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Embedding theorems for free actions on A-trees

Serban A. Basarab

Abstract

Using suitable deformations of simplicial trees, we show that any free action on
a median set can be extended to a free and transitive one.

Keywords. free action, transitive action, simplicial tree, median set, median group,
folding, abelian [-group, A-tree, A-tree-group, Lyndon length function

1 Introduction

A natural generalization of simplicial trees (i.e. acyclic connected graphs) was introduced
by Morgan and Shalen in the fundamental paper [20] under the name of A-trees. This
notion is obtained from that of a simplicial tree, interpreted as a metric space with an
integer-valued distance function, by replacing Z with any totally ordered abelian group
A. A still more general notion is introduced and investigated in [6], [8], by taking A an
arbitrary abelian [-group.

Definition 1.1. Let A be an abelian [-group. By a A-tree we understand a A-metric space
(X,d: X x X — A) satisfying the following conditions, where we put

[x,y] :={z € X |d(z,2) +d(z,y) = d(z,y)}
for x,y € X.

(1) For all x,y,z € X, the set [z,y] N[y, 2] N [z, 2] is a singleton; denote its unique
element m(z, y, z), and call it the median of the triple (x,y, ).

(2) Forall z,y € X, the map ¢y, : [z,y] — [0,d(z,y)], z — d(z, z) is bijective.
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2 Serban A. Basarab

Any A-tree (X, d) has an underlying structure (X, m) of median set (algebra) ', and
[z,y] = {m(z,y,2)|z € X} = {2z € X|m(z,y,2) = 2} for z,y € X. Note that the
median set (X, m) is locally linear (cf. [12, Definition 1.4 (4), Lemma 2.7] provided A is
totally ordered.

A A-metric version for median groups (cf. [12, Definition 1.5]) is defined as follows.

Definition 1.2. By a A-tree-group we mean a group G together withamap d : G* — A
satisfying the following conditions.

(1) (G,d)is a A-tree.
(2) Forall g, h,u € G, d(ug,uh) = d(g, h).

In the present work we use the embedding theorem for free actions on median sets
[12, Theorem 1.6] to prove an analogous result for free actions on A-trees, where A is an
arbitrary abelian [-group, extending in this way [17, Theorem 5.4.] devoted to free and
without inversions actions on A-trees, where A is a totally ordered abelian group.

The main result reads as follows.

Theorem Let H be a group acting freely on a nonempty set X. Fix a basepoint by, €
X. For a given abelian l-group A, we denote by Ty(X) the set of those distance maps
d: X x X — A forwhich (X,d) is a A-tree, compatible with the free action of H, i.e.
d(hx,hy) = d(x,y) forall z,y € X, h € H. Then there exists a group H containing H
as its subgroup, together with an embedding 1 : X — H and a retract Q H— X
such that the following hold.

(1) The maps v and ¢ are H-equivariant, i.e. L(h-x) = hi(x), p(hu) = h-p(u) for all
heHzeX,ueH.

(2) t(by) =1, s0o L(Hby) = H, and (X)) generates the group H.

(3) For each d € T\(X) there exists uniquely a map d: Hx H —s A with the

following properties.

6) (ﬁ, &\) is a A-tree-group.
(i) d extends d, i.e. c/i\(L(:c), L(y)) =d(x,y) forall x,y € X.

'By a median set we mean a set X together with a ternary operation m : X3 — X, called median,
satisfying the following equational axioms.

() m(z,y,2) = m(y,x,z) = m(z, 2,y).
2) m(z,y,z) = .

3) m(m(z,u,v), m(y,u,v),x) = m(z,u,v).
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(iii)) The map Lo ¢ : H — Hisa folding identifying X with a retractible \-
subtree of(lfl,c/l\), ie.Nyex [e(x),u]l = [ wle(u)),ul forallu e .

Corollary Let H be a group actlng freely on a A-tree X, where A is an abelian [-
group. Then there exists a group H acting freely and transitively on a A-tree X together
with a group embedding H — Handa H -equivariant A-isometry X — X.

The part I of the paper is organized in three sections. Section 1 introduces the reader
to the basic notions and facts concerning median sets and median groups. In Section 2
we associate to an arbitrary free action H x X — X a group H with an underlying
tree structure, together with a natural embedding of the H-set X into H. Section 3 is
devoted to the proof of the main result stated above using a procedure for deformation of
the underlying simplicial tree of H introduced in Section 2 into a suitable median group
operation m which extends any given median operation m on the H-set X.

The result above is extended in the part II of the paper to more general actions on
median sets, in particular on more general A-trees, where A is an arbitrary Abelian -
group. More precisely, we shall consider actions G x X — X satisfying the following
two conditions

(i) for all z, y € X, the stabilizers G, and G, are conjugate subgroups of the group G,
and

(ii) for some (for all) x € X, the stabilizer G, has a complement H, in G, i.e. H, N
G,=1land G=H, - G,.

2 A-trees and their subspaces

In the following we denote by A an abelian [-group with the group operation +, the
partial order <, and the (distributive) lattice operations A, V. Set A, := {\ € A|\ > 0},
A = AV0, A = (=AN)y = —=(AA0), [\ == AV (=A) = A + A_for A € A. The
abelian [-group A has a canonical subdirect representation into the product H A/p of

peP(A)
its maximal totally ordered quotients, where p ranges over the set P(A) of the minimal

prime convex [-subgroups of A, in bijection with the set of the minimal prime convex
submonoids of A, as well as with the set of the ultrafilters of the distributive lattice
(Ai; A, V) with 0 as the least element.

2.1 Remarkable classes of A-metric spaces

Definition 2.1. By a pre-A-metric space we understand a set X together with a A-valued
distance map d : X? — A satisfying the following two conditions.

(1) Forz,y € X, d(z,y) = 0if and only if x = y.
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(2) d(x,y) =d(y,x) forall z,y € X.

A pre-A-metric space (X, d) is a A-metric space if the triangle inequality
(3) d(z,y) <d(z,z)+d(z,y) forall z,y,z € X

is satisfied.

Assuming that (X, d) is a A-metric space, we obtain 0 = d(z, z) < d(z,y)+d(y,z) =
2d(z,y) for all z,y € X, therefore the map d takes values in A,. Note that A itself
becomes a A-metric space with d(A, \) := |A — | for A, N € A.

Forz,y € X, set[z,y] := {7z € X |d(x,2) + d(z,y) = d(z,y)}; thus, z,y € [z,y],
and d(z, z) < d(x,y) for all z € [z,y]. We define the map ¢, ,, : [z,y] — [0, d(x,y)]
by t44(2) 1= d(z,z). Call cell of (X,d) any subset of X having the form [x,y] with
x,y € X.Forany cell C C X, its boundary is the nonempty subset 90C := {x € X |C' =
[, y] forsomey € X}.

The metric d on a A-metric space X induces the betweenness relation

zzy (read z is between x and y) < 2 € [z,1].
Note that [z, 2] = {z}, [z,y] = [y, 2], [z,y] =[x, 2] = y = 2z, and
z €[x,yl,u €[z, 2] = 2z € [u,y].

Definition 2.2. A A-metric space (X, d) is called median if for all z,y, z € X, the inter-
section [z, y] N [y, z] N[z, 2] consists of a single element.

Remark 2.3. (1) The name median is justified since, according to [2], [8, Proposition
3.1.], a A-metric space (X, d) satisfying the condition above becomes a median set,
where the median m(z,y, z) of any triple (x,y, z) of elements of X is the unique
element of the set [z, y] N[y, 2] N[z, 2].

(2) According to [8, Lemma 6.1.], a necessary and sufficient condition for a A-metric
space (X, d) to be median is that for all x,y, z € X there exists u € [y, 2] such that
[z, y] N[z, 2] = [z, 4].

(3) In a median A-metric space (X, d), the map ¢, , : [z,y] — [0, d(z,y)] is not neces-
sarily injective for all x,y € X. The simplest example of a median Z-metric space,
where the ¢’s are surjective but not all are injective, is the square X = Z/4 with

d(nmod4,n + 1mod4) =1, d(nmod4,n + 2mod4) = 2,

so X = [0mod 4,2mod 4] = [1 mod4,3mod4].
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Definition 2.4. Let X = (X, d) be a median A-metric space, and let m be the induced
median operation.

(1) X is called a pre-A-tree if for all z,y € X, the map ¢, : [x,y] — [0,d(z,y)]is a
A-isometry, i.e., d(u,v) = |d(x,u) — d(x,v)| for all u,v € [z,y]; in particular, the
map ¢, , 1s injective for all 7,y € X.

(2) Xis called a A-tree if it is locally faithfully full (cf. [6, 1.3.]), i.e., forall z,y € X,
the map ¢, , : [z,y] — [0, d(x,y)] is bijective.

Remark 2.5. (1) The necessary and sufficient condition for a median A-metric space
X = (X, d,m) to be a pre-A-tree is that d(x, m(z,u,v)) = d(x,u) A d(x,v) for all
z,y € X,u,v € [z,y], whence the map ¢, : [z,y] — [0,d(z,y)] is an injective
morphism of bounded distributive lattices for all z,y € X.

(2) f X = (X, d) is a A-tree then for all z,y € X, the map ¢, : [z,y] — [0, d(x,y)] is
an isomorphism of A-metric spaces, and also an isomorphism of bounded distributive
lattices; in particular, any A-tree is a pre-A-tree.

(3) Assuming that A is totally ordered, we obtain the Morgan-Shalen A-trees [20], [1].
(4) The abelian [-group A, with d(\, X') = |\ — X| for A\, \ € A, is obviously a A-tree.

(5) Let X = (X,d) be a A-tree. The canonical subdirect product representation of the
abelian [-group A, A — H Ap, with A, := A/p totally ordered, induces a
peP(A)
canonical subdirect product representation X — H X, where the Ap-tree X, :=
peP(A)
(Xp, dp : X7 — A,) is the quotient of X by the congruence  ~, y <= d(z,y) € p

for z,y € X, and dy(xp, yy) = d(x,y) modp for x, = xmod ~y,y, = ymod ~,
in X, = X/ ~,. Though, in general, we prefer direct proofs, sometimes we shall use
the canonical representation above to transfer known results for A-trees with A totally
ordered (the local case) to A-trees with A an abelian [-group (the global case).

(6) A-trees, where A is an abelian [-group, not necessarily totally ordered, occur in a
natural way in various algebraic and geometric contexts. Thus, the residue structures
induced by Priifer extensions have underlying A-tree structures with suitable abelian
[-groups A (cf. [6, 11]).

(7) Any median A-metric space is a pre-A-tree provided the induced median operation is
locally linear, though A is not necessarily totally ordered.
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(8) A simple example of a pre-A-tree which is not a A-tree is obtained as follows: let
A=ZxZwith Ay =NxN,and X = {a,b,c} C A, witha = (0,0),b = (1,0),c =
(0,1), and the induced A-metric d : X? — A. (X, d) is a pre-A-tree, but not a A-
tree, since the injective map ¢, . is not surjective : [b, ¢] = X is of cardinality 3, while
the cardinality of [0, d(b, ¢)] is 4. Adding the point (1, 1) to X, we obtain the A-tree
closure of the pre-A-tree (X, d) (see Corollary 2.11).

2.2 An equivalent description of A-trees

The next lemma introduces a class of A-metric spaces which contains the pre-A-trees as

a proper subclass.

Lemma 2.6. Let (X, d) be a nonempty pre-A-metric space. Set

(,y)y = %(d(m,u) +d(u,y) —d(z,y)) € Z[%] ®z A for z,y,u € X.
Fix a base point a € X, and assume that the following two conditions are satisfied.
(S, (z,y)q € Aforall z,y € X.
(S2), (z,y)a > (x,2)a A (y, 2)aforall x,y,z € X.
Then the following assertions hold.
(D) (z,y)y € Ay forall x,y,u € X, in particular, (S1), holds for all u € X.
(2) (X,d) is a A-metric space.

3) (z,y)u = (2,2)u A (Y, 2)u forall x,y, z,u € X, i.e., (52), holds for all u € X.

(4) Forall x,y € X, the map ., : [x,y] — [0,d(x,y)] is a A-isometry. In particular,
forx,y € X, 1, is injective, and for z,u € [z,y], z € [x,u] if and only if d(z, z) <
d(x,u).

(5) Forall z,y,z € X, the set [x,y] N[y, 2] N [z, z] has at most one element.
(6) Forall z,y,u,v € X, u,v € [x,y] if and only if [u,v] C [z, y].

Proof. Taking z = a in (S2),, we obtain (z,y), > (z,a), A (y,a), = 0, therefore
(z,y)e € Ay for all x,y € X by (S1),. Further it follows by (S2), that d(z,a) =
(x,2)a > (x,y)q, and, similarly, d(y, a) > (x,y),, and hence

(z,9)q € [0,d(x,a) Nd(y,a)] C Ay forall z,y € X.
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(1) We obtain

(T,Y)u =

and hence (z,y), € A, forall z,y,u € X, as desired.
(2) is a consequence of (1).
Note that (3) is equivalent with the inequality A+ B > (A; + By) A (Ay + By), where

A= (2,9)a B 1= (2,0)a, A1 i= (2, 0)a, By = (4, 2)a A = (4, W), By i= (2, 2)a.
By (S2), we deduce that
A> (A NA)V (ByABy) = (A1 VB)A(A1V By) A(As VvV By) A (Ag V By),
and
B> (A1 ANBy)V (BiANAy) = (A1 V B1) A(A1V A2) A (By V By) A (A V By).
Using the identity (<<, @) + (A1<icn ) = Ni<ijen(ai + ), it follows that
A+ B> (A1 +Bi)AN(Ay+ By) A((A1V By) + (A3 V B)) = (A1 + B1) A (Aa + Ba),
as required, since
(A1 V By) + (A2 V By) — ((A1 4+ B1) A (Ay + Bs)) = |(A1 A By) — (As A By)| > 0.

(4) Let z,u € [x,9], 1., (2,y), = d(z, 2), (u,y), = d(z,u). By (3) we get (z,u), >
(z,9)z A (u,y): = d(z, z) ANd(x,u), therefore d(z,u) < |d(x, z) — d(z,u)|. On the other
hand, |d(z, 2) — d(z,u)| < d(z,u) by the triangle inequality, since (X, d) is a A-metric
space by (2). Thus, the map ¢, , is a A-isometry for all z,y € X.

