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ON DIFFERENTIAL CALCULUS ON PRE-LIE GROUPS

MIHAI NICOLAE

ABSTRACT. We fill a gap in the literature on the Lie theoretic investigations on general
topological groups by providing the proof of the generalization of Faa di Bruno’s
formula to general topological groups. We then apply that formula for establishing
the differentiability properties of the multiplication mapping in a pre-Lie group.

1. INTRODUCTION

There is a recent interest in differential calculus on topological groups, developed after
the pattern of Lie groups; see for instance [NS13], where this calculus was used for Fréchet-
Lie supergroups. This article fills a gap in the literature devoted to that circle of ideas,
namely we give the proof of the generalization of Faa di Bruno’s formula to general
topological groups and we then study the differentiability properties of the multiplication
mapping in a pre-Lie group. Our main results are stated below, in the second part of
this introduction, after some necessary preliminaries. Then the proof of the main result
is given in Section 2.

Preliminaries. We use differential calculus on topological groups as developed in the
book [BCRS1]. Unless otherwise mentioned, G is any topological group. (Evey topological
group is assumed Hausdorfl in the present paper.) Denoting by C(:,-) the spaces of
continuous maps, one defines

AG) :=={7€CR,G) [ (Vt,s €R) ~(t+s) =~(t)v(s)}-
This set is endowed with the topology of uniform convergence on compact subsets of R.
The adjoint action of the topological group G is the mapping

Adg: G x A(G) = AG), (9,7) — Ada(9)y = g7()g ", (1.1)

which is continuous [HMO7, Prop. 2.28] and homogeneous in the sense that Adg(g)(r+y) =
r-(Adg(g)y) for all r € R, g € G, and v € A(G), where one defines

(Vr it e R)(Vy € A(G))  (r-7)(t) := y(rt).

For r = —1 and v € A(G) we denote —y := (—1) - v € A(G).
Let an arbitrary open subset V' C G and Y be any real locally convex space. If
©: V=Y, 7€ A(G), and g € V, then we denote
. plgr(®) — »lg
(Dy¢)(9) == lim (g )z (9) (1.2)

if the limit in the right-hand side exists. One defines C*(V,)) as the set of all functions
¢ € C(V,Y) for which the function

Dp: V x AMG) =Y, (Dp)(g;7) := (Dyp)(9)
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is well defined and continuous. One also denotes Dy =: D'¢p.
Now let n > 2 si spatiul C*~(V,Y) and the mapping D™~! have been defined. Then
C™(V,Y) is defined as the set of all ¢ € C"~1(V,)) for which the function

D"p: VX AG) x -+ xAG) =Y,
(9;713~'~77n) = (D’Yn(D’Yn—l (D’YISD)))(g)

is well defined and continuous.
Moreover C>*(V,)) := [ C*(V,Y) and C3°(V,)) is the set of all ¢ € C>®(V,Y)
n>1
having compact support. If Y = C, then we write simply C"(G) := C"(V,C) etc., for
n=12,...,00.
It will be convenient to use the notations

Dy =Dy, (Dy, -+ (Dyp)---): G =Y
whenever v := (y1,...,7,) € A(G) x --- x A(G) and ¢ € C"(G, D).
We use the notation
77 R — Gy () = 2y ().
A pre-Lie group is any topological group G satisfying the conditions:

(1) The topological space A(G) has the structure of a locally convex Lie algebra
over R, whose scalar multiplication, vector addition and bracket satisfy the fol-
lowing conditions for all ¢, s € R and 1,72 € A(G):

(t-3)s) = mlts)
(n+)(t) = lim (n(t/m)a(t/n)"; (13)
1)) = lim (n(t/n)ya(t/n)(—t/n)e(—t/m)",

where the convergence is assumed to be uniform on the compact subsets of R.
(2) For every nontrivial v € A(G) there exists a function ¢ of class C* on some
neighborhood of 1 € G such that (DJ¢p)(1) # 0.

Every locally compact group (in particular, every finite-dimensional Lie group) is a
pre-Lie group ([BCRS81, pag. 41-41]).

