INSTITUTUL DE MATEMATICA
“SIMION STOILOW”
AL ACADEMIEI ROMANE

PREPRINT SERIES OF THE INSTITUTE OF MATHEMATICS
OF THE ROMANIAN ACADEMY

MION ST
o %,

ISSN 0250 3638

Modular Cy; lattices and lattice preradicals

by

TOMA ALBU and MIHAI IOSIF
Preprint nr. 2/2015

BUCURESTI

"
O 13ipaad



Modular Cjy; lattices and lattice preradicals

by

Toma Albu and Mihai losif
Preprint nr. 2/2015

September, 2015

Simion Stoilow Institute of Mathematics of the Romanian Academy, Research Unit 5, P.O. Box 1-764, RO-010145

Bucharest 1, ROMANIA

E-mail: Toma.Albu@imar.ro
Bucharest Univerisity, Department of Mathematics Academy Str. 14. RO - 010014 Bucharest 1, ROMANIA

E-mail: miosifg@gmail. com



Modular C;; lattices and lattice preradicals

TOMA ALBU
Simion Stoilow Institute of Mathematics of the Romanian Academy
Research Unit 5, P.O. Box 1 - 764
RO - 010145 Bucharest 1, ROMANIA

e-mail: Toma.Albu@imar.ro

MIHAT IOSIF
Bucharest University, Department of Mathematics
Academiei Str. 14, RO - 010014 Bucharest 1, ROMANIA
e-matl: miosifg@gmail.com

16 September 2015

Abstract

This paper deals with properties of modular C7; lattices involving hereditary prerad-
icals on hereditary classes of modular lattices. Applications are given to Grothendieck
categories and module categories equipped with hereditary torsion theories.
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Introduction

In our recent papers [9] and [8] we have introduced and investigated the conditions (C;), i =
1,2,3,11,12, in arbitrary bounded lattices and preradicals in bounded modular lattices, re-
spectively. This paper studies the behavior under lattice preradicals of the condition (Ci1) in
modular lattices. The main ingredient in our study is the concept of a linear morphism of lat-
tices introduced in [5]. As in [9] and [6], we shall also illustrate here a general strategy which
consists on putting a module-theoretical definition/result into a latticial frame, in order to
translate that definition/result to Grothendieck categories and to module categories equipped
with a hereditary torsion theory.

In Section 0 we list some general definitions, notation, and results on lattices from [3], [4],
and [15], as well as two basic results of [9] on C1; lattices, that will be used in the sequel.

Section 1 presents some basic definitions and results of [5] and [8] on linear morphisms of
lattices and lattice preradicals, respectively.

In Section 2 we prove the main result of the paper, which is the latticial counterpart of the

module-theoretical main result of [14] on C7; modules. Our proof is not a simple adaptation
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of the corresponding one in the module case because not all the involved module-theoretical
tools work in a latticial frame.

In Section 3 we describe a weaker version of a lattice preradical, that we used as a first
attempt to specialize our main result to objects of Grothendieck categories. Even if this
attempt was not successfully, the instrument devised for it is worth mentioning in the general
context of lattice preradicals.

In Sections 4 and 5 we do manage to specialize the main result of Section 2 for the lattice
L(X) of all subobjects of an object X of a Grothendieck category G and for the lattice
Sat,(Mp) of all 7-saturated submodules of a module Mp with respect to a hereditary torsion

theory 7 on Mod-R, by using another instrument of specialization proposed by us in [7].

0 Preliminaries

All lattices considered in this paper are assumed to have a least element denoted by 0 and a
greatest element denoted by 1, in other words they are bounded. Throughout this paper, L
will always denote such a lattice. We shall denote by £ the class of all (bounded) lattices and
by M the class of all (bounded) modular lattices.

For a lattice L and elements a < b in L we write
bja:=a,bj={x€L|a<z<b}.

An initial interval of b/a is any interval c¢/a for some ¢ € b/a.

An element ¢ € L is a complement (in L) if there exists an element ¢ € L such that
aNc=0 and aVc=1; we say in this case that ¢ is a complement of a (in L). One denotes
by D(L) the set of all complements of L. The lattice L is said to be complemented if every
element of L has a complement in L.

For a lattice L and a, b, ¢ € L, the notation a = b V ¢ will mean that a = bV ¢ and
bAc=0, and we say that a is a direct join of b and c. Similarly, as for modules, one defines
the concepts of a direct join and an independent family of elements of L. (see, e.g., [3, §1.2]
or [4, §1.2]).

An element a € L is said to be an atom of L if a # 0 and a/0 = {0,a}. The socle
Soc(L) of a complete lattice L is the join of all atoms of L.

An element b € L is a pseudo-complement (in L) if there exists an element a € L such
that a Ab =0 and b is maximal in the set of all elements ¢ in L with a A ¢ = 0; we say in
this case that b is a pseudo-complement of a. Asin [3] or [4], L is called pseudo-complemented
if every element of L has a pseudo-complement, and strongly pseudo-complemented if for all
a,b € L with a Ab =0, there exists a pseudo-complement p of a in L such that b < p.
Every upper continuous modular lattice is strongly pseudo-complemented.