(5) Let ,y,z,u,v € X be such that u,v € [z,y] N[y, 2] N [z, 2]. Then d(z,u) =
(y,2), = d(x,v), and hence u = v by (4).

(6) Let u,v € [z,9],2 € [u,?], ie. (x,9)u = (2,y)y = (u,v), = 0. We have to
show that z € [z,4], i.e., (z,y), = 0. As (u,v), = 0 by assumption, it follows by (3)
that (z,u), A (z,v), = 0, therefore d(x, z) = (d(z,u) — d(u, z)) V (d(z,v) — d(v, 2)).
Similarly, we obtain d(y, z) = (d(y,u) — d(u, z)) V (d(y,v) — d(v, z)), and hence

0 < (z,9). = (=d(u, 2)) V (=d(v,2)) V (= (,0),) V (=(2,0)u) <0

by (1), so (x,y). = 0 as desired. O
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Lemma 2.7. Let X = (X, d,m) be a pre-A-tree. Then X satisfies (S1), and (52), for

any element a € X.

Proof. (S1), is satisfied since for all z,y € X, (x,y), = d(a,m(a,x,y)) € A.
To check (S2),, let z,y, z € X. As (X, m) is a median set, it follows that

[a,m(a,x, 2)] N[a,m(a,y, 2)] = [a,m(a,m(a,x, z),m(a,y, 2))]
= [a, m(a, m(a, z,y), 2)]
= [a, 2;] N [a, m<a7 Zz, y)]

Since the map ¢, . is a A-isometry, we deduce that

(
(

as required. L

(z,y)e = d(a,m(a,z,y)) > d(a,m(a,m(a,x, z),m(a,y, z))
d(a,m(a,z,2)) Nd(a,m(a,y,z)) = (,2)a A (Y, 2)a,

The next statement provides an equivalent description of A-trees. It is a slight ex-
tension of [6, Proposition 1.3.], [8, Proposition 6.2.]) and also a generalization of the
characterization of A-trees, where A is a totally ordered abelian group (cf. [1, Theorem
3.17.]

Proposition 2.8. Ler (X, d) be a nonempty pre-A-metric space. For any a € X, the

following assertions are equivalent.
(1) (X,d) is a A-tree.
(2) (X, d) satisfies (S1)a,(52),, and
(T) forall z,y € X, the map 1, : [x,y] — [0, d(x,y)] is onto.
(3) (X,d) satisfies the conditions (S1),,(52),,

(T), forall x € X, the map v, : [a,z] — [0, d(a, )] is onto, and
(T”) forall z,y € X,z € [x,y)], there is u € [z, y| such that d(x,u) = d(y, 2).

Proof. (1) = (2) follows by Lemma 2.7, while (2) = (3) is obvious.

(3) = (1). Assume that the pre-A-metric space (X, d) satisfies the assertion (3) of the
statement. Thus, (X, d) is a A-metric space by Lemma 2.6 (2), and for all x € X, the map
L,z 18 bijective by (T), and Lemma 2.6 (4). Note also that for all z,y € X, there exists
uniquely u := m(a, z,y) € [a,z] N[a, y] N[z, y]. Indeed, there is uniquely u € [a, 2] such
that d(a, u) = (z,y), since (4, is bijective and (z,y), € [0,d(a, )], so we have to show
that d(y, u) = (a,z),. By Lemma 2.6 (1, 3), we obtain

d(y,u) = (a,2)y = 2((a; y)u A (2, 9)u) € [0,2(a, )] = {0},



Embedding theorems 9

therefore d(y, u) = (a, ), as desired.

According to Lemma 2.6 (2, 4, 5), it remains to show that for all z, y € X, the map ¢, ,
is onto (and hence bijective), while the set [x, y] N[y, z] N[z, ] is nonempty (and hence a
singleton) for all x,y, z € X.

Let z,y € X, \ € [0,d(z,y)]. We have to show that there exists z € [z, y] such that
d(xz,z) = A Letw := m(a, z,vy),

w=d(a,z) — (AN d(z,w))
= (d(a,z) — \) Vd(a,w) € [d(a,w),d(a,z)],

and

¢:=d(a,y) — ((d(z,y) — ) Ad(y,w))
= (d(a,y) + A —d(z,y)) Vd(a,w) € [d(a,w),d(a,y)].

As the maps ¢, , and ¢, , are bijective, there exist uniquely u € [a, 2], v € [a, y] such that
d(a,u) = p,d(a,v) = (. As p1,¢ > d(a,w) and the maps ¢, 4, Lo, are A-isometries, we
deduce that w € [a,u] N [a,v], u € [w,x],v € [w,y], therefore u,v € [x,y], and hence
[u,v] C [z,y] by Lemma 2.6 (6). On the other hand, since the map ¢, , is a A-isometry
by Lemma 2.6 (4), it follows that w € [u,v], and hence w = m(a,u,v). According to
(T) there is z € [u,v] such that d(u,z) = d(v,w), therefore d(v,z) = d(u,w). As
d(z,y) = d(z,w)+d(w,y) = d(z,u)+d(u, z)+d(z,v)+d(v,y) and z € [u,v] C [z,1],
we deduce that d(z, 2) = d(z,u) + d(u, z) = d(a,x) — p+ ¢ — d(a, w) = X as desired.

Finally, we can use the same argument as in the beginning of the proof of the impli-
cation (3) = (1), with the point a replaced by any element z € X, to conclude that
for all z,y,z € X, the set [z, y] N [y, 2] N [z, 2] is nonempty (and hence a singleton) as
required. [

Remark 2.9. (1) If A is totally ordered then (T”) is a consequence of the rest of hypotheses since

[#,9] = [z, m(a, 2, y)] U[m(a,z,y), 4] < [a,2] U[a,y]

and [z, m(a, x,y)] N[m(a, z,y),y] = {m(a,z,y)}. However, in general, the condition (T") cannot be
omitted (see Remark 2.5 (5)).

(2) Let (X, d) be a nonempty A-tree with the induced median operation m : X3 — X. It follows from
Proposition 2.8 that the following assertions are equivalent for a subset S C X.

(a) S is aconvex subset of the median set (X, m).
(b) (S,d|sz)is a A-tree, so S is a sub-A-tree of (X, d).

In particular, the A-tree (X, d) is spanned by a subset S C X if and only if X is the convex closure of
S in the median set (X, m).

A nonempty sub-A-tree S of the A-tree (X, d) is said to be closed if the intersection of S with any
cell of (X,d) is either empty or a cell. In particular, the cells are the simplest closed sub-A-trees
of (X, d). According to [3, Proposition 7.3.], the following assertions are equivalent for a nonempty
subset S C X.
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(i) S isaclosed sub-A-tree of (X, d).
(ii) S is aretractible convex subset of the median set (X, m).

(iii) S = p(X), where ¢ : X — X is a folding of the median set (X, m), i.e., p(m(z,y,2)) =
m(p(x), o(y), z) forall z,y, z € X, in particular, ¢ = ¢ o  is an idempotent endomorphism of
the median set (X, m).

If S is a closed sub-A-tree of (X, d) then the folding ¢ satisfying S = ¢(X) is unique, so we may
call it the folding associated to S. For all s € S,z € X, SN [s,z] = [s, p(z)], and for any z € X,
Nses [#, 8] = [z, 0(2)] is called the bridge from the point z to the closed sub-A-tree S of (X, d). In
particular, the distance from x to .S is well defined :

d(z,S) :=d(z,p(x)) = min{d(z,s) | s € S}.

For any cell C of a A-tree (X, d), put 9(C) := d(z, y) for some (for all) z,y € X such that C' = [z, y];
call 9(C) € A, the diameter of the cell C. By a midpoint (or a center) of the cell C' we mean a
point ¢ € C such that d(c,z) = d(c,y) for all z,y € OC. The necessary and sufficient condition for
the existence of a (unique) midpoint c of the cell C' is that 9(C) € 2A, whence the radius d(c,z) =
@ € A4 forall z € 9C. More generally, for any two cells C' and C’ such that C C C’, we say
that C' is centrally situated in C’ if for some (for all) z € 9C,2" € 9C’, d(z,2') = d(-zx,—a’),
where ~z € 9C, —z’ € OC’ are unique with the property C' = [z, —~z], C’ = [2/, —a']. It follows that
(C") —o(C) =2d(2', m(z, ', ~x)) € 2A4 forall z € OC, 2’ € 9C’.

Let (X, d) be a A-tree, and z,y, z,u € X be such that z € [z,y]. Then v := m(z,y,u) € [u, 2], and
hence

d(u, z) = d(u,v) + d(v, z)
= (&, 9)u + (4, y)a — d(z,2)|
= (d(u,x) —d(z,2)) V (d(u, y) = d(y, 2))-

Similarly, assuming that z € [z1, z2], u € [y1, y2], we obtain

d(z,u) = \/ (d(z4,y;) — d(xs, 2) — d(y;, u)). 2.1
ije{1,2}

In particular, if d(z,y) = 2r € 2A and z is the midpoint of the cell [z, y], it follows that d(u, z) =
(d(u,z)Vd(u,y))—r. Consequently, if ¢, ¢’ are the midpoints of the cells [z, y] and [z, y] respectively,
with d(z,y) = 2r,d(z’,y") = 27/, then

d(e,c') = (d(z,2") vd(z,y') v d(y,a") v d(y,y")) — (r +1'). 2.2)

Let (X, d) be a A-tree. We denote by Dir(X) the median set of all directions on the underlying median
set (X, m). According to [3, Definition 3.1.], a direction D on (X, m) is a semilattice operation \V p on
X with the property that for every a € X, the map X — X,z — a Vp z is a folding of (X, m), i.e.,
aVpm(z,y,z) =m(aVpx,aVpuy,z) foralz,y, 2 € X. By [3, Proposition 8.3.], the set Dir(X)
becomes a median set with respect to the ternary operation (D1, Dy, D3) — D, where the direction D
is defined by

xVpy:=m(xVp, Y, Vp, Y, Vp, y)

forall z,y € X. Moreover the map X — Dir(X), a — d,, withz Vg, y := m(a,z,y) forz,y € X,
is injective, identifying (X, m) with a convex subset of the median set Dir(X). The directions d,, for
a € X, are called internal, while the rest of directions are called external. If X is the convex closure
in (X, m) of some finite subset of X then (X, m) = Dir(X), i.e., Dir(X) consists entirely of internal
directions. Note also that Dir(X) = Dir(Dir(X)) according to [3, Proposition 8.7.].

For D € Dir(X),a € X, the convex subset [a, D] N X = {x € X |a Vp z = z}, called the
ray from a in the direction D, is a distributive lattice with the least element a, the meet operation
(z,y) — m(x,a,y), and the join operation (z,y) — x Vp y.



Embedding theorems 11

On the other hand, the family (C;);cr of all nonempty finitely generated convex subsets of (X, m)
form an inverse system, where the connecting morphisms are the canonical retracts m; ; : C; — C;
of the embeddings C; C C; (for any = € C}, the bridge from z to C; is the cell [z, ; ;(z) = Vq, Ci]).
According to [3, Proposition 8.1.], the median set Dir(X) is identified with the inverse limit of the
inverse system above via the isomorphism D — (VpC;)icr, whose inverse sends any compatible

family (¢;)ier € H C; to the direction D defined by = Vp y := m(z,y, ¢;) for some (for all) i € T
il
satisfying z, y € C.
Using the A-tree structure of X, we can define the following convex subset of Dir(X) lying over X.
Fix a point @ € X, and consider the family of balls
B(A\) = B,(A\) ={z € X|d(a,z) <A} (A€ Ay).

One checks easily that for any A € Ay, the ball B(\) is a closed sub-A-tree of (X,d), with the
associated folding ¢ : X — X,z +— the unique point y € [a, 2] satisfying d(a,y) = A A d(a, z),
so the cell [x,p\(z)] is the bridge from z to the ball B()). The balls B(A\)(A € A;) form an
inverse system of median sets with the connecting morphisms ¢x|g(,) : B(u) — B(A) for A < p.
We denote by B = B, the inverse limit of this inverse system of median sets. The injective map
X — B,z — (oa(x))ren, identifies (X, m) with a convex subset of the median set 13, and hence
the canonical embedding X — Dir(X) extends uniquely to a morphism of median sets

B — Dir(X),b — dy, where Vg4, y = m(z,y,b) = m(x,y,by) for some (forall) A € A satisfying
A >d(a,z) Vd(a,y) (x,y € X). Moreover the map B — Dir(X) is injective, identifying B with a
convex subset of Dir(X). The construction does not depend on the choice of the base point ¢ € X, and
Dir(X) = Dir(B). Consequently, B 2 Dir(X) provided the A-tree B(\) is spanned by a finite subset
for all A € A . For instance, this happens for X = A, with d(z,y) = |z — y| (see for details 2.1.1.).
By contrast, for A =R, X =[0,1) = {x € R|0 < 2z < 1}, we obtain X = B # Dir(X) = [0, 1].

2.3 Subspaces of A-trees and their A-tree closures

The next statement provides a characterization of the A-metric spaces which are isometric
to subspaces of A-trees. It extends to arbitrary abelian [-groups [1, Theorem 3.17], where
A is a totally ordered abelian group.

Theorem 2.10. Let (X, d) be a nonempty pre-A-metric space. For any element a € X,

the following assertions are equivalent.
(1) (X, d) is isometric to a subspace of a A-tree.
(2) (X,d) satisfies (S1), and (52),.