We will see below that if G is a pre-Lie group, then the multiplication mapping
m: G x G — G, (z,y) — zy, is smooth (cf. [BCR81, Th. 1.3.2.2 and subsect. 1.1.2]
or alternatively [BR80, Th. and Sect. 1]), where differentiability of maps between open
sets of topological groups is understood in the following sense:

Let G1, G5 be two pre-Lie groups with some open sets X; C G; and Xy C Gs, and
f: X1, — Gy be any continuous function. We say that f is of class C* if there exist the
maps D’f : X1 x AY(G1) — A(Gs), £ =1,...,k, such that for every localy convex space
Y and every function ¢ € C*(X3,Y),0 < £ < k we have po f € CY(X; N f~1(X2),Y) and
for every v = (v1,...,7) € A*(G1) the following chain rule holds,

J4

Di(po sy = > DPUII@  pPYTI@g(f)). (1)

k=1 (A1, Ag)

The second summation in the above formula is performed after all partitions {1,2,...,¢} =
A; U...U A into nonempty subsets with minA4; > ... > minA,. For any fixed
ke{l,...,4}, and every j = 1,..., k, we have denoted A; = {i},... ,ifnj} C{1,2,...,0},
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with ] < ... < i, and moreover
A7) = (g5 ,’yﬂnj) € A™i(G1) and DY f(x) := D™ f(x; A;(7)) € A(Ga).

Note that m; = |A;| for j =1,...,k, hence 1 < my,...,my <€ with my +---+my = L.
We also note that the uniqueness of the above maps D’ f follows by using the condition (2)
in the definition of a pre-Lie group along with te chain rule.

Main results. The main result of this paper is the following formula:

Theorem 1.1. Let G be any topological group and Y be any locally convex space. Define
7: G x G — G, n(x,y) = xy. For every f € C*(G,Y), and k > 1 one has

D*(fom)((=,1); (A1, M12), - -+ (Ak1, Ak2)

k
:Z Z Dkf(xy;)\iIQ,...7)\i£27)\g[+117.-.))\é]kl)

=0 i) <-<iyp
T < <ig

where the above sum is performed according to the condition
{i1, .., ut U{igr, i} ={1,..., k}.
Moreover it follows that if f € C*(G,Y), then for € C*(G x G,Y).
We mention that the formula from Theorem 1.1 is the corrected version of a formula
that was indicated without any proof on [BCR&1, page 46], and is in fact the generalization

of the Faa di Bruno formula to topological groups (see [Jo02] for more details on that
formula in the classical setting on R"™).

Corollary 1.2. If the topological group G is abelian and Y is any locally conver space,
then the following assertions hold:

(1) The map 7: G x G — G, w(x,y) = xy, is a morphism of topological groups.
(2) For every f € C*(G,Y), and k > 1 one has

DF(f om)((w,9); (M1, A12)s -« -, (Mk1s Ak2)) = DP f(y; Mt + Ay ooy Akt + Aga)

where the sums Aj1 +Aj2 € A(G), for j =1,...,k, are understood in the sense of
the equality (1.3).

Proof. Using Theorem 1.1, we obtain
D*(f om)((z,9); (A1, A12), - -+, (M, Ak2))

k
:Z Z Dkf(‘ry;)\hQ""’)\i227>\zyg+11""7>\?k1)

=0 i) < <ip
G <o <ip

k
:Z Z Dkf(xy;)\ilzu"'7)\’i1/,27>\i14+117"'7Aik1)

=0 i3<--<iyg
G < o <ip

= DF f(zy; Min + iz, Aen + Ai2)
O

Corollary 1.3. If the topological group G is a pre-Lie group, then the map 7: GXG — G,
m(x,y) = zy, is of class C*°.
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Proof. We put
Dr((z,y); (o, 8)) = a¥ +
and
Dln((x,y); (1, Br),- - (g, 85) = [ [ad, Byl - Bal-
For every open set X C G, every locally convex space ), and every function ¢ € C*(X,)),
if j <kand z,y € G with xzy € X C G, then

Di(pom)((z,y); (a1, Br), - - (. B;))

I
M~

Z Dj§0($y;ﬂi1,...,ﬁil,a%+l,...,Oé?j)

1 <<y
o1 <--<ij

; ,
=> > D™ ... D1 DBy .. DPir ()
=1

i< <lig
141 <--<1j

~
Il

and we thus obtain the chain rule (1.4). This shows that the map 7 is of class C* and,
since k is arbitrary, it follows that 7 is of class C*°. |

2. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is based on two lemmas that will be first proved and in
whose statements we assume he setting of the theorem.

Lemma 2.1. Let f € C*(G,Y), k > 1, My, Aigs - - 5 My € A(G), i1, ... i € {1,2},m =
i1+ 12+ ...+ 1 — k. The equality i; = 2 has m solutions denoted a1 < ... < Gm,. The
equality iy = 1 has (k —m) solutions denoted apyy1 < ... < ap. Then we have

oM Az ki (fom)(z,y) = DPF(ay; Aarzs - Aap2s AL L1005 ML)

Note that in the above statement, m is the number of occurrences of 2 in the set
{ilv cee 7ik}'

Proof of Lemma 2.1. The proof will be by induction on k£ > 1. In the case k = 1 we will
prove the following two relations:

oM (fom)(z,y) = Df(zy; \Y)) si oM2(fon)(z,y) = Df(xy; A2).