An element e € L is said to be essential (in L) if e Ax # 0 for every x # 0 in L. One
denotes by E(L) the set of all essential elements of L.
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An element ¢ € L is said to be closed in L if ¢ ¢ E(a/0) for all a € L with ¢ < a, and
C(L) will denote the set of all closed elements of L. For an element a € L, we say that ¢ € L
is a closure of a in L if a € E(c/0) and ¢ € C(L). Clearly, ¢ is a closure of a in L if and
only if ¢ is a maximal element in the set {x € L|a € E(x/0)}. A lattice L is called essentially
closed if for each element a € L there exists a closure of a in L. Every strongly pseudo-
complemented lattice (hence every upper continuous modular lattice) is essentially closed by
[3, Theorem 1.2.24] or Theorem [4, Theorem 1.2.24]. We say that a € L has a unique closure
in L if a has exactly one closure in L.

For all other undefined notation and terminology on lattices, the reader is referred to [3],
[4], [12], and/or [15].

We summarize the following notation that will be used in this paper.

E(L) := the set of all essential elements of L (E for “FEssential”),
C(L) := the set of all closed elements of L (C for “Closed”),
D(L) := the set of all complement elements of L (D for “Direct summand”),
We introduced and studied in [9] and [6] the condition (C}1) on lattices as the latticial

counterpart of the known corresponding condition on modules (see [13] and [14]).

Definition 0.1. We say that a lattice L satisfies the condition (Ch1), or shortly, L is a Ciy
lattice, if for every x € L there exists a pseudo-complement p of x with p € D(L). O

We present below two results that will be used in Section 2.

Proposition 0.2. (]9, Proposition 1.8]). A lattice L € M is C11 <= Yz € L, 3d € D(L)
with dANx =0 and dV x € E(L). O

Proposition 0.3. ([9, Proposition 2.5]). Let L € M, and let (a;)i1<i<n be a finite independent
family of elements of L such that 1 :V1<i<n a; and a;/0 is C11 for all 1 <i<n. Then L
18 011. O

1 Linear morphisms of lattices and lattice preradicals

In this section we recall from [5] and [8] the concepts of a linear morphism and of a lattice

preradical, respectively, and list some of their basic properties.

Definition 1.1. ([5, Definitions 1.1]). A mapping f : L — L' between the lattices L and
L’ is called a linear morphism if there exist k € L, called a kernel of f, and a’ € L' such that

the following two conditions are satisfied.

(1) f(z)=f(zVEk),VzelL.

(2) f induces an isomorphism of lattices f :1/k —= a'/0', f(z) = f(z), Vo € 1/k, where
0" is the least element of L'. O
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Proposition 1.2. The following assertions hold for a linear morphism f : L — L' with a
kernel k.

(1) For z,ye L, f(z)=f(y) <= zVk=yVk.

(2) f(k) =0 and k is the greatest element of L having this property, so, the kernel of a

linear morphism is uniquely determined.

(3) f commutes with arbitrary joins, i.c., f(\;c; xi) = Vier f(x:) for any family (x;)icr

of elements of L, provided both joins exist.
(4) f is an increasing mapping.
(5) f preserves intervals, i.e., for any w < v in L, one has f(v/u) = f(v)/f(u).

(6) If L € M, then for any a € L, the restriction f, :a/0 — L', f.(z) = f(z), Yz € a/0,

of f to a/0 is a linear morphism with kernel a N k.

Proof. (1) and (2) are parts of [5, Proposition 1.3], (3) and (5) are exactly [8, Lemma 0.6],
and (4) is exactly [5, Corollary 1.4]).

(6) Set kq :=a A k. Since k, < k we have f(k,) =0". Thus
fa(x) = f(x) = f(2) V f(ka) = f(xV ky) = fa(x V), Ya € a)l.

Now, f induces a lattice isomorphism f: 1/k — f(1)/0', f(z) = f(x), Vo € L. By a second

restriction, we obtain a lattice isomorphism

g:(aVEk)/k = flaVk)/0, g(z)= f(x), Vz € (aVk)/k.
By modularity, we have the lattice isomorphism

v:a/(aNk) = (aVk)/k, o(x)=xVk, Vo eca/laNnk).
If we set f,:=gow:a/(ank)—> f(aVk)/0, then

Fal@) = g(o(@) = f@V k) = f(2) = ful@), Vo € af(a A k),
hence f, induces the lattice isomorphism

fara/ka = fa(a)/V, fa(z) = fa(z), Vo € a/ka,

i.e., fq, is a linear morphism with kernel k, = a A k, as desired. O

Proposition 1.3. ([5, Proposition 2.2]). The following statements hold.

(1) The class M of all (bounded) modular lattices becomes a category, denoted by LM,
if for any L, L' € M one takes as morphisms from L to L' all the linear morphisms
from L to L.
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(2) The isomorphisms in the category LM are exactly the isomorphisms in the full category
M of the category L of all (bounded) lattices.

(3) The monomorphisms in the category LM are exactly the injective linear morphisms.

(4) The epimorphisms in the category LM are exactly the surjective linear morphisms.

(5) The subobjects of L € LM can be viewed as the intervals a/0, a € L. O
Definitions 1.4. ([11, Definitions 2.1]). Let @ # C C L. We say that:

(1) C is an abstract class if it is closed under lattice isomorphisms, i.e., if L, K € L, K ~ L,
and L € C, then K € C.

(2) C is hereditary if it is an abstract class and for any L € L and any a < b < c in L
such that c/a € C, it follows that b/a € C.

For any non-empty subclass C of M we shall denote by L£C the full subcategory of LM

having C as the class of its objects.

Proposition 1.5. ([8, Proposition 2.3]). The following assertions are equivalent for an ab-
stract subclass C of M.

(1) C is hereditary.