Proof. The implication (1) = (2) is immediate by Proposition 2.8. To prove the con-
verse, assume that (X, d) satisfies (S1), and (S2),, in particular, (X, d) is a A-metric
space by Lemma 2.6 (2). We denote by X the subset of A7 consisting of those maps
f+ X — A, satisfying the following three conditions

(@) (z,9)5 = 3(f(2) + f(y) — d(z,y)) € A, forallz,y € X,
(B) (z,y)f > (z,2)f N (y,2)fforall z,y,z € X, and

(7)o there exists a nonempty finite subset M C X such that A My (a,z)f = 0.
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Note that the definition of X does not depend on the choice of a base point a € X. Indeed,
we may assume without loss that @ € M, and hence it follows by («), (3) and (), that

0< /\ (bux)f = /\ ((bva)f/\(bvx>f) < /\ <a7$)f =0,

IEMf IGMf IEMf

0 (), holds for any b € X.
By Lemma 2.6 (1, 3), X is identified with a subset of X via the injective map u +— 1,
where u(z) = d(u, x) for x € X, with Mz = {u} foru € X.
We define a map d: X x X — A, as follows. Let f,g € X. By assumption there is
a nonempty finite subset M C X such that A, (2, y)r = A, ,err(,y)y = 0. Setting

zeM zeM

it follows by («) and (/) that for all x € X,

f@)=glz) = R=2 N\ (z.9); — (x,), /\xy <2 A\ (v,2);=0,
yeM eM y,2€M
in particular, L < R. By symmetry, we obtain L = R > |f(z) — g(x)| forall z € X, and
hence it makes sense to define

d(f,9)=d(g.f):==L=R=\/|f(z) - g(z)| € A,.
zeX
It follows that (X, d) is a A-metric space, and d(f,Z) = f(z) forall f € X,z € X.In
particular, (X, d) is identified to a A-metric subspace of (X, d).
To conclude that ()? , J) is a A-tree we have to show that the assertion (2) of Proposi-
tion 2.8 is satisfied.
(1) First, taking @ = a € X as a base point of X , we have to show that

(f,9)a = %(f(a) + g(a) — g(f,g)) € Aforall f, g € X.

Given f,g € X, choose a nonempty finite subset A/ C X as in the definition of the
distance d(f, g). Then

2(f,9)a = f(a) + g(a) — d(f.g)
= N\ (f(a) + g(a) = f(2) + g(2))

xeM

=2 /\ ((f,2)a + (a,x),) € 24,

zeM

0 (f,9)a € A as desired.
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(ii) Next we have to check the inequality (f, g)a > (f,h)a A (g, h), for f,g,h € X.
Since the abelian [-group A is a subdirect product of the family of all its maximal totally
ordered quotients, it suffices to show that the inequality above holds in each totally ordered
quotient of A, so we may assume without loss that A itself is totally ordered. Then it
follows by (), that there are b, c,e € X such that (a,b); = (a,¢), = (a,e), = 0. As
(b,¢)a > (by€)q A (¢, €), by assumption, it suffices to show that (f, g), = f(a) A g(a) A

(b, ¢)q provided (a,b) s = (a,c), = 0. According to the definition of d, we obtain

d(f,g) = (f(a) = g(a)) vV (f(b) — g(b)) V (f(c) — g(c)),

therefore

(f7 g)a - (CL)

()

By symmetry, we get (f, g)a = f(a) A (g(a) + (a,)y) A (b)), and hence (f,g)a =
(f,¢)a A (g,0)q since (f,c)a < f(a),(g,b)a < g(a). Thus, it remains to show that
(f,¢)a = f(a) A (b,c), since the equality (g,b), = g(a) A (b,c), follows by symme-
try. As (a,b); = 0 by assumption, it follows by («) and () that (a,c)s A (b,c); = 0,
therefore

gla) N\
gla) N\

(f7 C)a

I
—~
—~
=

o
S~—
N
+
—~
e

o
S—
~
N~—

>
~—~
~—~
-

o
SN—
N
+
—~
=

o
S~—
~
S~—

Il

fa) A (b, €)a,

as required.
(ii1) Thus, we have shown that (5{' , d) satisfies (S1), and (S2),. To conclude, by Propo-
sition 2.8, that (X, d) is a A-tree, it remains to prove that the map

trg : L 9l — 0,d(f, 9)], h = d(f, h),

isonto for all f, g € X. Let fig€ )?,)\ € [O,dv(f,g)].Deﬁnethe map h: X — A, by

W) = (f,9)e + (g, 2) 5 = Al = f(2) + X = 2(A A (g, 2) ).

It follows by symmetry that

hx) = g(x) +d(f,9) = A =2((d(f, 9) = X) A ([, 2)g)-

We have to show that h € X, c’lv(f, h) = A, and Elv(g, h) = glv(f, g) — A
(@) Let 2,y € X. As z,y, f,g € X, it follows by Lemma 2.6 (3) that (z,y); >
(9,7)s A (9,9), and hence

(T, h=(2,9)f + A= AN (g,2)f — AN (9,9)s
= ((z,y)y — AN (g, %) A(9,9)5)) + (A= (AA((g,2)5 V (9,9)5))) € Ay
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as a sum of two elements of A .
(B) Let z,y, 2 € X. The inequality (z,y), > (z, 2)n A (y, 2)5, is equivalent with the
inequality A + B > (A; + By) A (As + Bs), where

A= (z,y)5, B=AN(9,2)s,
A= (:E,Z)f,B1 =AA (gay)f7
Ag = (y,Z)f,BQ =AA (g,fL‘)ﬂ

Since x,y, 2, f,g € X, it follows by Lemma 2.6 (3) that
A Z (Al A AQ) V (Bl A\ Bg) and B Z (Al N BQ) V (Bl N AQ),

therefore A + B > (A; + B1) A (As 4+ Bs) as shown in the proof of the assertion (3) of
Lemma 2.6.

(7)a As f,g € X, there is a nonempty finite subset M/ C X such that Nperila, z)r =
Nseri(@,z)g = 0. Set B := A, .,/ (a,x),. Note that B > 0 by (a). To conclude that

h € X, it remains to show that B < 0. We obtain

B< (N (@2))+ (A= AA(g.a)) = (A~ (9,))s.

zeM

and, by symmetry, B < (d(f,g) — X — (f,a),)+ = (A — (g,a)s)—, therefore B < 0 as
desired.

Finally note that the equalities d(f, h) = X, d(g, h) = d(f, g) — X follow easily from
the definitions of / and d. [

Corollary 2.11. Let (X,d) be a A-metric space satisfying (S1), and (S2), for some
(for all) a € X. Then there exists the A-tree closure (X, d) of (X, d), i.e., the following
conditions hold.

(1) (X, d) is a A-metric subspace of the A-tree (X , d).

o~

(2) Any A-isometry p : (X,d) — (X,d) from (X,d) into a A-tree (X,d) extends
N (

uniquely to a A-isometry p : ()?, g) X, d).

In particular, the unique up to isomorphism \-tree ()N( , c?) is spanned by (X, d), and X is
the convex closure of X into the underlying median set of (X, d).

Proof. Let (X, d) be the A-tree extension of (X, d), defined as in the proof of Theo-
rem 2.10. Denote by m : X3 — X the induced median operation. First, let us show that
X is the convex closure of X in the median set ()~( ,m), equivalently, by Remark 2.9 (2),
the A-tree ()Z' , J) is spanned by X. Let X' C X be such that X C X' and X' is a convex
subset of (X, m). We have to show that X’ = X. Fix a base point a € X, and let f € X.
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According to the definition of X , there exists a finite subset M/ C X such thata € M
and A\ .,/ (a,7); = 0. Asa € M and (X, m) is a median set, there is an unique element
g € X such that

() .2l = () [f.m(f.a,2)] = [f, 9] S [f,al.

zeM zeM
Since M C X C X' and X' is a convex subset of ()? ,m) by assumption, it follows that
g € X'. As the canonical map ¢, : [f,a] — [0, d(f,a)] is an isomorphism of A-metric
spaces, we deduce that d(f,g) = Nsens d(f,m(f,a,z)) = Aseri(a, z)s = 0, therefore
f =g € X’ as desired.

To prove the universal property (2), let p : (X,d) — ()A( , cfi\) be a A-isometry from
(X d) into a A-tree ()A( E) We have to show that p extends uniquely to a A-isometry

7:(X,d) — (X,d). Since we have already proved that the A-tree (X, d) is spanned by
X we may assume without loss that p is an inclusion and the A-tree (X d) is spanned
by X, equivalently X is the convex closure of X into the underlying median set (X m).
Thus we have to show that (X,d) and (X, d) are canonlcally 1somorphlc over (X, d).
Consider the map F : X — AX, where F(Z)(z) := d(Z,z) for 7 € X,z € X.In
particular, F'(z) = 7 for x € X, so the restriction F'|y is identified with the identity
map 1y. It remains only to show that F()? ) C X and that F is a A-isometry since the
uniqueness is immediate from the definition of ()N( , 67)

Let 7 € X. Then F(Z) satisfies obviously the conditions () and (3) of the definition
of X. To check the condition (74), we use the assumption that X is the convex closure of
X in the median set ()? ,m), and hence, according to [5, Proposition 3.1.(e, g)], there is a
finite subset M C X such that a € M and 7 belongs to the convex closure [ M ] g of M
in (X,m),ie.,

) @z = () 0@ ey)]s = {7}
yeM yeM
Since the canonical map 7z, : [Z,a]g — [0, c?(ﬁc\, a)] is an isomorphism of A-metric
spaces, it follows that
A (@.v)z = N d@E #(F a,y) = d77) =0
yeM yeM
as required. Thus F(7) € X forall 7 € X.

To prove that F : (X,d) — (X, d) is a A-isometry, let 7,7 € X. As shown above
there exists a nonempty finite subset M C X such that z,y € [M] ¢, therefore, by [5,
Proposition 3.1.(0)], [Z, 7] s = {m(Z,7,2) | = € M}]%.

Since the map i35 : [Z,7]g — [0, CT(EE, y)] is an isomorphism of A-metric spaces, it
follows that

N dGm(E,5,2) = N\ d@ @z §,2) =0,

zeM zeM
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therefore

zeM zeM
as desired, according to the definitions of F' and d. ]

Corollary 2.12. Let (X, d) be a A-tree, and S C X be such that the A-tree (X, d) is
spanned by S. Denote by G the group consisting of the automorphisms f of (X, d) satis-
fying f(S) = S. Then the restriction map G — Aut(S, d|sxs) is an isomorphism.

Remark 2.13. Using Corollaries 2.11 and 2.12, we can construct a base change functor which extends to
abelian [-groups the construction from [1, I, 4 Base change] concerning A-trees with A totally ordered. We
fix a morphism h : A — A’ of abelian [-groups, identifying the quotient A /Ker (k) with the [-subgroup
h(A) of A’. We construct a covariant functor X — X ® A’ from A-trees to A’-trees.

Let X = (X, d) be a A-tree with the induced median operation m. One checks easily that the binary
relation * ~ y <= h(d(z,y)) = 0 is a congruence on X and that the quotient X := (X := X/ ~,d),
where the distance map d : X x X — h(A) is induced by d : X x X — A, is a h(A)-tree, with
the median operation 7 induced by m. As h(A) is an I-subgroup of A’, it follows that X is a pre-A’-tree.
We define X ®, A’ as the A’-tree closure of the pre-A’-tree X. The desired functoriality follows easily by
Corollary 2.11.

Moreover, for any A-tree X, we obtain a group morphism Aut(X) — Aut(X ®p A'),0 — o @5 A,

by composing the morphism Aut(X) — Aut(X) (not necessarily surjective), induced by the projection
X — X, with the embedding Aut(X) — Aut(X ®, A’) provided by Corollary 2.12. Consequently, the
morphism Aut(X) — Aut(X ®, A’) is injective whenever the morphism h : A — A’ is injective.

In particular, if X is the A-tree with support A, and A’ is an abelian [-group containing A, then the A’-tree
X @ A’ is isomorphic over X with the underlying A’-tree of the convex closure [ J, ¢, {\" € A'[ [N < A}
of Ain A’

3 Automorphisms of A-trees

We extend in this section some basic results concerning the automorphisms of A-trees,
where A is a totally ordered abelian group (see [1, II, 6]), to the more general case of an
abelian [-group A.

Let (X, d) be a nonempty A-tree, where A is an abelian [-group. Letm : X3 — X be
the induced median operation on X. The automorphism group Aut(X, d) of the A-metric
space (X, d) consists of all bijective maps ¢ : X — X satisfying d(oz,oy) = d(x,y)
forall x,y € X (bijective isometries). Any o € Aut(.X, d) is also an automorphism of the
median set (X, m), so Aut(X, d) is a subgroup of the automorphism group Aut(.X, m). In
general, Aut(X, d) is a proper subgroup of Aut(X,m). For instance, if X = R, d(z,y) =
|z —y|, and A € R\ {—1,0, 1}, then the map x — Az belongs to the complement of
Aut(X, d) in Aut(X, m).

Usually the elements of Aut(X, d) are classified as follows.

Definition 3.1. Let 0 € Aut(X,d).
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(E) The automorphism o is called elliptic if Fix(0) := {x € X |ox = 2} # @.
(I) o is said to be an inversion if Fix(0) = & and Fix(0?) # @.
(H) o is called hyperbolic if Fix(c?) = @, in particular, Fix(c) = @.

Thus, Aut(X,d) is a disjoint union £(X,d) U Z(X,d) U H(X,d), where £(X,d),
Z(X,d) and H(X,d) denote the subsets of elliptic automorphisms, inversions, and hy-
perbolic automorphisms respectively, which are closed under inversion (o +— ¢~ 1) and
conjugation (o +— 7o o7 ! for 7 € Aut(X, d)). Note that 1x is a priviliged element of
E(X,d), while the sets £(X,d) \ {1x}, Z(X,d) and H(X, d) may be empty.

To study the automorphisms of a A-tree X = (X, d), where A is an abelian [-group,
we may try to transfer the known results concerning the automorphisms of A-trees, where
A is a totally ordered abelian group, via the embedding

Aut(X) — H Aut(Xp), 0 — (0p)per(n);
pEP(A)

induced by the canonical subdirect product representation X — H X, from Re-
pEP(A)
mark 2.5 (3). Indeed, any automorphism o € Aut(X) induces an automorphism oy, of the

(A/p)-tree quotient X, of X, for all p € P(A), and the map above identifies Aut(X) with

a subgroup of the product H Aut(X,). However, the morphism Aut(X) — Aut(X,)
pEP(A)
is not necessarily surjective for all p € P(A), so, in general, the injective morphism above

is not a subdirect product representation of Aut(X).

