, as defined in (35). Then {¢'(t,z)}
satisfies the following nonlinear (H-J) equations with bounded variation perturbations (see

9))

def’ (£, 7) + (00" (8, 0)] f (2, (1 (@)t + Y [000* (1=, 2))g;(x)dp (1) = 0,
=1 (38)

P10,2) =2 € R, t € [0,T], where h(t—,x) = lim h(t,, z).

tnt
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In addition, the continuous and F*-adapted process {1*(t, x)} satisfies the nonlinear SPDEs

(see (10))

dp? (t, @) + [0.0% (8, )] f (2, (03 (8, 2)))dt + Y ([0:0% (1, )]y (x)) 6w (1) = O,
j=1 (39)
V2 (0,2) =2z e R, t € 0,7
Proof. Applying the standard rule of deterministic derivation associated with the test
functions ¢ € C*2([0,7] x R";R") and bounded variation process z!(t,z) = G(—pu(t))[z],
t €10,T], we get

(bt (t,2) = (L, 2 (t, x))dt + [0 (¢, 2 (t—, 2))]de2 (¢, 7)

= 9a)(t, 2 (¢, 7))t — Z[@zﬁ(t, 2 (t=,2))]gi (" (t—, ))dps; (t) )

= El(t7 [L’) + EQ(t7 ZL'),

| ¥ (0,2) =2 € R", t € [0,77.
Here, F(t,2) == da)(t, 2} (t, x)) where ¢ € CY2([0,T] x R";R") satisfies (H-J) equations
(8) and yelds
Eq(t,x) = =0.4(t, 2" (t,2)) f (2 (t,2), p(4" (¢, x)))dt
= =0, (t,2)[0,2 (8, 2)] T f (21 (8, @), (W (8, @) )t
Using the hypothesis [f,,g:] = 0, k € {1,...,m}, u € RY, we notice that the product
{0,G(—0)[2]} L f(G(—=0)[x], u) equals f(z,u) (see (18) of Lemma 1) and, in particular for

(41)

o = —u(t) € R™, we may and do write

Ey(t, ) = =00 (t, , )| f (, (' (8, 2)))dt, ¢ € 0,7, (42)
In addition, using similar arguments, we rewrite Es(t,z) as follows,
By(t,x) = =Y [0:0" (t—, 2))g; (x)dp;(1), t € [0,T], x € R (43)
j=1

and (40) coincides with the conclusion (38), i.e.

! (t, @) + [0, (8, 0)] f (2, (O (1, 2)))dt + Y [0 (=, )] g (x)dpay (t) = 0, m
j=1 4

W 0,2) =2z eR", t 0,7

12



Regarding the conclusion (39), we get the result by applying the standard rule of stochastic
derivation associated with the test function ¢» € C*2([0,7] x R™; R") and continuous F-
adapted process 22(t,x) = G(—w(t))[z], t € [0,T7], € R". The following SPDEs of

parabolic type

m

A2 (tx) + Y ([0.2°(t, 7)]g; (x))ddw; () = 0,
=1 (45)

20,2) =2 € R, t €[0,7]
is valid for {z2(t,z) : t € [0,T], 2 € R"} which can be deduced by applying the standard

rule of stochastic derivation associated with the smooth deterministic mapping S(o)[z| =

G(—0)[z] when ¢ = w(t) € R™, t € [0,T]. In this respect, notice that

00, 5(0) 2] = =0u{5(0) 2]} g1 (),

(46)
0;,[%] = 05, {05, {S(0)[2]}} = {0:(0:S (o) ]} gu ()]} gn ()
for any 0 € R™ and € R” which allow us to rewrite
dtZ t [E Z&,k{S }o’ w( Z }0‘ w( dt (47)
as in (45). Here the Stratonovich integral “6” is computed by
. 1 .
hj(t, l‘)Odwj(t) = hj(t, iL') . dw](t) — §8Ihj(t, ili')g](fﬂ)dt, ] < {1, e ,m}, (48)
using It6 integral “”. By definition, 2(t,z) = ¥(t, 22(t, x)), t € [0,T], and applying

standard rule of stochastic derivation, we get
( ~ ~
dt’(/}? (t, l’) = atw] (t7 ZQ(tv x))dt + azwj (tu 22 <t7 w))dt22 (tu ZI}')+
L 2 2 .
+ 5D (@21, 22 ) ha(t,0), ha(t o) ]de, G € {1, on}, (49)
k=1

~

| ¥*(0,2) = (¥7(0,2),...,¢5(0,2)) =z € R", t € [0,T],

where hi(t,r) = —0,2%(t, x)gx(x), k € {1,...,m}, and It6 equations (45), (48) are used.
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The last two terms in (49) can be rewritten as follows

> (0:4(t, 2 (¢, x)), hk(t,x»-dwk(t)—%@zﬁj(t, 2(t, 1)), Ophi(t, 2) g (@) dt)+

[Z(@%(t 220t 1)) hi(t, ), h(t, 2))]dt = (50)

+

DO | —

k=1
In addition, using similar arguments as for writting F (¢, x) (see (42)) we get that the first

term in the right-hand side of (49) has the following form

atd}j (tv ZQ(tv x))dt = _<0Z1Lj(t7 22(t7 x))? f(zz(t’ x)? @(¢2(t7 x))»dt

A (51)
- <8x¢]2(t’ ZL‘), f(mv @(¢2(t’ :E)))>dt, te [O7T]’ r e R

Using (50) and (49) we get the conclusion (39) satisfied and the proof is complete. O

Theorem 3. (Solution for P5) Under the same hypotheses as in Theorem 2, consider the
mappings {\ = (t,x) € R" : t € [0,T),z € R*}, i € {1,2}, satisfying nonlinear (H-J)
equations with irreqular perturbations (38) and (39). Let h € (C} N C*)(R™;RY) be fived
and define u'(t,x) == h(¢i(t,z)), t € [0,T], € R™. Then the following (H-J) equations
are satisfied

.

dyu (t, ) + [Opu (t, 7)) f (z, (' (8, 2)))dt + > [0pu (t—, )| gk (@) dpi(t) = 0, 2)
k=1

u'(0,2) = h(z), z € R", t € [0, 7],

dyu?(t, z) + [0.4% (L, 2)] f (2, o (V2 (t, x)))dt + Z[@xif(t, x)|gr(x)odwy(t) = 0, 53)
k=1

u?*(0,7) = h(z), x €R™, t € [O,T],

In particular, u'(t,z) = o@i(t,z)) € R", i € {1,2}, t € [0,T], z € R* (see ¢ €
(CLNC?)(R™;RY) and (H-J) equations (11), (12)) satisfies (H-J) equations (11) and (12)

correspondingly.
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Proof. By definition, u‘(t,z) = h(1)(t, 2'(t, x))), t € [0,T], x € R" and rewrite it as
u'(t,z) = h(t, 2 (t,z)), t € [0,T], z € R", i € {1,2}, (54)

where the smooth deterministic mapping i € C*2([0,7] x R*; RY) is defined by

~

h(t,z) = h()p(t, 2)) e R", t € [0,T], z € R™. (55)

Using similar arguments as in the proof of Theorem 2 (see conclusions (38) and (39)) we get
the conclusions (52) and (53) as consequences of the standard deterministic and stochastic
rule of derivations. As far as 4'(t,z) = ¢(V'(¢,x)), i € {1,2}, (see ¢ € (C} NC?)(R™";RY))
enters the nonlinear vector field f(z,p(¥'(t,))), the conclusions (52) and (53) become
(H-J) equations (11) and (12) for {@‘(¢,z)}. The proof is complete. O
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