‘We have
d

oMz (fom)(zy) = —

dt L:O(f o m)(w; yAi2(t))

== tzof(xy/\lz(t))

= Df(zy; A12)-

On the other hand

P (fom) () = | _ (Fom@n(:y)

= 2| @)

d
= 2| faph)
= Df(xy; A1)
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and the case k =1 ends.
For passing from k to k + 1, we calculate

G A2ig Ak Aoty (fom)(z,y) = MLkt (8)‘1h>‘2i2"')‘kik (fom)(z,y).

We have two cases: ip+1 =1 or ig41 = 2.
e The case ix+1 = 1. In this case i1 +io+. .. +ig+igs1—(k+1) = i1+is+.. . +ig—k=m
therefore m remains unchanged by passing from k to k + 1. We have

a)\ul Ak Ak Lig g (f o 77) (x7 y)

d . ,
= a‘tzoa)\ul..)\mk (f o 77')(,7;)%_,'_171@)7 y)

d
- %‘t:ODkf(x)\k+l’1(t)y; >\a12, T )\am27 )\Zm+11, ey )\Zkl)
= DML f(zy; Aar2s s Aam2s Ao 1 A1 A1)

and the case g1 = 1 ends.
e The case ix11 = 2. In this case we have

i14ie+...+ig+tigpr—(k+1) =iy +is+...+ixr—k+1=m+1
‘We have

i M A s (f o ) (x, )

d v :
- %‘t:oa)\hlmkm (f om)(z;yAk+1,2(F))

d
= 2| DR @M a0 hara - Az M)

am+11 akl
which must be equal with

k+1 . ) Yy
D f(xy7 A(112a ey )\am27 A1€-‘,—1,2a )\am+117 LRI )‘akl)'

It is enough to prove the above relation for y = 1 € G. For abitrary s € R we define
gs : RF — Y by

gs(t1, ... tx)
= F A2 (AT () A BN (e aom) - Ay (1)
=f(Aar1(t1) - Aapi1 (Ceem)YAR41,2(8) Aa 2 (Erg1—m) - - - Aay2(th))-
We define h : R*¥*1 — Y by
h(t1, ...tk tht1)
= fAGa () AL ) Akr1,2 (e 1—m) Aan2 (Bet2—m) - - - Aay2(tet1))
= fQap1(t1) - a1 Bmm) YA+ 1 2(Bkt1-m) A2 (Bira—m) - - - Aay2(tet1))-

We have h € CFH1(R*¥*1 ), g, € CF(R*,Y), and the connection between these functions
is
gs(t1, ‘e ,tk) = h(tl, ‘e 7tk—ma S,tk_m+1, ‘e ,tk).
The requested relation is equivalent to
d g oFtih

— 0,0,...,0) = ——————(0,0,...,0).
ds s=08t1...8tk(’ -50) 8t1...8tk8tk+1(’ 00)
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For t := (t1,...,t) we sequentially have the relations
09s oh
t) = ety Sy thmads oo
8tk() atk+1(1’ s Ue—ms 8y Ug—m+1 k)
0™ gs O™h
t) = e s Sy bty e oo
Otk—m41 - .- Oty *) Otk—m2 ... O0tk41 (t1, ok F1 th—m+1 k)
6m+1gs am+1h
t) = t1y oo sth—ms Sy th—ma1y---,t
8tk_m...8tk( ) 3tk_m8tk_m+2...3tk+1( Lo ks 8 Bhmmetd 2
g, okh
t) = e s Sy bty -t
T 0t T B Ot B e Ot b B S Bt )
g, okh
_ 29 _(0,0,...,0) = 0,...,0,5,0,...,0).
I e ORI T TSR T ° )
It follows that
d 0% g, d O*h
2 99 o, 0= 0,...,0,5,0,...,0)
dsls=00ty ...0t dsls=00t1 ... 0tk _mOtg_mao...0tk11
8k+1h
= 0,...,0)
Otk —m4+10t1 ... Otg— Otk —mi2 - . . Oty
3k+1h
=———(0,...,0)
8t1 A 8tk8tk+1
and this completes the proof by induction. O

Lemma 2.2. Let G1,Gs topological groups and X an open set from G1 x G2 and h €
CF(X,Y), k > 1. Then the partial derivatives of order < k of h are continuous from X
to Y and we have the relation