Though, in general, we prefer a direct global approach and find again the results in
the local case, we will use in certain circumstances the transfer from the local case to the
global one, as, for instance, in the next subsection devoted to the particular case of the
isometry group of an abelian [-group A.

3.1 The isometry group of an abelian /-group

Let A # {0} be an abelian [-group, and take X = A with d(z,y) = |z — y|. Among
the isometries of A we distinguish the translations t,(x) = a + z, and the reflections
rqo(z) = a — x(a € A). Under composition, they form a group isomorphic with the
semidirect product Ty X {tqg = 15,79 = —1,} of the normal abelian subgroup T = A of
translations with the group {£1,} = Z/27Z.

If A is totally ordered then the isometries of A form a group Autyeic(A) consisting
entirely of translations and reflections (see [1, Proposition 2.5.(a)]). Note that in this case
ro = —1, is the unique isometry o # 1, satisfying o(0) = 0.
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To see what happens in the more general case when A is not necessarily totally or-
dered, we denote by (i the set of those isometries o satisfying o(0) = 0, in particular,
{1a,70} € Gy. The set Gy is closed under composition, 7y N Gy = {1a}, and any
isometry o is uniquely written in the form ¢ = ¢t o 7 with ¢t € Ty, 7 € Gy, where
t= tg(o),T =tltoo.

[1, Proposition 2.5.(a)] is extended to a similar structure theorem for the isometries of

an abelian [-group A as follows.

Proposition 3.2. Let A be an abelian l-group. Then, with the notation above, the following
assertions hold.

(1) Gy is an abelian group of exponent 2. Consequently, all the isometries of A are bijec-

tive, so they form a group G := Autperic(A).
(2) Go = G N Autgroup(A) = {0 € Autgroup(A) |V € A, |o(2)| = |2|}.

(3) G = Ty x Gy is the semidirect product of the normal abelian subgroup Ty = A of

translations with G,,.

(4) The embedding G — H Gy, 0 = (0p)pep(n), Where Gy := Autyenic(A/p), is a
pEP(A)
subdirect product representation of G = Autyetic(A). In particular, G is a subdirect

product of H {1} = (Z/22)7™.
peP(A)

Proof. The proof is straightforward. It suffices to note that for any o € G, o, = £1,,
forall p € P(A), and hence 02 = 1, and o(x —y) = o(x) — o(y) forall z,y € A. [

According to Definition 3.1, the isometries of an abelian [-group A are easily classified
as follows.

Lemma 3.3. Let A be an abelian I-group. We denote by E(A\),Z(A\) and H(A) the corre-
sponding sets of elliptic isometries, inversions and hyperbolic isometries of A\; in par-

ticular, E(AJp) = {ro|a € 2(A/p)}, Z(A/p) = {rala € (AJp) \ 2(A/p)}, and
H(A/p) = Tasp \ {1a/p} for any p € P(A). Then the following assertions hold.

(1) E(A) is the conjugacy class of Gy, the stabilizer of 0 in G = Autpetric(A), s0

E(N) = |J taGot—a

acl
={t,m|a €2A, 7€ Gy, 7(a) = —a}

= {0 € G|o* =1,,0(0) € 2A}.

Forany o € G,o € E(A) ifand only if o, € E(A/p) for allp € P(A). In particular,
{ro|a € 2A} C E(A).
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(2) Z(A) = {tat|a € A\ 2A,7 € Gy, 7(a) = —a} = {0 € G|o? = 1,,0(0) & 2A}.
Forany 0 € G,0 € Z(A) if and only if {p € P(\)|o, € Z(A/p)} # @ and
{peP(A)|oy, € H(A/p)} = @. In particular, {r,|a € A\ 2A} T Z(A).

(3) H(A) = {0 € G|o? # 1z} = {t,7|a € A,7 € Gy, 7(a) # —a}, in particular,
Ta \ {1a} € H(A). For any 0 € G,0 € H(A) if and only if there exists p € P(A)
such that o, € H(A/p).

3.1.1 The action of Autyei.(A) on the median set of directions of A

If A is totally ordered then the median set Dir(A) is obtained by adding to the internal
directions dy(A € A), identified with the elements of A, two external directions D and
D_ induced by the linear order < and its opposite. Thus Dir(A) is a cell [D_, D,] with
the boundary 9[D_, D] = {D_, D, }. With respect to the direction D,, Dir(A) is a
bounded totally ordered set with the least element D_ and the last element D, . The
action of Autyenic(A) on A is extended to an action on Dir(A), with the normal subgroup
Tx = A as stabilizer of both external directions D, and D_, inducing a free and transitive
action of Gy = {1a,7r9 = —1p} = Z/27 on the boundary {D_, D, }. Note also that the
reflexion 7 is a negation operator on Dir(A) with 0 as its unique fixed point.

To extend this very simple situation to the general case of an abelian [-group A, we
consider the family of closed balls B(\) := {z € A||z]| <A} (A € Ay).

Any such ball B(]) is a cell with the boundary 9B(\) = {x € A||z| = A} and the
midpoint 0. With respect to the partial order <, B(\) is a bounded distributive lattice with
the least element —\ and the last element A, while the restriction 7| B(\),T > —T,is a
negation operator with 0 as its unique fixed point. With respect to the lattice operations
V, A and the negation operator, the boundary 0B()\) is a boolean algebra with the least el-
ement —\ and the last element )\, and B(\) = [ — z, ] for all x € B(\). The isometries
of B(\) form an abelian group Autenic(B(A)) of exponent 2, identified, via the em-

bedding B(\) — H B(Amodp), with a subdirect product of the power {£1}V,
peP(A)
where U(A\) := {p € P(A)|Amodp > 0}. The isometry group Autpewic(B(N)) acts

freely and transitively on the boundary 0B()\), and the kernel of the restriction map
Go — Autpenic(B(X)), not necessarily surjective, is Go N Gy = Go N E\Got_».

The balls B(A\)(A € A) form an inverse system of median sets, with the connecting
surjective morphisms ¢y |p(,) @ B(1) — B(A) (A < p), where

ox(x) =m(=A\z,\) = (=A)VAAZ) =AA((-\) Va)(x e

is the folding of the median set (A, m), with image B(\). Note that ) (z)+ = A A x4,
pa()- = ANa, [oa(@)] = AN [x].
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We denote by B the inverse limit of the inverse system of balls B(A) (A € Ay), so
B consists of the maps ¢ : A, — A satisfying 1)(\) = oy (¢(p)) forall A, u € Ay,
with A < p, while the median operation on B is defined component-wise. According to
Remark 2.9 (5), the median set B is identified with the median set Dir(A) of the directions
of the median set (A, m), via the isomorphism Dir(A) — B, D +— p, where ¥p(\) :=
(—A) Vp A (A € Ay), with the inverse B — Dir(A), ¢ — D,;,, where the direction D,
is defined by x Vp,, y := m(z,y,v(\)) for some (for all) A > |z| V [y|. In particular, the
internal directions d, (x € A) correspond bijectively to the maps ¢, : A, — A\ —
oa(x) (x € A), while the external directions D, D_, induced by the partial order < and
its opposite, correspond to the maps 1, (A) = A\, ¢_(A) = =X (A € Ay) respectively.
Note also that Dir(A) = B is a subdirect product of

[T pu@/p) = J] (D-p}UA/p)U{Ds)),
pEP(A) pEP(A)
where D, , and D_, are the external opposite directions of the nontrivial totally ordered
factor A/p.
It follows that Dir(A) = B is a cell, and its boundary

OB = {¢: € B|VA € Ay, [6(N)] = A}

is the inverse limit of the boundaries 0B(\) = {x € A||z| = A} of the balls B(\) (A €

A ), isomorphic to a subdirect product of H {D_,, D ,}. Note that, though the pro-
pEP(A)
jections B(p) — B(A) (A < p) and B — B(X) (A € A, ) are onto, the induced maps

0B(p) — 0B(A) and 0B — O0B(\) are not necessarily onto.

With respect to the partial order ¢ < ¢/ <= VX € A;,¥(\) < ¢/(N), induced by the
direction D, B is a bounded distributive lattice with the least element ¢)_ and the last
element v, while the map ¢ — —1) is a negation operator with ¢y = 0 as its unique
fixed point. With respect to the lattice operations and the negation operator, the boundary
OB is the boolean subalgebra of B consisting of those elements which have (unique)
complements.

The isometry group G = Autetic(A) acts canonically on the median set Dir(A)
according to the rule

T Vopy =o(c (x)Vpao(y) (c € G,D € Dir(A),z,y € A).

The action above induces an action of G on B, given by (0))(\) := px(o(1(n))) for
some (for all) p € A, satisfying 4 > A + |0(0)|. In particular, (o¢))(A) = o(¢(N)) for
all A € A, whenever o0 € G. It follows that the kernel of the induced action of GG on the
boundary 0B is the normal subgroup 7y, while the action on 0B of the group G, isomor-
phic to the inverse limit of the isometry groups Autyetric(B(A)) = Autmetric(OB(N)) (A €
A.), is free and transitive.
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3.2 Invariants associated to automorphisms of A-trees

A key role in the study of the automorphism group Aut(.X, d) is played by the restriction
to Aut(X, d) of the map Aut(X,m) — X* which assigns to any ¢ € Aut(X,m) the
map ¢, : X — X defined by ¢, (z) := m(c 'z, z,01).

Note that ¢y, = 1x, ¥, = ty-1, and V;0g0,—1 = TOY, 07 ! forall o, 7 € Aut(X, m).
In particular, ¢, o 0 = o o 1),, whence any 0 € Aut(X,d) induces by restriction an
automorphism of the A-metric subspace 1, (X). Note also that for every o € Aut(X, d)
and for every point z € X, the element 0¢),(z) = 1, (ox) is the midpoint of the cell
[z, 0%z], in particular, d(z, o%x) € 2A,.

In the following we shall show that the maps ¢, : X — X, for o € Aut(X, d), have
remarkable properties, in particular, they are endomorphisms of the median set (X, m),
and moreover 2 := 1,01, is a folding of the median set (X, m) forevery o € Aut(X, d)
(see Proposition 3.10) In addition, we shall extend to our more general context the basic
notion of hyperbolic length of an automorphism.

We fix an automorphism o of the nonempty A-tree (X, d).

Lemma3.4. Let z € X, and put i) := 1),, D := d(x,0%x) —d(z,ox). Then the following

assertions hold.
(1) The cell [(x), ot)(x)] is centrally situated in the cell [z, o).
2) m(Y(x), z, 09 (x)) = ¢*(x), and m(y(2), 0w, 09 (2)) = o (2).

3) [(x),09(x)] = [V*(2), 0p* ()], whence d(v(z), oib(x)) = d(¢*(x),00*(z)) and
d(p*(x), o) (x)) = d(¥(x),00*(z)).

@) d(z,ox) = d((z),0¢(x)) + 2d(z,V*(x)).
(5) Dy = d(W*(x),0¢(x)), D = d(¢(x),¢*(x)), and |D| = d(¢(x), op(x)).

Proof. (1) is immediate since (), w( ) € [z, 0x] and d(z, ¢ (z)) = d(ox, o)(x)).
(2). Put z := m(¢y(x),z,0¢(x)), 2 := m(y(x), 2,071 (x)). We have to show that
z =2 =9*x). As 2,2 € [x,¥(x)], and

d(z,z) + d(2', ¢ (x)) = (Y(x), 09(2))s + (2, 0719(2)) (@) = d(z,9(2)),
it follows that
z =2 e [Y(x), op(@)] N[Y(z), o ()] = [¢(z),v*(@)].

To conclude that ¢)?(x) = z, it remains to show that z € [0 !¢ (z), oy (z)]. Assuming
the contrary, it follows by [12, Theorem 1.6.(1)] that there exists P € Spec(X, m) such
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that o1 (z), o (x) gé P,z € P.Consequently, x € P, (z) € PN [aac o~ 1x], whence
either cx € P or o'z € P. Assuming that oz € P, we obtain ot)(z) € [z,0z] C P,
a contradiction, while assuming that c~'x € P, we obtain o 1¢( ) € [x,0” x] C P,
again a contradiction.

(3) and (4) are immediate consequences of (2).

(5). We obtain

D

2d(z,0¢(z)) — d(z, o)

d(z,09(x)) — d(ow, o1(x))

d(v*(z), oy (@) — d(¥*(z), 9 (x)).

Since the map ty2() oy2(x) © (V2 (), 00*(x)] — [0,d(¢*(x), 09?(x)], is an isomor-

phism of A-metric spaces, and [¢?(x), ov?(z)] = [ (x), 0 (x)] by (3), it follows that
d(V*(z),¥(z)) A d(¥*(x), o1 (x)) = 0, whence the identities from (5). O

Corollary 3.5. o3 = 1, whence (X) = ¢*(X) = Fix(¢?) := {zr € X [¢?*(z) = z},
and the restriction 1|y (x is an involution. Thus, for any point v € X, x € ¥(X) if and
only if x is the midpoint of the cell [c~ ) (x), o) (z)].

Proof. Let x € X. By Lemma 3.4 (4) applied to ¢ (x), we obtain 2d(¢(x),v*(x)) =
A (@), 00(x)) — AW (x), 09 (x)). Consequently, d((x), ¥3(x)) = 0, i.e., ¥¥(x) =
¥(z), since d(Y(x), op(x)) = d(*(z), o*(x)) by Lemma 3.4 (3). O

Using the map 1,2, we obtain another useful description of v, (X).

Lemma 3.6. ¢, (X) = Fix(¢,2) C ¥,2(X). Thus, for any point v € X, x € 1),(X) if
and only if x is the midpoint of the cell [0~%x, o*x].

Proof. Put ¢ := 1., := 1),2. As (X)) = Fix(¢)?) by Corollary 3.5, we have to show
that Fix(y)') = Fix(¢?). First, let us show that Fix(¢’) C Fix(¢y?). Let € Fix(¢),
whence 1z is the midpoint of the cell [0 72z, o%z]. Since o1 (z) € [0z, 2], o(x) €
[z,0%x], and d(z, 0 (x)) = d(x, 0714 (x)), it follows that z = v)*(z) is the midpoint of
the cell [0~ (x), o (z)] as desired.