(2) For any L € C, the subobjects of L in the category LC can be viewed as the initial
intervals a/0 of L =1/0, a € L.

In this case, the monomorphisms in the category LC are precisely the injective linear

morphisms. O

Definition 1.6. ([8, Definitions 2.1]). Let C be a hereditary subclass of M. A lattice preradical
on C is any functor r: LC — LC satisfying the following two conditions.

(1) »(L) < L, i.e., (L) is a subobject of L, for any L € LC.

(2) For any morphism f: L — L' in LC, r(f): r(L) — r(L') is the restriction of f,
i.e., f(r(L)) Cr(L).

In other words, a lattice preradical is nothing else than a subfunctor of the identity functor
1z¢ of the category LC. O

Let C be a hereditary subclass of M, and let r : LC — LC be a lattice preradical on
C. By Proposition 1.5, for every L € C and a € L, the subobject r(a/0) of L in LC is

necessarily an initial interval of a/0. We denote

r(a/0) := a" /0.
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If @ <bin L, then a/0,b/0 are in C because C is hereditary. The inclusion mapping
t:a/0 <= b/0 is clearly a linear morphism, thus it is a morphism in £C. Applying now r we

obtain r(¢):a"/0 — b"/0 as a restriction of ¢, and so
a<b= a" <V
Moreover, since a” < a, we also have
a<b= a <aAnl.
For any lattice L € C and any a,b in L such that a Vb= 1, the mapping
q:L—a/0, q(z):=(xVb)Aa,

is a surjective linear morphism with kernel b (see [8, Example 0.2(3)]), so ¢ is a morphism
in £C. This is the latticial counterpart of the canonical projection M & M’ — M for two
modules Mg and Mj,.

Because r is a preradical, the linear morphism ¢ : L — a/0 entails by restriction the

linear morphism

r(q) :r(L) =7(1/0) =1"/0 — r(a/0) = a" /0,
so r(q)(1") =q(1") = (1" Vb) Aa < a" =¢q(1)", hence
aVb=1= (I"Vb)Aa<d.

We shall use in the sequel the inequalities above without any further reference.
Proposition 1.7. ([8, Proposition 1.3]). For any lattice L € M and any finite independent
family (a;)1<i<n of L, with n a positive integer, one has
( \/ ai)r = \/ a;.
1<i<n 1<i<n

O

Definition 1.8. Let r: LM — LM be a lattice preradical. We say that r is hereditary or
left exact if for all L € LM, a" =a AN 1" for every a € L. O

For example, by [8, Example 3.6], the assignment L +— Soc(L)/0 defines a hereditary
preradical on the full subcategory LM, of LM consisting of all upper continuous modular

lattices.
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2 The main result

In this section we present the latticial counterpart of the main result of [14] concerning the

behavior of C'1;7 modules under module preradicals.

Lemma 2.1. Let C be a hereditary subclass of M, let r be a preradical on C, and let L € C

be a C11 lattice. Then, there exist a1, ao € L such that
l=ayVay, 1"=ad} € E(a1/0), and al = 0.
Moreover, a1 s a closure of 17 in L.

Proof. Because L is a (C4; lattice, by Proposition 0.2, there exist a1, ap € L such that
ay v ap =1, 1" Nag =0, and 1" Vay € E(L). Notice that both a;/0 and ay/0 are members
of C because C is hereditary. Since aj < 1" Aaz =0 we have aj = 0.

Now 1"Vag € E(L), so (1"Vaz)Aay € E(a1/0). But (1"Vag) Aay < af, thus o] € E(a1/0).
By Proposition 1.7, we have

1" = a] Vay = af.

Because a; is a complement in the modular lattice L, it is also a pseudo-complement in L.
By [3, Proposition 1.2.16] or [4, Proposition 1.2.16], it follows that a; € C(L), hence a; is a

closure of 1" in L. O

Lemma 2.2. Let L be an essentially closed modular lattice. Suppose that a € L has a unique

closure ¢ in L. Then c is the greatest element of the set {x € L|a € E(x/0) }.

Proof. By definition, ¢ is a maximal element of the set C:={xz € L|a € E(x/0) }.
Let z € C. Since L is essentially closed, x has a closure T in L. Then a € E(Z/0) because
x € E(z/0). Since = € C(L), it follows that T is a closure of @ in L. But a has a unique

closure ¢ in L, so T = ¢, and then x < c¢. Thus, c is the greatest element of C. O

Lemma 2.3. Let L be an is essentially closed modular lattice. Suppose that 1 = ay v a.
Then a1/0 is essentially closed, and for any x € a1/0, if ¢ is a closure of x in ay/0 then

c 1s a closure of x in L.

Proof. Because a1, as € D(L) we have a1, as € C(L). Since L is essentially closed, it follows by
[3, Corollary 1.2.23] or [4, Corollary 1.2.23] that 1/as is also essentially closed. By modularity,
the assignment ¢t — ¢V ag establishes a lattice isomorphism v from a1/0 = a1/(a; A a2) to
(a1 V ag)/az =1/az, so a1/0 is essentially closed.

