Tensor products and direct limits
of almost Cohen-Macaulay modules

by

Cristodor Ionescu and Samaneh Tabejamaat

Preprint nr. 1/2016

January 2016

Simion Stoilow Institute of Mathematics of the Romanian Academy P.O. Box 1-764, 014700 Bucharest, Romania

E-mail:cristodor.ionescu@imar.ro
Departament of Mathematics Payame Noor University P.O. Box 19395-3697 Tehran Iran

E-mail:samanetabejamaat_glestan@yahoo.com



Tensor products and direct limits
of almost Cohen-Macaulay modules

Cristodor Tonescu and Samaneh Tabejamaat

Abstract. We investigate the almost Cohen-Macaulay property and the
Serre-type condition (C,), n € N, for noetherian algebras and modules.
More precisely, we find permanence properties of these conditions with
respect to tensor products and direct limits.

Mathematics Subject Classification (2010). Primary 13H10; Secondary
13C14.

Keywords. Almost Cohen-Macaulay, tensor product, direct limit.

1. Introduction

All rings considered will be commutative, with unit and noetherian. All mod-
ules are supposed to be finitely generated.

Almost Cohen-Macaulay rings appeared from a flaw in Matsumura’s
book [13] and were first studied by Han [9] and afterwards by Kang [11], who
introduced the notion of almost Cohen-Macaulay module. The first author of
the present paper considered in [10] the condition (C,), where n is a natural
number, inspired by the well-known condition (5,,) of Serre and character-
ized almost Cohen-Macaulay rings using this notion. The notion of a module
satisfying the condition (C),) was defined and studied by the second author
and A. Mafi [17].

We study the behaviour of the condition (Cy), n € N, and of almost
Cohen-Macaulayness with respect to tensor product of A-modules and of A-
algebras. More precisely, in Section 2 we first show that if k is a field and the
tensor product of two k-algebras is noetherian and satisfies the condition (C,,)
(almost Cohen-Macaulay resp.) then each one of these k-algebras satisfies the
condition (C},) (almost Cohen-Macaulay resp.). We also show that the con-
verse is not necessarily true, unless at least one of these k-algebras satisfies
the condition (5,,) (Cohen-Macaulay resp.), see Proposition 2.7, Corollary 2.8
and Example 2.9. In Theorems 2.10 and 2.11 we investigate the permanence
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of the properties of being almost Cohen-Macaulay or satisfying the condi-
tion (C),) with respect to the tensor product of modules. The main results of
Section 3 are Theorems 3.8 and 3.10. It is shown that if M and N are Tor-
independent A-modules, M has finite projective dimension and the tensor
product of M and N is almost Cohen-Macaulay (resp. (Cy)), then N is al-
most Cohen-Macaulay (resp. (C,)) too. As a consequence we show that a ring
having a module of finite projective dimension satisfying the condition (C,,),
must satisfy the condition (C),) itself, a property that was already proved
for the condition (S,,). Finally, in Section 4 we investigate the behaviour of
the condition (C),) and of almost Cohen-Macaulayness with respect to direct
limits. The main result is Theorem 4.3 which shows that under some addi-
tional assumptions, a direct limit of almost Cohen-Macaulay rings remains
almost Cohen-Macaulay.

2. Tensor products of almost Cohen-Macaulay algebras

We begin by recalling the notions and basic facts that will be needed in the
paper.

Definition 2.1. [11, Definition 1.2] Let A be a ring and M an A-module. We
say that M is an almost Cohen-Macaulay A-module if for any P € Supp(M)
we have depth(P, M) = depth 4, (Mp). Ais called an almost Cohen-Macaulay
ring if it is an almost Cohen-Macaulay A-module.

Remark 2.2. Let (A, m) be a noetherian local ring and M a finitely generated
A-module. Then it follows at once by [11, Lemma 1.5 and Lemma 2.4] that
M is almost Cohen-Macaulay iff dim(M) < depth(M) + 1.

Definition 2.3. [17, Definition 2.1] Let A be aring, n € Nand M an A—module.
We say that M satisfies the condition (C,,) if for every P € Supp(M) we have
depth(Mp) > min(n, htp(P)) — 1. If A satisfies the condition (C),) as an A-
module, we say that the ring A satisfies (C,,).