Conversely, let z € Fix(1)?), so x is the midpoint of the cell [0 (z), o1 (z)]. Con-
sequently, d(x,0%z) = 2d(x, 0 (x)) = d(W(z),c*)(x)) = (d(z,0'r) — d(z,0%x)),
where the last equality is obtained by applying the formula (2.2) to ¢(x) and o(z) -
the midpoints of the cells [0z, oz] and [0z, o37] respectively. From the equality above
we deduce that d(z, 0*r) = 2d(x, 0%x), therefore z = ¢/(z) is the midpoint of the cell

[c72z, o%x] as required. O

Corollary 3.7. For all z,y € 1,(X), d(z,0%z) = d(y, o*y).
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Proof. Let x € 1,(X). Set ,, := o™z for n € Z. By Lemma 3.6, + = t,2(x) is the
midpoint of the cell [z_s, z5]. Applying again Lemma 3.6 to the automorphism o2, we
get 1,2(X) = Fix(1)4). It follows that the cell [x_s, x5] is centrally situated in the cell
[x_4, 24], and z is the midpoint of the cell [x_4, 4] too.

Setting d := d(x,z5),d := d(y,ys) for z,y € ¥,(X), we have to show that d = d'.
Applying the formula (2.2) to 2 and y - the midpoints of the cells [z_2, z5] and [y_4, y4]
respectively, we obtain d(z,y) + d + 2d’ = d”, where

d" = d(z,ys) V d(xe,y_a) Vd(z_9,ys) V d(z_2,y_4).

By symmetry, interchanging z and y, we get d(z,y) + 2d + d’ = d”, and hence d = d’ as
desired. [

Definition 3.8. Let [(0) := d(x’TUQ‘T) € A, for some (for all) z € 9,(X). We call [(o) the

hyperbolic length of the automorphism o.
As a consequence of Lemma 3.4 and Corollaries 3.5 and 3.7, we obtain

Corollary 3.9. Let 0 be an automorphism of a A-tree (X, d). Then the following asser-
tions hold.

() U(o) = (d(z,0%r) — d(z,00))y = dWi(2),005(2)) = d(Yg(x), 00} (2)) for all
r e X.

) U(0) = min{4=ZD | 1 € X} = min{d(z, 0y (z)) |z € X}.
(3) Vo (X) ={x € X |d(z,0%x) =2l(0)} = {x € X |d(x,00,(x)) = (o)}
@) l(tor™Y) =1(0) and 571 (X) = T (X) for all T € Aut(X, d).

Proposition 3.10. Let o be an automorphism of a A-tree (X, d). Then the following as-
sertions hold.

(1) ¥y (X) is a closed sub-A-tree of (X, d), and 1)? is its associated folding.

(2) Forany x € X, the cell [z, ?2(x)] is the bridge from x to 1, (X), and d(z,1,(X)) =
d(x,¢7(x)) = min{d(z,y) |y € o (X)}.

(3) The map 1, is an endomorphism of the underlying median set (X, m) of the A-tree
(X, d).

Proof. First we show that v, (X) is a convex subset of (X, m), and hence a sub-A-tree
of (X,d). Let z,y € ¥,(X), 2 € [x,1]. According to Corollary 3.9 (3), d(z,c%z) =
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d(y,o?%y) = 2I(c), and we have to show that 2z € 1,(X), i.e., d(z,02z) = 2(c). Apply-
ing the formula (2.1) to the points z € [z,y] and 02z € [0%z, 0%y], we obtain

2(0) — d(z,0°2) = 2(d(z, 2) Nd(y, 2) A (z,0°Yy), A (z,0%y),) =0,

as desired, since 0 < (x,0%y), A (z,07%y), < (0°y,07 %), = Oasy € 1, (X), and
hence y € [07%y, o%y] by Lemma 3.6.

Next we show that the involution 1, |y, (x) is an automorphism of the A-tree ¢, (X),
ie., d(¢,(x),1,(y)) = d(x,y) for all z,y € ¥,(X). Applying the formula (2.2) to ¢(x)
and 1 (y) - the midpoints of the cells [c~ 'z, o] and [0y, oy] respectively, we obtain
with the same argument as above that

d(z,y) — d(e(z), ¥e(y)) = 2(1(0) A (x,0°Y)y A (2,07 %y),) = 0,

as required.

To conclude that v, (X) is a closed sub-A-tree with associated folding 2, it re-
mains to show that ¢2(z) € [x,9] forall x € X,y € 9,(X). As shown above, the
restriction 15|y, (x) is an involutive automorphism of the sub-A-tree 1, (X), therefore

d(Wi(x),y) = d(W.(1),%,(y)) for z € X,y € 1,(X). Applying the formula (2.2)
to ¥, (z) and 1, (y) - the midpoints of the cells [c~'z, ox] and [0~ 'y, oy] respectively,

and using the identities d(¢,(z),02) = d(z,v%(z)) + (o), d(V¥y(y),0y) = I(o) (cf.
Lemma 3.4 and Corollary 3.9), we obtain

d(z,y) = d(z,¢5(2)) — d(¥g(2),y) = 2(1(0) A (z,0%Y)y A (x,07%y),) =0,

as desired.
Finally note that the map 1), = v2 is an endomorphism of the median set (X, m) as
a composition of the folding ¥? : X — t,(X) with the automorphism ), |y, (x) of

e (X). O
3.3 Elliptic automorphisms and inversions

The next characterization of the automorphisms ¢ with hyperbolic length [(c) = 0 is an
immediate consequence of Corollary 3.9.

Proposition 3.11. Let o be an automorphism of a nonempty A-tree (X, d). Then the fol-

lowing assertions are equivalent.
(1) l(o) = 0.
(2) o?is elliptic, i.e., either o is elliptic or o is an inversion.

(3) Fix(c?) = ¢, (X).
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@) 0l (x) = Yol (x)-

(5) |y, (x) is an involution.

(6) Forallw € X,d(x,0%r) < d(z,ox).

(7) There exists * € X such that d(x, 0*z) < d(z,0x).
As a consequence of Proposition 3.11, we obtain

Corollary 3.12. Let 0 € Aut(X,d) with I(c) = 0. Then the nonempty set Fix(c?) is a
closed sub-A-tree of (X,d), with the associated folding )2 = o o 1), = 1), o ¢ sending

any point v € X to the midpoint of the cell [z, 0*z], while d(x, Fix(c?)) = d(x’TU%).

The next statement provides a characterization of the elliptic automorphisms.

Proposition 3.13. Let o be an automorphism of a nonempty A-tree (X, d). Then the fol-
lowing assertions are equivalent.

(1) The automorphism o is elliptic, i.e., Fix(c) # @.

(2) (o) =0and d(z,ox) € 2A forall x € X.

(3) Forallw € X,d(x,0%r) < d(x,0x) and d(x,01) € 2A.

(4) There exists x € X such that d(x,0%r) < d(z,0x) and d(z,0x) € 2AA.
(5) There exists x € X such that d(x,c%z) = d(x, o).

Proof. The implications (2) <= (3),(3) = (4),(1) = (5), and (5) = (4) are
obvious.

(1) = (2). Let € X. We have only to show that d(z,cx) € 2A. Let a € Fix(o).
Then m(x, a, ox) is the midpoint of the cell [z, ox], whence d(z, ox) € 2A as desired.

(4) = (1). Letz € X be such that d(x, 0%z) < d(z,0x) € 2A. Let y be the midpoint
of the cell [z, oz]. It follows by Proposition 3.11 that v, (z) € Fix(c?), whence y €
Fix(o) as a midpoint of the cell [0, (z) = Y2(x), Y, (x) = op?(z)], centrally situated
in the cell [z, oa]. O

The next statement extends to abelian [-groups [1, Proposition 6.1.] concerning elliptic
automorphisms of A-trees, where A is a totally ordered abelian group.

Corollary 3.14. Let o be an elliptic automorphism of the A-tree (X, d). Then the follow-
ing assertions hold.

(1) The nonempty set Fix(c) = Fix(,) C Fix(0?) = 9,(X) is a closed sub-A-tree of
(X, d).
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(2) The folding 0 = 0, : X — X, with 0(X) = Fix(o), sends any point v € X
to 0(x) = m(x,a,o0x) for some (for all) a € Fix(o). O(x) is the midpoint of the
cell [V2(z) = oy (x),Vs(x) = o?(x)], centrally situated in the cells [z, ox] and
[x, 07 ], while the cell [x,0(z)] is the bridge from x to Fix(o), d(x,Fix(c)) =
d(z,0(z)) = m, and 2 o0 = 0 o2 = 0.

(3) Fix(o) is the smallest sub-A-tree which meets any {(o)-invariant sub-A-tree of (X, d).

Proof. The proof is straightforward, and hence it is left to the reader. ]

Remark 3.15. Let (X,d) be a A-tree, 0 € Aut(X,d), and M = {z € X |d(x,0%z) = d(z,01)}.
Then Fix(o) = 1,(M) C M, while Fix(0) = M if and only if M C Fix(c?). In particular, the equality
Fix(o) = M holds whenever ¢ is an involution.The simplest example of an elliptic automorphism o, with
the nonempty set Fix(c) properly contained in M, is obtained by taking A = Z, X := {xg,21,22,23} ,
d(xo,z;) = 1fori # 0, m(x1, x2, x3) = xo, while o is the cycle (21,22, z3) of length 3. Then Fix(o) =
{zo} # M = X.

Corollary 3.16. Let o be an automorphism of a A-tree (X, d). Then the following asser-

tions are equivalent.

(1) o is elliptic.

(2) o™ is elliptic for some odd n € 7.
(3) o™ is elliptic for all n € Z.

Proof. The implications (1) = (3) and (3) = (2) are obvious.

(2) = (1). Assume that ¢" is elliptic for some odd n € Z \ {1,—1}, and let p be a
prime number such that p | n. It suffices to show that 7 := ov is elliptic. By assumption,
A := Fix(o™) = Fix(7?) is a nonempty sub-A-tree of (X, d), stable under the action of 7.
Assuming that Fix(7) C A is empty, it follows that the action on the underlying median
set of A of the cyclic group of odd prime order p generated by 7| 4 is free, contrary to [12,
Lemma 2.12]. Consequently, Fix(7) # @ as desired. O

The next statement is a completion of Proposition 3.11.

Corollary 3.17. Let o be an automorphism of a A-tree (X, d). Then the following asser-

tions are equivlent.

(1) o2 is elliptic.

(2) Forallx € X, d(z,0'r) < d(x,0%z).

(3) There exists x € X such that d(x,o*z) < d(z,0%x).

(4) There exists x € X such that d(z, oc'z) = d(z, 0°x).
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(5) o*" is elliptic for some n € 7\ {0}.
(6) o is elliptic for all n € 7.

Proof. Asd(x,0%x) € 2A forall z € X, the logical equivalence of the assertions (1)—(4)
follows by applying Proposition 3.13 to the automorphism o2, while the implications
(1) = (6) and (6) = (5) are obvious.

(5) = (1). Assume that 0" is elliptic for some n € Z\{—1,0, 1}. By Corollary 3.16,

2m=

we may assume that n = 2™, m > 1. Setting 7 := 02 = o ', it suffices to show

that 72 is elliptic. As 7* = ¢2" is elliptic by assumption, there exists x € X such that
d(z, ) = 0 < d(x,7?z), and hence 7 satisfies (3). As (3) = (1), we deduce that 7>
is elliptic as desired. ]

The next two statements extend to abelian [-groups [1, Proposition 6.3.] concerning
inversions of A-trees, where A is a totally ordered abelian group.

Proposition 3.18. The following assertions are equivalent.
(1) The automorphism o is an inversion, i.e., Fix(c) = @ and Fix(c?) # &, so l(o) = 0.

(2) Forall x € X, d(x,0%r) < d(z,0x) and d(x,0x) & 2, in particular, d(x,0%r) <
d(x,ox).

(3) There exists x € X such that d(x,0%z) < d(z,0x) and d(z,0x) & 2A.

(4) Forallz € X, opy(z) = Y2(x) # Yo (), 50 0ly, (x) is an involution without fixed
points.

(5) There exists x € X such that 0?x = v and d(z,01) ¢ 2.

(6) Fix(o) = &, and if N is an abelian l-group containing A such that d(xz,cx) € 2\’
for some x € X then the automorphism o @5 N of the N'-tree (X, d) @5 N\ is elliptic.

(7) o™ is an inversion for some odd n € Z.
(8) o™ is an inversion for all odd n € 7.

Proof. The logical equivalence of the assertions (1) — (5) follows by Propositions 3.11
and 3.13, while the logical equivalence of the assertions (1), (7), (8) is a consequence of
Corollary 3.16.

(1) = (6). By assumption o is an inversion, in particular, Fix(c) = @. Let A’ be an
abelian [-group containing A, and X' := (X,d) ®, A, 0" := 0 @y A’ € Aut(X') be as
defined in Remark 2.13. By assumption there exists x € X such that d(z,ox) € AN2A’.



28 Serban A. Basarab

As o is elliptic, it follows by Proposition 3.11 (6) that d(z, 0%z) < d(x,0xz), and hence
Fix(¢’) # @ by Proposition 3.13 (4).

(6) = (2). Let # € X. We have to show that d(z,0?z) < d(z,0ox) and d(x,0z) ¢
2A. Let A := Z[%] @z A, X = (X, d) @y AN, 0" ;=04 AN. As A C A =2\, it follows
by assumption that ¢ is elliptic, therefore d(z, 02x) < d(x, ox) by Proposition 3.13 (3).
Since Fix(¢) = @ by assumption, we deduce by Proposition 3.13 (4) that d(x, ox) ¢ 2A
as desired. L

Proposition 3.19. Let X := (X, d) be a nonempty A-tree, and o € Aut(X) be an inver-
sion. Let \' be an abelian [-group containing A such that o' := o @, N € Aut(X ®, A')
is elliptic. Let 0" : X' — X' be the folding of the underlying median set (X', m’) of the
N-tree X' = X @) N = (X', d') sending any point ©’ € X' to the midpoint of the cell
[/, 0’2’ C X'. Then the following assertions hold.