Let z € a1/0, and let ¢ be a closure of z in a;/0. Then x € E(c/0) and ¢ € C(a;/0), so,
using the isomorphism 1) above we deduce that ¢V az € C(1/az). Let e € L with ¢ € E(e/0).
We have ¢ < a; and a3 Aaz = 0, so ¢ Aay = 0 and consequently, ¢ A (e A ag) = 0. But
c € E(e/0), so eNay = 0. Hence, the assignment s +— sV ay produces a lattice isomorphism ¢
from e/0=e/(eANaz) to (eVaz)/az, and so cVay € E((eVaz)/az). Since ¢V ay € C(1/as),
it follows that ¢V as = eV ay and, by the isomorphism ¢ above, it follows that ¢ = e. Hence
ce C(L), as desired. O



8 Toma Albu and Mihai losif

Theorem 2.4. Let C be a hereditary subclass of M, and let r be a hereditary preradical on
C. Then, the following assertions are equivalent for an essentially closed lattice L € C such

that 1" has a unique closure in L.
(1) L is a Ci1 lattice.

2) There exist a1, ao € L such that 1 = ay Y, as, aj € E(a1/0), al =0, and the lattices
1 2
a1/0 and a2/0 are both Ci.

Proof. (1)==-(2): Using Lemma 2.1, there exist a;, az € L such that
l=a; Vay, 1"= ai € E(a1/0), ay, =0, and a; is a closure of 1" in L.

By hypothesis, aq is the unique closure of 1™ in L.

First, we prove that a1/0 is a Cy; lattice. To do that, let € a1/0. Since L is a C1y
lattice, by Proposition 0.2, there exist dy, do € L such that 1 = dy V da, (xVag) Ndy =0,
and z Vag Vdy € E(L). Consider the linear morphism

q1:L—a1/0, qi(t) = (tVax) Nay, Vt € L,
which has the kernel as. Then, by Proposition 1.2(6), its restriction

qy : d1/0 — q1(d1)/0, ¢1(t) = q:(t), Vit € d1/0,

has the kernel agAd;. But agAdy < (zVag)Ady =0, 80 aaAdy =0, and hence ¢} is a lattice
isomorphism. It follows that 7(q}) : d /0 — ¢1(d1)"/0 is a lattice isomorphism. Therefore

q1(d]) = d1(d) = r(q)(d]) = qi(d1)".
Because r is a hereditary preradical, we have
q1(d1)" = qu(di) Naf = qi(d1) A 17,

and so,
q1(d) = ¢i(d{) = q(di) A1".
Since 1" € E(a;/0) and ¢i(d1) < a1, we deduce that
¢ (d]) = q1(d1) AN1" € E(q1(d1)/0) = E(q1(d1)/0),

and then df € E(d;/0) because ¢ is a lattice isomorphism.

We have dj < dy and dj Ady =0, so dy Adj = 0. It follows that d{ Vdi € E((d1 Vd3)/0)
by [3, Lemma 1.2.7] or [4, Lemma 1.2.7]. By Proposition 1.7, we have 1" = d{ V d5, hence
1" € E((d1 Vv d3)/0). Since L is essentially closed and a; is the unique closure of 1", by
Lemma 2.2 it follows that a; is the greatest element of the set {z € L|1" € E(x/0)}.
Therefore d; V dj < a1, and so d; < ay.

By modularity we have

a1 = dp Vv (a1 Nda),
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so di € D(a1/0), and since x V d; < a1, we also have
xVdi =xVdi V0 = (.%'\/dl)\/(ag/\a1> = (x\/dl\/ag)/\al.

Since z V dy V ay € E(L), we deduce that = V d; € E(a1/0). Now observe that = A d; <
(z Vaz) Ady =0, and then, by Proposition 0.2 it follows that a;/0 is a Cj; lattice.

Now, we are going to prove that as/0 is a Cj; lattice. To this end, let y € a3 /0. Since L is
a (71 lattice, by Proposition 0.2, there exist e1, es € L such that 1 = e; Y, ez, (yVai)Aey =0,
and yVa; Ve € E(L).

We have a1 Ae; < (yVar)Aep =0, thus a; Ae; = 0. We also have e} < e; A 1", and since

1" < a1, we deduce that e; A1" < e; Aa; =0, and so e] = 0. By Proposition 1.7, we obtain
1" = e Ve, = e; < ea.

By Lemma 2.3, e2/0 is essentially closed. Let f be a closure of 1" in e3/0. Again by Lemma
2.3, f is also a closure of 1" in L and, since 1" has a unique closure a; in L, we deduce that

f =a1, so a1 < ea. By modularity, we have
eg = 1Vey = (al\/a2>/\62 = al\/<a2/\€2),

hence
1 = 61VCL1\/(G2/\62).

Set z := (e1 V a1) Aag € az/0. By modularity, we have
as = 1Nag = ((ex Vay)V(ag Aez)) Aag = ((e1 Var) ANaz)V (aa Aea) = zV (az A ea),
and
zN(agNeg) = (egVay) NeaNag = (a1 V(eg Aez)) ANag = (a1 VO) ANay = a3 Aag = 0.

Therefore

as = 2V (az N e2),

i.e., z € D(az/0).
In order to prove that ag/0 is a C1; lattice, by Proposition 0.2, it is sufficient to show
that y Az =0 and yV z € E(a2/0).

By modularity, we have

yANz=yA((exVai)Naz) =yA(e1Va))=yA(yVar)A(egVar)=
=yA(((yvar)ANer)Var))=yA(0Va)=yAa <azNa =0.

so yAz=0.
In order to prove that y V z € E(a2/0), observe that

yVz=yVzV(agNa2) = (yVzVa)Aas.



10 Toma Albu and Mihai losif

By modularity, we have,
zVa; = ((eeVai)Naz)Vay = (e1Var)A(azVar) = (egVal) ANl = e Vay,

and so

yVz=(yVvVzVa)Aa = (yVerVar)Aas.