Remark 2.4. Recall that an A—module M is said to satisfy Serre’s condi-
tion (Sy,) if for every P € Supp(M) we have depth(Mp) > min(n, hty (P)).
Hence, obviously, if M satisfies the condition (S,,), it satisfies the condition

(Cn).

Lemma 2.5. Let A be a ring, M an A-module and n € N. If M satisfies the
condition (Sy), then it satisfies the condition (Cpy1).

Proof. Let P € Supp(M). Then by the condition (S,,) we have depth(Mp) >
min(htys(P),n). Suppose first that n < htps(P). Then min(htys(P),n) = n,
hence depth(Mp) > n. But n+ 1 < htps(P), hence min(n + 1,hty (P)) =
n + 1. Then min(n + 1,ht)(P)) =1 =n+1—1 = n and it follows that
depth(Mp) > n = min(n + 1, htps(P)) — 1.

Suppose now that n > hts(P). Then min(n, hty (P)) = htas(P), hence
by (S,) we have depth(Mp) = htps(P). Since n + 1 > htps(P), we obtain
min(n+1, htp(P))—1 = htpr (P)—1 < htps (P) = depth(Mp), as desired. O
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Lemma 2.6. Let u : A — B be a flat morphism of noetherian rings. If B is
almost Cohen-Macaulay, then all the fibers of u are almost Cohen-Macaulay.

Proof. Let P € Spec(A) and QBp/PBp € Spec(Bp/PBp). Then the mor-
phism Ap — Bg is flat and local and by [10, Proposition 2.2,a)] it follows
that Bq/PBq = (Bp/PBp)qB,/pB, is almost Cohen-Macaulay. From [11,
Lemma 2.6] we obtain that Bp/PBp is almost Cohen-Macaulay. O

Proposition 2.7. Let k be a field, A and B two k—algebras such that A ®; B
is noetherian and n € N. Then:

i) If A ®y B satisfies the condition (Cy,), then A and B satisfy the
condition (Cy);

ii) If A and B satisfy the condition (Cy) and one of them satisfies the
condition (Sy,), then A @y B satisfies the condition (Cy,);

iit) If A and B satisfy the condition (Sy), then A ®; B satisfies the
condition (Cp1).

Proof. 1) Follows from [10, Proposition 3.12].
ii) Follows from [10, Proposition 3.13].
iii) Follows from [18, Theorem 6,b)] and Lemma 2.5. d

Corollary 2.8. Let k be a field, A and B two k—algebras such that A ®y B is
noetherian. Then:

i) If ARy B is almost Cohen-Macaulay, then A and B are almost Cohen-
Macaulay;

it) If A and B are almost Cohen-Macaulay and moreover one of them
1s Cohen-Macaulay, then A ®y B is almost Cohen-Macaulay.

Proof. Follows from Proposition 2.7 and [10, Theorem 3.3]. O

Example 2.9. Let A = k[z?, 25, 2y, y] (24,25,2y,y)- LThen A is a noetherian local
domain of dimension 2, hence by Remark 2.2 it is almost Cohen-Macaulay.
Since 2%y = z*zy € z*A and z°(xy)® = 2%y € 2*A, it follows that
depth(A4) = 1. But A ®; A is not almost Cohen-Macaulay, because by [7,
Lemma 2] we get dim(A®y A) = 4 and depth(A® A) = 2. The first example
having this property was given by Tabaa [16, Exemple].

Theorem 2.10. Let u : A — B be a morphism of noetherian rings, M a
finitely generated A-module, N a finitely generated B-module and n € N.
Suppose that N is a flat A-module. We consider the structure of M @ 4 N as
a B-module. Then:
i) If M® 4 N satisfies the condition (Cy,), then M satisfies the condition
(Cn);
ii) If M and Np/PNp satisfy the condition (Sy,), for any P € Spec(A),
then M @4 N satisfies the condition (Sp);
i1) If M satisfies the condition (Sy,) and Np/PNp satisfies the condi-
tion (Cy,) for any P € Supp(M), then M @4 N satisfies the condition (Cy,);
w) If M satisfies the condition (Cy) and Np/PNp satisfies the condi-
tion (Sy,) for any P € Supp(M), then M ®@ 4 N satisfies the condition (Cy,);
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v) If M and Np/PNp satisfy the condition (S,), for any P € Supp(M),
then M @4 N satisfies the condition (Cp41).