(1) The closed sub-N'-tree Fix(c') = 0'(X") of the N -tree X' is the N'-tree closure of its
nonempty subspace 0'(X) = 0'(1,(X)) = 0/ (Fix(c?)).

(2) Forallz',y' € 0'(X),d (2',y') € A, 0(X) is a A-tree, and Fix(o') = 0'(X) @, N

(3) The restriction map 0'|x induces a bijection Fix(c?)/ ~= X/ ~ — 0'(X), where

the congruence ~ on the underlying median set (X, m) is defined by
o~y < [z,00] N[y, oy] # 2.

The congruence ~ as well as the induced A-tree structure on the quotient X/ ~ do
not depend on the extension \' of A satisfying Fix(c @5 N') # @, and for any such
N, Fix(o @y A') = (X/ ~) @, A

(4) If A\ is totally ordered then the automorphism o' = o0 @ A’ has a unique fixed point.

Proof. (1) Since Fix(0?) = ¢,(X) = ¢2(X) by Proposition 3.11, while 6’ o 1%, = ¢
by Corollary 3.14, it follows that 6'(X) = 0'(¢,(X)) = ¢ (Fix(c?)). As X’ is the con-
vex closure of X in the median set (X’,m’) and ¢ is an endomorphism of the median
set (X', m’), we deduce that #'(X’) = Fix(¢”’) is the convex closure of §’(X ), and hence
the closed sub-A’-tree Fix(c’) is spanned by its subspace 6'(X'). Consequently, by Corol-
lary 2.11, Fix(c") is the A’-tree closure of its subspace ¢'(X).

(2) First we show that for all z,y € Fix(c?), there exist p,q € Fix(c?) such that
p.q € [z,9],0'(p) = 0'(x),6'(q) = 0'(y), and d(p,q) = d'(6'(p),0'(q)). in particular,
0'(X) = 0'(Fix(o?)) is a A-metric space, and for all 2,y € §'(X),

d'(2',y) = min{d(z,y) | z,y € Fix(c?),0'(z) =2',0' (y) = '}
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For z,y € Fix(c?), setp := m(z,y,0z),q := m(y, p,oy). Since ¢'(z) = 0'(0x), 0 (y) =
' (oy), it follows that &' (p) = 0'(x), 0 (q¢) = ¢ (y), and hence the cells [p, op| and [¢, o¢]
are centrally situated in the cells [x, ox] and [y, oy| respectively. On the other hand, as
p € [x,y] and g € [p, y], we deduce that g € [z, ] too.

Moreover we claim that [p, 0q] = [op, ¢], in particular, d(p, op) = d(q, 0q).

Indeed, since oq € [y, oy] and ¢ = m(y, p, oy), it follows that ¢ € [p, oq], and hence,
by acting with o, oq € [op, ¢]. To show that p € [op, q], whence op € [p,oq], let P €
Spec(X,m) be a prime convex subset of the median set (X, m) such that op,q € P. By
[12, Theorem 2.5 (1)], we have to show that p € P. Assuming the contrary, it follows that
y,oy € P, while x,0cx € X \ P, and hence op € [x,02] C X \ P, i.e., a contradiction.
Consequently, [p, oq] = [op, ¢] as claimed.

As ¢'(z) = #'(p) and #'(y) = 0'(q) are the midpoints of the cells [p,op] ® A’ and
[¢,0q] ®a A respectively, and [p, oq] = [op, ], it follows by (2.2) that &' (6'(x), 8’ (y)) =
d(p,q) < d(x,y) as desired.

To conclude that ' (X)) is a A-tree, whence Fix(o’) = ¢'(X) @5 A’, we have to show
by Proposition 2.8 that for all 2/, v’ € ¢'(X) and for all A € A, such that A < d'(2/, /),
the unique element 2’ of the cell [2/,y] C Fix(¢’) satisfying d’(2/,2") = X belongs to
0'(X). Given ',y € 0'(X), we may choose as above z,y € Fix(c?) such that ¢'(z) =
2,0 (y) = v/, and [z,0y] = [ox,y], whence d'(2',y') = d(x,y). Since Fix(c?) is a
sub-A-tree of (X, d), it follows that for any A € A, such that A < d'(2/,y'), there exists
uniquely z € [z,y] C Fix(0?) such that d(x, z) = d(oz,0z) = . It follows easily that
[x,02] = [0z, 2], and hence &' (2) € [2/, /], with d'(2’,0'(2)) = d(x, z) = X as desired.

(3) Let z,y € Fix(0?) be such that §'(z) = ¢'(y). Setting p := m(z,y,02), q ==
m(y, p,oy), it follows by (2) that p = q € [z, 02] N [y, oy] # @. Conversely, assuming
that C' := [z, ocx] N[y, oy] # @, we obtain C' = [p, op| = [r, o], where r := m(y, x, oy).
Consequently, 0'(x) = 0'(p) = 0'(r) = 0'(y). Thus, the restriction map ¢’ |pix(,2) induces
an isomorphism of median sets Fix(0?)/ ~ — ¢'(Fix(0?)) = #'(X), where the congru-
ence v ~ y < [x,0x] N [y,oy] # @ does not depend on the choice of the extension
A’ of A satisfying Fix(oc @ A') # @. As Fix(0?) = 1,(X), and for all x € X, the cell
[, (), 0, (z) = 12 (z)] is centrally situated in the cell [z, ox], the binary relation ~ is
a congruence on (X, m) too, and the inclusion Fix(¢s?) C X induces an isomorphism of
median sets Fix(0?)/ ~ — X/ ~.

Moreover, as we have seen above, the induced A-tree structure on the quotient X/ ~
does not depend on A’, and Fix(c @, A') = (X/ ~) ®x A’ for any suitable extension A’
of A.

(4) Assuming that A is totally ordered, it suffices to show by (1) that #'(.X) is a single-
ton. Let 2,y € ¢'(X). By (2) there exists z,y € Fix(c?) such that d'(z',y') = d(z,y)
and [x,0y] = [oz,y]. As A is totally ordered by assumption, the median set (X, m) is
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locally linear, and hence either = ox or x = y. Since Fix(c) = & by assumption, we
deduce that = = y, whence 2’ = ¢/ as desired. O

Remark 3.20. (1) If A = 2A then inversions don’t exist.

(2) The converse of (4) from Proposition 3.19 does not hold. For instance, let A’ =
ZxZ,N=2N\ X ={0,2} x {0,2} be the square with the induced A-tree structure, and
o be the involution ((0,0)(2,2))((2,0)(0,2)). Then X ®, A’ = {0, 1,2} x {0, 1,2}, and
Fix(c @ A') = {(1,1)}. By contrast, taking 7 the involution ((0,0)(2,0))((0,2)(2,2)),
we obtain 0/ (X) = {(1,0), (1,2)} € Fix(r@aA') = {(1,0),(1,1),(1,2)} =[(1,0), (1, 2)].

(3) If o is an automorphism of a A-tree then o2 is not an inversion. Indeed, assum-
ing that o2 is an inversion, it follows that o is elliptic, and hence o2 is also elliptic by
Corollary 3.17 ((5) = (1)), i.e., a contradiction.

(4) Let G be a group acting freely on a A-tree (X, d), and 0 € G \ {1}. Then either o
is hyperbolic of infinite order or o is an inversion of order 2; note that the latter possibility
does not occur whenever A = 2A. Indeed, if Fix(c2?) # @ then 0> = 1 and o is an
inversion. On the other hand, if ¢ is of finite order, say n > 2, then Fix(c?") = X # &,
and hence Fix(0?) # @ by Corollary 3.17 ((5) = (1)).

3.4 Hyperbolic automorphisms
4 Actions on A-trees, length functions, and A-tree-groups

The connection between Lyndon length functions and actions on A-trees, where A is a
totally ordered abelian group (cf. [1, Theorem 5.4.]), can be extended to the more general
case where A is an arbitrary abelian [-group.

We fix an abelian [-group A.

Let GG be a group with neutral element 1.

Definition 4.1. By a (A-valued) length function on G we understand amap L : G — A
satifying the following conditions, where we put

(9.1 = 5(Lg) + L() — L(g™'h)) € A @ 23]
forg,h € G.
(LO) L(1) = 0.
(L1) L(g) = L(g~") forall g € G.

(L2) (g,h)r, > 0forall g,h € G.

Remark 4.2. Assuming (L0) and (L.1), (L2) is equivalent with the folowing conditions.
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(i) L(gh) < L(g)+ L(h) forall g,h € G.
() (g,h)r < L(g)ANL(h)forallg,h € G.

Note also that the conditions (L0)-(L2) imply L(g) = (9,9)r, > Oforall g € G and (g, h)r, = (h,g)r, for
allg,h € G.

The next characterization of the length functions is immediate.

Lemma 4.3. Let L : G — A be a map defined on the group G with values in the abelian
I-group A. Set K := L=Y(0). Then, the necessary and sufficient condition for the map L
to be a length function is that the following assertions hold.

(1) K isasubgroup of G; setG :=G/K ={gK|geG},1:=1-K.

(2) The map L : G — A factorizes through K \ G /K := {KgK|g € G}, set
d(gK,hK) := L(g'h) for g,h € G.

(3) (G,d) is a A-metric space on which the group G acts transitively from the left by

A-isometries.

Corollary 4.4. The map L : G — A is a length function with the property L(gh) =
L(hg) for all g,h € G if and only if K = L=Y(0) is a normal subgroup of G and
the quotient group G = G /K becomes a A-metric space with respect to the biinvariant
metric defined by d(gK,hK) = L(g~'h).

A remarkable class of length functions is defined as follows.

Definition 4.5. By a (A-valued) Lyndon length function on G we understand a length
function L : G — A satisfying the following conditions.

(LZ), (97 h)L 2 (gu u)L A (u7 h)L for all g, ha ueG.

(L3) (g,h)r, € Aforall g,h € G.

Remark 4.6. (1) (L2) is a consequence of (L0), (L1) and (L2)’: take v = 1 in (L2)’.

(2) Suppose that G acts by A-isometries on a A-tree (X, d) and z € X is any point. Then the displacement
map L = L, : G — A, defined by L(g) = d(z, gz), is a Lyndon length function. Indeed properties
(LO) and (L1) are evident, while (g, h)r = (9z,hx), = d(x,m(z, gx, hr)), where m : X? — X
is the induced median operation on the A-tree (X, d), whence properties (L2)’ and (L3), by Proposi-
tion 2.8.

(3) The condition (L2)’ is quite restrictive. A remarkable class of length functions which do not satisfy
(L2)’ is obtained by taking G = S, the symmetric group, n > 3, A = R, and setting L(o) :=
w As L(o7) = L(70) for all o, 7 € G, the induced (Hamming) metric on G is biinvariant.
Letting o = (1,2),7 = (2,3),p = (1,2,3), we obtain (0,7);, = 5=, (0,p)r. = (p,7)L = 5, and
hence (L2)’ is not satisfied.

With the notation from Lemma 4.3, we obtain the following characterization of the
Lyndon length functions.
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Corollary 4.7. The necessary and sufficient condition for amap L : G — A to be a Lyn-
don length function is that the assertions (1) — (3) from Lemma 4.3 hold and, in addition,
the A-metric space (G, d) satisfies the conditions (S1)1 and (52)1 from Lemma 2.7.

Proof. Note that (9K, hK); = (g,h)r forg,h € G. Il
The next statement is a converse of Remark 4.6 (2).

Theorem 4.8. Let L : G — A be a Lyndon length function. Then there exists a \-
tree T with base point 1, and an action of G on T (by A-isometries), with the following
propetrties.

(1) Forall g € G, L(g) = d(1,g1), i.e., L is the length function Ly arising from the
action of G on T.

(2) Suppose that G acts on a A-tree X and L. = L, for some x € X. Then there exists a
unique G-equivariant A-isometry 1) : T — X with 1)(1) = x. The image of 1) is the
sub-A\-tree of X spanned by the orbit Gz.

Proof. (1) According to Corollary 4.7, K := L~'(0) is a subgroup of G, and the factor
set G := G/K becomes a A-metric space with the metric d : G x G — A given by
d(gK,hK) := L(g~*h). In addition (G, d) satisfies (S1); and (S52);, where 1 :=1- K,
and the group G acts transitively (by A-isometries) on (G, d). Applying Corollary 2.11,
we define the required A-tree T as the A-tree closure G of G. By Corollary 2.12, the action
of GG on G extends uniquely to an action on T with L; = L as desired.

(2) Suppose that GG acts on a A-tree X such that L = L, for some x € X. Then the
map G — X, g — gz, induces a G-equivariant A-isometry G — X, which extends
uniquely to a G-equivariant A-isometry ¢ : T — X by Corollary 2.11. Since ¢)(1) =
and the A-tree T = G is spanned by G = G1, we deduce that the image of v is the
sub-A-tree of X spanned by Gz as desired. Ol

We denote by T(L) the (unique up to isomorphism) G-A-tree with base point 1,
associated as in Theorem 4.8 to a Lyndon length function I : G — A. Denote by

v:G — T(L),g — g1, the canonical G-equivariant map. Recall that T (L) is the A-tree
closure of its A-metric subspace v(G).