But, by the choice of e; and ez, we have y Ve Va; € E(L) and, thus y V z € E(az/0), that
ends the proof.

(2)=(1): Apply Proposition 0.3. O

Corollary 2.5. Let C be a hereditary subclass of M, and let r be a hereditary preradical on
C. Then, following assertions are equivalent for an essentially closed lattice L € C such that

1" s closed in L.
(1) L is a Cy1 lattice.
(2) There exists a € L with 1 =17V a such that the lattices 17/0 and a/0 are both Ci;.

Proof. (1)=(2): Notice that 1" being closed, it has a unique closure, so we can apply
Theorem 2.4 to deduce that there exist ai, as € L such that

1=a; Y, az, aj € E(a1/0), ah =0, and both lattices a;/0 and as/0 are Cii.

Moreover, 1" = (a1 V ag)" = a} V a} = a}, thus 1" € E(a1/0). By hypothesis, 1" € C(L),

hence a; = 1". If we set a = as we obtain (2).

(2)=(1): Apply 0.3. O

3 Weakly lattice preradicals

According to our strategy explained in the Introduction, we are going to apply the latticial
results from the previous section to Grothendieck categories and to module categories equipped
with a hereditary torsion theory. However, the classes of lattices that are involved in these
categorical and relative cases are not abstract (i.e., they are not necessarily closed under lattice
isomorphisms), so, we have to adjust the latticial concepts and results of Section 2 to them,
This was our first attempt to weaken our construction and to describe it is exactly the purpose
of this section.

Thus, we present in this section weaker versions of the concepts of hereditary class of
lattices and lattice preradical and show that any weakly lattice preradical r on a weakly
hereditary class C of modular lattices can be uniquely extended to a lattice preradical 7 on
the smallest hereditary class C of lattices which includes C. As a consequence of this fact, it

follows that any result on a lattice preradical also holds for a weakly lattice preradical.
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We hoped that, in particular, this will allow us to apply in the next sections the weak
versions of Theorem 2.4 and its Corollary 2.5 to Grothendieck categories and module categories
equipped with hereditary torsion theories. Example 4.1 at the beginning of the next section
will show that our hope can not be fulfilled. We developed in our paper [7] another weaker

version of lattice preradicals, that allows us to perform the desired specializations.

Definition 3.1. We say that a subclass @ # C C L, not necessarily abstract, is weakly
hereditary if a/0 € C for any L €C and a € L. O

Thus, a hereditary class of lattice is nothing else than a weakly hereditary class which

additionally is an abstract class. For example, the class
S ={L(Z/p*Z)|p > 0 prime number } U { L(pZ/p*Z)|p > 0 prime number } U {0}

is weakly hereditary but not hereditary, where L£(G) denotes the lattice of all subgroups of
the Abelian group G.

Definition 3.2. For any weakly hereditary class C C M we define a weakly lattice preradical

on C as a functor r: LC — LC satisfying the following two conditions.
(1) r(L) is an initial interval of L for any L € LC.

(2) For any morphism f: L — L' in LC, r(f) : r(L) — r(L') is the restriction of f,
i.e., f(r(L)) Cr(L).

As in the case of “true” lattice preradicals, for a weakly lattice preradical r on the weakly
hereditary class C C M, we set r(a/0) =a" /0.
Clearly, every lattice preradical is also a weakly lattice preradical. The converse is not

true. Indeed, for the class S defined above, the assignment
s(L(Z/p*7)) = s(L(pZ/p*Z)) = L(pZ/p*Z) for any prime number p > 0, and s(0) =0

defines a weakly preradical, as one can easily see by considering the possible linear morphisms
between the members of S.

First, we need the following simple fact.

Lemma 3.3. Let r be a weakly lattice preradical on the weakly hereditary class C C M,
and let ¢ : L = L' be a lattice isomorphism with L, L' € C. Then ©(17) = 1'", where 1
(respectively, 1') is the greatest element of L (respectively, L').

Proof. Notice that any lattice isomorphism is a linear morphism. We have (¢ ~1)(1'") < 17, so
I =r(poe™h)(I'M) = r(@)(r(e™H(A'M) < r(p)(17) < U7 Thus 17 =r(p)(1") = (1"). O

Proposition 3.4. Let r be a weakly lattice preradical on the weakly hereditary class C C M,
and set C := {L e M|3LeC, L~L}. Then, the following assertions hold.

(1) C is the smallest hereditary subclass of M that includes C.
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(2) r can be uniquely extended to a lattice preradical 7 on C, i.e., 7(L) =r(L), VL €C.
(3) If r is a weakly hereditary preradical, then so T is a hereditary preradical.

Proof. (1) Let LeC and M € M with L ~ M. Then, there exists L € C such that L ~ L.
Thus L ~ M, and so M € C. Hence C is an abstract class.

Now, let L eC and b € L. There exists L € C and an isomorphism ¢ : L L. Then
b= ¢(a) for some a € L. Since C is weakly hereditary, we have a/0 € C. Clearly, ¢ induces
a lattice isomorphism a/0 — b/0, and so b/0 € C, which shows that C is a hereditary class.
For any hereditary subclass ‘H of M such that C C H one has C CH,ie., C is the smallest
hereditary subclass of M which includes C.