Proof. i) Let P € Supp(M) and @ € Min(PB). Using [4, Proposition 1.2.16
and Theorem A.11] and the flatness of u, we obtain

depthp, (Mp ®4, Nq) = depthy, (Mp) + depthp, (Ng/PNq)

and
dimBQ(Mp XAp NQ) = dimAP(Mp) + dimBQ(NQ/PNQ).
But dimp,(Ng/PNg) = 0 and Mp ®4, Nq satisfies the condition (Cy),
hence
depth 4, (Mp) > min(n,dim4, (Mp)) — 1,
that is M satisfies the condition (C),).
ii) Let @ € Suppg(M ®4 N) and P = Q N A. As above we have

depthBQ(Mp®APNQ) > min(n,dima, (Mp))+min(n,dimp, (Ng/PNg)) >

> min(n,dimBQ (Mp RAp NQ))

ili) and iv) The proof is similar to the proof of i).
v) Follows from ii) and Lemma 2.5. O

Theorem 2.11. Let uw : A — B be a morphism of noetherian rings, M a
finitely generated A-module, N a finitely generated B-module and n € N.
Suppose that N is a flat A-module. We consider the structure of M @4 N as
a B-module. Then:

i) If M ®4 N is almost Cohen-Macaulay, then M and Np/PNp are
almost Cohen-Macaulay for any P € Supp(M );

i) If M is almost Cohen-Macaulay and Np/PNp is Cohen-Macaulay
for any P € Supp(M), then M ® 4 N is almost Cohen-Macaulay;

i) If M is Cohen-Macaulay and Np/PNp is almost Cohen-Macaulay
for any P € Supp(M), then M ® 4 N s almost Cohen-Macaulay.

Proof. i) From [10, Theorem 3.3] and Proposition 2.10 i), it follows at once
that M is almost Cohen-Macaulay. Let P € Supp 4(M). We have

SuPpo/PBp (NP/PNP) =

={@Bp/PBp | Q € Suppp(N)NV(PB),QN(A\P) =0 }.

Hence, let QBp/PBp € Suppg, /pp,(Np/PNp). Since M ®4 N is an al-
most Cohen-Macaulay B—module and @ € Supp(M ®4 N), by [11, Lemma
2.6] we get that Mp ®4, Ng is an almost Cohen-Macaulay Bg—module.
Since u is flat, Mp is a finitely generated Ap-module and Ng is a finitely
generated Bg-module and a flat Ap-module, by [12, Proposition 2.7] it fol-
lows that Ng/PNg is an almost Cohen-Macaulay Bg/PBg-module. Now
by [11, Lemma 2.6] we obtain that Np/PNp is an almost Cohen-Macaulay
Bp/PBp-module.

ii) and iii) Follow from Theorem 2.10 and [10, Theorem 3.3]. O
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Lemma 2.12. Let R be a commutative ring, A and B two R-algebras such
that A ® g B is noetherian. Let P € Spec(A ®g B) and set p:= PN A,q=
PN B,r:=PnNR. Assume that A, is flat over R,. Then:

i) If (A®g B)p is almost Cohen-Macaulay, then By and Ap/rA, are
almost Cohen-Macaulay;

it) If A,/rA, and B, are almost Cohen-Macaulay and one of them is
Cohen-Macaulay, then (A Qg B)p is almost Cohen-Macaulay.

Proof. Follows at once from [3, Corollary 2.5]. O

Corollary 2.13. Let R be a commutative ring, A and B two R-algebras such
that A ®g B is noetherian. Let P € Spec(A ®r B) and set p:= PN A,q=
PN B,r:=PNR. Assume that A, and B, are flat over R,. Then:

i) If (A®R B) p is almost Cohen-Macaulay, then A, and By are almost
Cohen-Macaulay;

i) If A, and By are almost Cohen-Macaulay and one of them is Cohen-
Macaulay, then (A ®g B)p is almost Cohen-Macaulay.