YN
\/\\/:}

map L : G — A, with L(0) = 0, is

Examples 4.9. (3) Let G = Z/4,7 := imod 4 for i e
w = L(2). Indeed, assuming that L is

S
a Lyndon length function if and only if A := L(1) = L(
a Lyndon length function. it follows that A := L(1) = L(3) > 0 and (1,2); = (2,3), = @ €Ay,
whence L(2) = 2 for some 1 € A, and X — u (T,g)L > (1 2)1 A(2,3)1 = .50 X > 2y as desired.
The converse is immediate. Consequently, 1(0) = {0} if and only if u > 0. Assuming ¢ > 0, G

becomes a A-metric space with d(i, i) = A, d(z 0%i) = 2y, where 0 := i + 1. The associated G-A-tree
T(L) is the A-tree closure of (G, d) whose points are identified with the maps f : G — A satisfying
the conditions («), (3) from the proof of Theorem 2.10, with X = G, together with the identity ()

0,1)5 A (0,2)7 A (0,3) = 0, where (0,7) s = w The free action of G on the A-metric space

w) &
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(G, d) extends canonically to a faithful action on the A-tree T(L) according to the rule (o f)(i) = f (Z/—\l)
It follows that Fix(02) is the cell [co, ¢1], where ¢(0) = ¢o(2) = g, co(1) = ¢o(3) = A — pand ¢; = oco
are the midpoints of the diagonal cells Hﬁ, ﬂ and [T, ?}[respectively; note that ¢y = m(ﬁ, 1, 5) = m(ﬁ, 2, §)
¢ =m(0,1,3) = m(1,2,3),and [co, ¢1] = [0,1]N[2,3] = [0, 3] N[, 2] is the intersection of opposite side
cells as well as the bridge between the diagonal cells [6, ﬂ and [T, §] On the other hand, Fix(c) # @ if and
only if A € 2A, and in this case, Fix(c) = {c} is a singleton, where ¢(i) = 2 for alli € G is the common
midpoint of the four side cells [a oﬂ of diameter A and of the cell [c, ¢1] of diameter A — 2; in particular,
Fix(o) = Fix(0?) = {c}, the common midpoint of side and diagonal cells of the same diameter X, if and
only if A = 2. Thus, the automorphism o is either elliptic (for A € 2A) or an inversion (for A ¢ 2A). If
the abelian group A is totally ordered then the A-tree T(L) consists of the cells m, ﬂ and [T, §] connected
by the bridge [cg, ¢1].

(4)LetG = S32Dg = (0,7| 0% =713 = (67)%> = 1). Let L : G — A be a length function inducing
a biinvariant metric, so L(0) = L(r0) = L(72¢) and L(7) = L(7?). Since (0,7), = (1,70)L = @
and (o0, 70), = L(o) — L(QT), L is a Lyndon length function if and only if L(o) = A\, L(7) = 2u for some
A, i € Ay such that A > 2. Assuming A > 2p > 0, the transitive free action of G on the A-metric space
(G, d) is extended to a faithful action of G on the A-tree closure T(L) of (G, d), and Fix(7) = Fix(7?) is the
cell [cg, oco) of diameter A — 241, where ¢y = m/(1,7,72) is the common midpoint of the cells [1, 7], [1, 7%]
and [, 72] of diameter 2, while ocy = m(o, 70, 720 ) is the common midpoint of the cells [o, 70], [0, T20]
and [ro, 720] also of diameter 24. On the other hand, Fix(c) = Fix(r0) = Fix(720) # @ if and only if
A € 2A; in this case, Fix(c) = {c}, where c is the common midpoint of the cells [7¢, 770] (i,j € Z/3) of
diameter A € 2A; and of the cell [co, oco] of diameter 2(3 — p). In particular, Fix(7) = Fix(0) = {c} if
and only if A = 2. Thus, 7 and 72 are elliptic, while the involutions o, 7o and 720 are either elliptic (for
A € 2A) or inversions (for A ¢ 2A).

The next statement extends [17, Lemma 5.2.] concerning strongly regular Lyndon
length functions with values in totally ordered abelian groups.

Lemma 4.10. Let L. : G — A be a Lyndon length function.

(1) The following assertions are equivalent.
(i) v(G) is a pre-A-tree on which G acts transitively by A-isometries.
(ii) The length function L is regular, i.e., for any two elements g, h € G, there exists
u € G such that (u,u™'g)r = (u,u™'h), = 0 and L(u) = (g, h)r.
(2) The following assertions are equivalent.
(i) v is onto, i.e., the action of G on the A-tree T (L) is transitive.

(ii) The length function L is strongly regular, i.e., for all g € G, \ € [0, L(g)), there
exists h € G such that L(h) = )\, and L(h™'g) = L(g) — \.

Proof. By Corollary 4.7, the Lyndon length function L makes v(G) = (G/K,d) a A-
metric space satisfying (S1); and (52);, where K = L71(0),1 = 1-K,and d(gK, hK) =
L(g~'h) for g, h € G. According to Lemma 2.6 (4, 5), the map

vgrcnic - [9K, hK] — [0,d(9K, hK) = L(g~'h)]
is a A-isometry for all g, h € G, and the set

My = [gK, hE] N [hK, uK] N [uK, gK]
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has at most one element for all g,h,u € G. Consequently, v(G) is a pre-A-tree (cf.
Definition 2.4 (1)) if and only if the set M, ; , is nonempty for all g, h,u € G. Since G
acts transitively by A-isometries on v(G), the condition above is equivalent with the fact
that the set M, is nonempty for all g,h € G, i.e., the Lyndon length function L is
regular. The assertion (1) of the corollary is thus proved.

On the other hand, since G acts transitively by A-isometries on v(G), it follows by
Proposition 2.8 that v(G) is a A-tree (equivalently, v is onto, by Theorem 4.8) if and
only if the map ¢1 gk : [1,9K] — [0,d(1,g9K) = L(g)] is onto for all g € G, i.e., the
Lyndon length function L is strongly regular. Thus the assertion (2) of the corollary is
also proved. [

In particular, if the map v : G — T(L) is injective, i.e., L~'(0) = {1}, we obtain the
following classes of arboreal groups having underlying structures of median groups.

Definition 4.11. Let GG be a group, and L : G — A be a map with values in an abelian
[-group A. Assume that L=1(0) = {1}, and letd : G x G — A be the map defined by
d(g,h) := L(g~'h); thus, d(1, g) = L(g) for all g € G, and d(ug,uh) = d(g, h) for all
u,g,h € G.

(1) (G, L,d) is called a pre-A-tree-group if the following equivalent conditions are satis-
fied.

(i) L: G — Ais aregular Lyndon length function.
(i) (G,d) is a pre-A-tree.

(2) (G, L,d) is called a A-tree-group if the following equivalent conditions are satisfied.

(i) L : G — Ais astrongly regular Lyndon length function.
(i) (G,d)isa A-tree.

The arboreal groups defined above form categories which are equivalent with cate-
gories of free and transitive actions on pointed pre-A-trees and pointed A-trees respec-
tively.

We end this section with a lemma which will be used in the next section to prove the
main result of the paper.

Lemma 4.12. Let (G, m) be a median group. We denote by N the meet-semilattice op-
eration defined by g N h := m(g,h,1), and by C the associated partial order. Let
L : G — A, be a map, and define d : G x G — A, by d(g,h) := L(g~'h);
thus, L(g) = d(1, g) for all g € G, and d(ug,uh) = d(g, h) for all u, g, h € G. Then the
following assertions hold.



Embedding theorems 35

(1) (G, d) is a median A-metric space with the induced median operation m if and
only if the following condition is satisfied.

(i) Forall g,h € G,h C g <= L(g) = L(h) + L(g"'h).

(2) The necessary and sufficient condition for (G, L, d) to be a pre-A-tree-group with
the induced median operation m is that (i) and the following condition are satisfied.

(ii) For all g,u,v € G, u C g,v C g => L(u™"v) = |L(u) — L(v)|.

(3) The necessary and sufficient condition for (G, L, d) to be a A-tree-group with the
induced median operation m is that (i) and the following condition are satisfied.

(1ii) Forall g € G, \ € [0, L(g)], there exists uniquely h € G such that L(h) = X and
L(h™'g) = L(g) — A

Proof. (1) Assuming that (G, d) is a median A-metric space with the induced median
operation m and partial order C, it follows that

hCg<=hecll,gl<=d(l,9)=d(1,h)+d(g,h) < L(g) = L(h) + L(g""h)

for all g, h € G, therefore (1) is satisfied.

Conversely, assuming that (i) is satisfied, it follows that L=1(0) = {1} and L(g) =
L(g7') since 1 C gforallg € G,and g C 1 = g = 1. Next, using the assumption
L(G) C A, and applying the implication = from () to the relations gNh C g,gNh C h
and g~'(g N h) C g 'h, we deduce that (g,h);, = L(gNh) € A, forall g,h € G, so
(L2) and (L3) are satisfied. Consequently, (G, d) is a median A-metric space with the
induced median operation m. Note that the inequality (L2)’ is not necessarily satisfied,
so L is not necessarily a Lyndon length function: take G = 7Z/ 4,6 C T,/B\ C 2, and
L:G — Zwith L(0) = 0, L(1) = L(3) = 1, L(2) = 2; (i) is satisfied, but (L2)’ fails
since (1,2), = (2,3), =1> 0= (1,3),.

(2), (3) For any g € G, consider the map ¢, : [1,9] — [0,d(1,9) = L(g)]. Then
(1) means that ¢; 4 is a A-isometry, while (¢7¢) means that ¢; 4 is bijective. Consequently,
in the both assertions an implication is obvious. Conversely, it suffices to show that (L2)’
is satisfied, so L is a Lyndon length function and L~*(0) = {1}. Indeed, in this case, (7)
implies that L is regular, while (7i7) implies that L is strongly regular as desired.

To check (L2)’, let g, h,u € G. Since L(G) C Ay and g NhNwu C gN h, it follows
by (i) that (g, h), = L(g N h) > L(g N hNu), so it remains to note that the identity

LigNnhnu)=LgNu)ALhNu) 4.1)
holds since g Nu, h Nu C wand the map ¢ ,,; [1,u] — [0, L(u)] is a A-isometry by (i),

while (i) and (i79) = (i7). Note that (i) = (i¢) provided the median operation m is
locally linear. L
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5 Embedding free actions on A-trees into \-tree-groups

In this section we use the embedding theorem for free actions on median sets [12, The-
orem 1, Theorem 3.1.] to prove an analogous result for free actions on A-trees, where A
is an arbitrary abelian [-group. In particular, we recover [17, Theorem 5.4] for a totally
ordered abelian group A.

Let H be a group acting freely on a nonempty set X. Let B = {b;|i € I} C X be a
set of representatives for the H-orbits. The bijection H x I — X, (h, i) — hb; identifies
up to isomorphism the H-set X to the cartesian product H x [ with the canonical free
action of the group H, H x (H x I) — H x I, (hy, (ha,1)) +— (hihg,1).

We assume that /N H = {1}, and we shall take b; = (1, 1) as basepointin X = H x I.
Setting I’ := I\ {1}, we denote by F' the free group with free base I’, and by H:=HxF
the free product of the groups H and F'. The group H is canonically identified with a
subgroup of H, while the injective map ¢t : X — H , hb; — hi, identifies the H-set
X = H x I with the disjoint union H | |(| |,,, Hi) C H on which H acts freely by left
multiplication. In particular, the base point b; of X is identified with the neutral element
le HC H. As shown in [12 2.2.], H is endowed with a simplicial tree structure induced
by the length function [ : H — N associated to the set of generators J = J~! =
(H \ {1}) U I"*. With respect to the partial order u < v <= [(v) = l(u) + l(u~1v), H
1s an order-tree with the least element 1; write v — u o (u_lv) provided v < v. Denote
by A and Y the corresponding meet-semilattice and median operations. X is a retractible
convex subset of the locally linear median set (I/-j ,Y"), with the canonical H-equivariant
retract ¢ : H — X defined by o(w) := the greatest element = € X for which x < w,
ie,w=umxe(z lw).

For a fixed abelian [-group A, let us denote by 7, (X)) the set consisting of those maps
d: X x X — A for which (X, d) is a A-tree and d(hx,hy) = d(z,y) forall h € H,
x,y € X. On the other hand, we denote by PTA( ,©) the set consisting of those maps
d: Hx H — A for which (H d) is a  pre- A-tree-group and the map u — ¢(u) is a
folding of the underlying median set of (H , d). We have to show that the restriction map
res : PTa(H, o) — Ta(X),d — d|xxx is bijective.

We assume that 7, (X') # @ since otherwise we have nothing to prove. Let d € 7 (X).
We denote by m : X? — X the induced median operation. Recall that for z,y, 2z € X,
m(x,y, z) is the unique element of the set [x, y] N [y, z] N [z, x], where

[2,y] == {t € X|d(z,t) +d(t,y) = d(z,y)}

for x,y € X. Let N be the meet-semilattice operation defined by x Ny = m(z,y, 1)
for x,y € X, with the induced partial order (with the least element 1) denoted by C.
Define the map L : X — A, by L(x) = d(1, x), the prolongation of the Lyndon length
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function H — A, h +— L(h) = d(1,h), and note that forall h € H,z,y € X,
d(haz, hy) = d(z,y) = L(z) + L(y) — 2L(z Ny). (5.1)

Note also that, according to Remark 3.20 (4), for any h € H — {1}, either h is of infinite
order or h? = 1. In the first case, h is hyperbolic, equivalently, by Proposition 3.11, with
the condition L(h?) £ L(h),i.e., (L(h*)—L(h))y > 0.In the latter case, / is an inversion,
equivalently, by Proposition 3.19, with the condition L(h) ¢ 2A, in particular, A # 2A.
Consequently, since H = H % F and F is free, the elements of finite order of H — {1}
are conjugate with the elements of order 2 of H (if these ones exist).

Proposition 5.1. Let d € Ty (X) with the induced median operation m : X* — X and
the function L : X — A,z — d(1,x). Then there exists uniquely d € Pﬂ(ﬁ, @) such
that d‘XXX =d.

Proof. By [12, Theorem 3.1], the median operation m : X® — X extends uniquely to
a median group operation m : H3 — H such that the map ¢ is a folding identifying
X = gp(ﬁ ) with a retractible convex subset of the median set (}AI ,m). Recall that

m(u,v,w) = tm(p(t™ u), o(t™'v), ot~ w)) (5.2)
for u, v, w € H, where t := Y (u, v, w). It follows that

uNv:=m(u,v,1) =am(e(a?),pb),¢(c)) (5.3)

1

foru,v € H,where a := uAv,b:=a 'u,c:=a v,ie,u=aebv=aec,bAc=1.

Consequently,
uCv<e=su=unNv<=b=yb)€lpla?) o) C X, (5.4)

anduNv=p(unuv)=pu) Npe() e X providkedu Av € H.

We have to show that there exists uniquely a distance map d: HxH — A extending
d: X x X — A such that (PAI , 3) is a pre-A-tree-group whose induced median group
operation is 7.