(2) Let L €C, and let 1 (respectively, 0) denote the greatest (respectively least) element
of L. As above, there exists L € C and a lattice isomorphism ¢ : L — L. If p is a lattice
preradical on C that extends r, one has p(L) = r(L), i.e., 17/0 = 17/0, so 17 = 1". By
Lemma 3.3 applied to the isomorphism ¢ : L — L, we have o(1") = p(1P) = 17 =1P. This
shows that for the given weakly lattice preradical r on C there exists at most one lattice
preradical on C, say 7, defined by 7(L):= ¢(17)/0, VL € C, i.e., 17 := o(17).

We are now going to show that 7 is actually a lattice preradical on C. Firstly, ¢(1")
depends neither on L nor on ¢. Indeed, if we pick another lattice L' € C and a lattice
isomorphism ¢ : L' = L, then we have an isomorphism ¢~ o ¢ : L -~ L'. By Lemma 3.3,
we have (1 o)(1") = 1'", and so (1") = (1'"), where 1’ is the greatest element of L'.

Now, for Z, L € CN, let g : L — I be a linear morphism. In order to define r(g), it
suffices to show that the restriction of g to TF/G can be corestricted to 1/ / 0/, where 1/
(respectively, 0o ) is the greatest (respectively, least) element of L, in other words, we have
to show that g(T?) < 1" To see this, consider two lattices L, L' € C and two isomorphisms
o: L5 L and o' : L' =5 L. Set f=¢' Logop: L — L.

Since r is a weakly preradical and f is a linear morphism, we have f(1") = r(f)(1") < 1'".
Thus

g(i7) = (go@)(1") = (¢'0 HIT) < /(1) =T =T,
and we are done.

(3) Let LeC and be L. Then, there exists L € C, a lattice isomorphism ¢ : L — E,
and a € L such that ¢(a) = b. Since r is a weakly hereditary preradical, we have a" = aA1".
On the other hand, ¢ induces a lattice isomorphism a/0 —= b/0, thus b” = p(a") by the
definition of 7 in (2). So, b™ = ¢(a”) = p(a A1") = p(a) A p(1") = bA 17, as desired. O

If we consider the class S and the weakly lattice preradical s defined above, then the
corresponding hereditary class S is the class of all chains with at most three elements, and
the corresponding extension s of s to S has an obvious definition. In fact, for any S € S )

5(.9) is precisely the socle of S.
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Remark 3.5. Proposition 3.4 shows that any result T on a lattice preradical also holds for
a weakly lattice preradical. When we apply T to a weakly lattice preradical, we say that we

apply the weak form of T. O

4 Applications to Grothendieck categories

In this section we specialize the main result of Section 2 to Grothendieck categories. Recall that
a Grothendieck category is an Abelian category with exact direct limits and with a generator.

Throughout this section G will denote a Grothendieck category, and for any object X of
G, L(X) will denote the upper continuous modular lattice of all subobjects of X. The reader
is referred to [10] and [15] for more about Grothendieck categories.

We say that X € G is a Cj; object if the lattice £(X) is Cy;. More generally, if P is
any property on lattices, we say that an object X € G is/has P if the lattice £(X) is/has P.
Similarly, a subobject Y of an object X € G is/has P if the element Y of the lattice £(X)
is/has P. Thus, we obtain the concepts of an essential subobject of an object, closed subobject
of an object, complement subobject of an object, socle of an object, etc. For a complement
subobject of an object X € G one uses the well-established term of a direct summand of X.

For any X’ C X in G, we denote by [X’, X| the interval in the lattice £(X), and by

ox/x (X X] = L(X/X)

the canonical lattice isomorphism Z — Z/X’, which is clearly a linear morphism of lattices.

Let X be a non-empty class of objects of G. We say that X is hereditary, if it is closed
under subobjects, i.e., for any X € X and subobject Y of X in G, we have Y € X'. A preradical
on X is just a subfunctor of the identity functor 1y of the full subcategory X of G.

In general, a left exact preradical r on such a class X does not define a hereditary weakly
preradical ¢ on the weakly hereditary class of lattices Ly := { L(X)|X € X} as one may
guess by putting o(L(X)) := L(r(X)), VX € X. To see this, for the reader’s convenience, we
reformulate the idea of [7, Example 2.2].

Example 4.1. Let G be the category of all Abelian groups, and let X be the class of
all Abelian groups class having at most three subgroups. Then X is a hereditary class whose
objects have totally ordered lattices of subgroups. For X € X put r(X) := {z € X |2z =0}.
The assignment X — (X)) is a left exact preradical on X as well as on the whole G. Notice
that the weakly hereditary class of lattices Lx := { L(X)|X € X'} contains only chains with
at most three elements and includes the class S considered in Section 3.

We claim that there is no weakly preradical ¢ on Ly such that
o(L(X))=L(r(X)),VX e X.