DFR((2,9); (M1, Mi2)s ooy Qi Ar2)) = Y @Mz Mz, y)

i15eip=1,2
for every (z,y) € X.
Proof. The case k = 1. We must show that
Dh((z,y); (M1, M2)) = 0™ h(z,y) + 02 h(z, y).
We have
O h(ay) = S| hAn(0).4) = DA((rv): (A, 0))

therefore the function O*'h : X — Y is continuous. On the other hand
d
8>‘12h(x,y) = %’tzoh(x’y)\u(t)) = Dh((z,y); (0, A\12))

therefore the function 9*12h : X — ) is continuous as well.
Moreover, (A11,0)(t)(0, A12)(t) = (M1(t), M2(t)) = (A11, A12)(£). From
Dh((z,y); (M1, M12)) = Dh((z,y); (M1,0)) + Dh((z,y); (0, A12))
we get
Dh((z,y); (M1, Mi2)) = M h(x, y) + OM2h(z, y)

and the case k = 1 ends.
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The case k£ = 2. We must show that
D2h((z,9); (M1, M2), (A21, Aag)) =01 20 h(z, y) + M2 22 (2, y)
+ NP h(a,y) + PR, y).

‘We have
O, g) = (0711 o)

_ A1l
- 2]t

dt’ Dh(zA1(t), y); (A11,0))
:D%(( ,9); (A11,0), (A1, 0)).
Similarly we get
M2 h(x,y) = D2h((2,y); (A1, 0), (0, Az2)
oM 22z y) = D?h((x,y); (0, Ai2), (0, Aa2)
oM h(z,y) = D?h((x,y); (0, \1a), (Ma1, 0)

The above relations imply that the 2nd oder partial derivatives
We have

D2h((,y); (M1, M2), (Aa1, Aa2))
=D?h((z,y); (M1, M12), (A21,0)) + D?h((2,9); (A11, Mr2), (0, Aa))
=D?h((2,y); (M11,0), (A21,0)) + D*h((2,); (0, A12), (A21,0))
+ D?h((2,9); (M11,0), (0, A22)) + Dh((, 9); (0, A12), (0, Aga))
=9 A (g, y) + A2 h(x, y) + 0N h(x,y) + 02 2R (2, y)

h are continuous.

)
)
)-
f

and the case k = 2 ends.
The case k£ > 3. We have

oMk bz, y) = DR((x,y)5 71, )

where v; = (Aj1,0) if 4; = 1, while v; = (0, \;2) if i; = 2. It follows by the above relations
that the partial derivatives of order k of the function h are continuous.
As in the case k = 2 we have

D h((z,y);(A1s A12), -« s Aem1,15 Me—1,2), Ak, Ak2))

=D*h((z,y); (A1, M2), -+, (Ak—1,1, Ak—1,2), (Aer, 0))

+ DFh((z,); (A1, M2)s -+, (Ake1,1, Ak—1,2), (0, Ak2))
=D*n((2,v); M1, M2), - -+ Mk—1.1,0), (A\1,0))

+ DR ((z,y); M1y M2)s -5 (0, Ak—1.2), (Ak1,0))

+ D*R((2,9); (M1, M2), - -+ Mk—1,1,0), (0, \g2))

+ D R((2,9); (M1, M2), - -+ (0, Ak—1,2), (0, Ag2))
_ Z M1 M2t Ai (1, )

i1yenin=1,2

and this completes the proof.
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Proof of Theorem 1.1. Using Lema 2.2, we obtain
D*(fom)((2,9)i( M1, M2)s - -5 (Ak1s Ak2)) = Z oAtz ki (f o ) (x,y).

i1,eik=1,2

B replacing the 2* partial derivatives from the right hand side by their values provided
by Lemma 2.1 we obtain the sum from the requested relation. O

REFERENCES

[BCR81] H. Boseck, G. CzicHowsKl, K.P. RuboLPH, Analysis on topological groups —General Lie
theory. Teubner-Texte zur Mathematik, 37. BSB B. G. Teubner Verlagsgesellschaft, Leipzig,
1981.

[BR80] H. Boseck, K.P. RUDOLPH, An axiomatic approach to differentiability on topological groups.
Math. Nachr. 98 (1980), 27-36.

[HMO07] K.H. Hofmann, S.A. Morris, The Lie theory of connected pro-Lie groups. EMS Tracts in Math-
ematics, 2. European Mathematical Society (EMS), Ziirich, 2007.

[Jo02] W.P. Johnson, The curious history of Faa di Bruno’s formula. Amer. Math. Monthly 109
(2002), no. 3, 217-234.

[NS13]  K.-H. Neeb, H. Salmasian, Differentiable vectors and unitary representations of Fréchet-Lie
supergroups. Math. Z. 275 (2013), no. 1-2, 419-451.

COLLEGE “MIHAIL CANTACUZINO”, SINAIA, ROMANIA
E-mail address: mihaitaiulian85@yahoo.com