Equivalently, according to Lemma 4.12, we have to show that there exists uniquely a
map L:H— A such that Z] x = L, with the following properties.

)

(1) Forall u,v € H,u C v < L(v) = L(u) + L(v"'u).
(2) Forall u,u/,v € H,u,u' Cv=> Lu) = |Z(u) - Z(u’)|

In particular, L is a Lyndon length function, L(u N v) = (u,v) 7 foru,v € H, and the
distance map d : H x H — A is given by d(u,v) = L(u"'v).
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Assuming that L:H — A, extends L : X — A, and satisfies (1) and (2), it
follows that L is unique with these properties, being defined by induction on the combi-
natorial length [(u) for u € H as follows: L(u) = 0 if [(u) = 0, i.e., u = 1, while for
l(u) > 1,sayu = zeu with [(z) =1,

L(u) = L(z) + L(v') — 2L(z"" N ), (5.5)
where
(z) if ze(H-{1})UT,

L(x
(x) = {L(ml) it zell

Indeed, 2L(z ' Nu/') = 2(z ' u'); = L(z™") + L(u') — L(zu') = L(x) + L(v') — L(u),
while L(z7'Nv/) = L(z~'Nu') since L|x = L and 27! A/ = 1 (by assumption) implies
rinud =gt nu)=¢

)

(5.6)

(z71) Np(u') € X. Moreover, the last equality implies that

(') = L{p(u)) + L(p(u)) if zeH\{l},
L(z) = L)+ L(¢(u)) if zel, (5.7)
(') — L(p() + d(z7, p(u)) if zel

Thus, it remains only to show that the map L defined inductively as above extends the
map L : X — A, and satisfies (1) and (2).

The equality Ey x = L isimmediate, while, by induction on [(u), it follows that E(u) >
L(p(u)) > 0 for all u € H. Note also that L~1(0) = {1}. Indeed, let u € H \ {1}. As
L(u) > L(p(u)) > 0, we may assume that ¢(u) = 1, whence u = i~ o v’ for some
i € I'.u' € H. We deduce that L(u) = L(«') — L(p(u')) + d(i, o(u')) > d(i, p(u)) > 0
since v = 1~ @ u/ implies ¢(u') # 1.

Before doing the verification of the conditions (1) and (2), let us show by induction

that L satisfies (L1), i.e., L(u) = L(u~") forall u € H, and
L(uv) = L(u) + L(v) — 2L(u"" Nv) provided w ' Av=1. (5.8)

To check (L1), we have to consider the case [(u) > 2, say u = zeou'ey with [(x) = I(y) =
1. By the induction hypothesis, L(z e u/) = L(v/~' e 2~') and L(«/ e y) = L(y~' @ u/~1).
Consequently,

while the identity
Lynu H+ LN ey) =L 'nu)+Lyn@w " ez™))

follows by (5.1) and [12, Remark 2.2]
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To check (5.8), we may assume that v # 1,v # 1,sayu = v ez, v = y e v/
with [(x) = I(y) = 1. By assumption u~! A v = 1, therefore xyy # 1. Consequently,
W~ A zv =1, and either zv = z e v or zv = (zy) @ v/ with z,y € H \ {1},v' € H. As
[(u") < I(u), it follows by the induction hypothesis applied to the pair (v, zv) that

o~

L(w) = L(u') + L(zv) — 2L(u'~" N (z2v)),
whence the desired identity (5.8) by straightforward computation using (5.1) and [12,
Remark 2.2].

Now, let us verify (1). First assume that u C v,i.e., u = aeb,v =aec,bAc =1, and

b e [pla™),(c)] € X. According to (5.8), applied to the pairs (a, b), (a,c) and (¢c™*, b),
together with (L1) and (5.1), we obtain

L(v) — L(u) — L(v""u) = d(p(a™), p(c)) — d(p(a™),b) — d(b, o(c)) = 0

as desired. Conversely, assume that Z(v) = E(u) + E(v’lu). Settingu =aeb,v =aec
with b A ¢ = 1, it follows by (5.8), (L1) and (5.1) that

0 < L(b) — L(p(b)) = d((a™), (c)) — d(p(a™), (b)) — d(e(b), p(c)) <0,

therefore b = ¢(b) € [p(a™'),¢(c)], i.e., u C v as required.

Thus, according to Lemma 4.12, we have shown that (f-\[ , c/l\) is a median A-metric
group, where d(u, v) := L(u"'v) foru,v € H.

Finally, it remains to check (2). Let u,u’,v € H be such that u C v,u’ C v. If u and
u’' are comparable we have nothing to prove by (1), so we may assume that « ¢ «' and

u' ¢ u. According to [12, Corollary 3.3], there exists w < v such that

we(w™) C u,u’ Cwp(w ) C o,

whence wlu, w1’ € [p(w™h), p(w )] C X. It follows by (1) that

L(u) = L(wp(w™)) + d(wp(w™),u) = L(wp(w™)) + d(p(w™), v u),

-~ -~

and, similarly, L(v") = L(wp(w™)) + d(p(w™), w™'u'). Consequently,
()= L) = ld(p (™), w™ ) = d(p(w™), w™ )| = d(w™tu,w™h') = Lu"u)

as desired, since w™'u and w~'u’ belong to the cell [p(w™!), p(w'v)] of the A-tree
(X, d). According to Lemma 4.12, (f[ L, d) is a pre-A-tree group with the induced me-
dian operation m, and the statement is proved. O]

Using [12, Corrolary 3.3], we obtain an explicit version of the inductive definition
(5.5)-(5.7) as folows.
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Corollary 5.2. Let d € Ty(X) with the induced median operation m : X* — X and
the function L : X — A,z +— d(1,z). Let de 77’]}\(?], ©) be the unique extension of
d. Then, for any v € H— {1},

L(v) == d(1,v) = > d(pw™), p(w™'v)), (5.9)

where the finite set C,, consists of those w < v satisfying
ow™) eI, and p(w™) =1= pw v) # 1.

Proof. Set C, = {w;|i = 1,n}, n > 1, with w; < w;y1, and let ¢; := wip(w; ") for
i=1,n, (1 = v. Itfollows that ¢; = 1, < w; < (o1 = w; @ p(w; 'v) fori = 1,n,
whence the totally ordered finite set ([1, v], <) is the union of n adjacent proper closed
intervals [, (1], © = 1,n, called in [12, Section 3], the combinatorial configuration
associated to the element v € H — {1}. According to [12, Corollary 3.3], the cell [1, v]
of the median group (]TI ,m) is a deformation of the combinatorial configuration above
induced by the median operation m on X, being the union of the adjacent cells

[Gi: Gl = wilio(w; ), p(w; ")) S wiX, i =T

with ¢; € (41 fori = 1,n,¢ = 1, and (,,.; = v, in particular, w,'v = ¢(w, 'v) € X.
Consequently, we obtain

L(v) = d(1,v) = ZJ(Q,QH Zd o(w; ),

as desired. ]

With notation above, let us denote by Z\(ﬁ , ) the subset of PT,(H, o) consisting of
the maps d : H x H —> A for which (H, c?) is a A-tree group and the map u — ¢(u)
is a folding of the underlying median set of (PA[ , c?) Though, in general, ﬂ(f[ ,p) #
Pﬂ(ﬁ ,©), assuming that A is totally ordered we obtain

Corollary 5.3. Assume that the abelian  group A is totally ordered. Then ’27\( ,p) =
PTA(H, @), and the restriction map Ty (H, @) — Ta(X),d v d|xxx is bl]ectlve

Proof. Let d € PTA(H, ) with d = EZTXXX,Z(U) = c?(l,v) for v € H. We have only
to show that for all v € H,\ € [0,L(v)], there exists (uniquely) u € [1,] such that
L (u) = . Since A is totally ordered by assumption, it follows by Corollary 5.2 that there
exists uniquely w € C,, such that L(we(w')) < A < L(we(w~'v)), and hence

A= L{wp(w™)) € [0, d(p(w™), p(wv))].
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As (X, d) is a A-tree, the map

Lp(w1)g(w10) * Lo(w ™), p(w™ )] — [0,d(p(w™), p(w™v))]

is bijective, therefore there exists uniquely = € [p(w™?), (w1 v)] such that

d(p(w™),2) = A = Llwp(w™)).

Consequently, wz € wp(w™), p(w™wv)] C [1,v], so wp(w™!) C wr C v and

~

L(wz) = L(wp(w™)) + d(wp(w™), wr) = Liwp(w™)) + d(p(w™),2) = A
as desired. ]

Thus, we have provided a different proof of [17, Theorem 5.4], where A is a totally
ordered abelian group. To extend this result to arbitrary abelian [-groups A, it remains to
iterate the construction furnished by Proposition 5.1 as follows.

5.1 Proof of the main result

Let X = (X,d : X? — A,) be a A-tree, and m : X3 — X be the induced median
operation. Assuming that the group H acts freely by A-isometries on X, we identify H
with a subset of X via the H-equivariant embedding H — X, h +— hb;, where 0,
is a fixed base point of X. Extend the Lyndon length function L : H — A, h —
d(by, hby) tothemap L : X — Ay, z — d(by, ). Let H = H * F and the H-equivariant
embedding ¢ : X — H with its H -equivariant retract ¢ : H — X be as defined at the
beggining of Section 5.

According to Propos1t10n 5.1, themap L : X — A+ extends uniquely to a regular
Lyndon length function L : H — A, such that (H,d : H> — A+) with d(u,v) =
L(u 1v), is a pre-A-tree group with induced median operation 77 : H3 — H, while the
map ¢ is a folding, identifying (X, m) with a retractible convex subset of (ﬁ ,1).

Let X; = (X1,dy : X2 — A,) := T(L) be the A-tree closure of the pre-A-tree
(f[ ) 07) We may assume that X # H,so0 Ais not totally ordered. Thus, (fAI ) j) is identified
with a A-metric subspace of Xi, the A-tree X; is spanned by H , and X is the convex
closure of H into the underlying median set of X;. The action by left multiplication of the
group H on itself is naturally extended to a faithful action by A-isometries on the A-tree
X; according to the rule (u - f)(v) = f(u=v) foru,v € H,(f : H — A,) € X, (sce
Theorem 2.10, Corollary 2.12 and Theorem 4.8). Moreover we obtain

Lemma 5.4. The action of H on the A-tree X, is free. For any u € H — {1}, the induced
automorphism ®,, on X is hyperbolic if and only if u is of infinite order, while ®,, is an

inversion if and only if u is conjugate to some element h € H of order 2.
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Proof. Letl # u € H = H + F. Then we distinguish the following two cases.

1

Case 1: w is of infinite order. First, let us show that u = w e v @ w™*, where w =

Yuw, and v A v~ = 1. We have u = w e v/ with v/ = w™lu # 1 since

1

u N ufl, V=W
, and hence u = u=! as I(u) = [(u™1); thus, u* = 1, contrary to

'~1 o w~!, whence either w < v/~! or

otherwise u = w < u~
our assumption. Further we obtain w < u™! = u

=1 < w. The latter case cannot occur since assuming that w = u/~' e w’ with w’ # 1,

lew eu and u' = u/! e w' ! e/, therefore w’ = w'~!, and hence

/—1

we getu = u

u? =1, again a contradiction. Consequently, we have uv'~* = w e v~ ! with v # 1, whence

1 = 1 as desired.

u=wevew lwithvAv~

Since we get the equality of hyperbolic lengths £(®,) = L£(®,) by Corollary 3.9 (4),
it suffices to show that £(®,) > 0 to conclude that the automorphism ®, is hyperbolic.
According to Proposition 3.11, (1) = (6), we have to check that L(v?) £ L(v), i.e.,
E, > 0, where E := L(v?) — L(v). As v A v~ = 1 by assumption, we have v N v~! =

elvNov™) =) Npv™) € X, and hence
L(v*) = 2(L(v) = Lw N o)) = 2(L(v) = L(g(v) N p(v),

by (5.8). Consequently, £} = Z(v) —2L(p(v) Np(v)). As E = Z(v) > (0 provided
either p(v) = 1 or p(v™1) = 1, we may assume that p(v) # 1 and p(v~') # 1, whence
o(v) # p(v™1) since p(v) Ap(v™!) <vAVTI=1.

Assuming that v = p(v) € X, it follows thatv € H—{1} since otherwise p(v') = 1.
Asv = o(v) # o) = vl ie, v? # 1, and H acts freely on the A-tree X by
assumption, it follows that v acts as a hyperbolic automorphism on X, and hence £, > 0
as desired.

It remains to consider the case p(v) < v, whence p(v™') < v~L. Setting v = p(v) ® s
and v! = p(v!) et !t withs # 1, # 1, we get v = t ® p(v™')~!, therefore either
t < (v)orp(v) < t. Assuming thatt < ¢(v) it follows thatt € H—{1} and p(v) = tei

o471 ¢ X, which is a contradiction. Thus,

with ¢ € I’. Consequently, p(v!) = s~
setting t = p(v) e w™!, we getv = @(v) @ w! @ p(v™1)~1. Since p(v) C v, we have
L(v) = L(g(v)) + L(p(v~")w). On the other hand, p(v™) < (v )w < v=! implies
o(v™1) = (e Hw) C (v~)w, therefore L(o(v")w) = L(p(v~")) + L(w). Since
2L((v) Np(v™)) = Llp(v) + Llp(v™)) — d(e(v), o(v™1)) and ¢(v) # p(v™), we
deduce that £, = E = L(w) + d(p(v), p(v™1)) > d(e(v), p(v™)) > 0 as desired.
Case 2: u has finite order, and hence u = s e h e s~ withs € H and h € H — {1}
of order 2, so L(h) ¢ 2A since h acts as an inversion on the A-tree X. According to
Proposition 3.19, (3) = (1), we have to show that Z(u) ¢ 2A to conclude that @,
is an inversion. As s™* A (hs™!) = h™! A s71 = 1, it follows by (5.8) and (L1) that
L(u) = L(h) + 2(L(s) — L(s~' N (hs™ 1)) — L(h"* N s71)) = L(h) mod 2A, and hence
L(u) ¢ 2A as desired. O
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