Indeed, suppose that such a ¢ exists, and set X := Z/2Z, Xy := Z/3Z. Then r(X1) = X1 #0
and 7(X2) = 0. On the other hand, £(X;) and £(X3) are two-element isomorphic lattices in



14 Toma Albu and Mihai losif

Ly, so by Lemma 3.3, we deduce that o(£(X7) and o(L£(X2) are isomorphic lattices. But, by
definition, we have o(L(X7)) = L(r(X1)) = L(X1) # 0, and o(L(X2)) = L(r(X2)) = L(0) =0,

which is a contradiction. O

However, to specialize the main result of Section 2 to Grothendieck categories, by [7,
Example 2.7], we may associate to any hereditary subclass X of G a so called linearly closed
subcategory SCy. Roughly speaking, such a subcategory is a subcategory, not necessarily
full, of the category LM of all linear modular lattices that satisfies four natural conditions
(see [7, Definitions 2.3]) naturally occurring when one consider subcategories of locally small
Abelian categories or subcategories associated with 7-saturated submodules with respect to
a hereditary torsion theory 7 on the category Mod-R of all right R-modules over a unital
ring R. More precisely, the linearly closed subcategory SCy associated to a given hereditary
subclass X of G has

Cy ={[XX]|XeXx, X'CX}

as class of objects, and as morphisms those mappings that are induced by morphisms
f:X/X'"—Y/Y' in G, i.e., arise as compositions
eo;_}y>, [

X' xX] 7 px/xty s cvyy?) YY)

Recall that for any morphism f: A — B in G we denoted by f, the so called direct image
mapping
fe i LIA) — L(B), f.(A)) = f(A), VA" € L(A).
By [8, Lemma 5.1], any such mapping f, is a linear morphism of lattices, so, the morphisms

in SCy, as compositions of linear morphisms of lattices, are also linear morphisms of lattices.

Theorem 4.2. Let X be a hereditary subclass of a Grothendieck category G, and let r be a
left exact preradical on G. Then, the following assertions are equivalent for an object X € X

such that r(X) has a unique closure in X.

(1) X is a C11 object.

(2) There exist subobjects X1 and Xo of X such that X = X1® X, r(X1) is an essential
subobject of Xy, r(X2) =0, and X, X9 are both C11 objects.

Proof. In view of [7, Proposition 3.3], r canonically yields a preradical ¢ on the linearly closed
subcategory SCy :={[X', X]| X € X, X' C X} defined as

0:8Cy — SCx, o([X', X]) := [X', X"], V[X', X] € SCh,

where X" is the subobject of X such that X’ C X" C X and r(X/X’) = X"/X'. Notice that
X" € X because X € X and X is a hereditary subclass of G.
Observe that, for any L =1/0= L(X), X € X, we have o(L) = 12/0, and also
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o(L) = 0(1/0) = ¢([0,1]) = ([0, X]) = [0, X"],
On the other hand,
r(X)=r(X/0)=X"/0= X",
[0, X7] = [0,7(X)] = L(r(X)).

We deduce that 1¢ = X" = r(X). By [7, Remarks 3.5(2)], Theorem 2.4 is valid also for the
linearly closed subcategory SCxy and its preradical o, which ends the proof. O

Corollary 4.3. The following statements are equivalent for an object X of a Grothendieck

category G such that Soc (X) has a unique closure in X.
(1) X is a C11 object.

(2) There exist subobjects X1 and Xo of X such that X = X; ® X9, Soc(X1) is an
essential subobject of X1, Soc(X2) =0, and X, Xo are both C11 objects.

Proof. Specialize Theorem 4.2 for r(X) = Soc (X). O

Corollary 4.4. Let X be a hereditary subclass of a Grothendieck category G, and let r be a
left exact preradical on G. Then, the following assertions are equivalent for an object X € X
such that r(X) is closed in X.

(1) X is a C11 object.

(2) There exists a subobject Y of X such that X =r(X)@®Y, and r(X) and Y are both
C11 objects.

Proof. By [7, Remarks 3.5(2)], Corollary 2.5 is valid also for the linearly closed subcategory
SCyx and its preradical p, so we may specialize it for the upper continuous modular lattice
L=L(X)=10,X]. O

5 Applications to module categories equipped with torsion
theories

In this section we specialize the main result of Section 2 to module categories equipped with
hereditary torsion theories.

From now on, R will denote an associative ring with non-zero identity element, Mod-R
the category of all unital right R-modules, 7 = (7,F) a fixed hereditary torsion theory on
Mod-R, and t,(M) the 7-torsion submodule of a right R-module M. It is well known that
the assignment M — t,(M), M € Mod-R, defines a left exact (pre)radical on Mod-R. We
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shall use the notation Mp to emphasize that M is a right R-module. For any Mg we shall
denote
Sat.(M) := { N| N< M and M/N € F },

and for any N < M we shall denote by N the 7-saturation of N (in M) defined by N/N =
t-(M/N). The submodule N is called 7-saturated if N = N. Note that

Sat,(M)={N|N <M, N =N},

so Sat, (M) is the set of all 7-saturated submodules of M. It is well-known that for any Mg,
Sat(M) is an upper continuous modular lattice. The reader is referred to [15] for more about
hereditary torsion theories.

We say that Mp is a 7-C11 module if the lattice Sat.(M) is C11. More generally, if P is
any property on lattices, we say that a module Mp is/has 7-P if the lattice Sat, (M) is/has
P. We say that a submodule N of My is/has 7-P if its 7-saturation N, which is an element
of Sat-(M), is/has P. Thus, we obtain the concepts of a 7T-essential submodule of a module,
T-closed submodule of a module, 7-closure of a submodule, etc.

According to our definition above of a 7-P submodule of a module, we say that a non-
empty class H of right R-modules is 7-hereditary if for any M € H and N € Sat (M) one
has N € H, or equivalently N € H for any N < M and any M € H.

By a preradical on a 7-hereditary subclass H of Mod-R we mean a subfunctor of the
identity functor 1y of the full subcategory H of Mod-R in Mod-R.