Proof. 1) Follows from Lemma 2.12 and the flatness of A, and B, over R,.

ii) Since R, — A, is flat, by [10, Proposition 2.2] it follows that A,/rA, is
almost Cohen-Macaulay. Note that if A, is Cohen-Macaulay, then A,/rA, is
Cohen-Macaulay too. Now the assertion follows from Lemma 2.12; ii). O

Ezample 2.14. In part ii) of the previous corollary, the assumption that A,
or B, is Cohen-Macaulay is necessary. Indeed, consider again the ring in
Example 2.9, that is A = B = k[m4,x5,xy,y](x47xs7xy,y) and let R = k[z*].
By [3, Proposition 2.1, 2)], there is P € Spec(A ®g B) such that PN A is the
maximal ideal of A. Then by [3, Corollary 2.5] it follows that (A @ B)p is
not almost Cohen-Macaulay. As we saw in Example 2.9 the ring A, = B, is
almost Cohen-Macaulay.

Corollary 2.15. Let R be a commutative ring, A and B two flat R-algebras
such that A @ g B is noetherian. Then:

i) If A®p B is almost Cohen-Macaulay, then A, and By are almost
Cohen-Macaulay for any p € Spec(A) and ¢ € Spec(B) such that pN R =
qNR;

it) If for any p € Spec(A) and q € Spec(B) such that pN R=qNR, A,
and B, are almost Cohen-Macaulay and one of them is Cohen-Macaulay,
then A ®g B is almost Cohen-Macaulay.

Proof. 1) By [3, Proposition 2.1] there exists P € Spec(A ®g B) such that
PNA=p,PNB=gq. Now apply Corollary 2.13, i).
ii) Follows from Corollary 2.13, ii). O

3. Tensor products of almost Cohen-Macaulay modules

Recall the following definition (cf. [19, Definition 1.1]):



6 Tonescu and Tabejamaat

Definition 3.1. If M and N are finitely generated non-zero A-modules, the
grade of M with respect to N is defined by

grade(M, N) = inf{i | Ext’, (M, N) # 0}.
Remark 3.2. By [6, Proposition 1.2, h)] we see that grade(M, N) is the length
of a maximal N-regular sequence in Ann(M).
Remark 3.3. By [4, Proposition 1.2.10, a)] we get
grade(M, N) = inf{(depth(Np) | P € Supp(M)} =
= inf{(depth(Np) | P € Supp(M) N Supp(N)}.

Definition 3.4. If M and N are finitely generated A-modules and pd(M) < oo,
we say that M is N-perfect if grade(M, N) = pd(M).

We shall use several times the following fact:
Remark 3.5. (Intersection Theorem cf. [15, Theorem 8.4.4]) If pd 4 (M) < oo,
then dim(N) < pd(M) + dim(M ®4 N).
Proposition 3.6. Let A be a noetherian local ring, M and N finitely generated
non-zero A-modules, n € N. Assume that:

i) M is N—perfect and pd(M) :=p < n;

it) N satisfies the condition (Cy,);

iii) Tor{ (M, N) =0, Vi > 0.
Then M @4 N satisfies the condition (Cp_p).
Proof. Let P € Supp(M ®4 N). We have

p = grade(M, N) < grade(Mp, Np) < pd(Mp) < pd(M) = p,
hence pd(Mp) = p. By [2, Theorem 1.2] we obtain
depth(M ®4 N)p = depth(Mp ®4,, Np) = depth(Np) — pd(Mp) =
= depth(Np) — p > min(hty P,n) — 1 — p = min(hty P — p,n — p) — 1

and it is enough to show that min(hty P —p,n —p) > min(ht g P, 1 —Dp).
But since grade(Mp, Np) = grade((M ®4 N)p, Np), by [19, Theorem 2.1]
we have p < hty(P) — ht g, (P) and this concludes the proof. O

Corollary 3.7. Let n € N, A a noetherian local ring satisfying the condition
(Cr) and let M be a perfect A-module such that pd(M) = p < n. Then M
satisfies the condition (Cy,—p).