Lemma 5.1. Let f: M — M’ be a morphism of right R-modules, N < M, and N’ < M'.
If f(N) € N', then f(N)C N7

Proof. Let g: M/N — M'/N', g(x + N) = f(z) + N', Va € M, be the morphism induced
by f. Since X — ¢;(X), X € Mod-R, is a preradical on Mod-R, it follows that

g(N/N) = gt (M/N)) C t,(M'/N') = NT/N'.
We deduce that, for = € N, one has f(z) + N’ = g(z + N) € N'/N’, and so, f(x) € N'. O

Proposition 5.2. Let H be a T-hereditary class of right R-modules, and let r be a left exact

preradical on H. Then, the assignment M — r(M), ¥ M € H, defines a preradical T on H,
and T(N) = NN7(M),VM € H, N € Sat . (M).

Proof. Since H is 7-hereditary, 7(M) :=r(M) € H,VYM € H.If f : M — M’ is a morphism
of modules M, M' € H, then f(r(M)) C r(M’), and hence f(r(M)) C r(M') by Lemma
5.1, so f(F(M)) C 7(M'). This shows that 7 is a preradical on H.

For N € Sat (M), we have NN7(M)=NnNr(M)=NnNr(M)=r(N)=7(N). O

As in the case of Grothendieck categories, to any 7-hereditary class H of right R-modules
we can associate a linearly closed subcategory SCy of LM as follows.

First, for any M € H and M’ € Sat .(M), we denote by [M’, M| the interval in the lattice
Sat (M), and by
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Uagp s [M?, M] 5 Sat - (M/M), (N) :== N/M', ¥V N € [M’, M],

the canonical lattice isomorphism in [3, Lemma 3.4.4] or [4, Lemma 3.4.4], which is clearly a
linear morphism of lattices.

The linearly closed subcategory SCy ol LM associated to H has
Cy = {[M' ,M]|M € H, M’ € Sat (M)}
as class of objects and as morphisms the mappings induced by morphisms f : M /M’ — P/P’

in Mod-R, i.e., arising as compositions

w;_}};/ :

007, M) "M Sat (M /M) 255 Sat o (P/P) P, P

where, for any morphism f: A — B in Mod-R, f, denotes the mapping

o1 Sat - (A) — Sat - (B), f-(X) = f(X), VX € Sat - (A).

Notice that f; is a linear morphism of lattices by [7, Lemma 6.6]. We deduce that the

morphisms in SCyq, as compositions of linear morphisms of lattices, are also so.

Theorem 5.3. Let H be a T-hereditary class of right R-modules and let r be a left exact
preradical on Mod-R. Then, the following assertions are equivalent for a module M € HNF

such that (M) has a unique T-closure in M.

(1) M is a 7-C11 module.

(2) There exist submodules N and P of M such that M/(N+P)eT, NNPeT, r(N)
is T-essential in N, r(P) € T, and both N and P are 7-C11 modules.

Proof. In view of [7, Proposition 3.4], r canonically yields a preradical o, on the linearly
closed subcategory SCy := { [M',M]|M € H, M’ € Sat (M)} of LM, defined as follows:

0r : SCy — SCyy, 0+ ([M', M]) := [M', M"], ¥ [M', M] € SCy,

where M":=Q and M' < Q < M with »(M/M') = Q/M’.
Observe that, for any L = Sat (M), M € H, the least element 0 of L is 0 =t,(M) and
the greatest element 1 of L is M, so L = [0, M]. We deduce that

o0r(L) = 07(1/0) = 1¢7/0 = [0, 1¢7] = o-([0, M]) = [0, M"],
and then, M" = 1¢7. On the other hand, using [1, Lemma 1.14], we have
M"/0=Q/0=Q/0=r(M/D).

It follows that M"™ = r(M), i.e., 19~ = (M) because M € F,so 0 =t,(M) = 0.

Now, notice that

r(N) is T-essential in N <= r(N) is 7-essential in N
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and

r(P)eT <= r(P)eT.

As in the proof of Theorem 4.2, by [7, Remarks 3.5(2)] we deduce that Theorem 2.4 is
valid also for the linearly closed subcategory SCy and its preradical g,. To finish the proof,
use the description in [2, Proposition 5.3(5)] of the concept of a 7-complement (or 7-direct

summand) of a submodule of a module. O]

Corollary 5.4. The following statements are equivalent for a module Mgr € F such that

Soc (M) has a unique T-closure in M.

(1) M is a 7-C11 module.

(2) There exist submodules N and P of X such that M/(N+ P) € T, NNP € T,
Soc - (N) is T-essential in N, Soc.(P) €T, and N and P are both 7-C11 modules.

Proof. Specialize Theorem 5.3 for r = Soc ;. O

Corollary 5.5. Let H be a T-hereditary class of right R-modules and let v be a left exact
preradical on Mod-R. Then, the following assertions are equivalent for a module Mp € HNF
such that v(M) is a T-closed submodule of M.

(1) M is a 7-C11 module.

(2) There exists a submodule N of M such that such that M/(r(M)+N) € T, r(M)NN € T,
and r(M) and N are both T-C11 modules.

Proof. As we stated in [7, Remarks 3.5(2)], Corollary 2.5 can be applied to a lattice from the
linearly closed subcategory SCy of LM and its left exact preradical o,, canonically associated
to r, as in the proof of Theorem 5.3. Apply this form of Corollary 2.5 for the upper continuous
modular lattice L = Sat (M) = [0, M]. O

Problem 5.6. We guess that Theorem 5.3 and its subsequent corollaries hold true without
the additional condition M € F. (|
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