Theorem 3.8. Let A be a noetherian local ring and let M and N be finitely
generated non-zero A-modules such that Tor;*(M,N) = 0, Vi > 0. Ifpd(M) <
00 and M®a N is almost Cohen-Macaulay, then N is almost Cohen-Macaulay.

Proof. Applying Remark 2.2, Remark 3.5 and [2, Theorem 1.2] we get
dim(N) < pd(M) 4+ dim(M ®4 N) <
< pd(M) + depth(M ®4 N) + 1 = depth(NV) + 1.

Hence, by applying again Remark 2.2, it follows that N is almost Cohen-
Macaulay. ([l
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Corollary 3.9. (see [15, Corollary 8.4.5]) Let A be a local ring having an
almost Cohen-Macaulay module of finite projective dimension. Then A is an
almost Cohen-Macaulay ring.

We can prove a more general form of Theorem 3.8.

Theorem 3.10. Let A be a noetherian local ring, n € N and M, N finitely gen-
erated non-zero A-modules such that Tori (M, N) = 0, Vi > 0. If pd(M) < oo
and M®4 N satisfies the condition (Cy,), then N satisfies the condition (Cy,).

Proof. Let P € Supp4(N). Assume first that P € Supp4(M). Then P €
Supp(M ®4 N) and we have two cases:

a) depth(M ®4 N)p <n— 1. Then (M ®4 N)p is almost Cohen-Macaulay
and by Proposition 3.8 it follows that Np is almost Cohen-Macaulay too.
Hence depth(Np) > min(n, dim(Np)) — 1.

b) depth(M ®4 N)p > n — 1. Then from [2, Theorem 1.2]

depth(Np) = depth(M ®4 N)p + pd(Mp

we obtain:
) >
>n—12>min(n — 1,hty(P) — 1) = min(n, hty (P)) — 1.

Assume now that P ¢ Supp4(M). Let Q € Min(Anny (M) + P). From [19,
Theorem 2.1] we get

depth(Np) > grade(Aq/PAg, Ng) > depth(Ng) — dim(Ag/PAg).
By Remark 3.5 we have
dim(Aq/PAq) < pd(Mq) + dim(Mq/PMgq) = pd(Mg),
hence by [2, Theorem 1.2] we obtain
depth(Np) > depth(Ng) — pd(Mg) = depth(Mg ®4, Ng).
If depth(Mg ®a, Ng) > n — 1 we have
depth(Np) >n — 1> min(n — 1, hty(P) — 1) = min(n, hty (P)) — 1,

as required.

In the case depth(Mg ®a, Ng) < n — 1, by definition Mg ®a4, Ng is almost
Cohen-Macaulay, hence from Proposition 3.8 it follows that Ng is almost
Cohen-Macaulay. Then Np is almost Cohen-Macaulay too and consequently

depth(Np) > min(n, hty (P)) — 1.
(]

Corollary 3.11. Let n € N and A a local ring having a module of finite projec-
tive dimension satisfying the condition (C,). Then A satisfies the condition

(Cn).

Remark 3.12. A similar result for the condition (S,,) was proved in [20, Propo-
sition 4.1].
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4. Direct limits of almost Cohen-Macaulay rings

In this section we study the behaviour of the almost Cohen-Macaulay prop-
erty with respect to direct limits.

Proposition 4.1. Let (A, fij)ijen be a direct system of noetherian rings, n €
N and set A := ligrlA,». Assume that:
ieA
i) the ring A is noetherian;
it) for any i < j, the morphism fi; is flat;
iii) for any i € A the ring A; satisfies the condition (Cy,).
Then A satisfies the condition (C,).

Proof. Let P € Spec(A),B := Ap,k := B/PB and for any i € A, put
P,:=PnNA,;,B,; = (Ai)Pi and k; := BZ/PZB,L There exists ig € A such that
P = P,B for any ¢ > iy, hence k = B ®p, k;. But the morphism B; — B is
flat, hence dim(B;) = dim(B) and depth(B;) = depth(B) for any i > ig. The
assertion follows from Remark 2.2. (I

Corollary 4.2. Let (A, fij)ijen be a direct system of noetherian rings and
let A= h_H)lAl Assume that:
ieA
i) the ring A is noetherian;
it) for any i < j the morphism fi; is flat;
i11) for any i € A the ring A; is almost Cohen-Macaulay.
Then A is almost Cohen-Macaulay.

Proof. Let us give a direct proof, slightly different than the one coming out
at once from Proposition 4.1. We will apply [5, Corollary 2.3]. Let P C @
be two prime ideals in A and for any i € Alet P, :== PN A;,Q; := QN
A, B; = (A)p,,C; == (4;)q,. Also, let B := Ap and C := Ag. Then, as
in the proof of Proposition 4.1, there exists ig € A such that P = P;B and
Q = Q;B for any i > ig. Since A; is almost Cohen-Macaulay it follows by
[5, Corollary 2.3] that depth(B;) < depth(C;) and consequently, by flatness,
depth(B) = depth(B;) < depth(C;) = depth(C). Now we apply again [5,
Corollary 2.3]. O

Theorem 4.3. Let ((A;,mi, k;), fij)ijea be a direct system of noetherian local
rings and let A := thi Assume that:
€A
i) for any i,j € A,i < j, we have m; Aj = my;
it) for any i € A and for any ideal I of A;, we have TAN A; = I;
1) for any i € A, A; is an almost Cohen-Macaulay ring.
Then A is almost Cohen-Macaulay.

Proof. By [14] and [8, (0777,10.3.1.3)], the ring A is a noetherian local ring,
with maximal ideal m = m;A,Vi € A. Let iy € A be such that dim(4,) =
dim(A), Vj > ig (see [1, Lemma 3.10]) and let z1,...,25 € A;, be a system
of parameters. Set Q; = (z1,...,25)A;,Vj > ip and Q = (x1,...,25)A. Then

m = mioA = \/QigA Q \/QigA Q m,
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whence x1, ..., Z, is a system of parameters in A. The same argument shows
that x1,...,%s is a system of parameters in A;, Vj > 4. If A; is Cohen-
Macaulay for all ¢ € A, it follows by [1, Corollary 3.7] that A is Cohen-
Macaulay and we are done. Assume this is not the case. Since A; is al-
most Cohen-Macauly, by [11, Theorem 1.7] there exists | € {1,...,s} such
that {z1,...,3,...,25} is a regular sequence. We can assume [ = 1, that
is {x9,...,2s} is a regular sequence in A;,. As {z1,...,25_1,25} is not a
regular sequence in A;,, it cannot be a regular sequence in A;, Vj > .
But z1,...,z, is a system of parameters in A;, Vj > ig. We will show that
we can assume that x,...,z, remains a regular sequence in A;, Vj > 4.
If this is the case, it follows that xs,...,xs is a regular sequence in A and
again by [11, Theorem 1.7] we get that A is almost Cohen-Macaulay. So,
assume that there exists j; > 4o such that {xs,...,2,} is not a regular
sequence in A; . First we observe that then {z3,...,z,} is not regular in
Ay, Vk > ji. Since Aj, is almost Cohen-Macaulay, it follows that, for ex-
ample, {z1,Z2,23,...,25} = {21,23,...,25} is a regular sequence in Aj;, .
Assume that there exists jo > j; such that {z1,Z3,z3,...,2s} is not a
regular sequence in Aj,. Then there exists jo > j; such that, for exam-
ple, {z1, 2, 24,...,25} is a regular sequence. Continuing we obtain an index
lo € A, such that {x1,...,2;-1, %, Tit1,...,%s} is not a regular sequence in
Ay for any [ > Iy and for any i = 1, ..., s. Contradiction. (]

Example 4.4. Let K C L be an infinite algebraic field extension. Then
L = | K;, where K; are the finite field subextensions of L. For any i € A,
€A
let A; == K;[[X*, X3Y, XY?3,Y*]. It is easy to see that for any i € A we have
depth(4;) = 1 and dim(A4;) = 2, that is A; is an almost Cohen-Macaulay ring
which is not Cohen-Macaulay. Moreover A := |J A; € L[[X*, X3Y, XY3 Y*]]
€A
and the family (A;);ea satisfies the conditions in Theorem 4.3. Hence A is
an almost Cohen-Macaulay ring.
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