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1 Preliminaries

Dilation structures have been introduced in [3] with the name ”dilatation structures” (a
latin friendly denomination). An alternative name for the same object is "metric spaces
with dilations”.

One of the axioms of dilation structures (axiom 0) specifies conditions on the domain of
definition of dilations of coefficient ¢ € (0, 1]. Such conditions seem convoluted at first sight,
but they are needed for the other axioms, which are statements about functions which are
constructed from dilations. We have to be sure that these functions make sense, i.e. they
are at least well defined.

Therefore, at first view, the axiom 0 of dilation structures is just a collection of necessary,
but boring facts. However, a first sign that this is not true can be inferred from the paper
[4], about dilatation structures on ultrametric spaces. In this paper the axiom 0 has strong
consequences concerning the form of dilation structures on such spaces.

some connections between this axiom and the subject of approximate groups cf.
Breuillard, Green and Tao [2] (and the references available therein).

2 A simple idea

In a normed real vector space (V.|| -||) we may use dilations as replacements of metric balls.
Here is the simple idea.
Let us define, for any = € V, the domain of x as

Ulx)={ueV: ||z—ul <1}

that is the metric ball centered at z, of radius one, with respect to the distance d(z,y) =
|z — y||. In general, let
B(z,r) ={u eV : d(z,u) <1}

be the metric ball with respect to the distance induced by the norm.
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Also, for any € V and ¢ € (0,400), the dilation based at z, with coefficient ¢ is the
function
V-V o, y=x+e(—z+y)

(notice that I don’t write the dilation as 67 = (1 —e)x + ey, because I don’t want to use the
commutativity of the operation "+, see further why).
I use these notations to write the closed ball of radius r > 0 as

B(z,r) = 62U (x)

and then ask what happens if we replace the structure of real vector space and the norm by
the ”field of dilations” (z,e) — (U(x),d).

In fact, spaces with dilations, or dilatation structures, or dilation structures, are various
names for spaces endowed with fields of dilations which satisfy certain axioms. Real normed
vector spaces are examples of spaces with dilations, as a subclass of the larger class of conical
groups with dilations, itself just a subclass of groups with dilations. Regular sub-riemannian
manifolds are examples of spaces with dilations without a predefined group structure.

For any space with dilations, then, we may ask what can we get by forgetting the distance
function, but keeping the dilation structure. From the beginning, the axioms of dilations
structures have to be modified, because we have to know what is the correct translation, in
terms of dilations fields of the following:

- the uniformity structure of the space with dilations expressed in terms of fields of
dilations (or, when a field of dilations produces an uniformity),

- when the field of dilations is uniformly continuous with respect to the uniformity
induced by it,

- express the various uniform convergence statements in the axioms of dilations struc-
tures in terms of the uniformity induced by the filed of dilations.

Another structure, as interesting as the uniformity structure, is the (bounded metric)
coarse structure of the space, expressed again in terms of fields of dilations. As coarse struc-
tures and uniform structures are very much alike (only that one is interesting for the small
scale, other for the large scale), is there a notion of dilation structure which is appropriate
for coarse structures?

3 Fields of dilations

Let T' = (0,400), seen as an ordered abelian topological group, with respect to the oper-
ation of multiplications of reals. I shall denote by 0 = (0,1] and o = [1,+00) two of its
subsemigroups.

Definition 3.1 (X,6) is a 0 field of dilations if it satisfies the following conditions marked
with a 707. (X, 0) is a  field of dilations if it satisfies the following conditions marked with
a "o00”. For any x € X and

(a0) for any e € 0 the function U(x) C X — U.(x) C X is a bijection.
(acxx) for any € € & the function U(x) C X — Us(x) C X is a bijection.
(b0) for any e € 0 we have 620y = 3¢,
(boo) for any e € 0 we have 670, = 57,
(c)=(c0)=(coo) 67 = idy(z)-
(d0) for any e € o we have §7 = (5;[_1)_1.

(dc) for any e € 0 we have 6% = (6% )71-
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(e)=(e0)=(exxc) for any e € ' we have éZx = x.
() for any e €0 U.(z) C U(z) and U-(x) # U(z).
(foo) for any e € 0 U(x) C Us(x) and U(z) # Ue(z).
Let (X, 8) be a0 or a co field of dilations. Further are objects, or statements associated to
fields of dilations, with the convention that the ”0” label indicates that the respective thing

is associated to a 0 field of dilations and the and "co” label indicates that the respective
thing is associated to a co field of dilations.

Definition 3.2 0 - for any e € 0 and for any x € X the ball of center x and radius € is
B(z,e) = U.(x).

o - for any e € 5o and for any x € X the ball of center x and radius € is B(x,e) = U:(x).
0 - for any € € 0 the € entourage is U, = {(z,0%u) : uw € U(x)}.
o - for any € € % the € entourage is U, = {(z,05u) : we U(x)}.
0 - let ® be the collection of all A C X x X such that there exists e € 0 with U. C A.
0 - let =2 be the collection of all A C X x X such that there exists € € © with A C Us.
0 - for anye € 0 the e-domain of the sum is the set D7 = {(z,u,v) € X® : w e U(z), v € U(6%u)}.
& - for anye € % the e-domain of the sum is the set D¥ = {(z,u,v) € X* : ueU(z), veU(§u)}.

Lemma 3.3 (0) If (X,0) is a0 field of dilations then ® is a filter of A(X) = {(z,2) : v € X},
that is it satisfies the following:

(a0) for any A€ ® A(X) C A,
(b0) A, B € ® implies ANB € ®,
(c0) A€ ® and AC BC X imply B € ®.
() If (X, ) is a o field of dilations then Z has the properties:
(axx) A(X) €E,
(bo) A, B € E implies AUB € E,

(cx0) A€ = and B C A imply B € E.

Proof. In each case, the point (¢) comes from the definition of ®, = respectively.
Property (e) from definition implies the point (a) in each case. As for the point (b),
in the case 0 it is a consequence of the relation U., C U. NU, for any e, € 0, coming

from (b) and (f), definition in the case o, by the same reasoning we get the implication
U CU.UU, for any e,p € co. O

For any A, B C X x X we denote by AB the set
AB={(z,z): Jye X (z,y)€e A and (y,z)€ B}
Lemma 3.4 (0) Let (X,6) be a 0 field of dilations. The set ® satisfies
(d0) for any A € ® there is B € ® such that BB C A,

if and only if there is a non-decreasing function Ag : 0 — 0, called the modulus of the sum,
such that

(s0) for any e € 0 we have UyyyUny(e) C Uk.



Moreover, the condition (s0) is equivalent with the following:
(80) for any e € 0 and for any (x,u,v) € Dy 4 (deﬁnition ”domain of the sum”), the

”sum at scale €” expression

o3 u
L2 (As;u,v) = 02, (5;37;) v

is well defined and
Y2 (Asiu,v) € Ul)

() Let (X,9) be a o field of dilations. The set Z satisfies
(dx) for any A € E there is B € E such that AA C B,

if and only if there is a non-decreasing function Ag : 0 — 0, called the modulus of the
sum, such that

(550) for any € € 5o we have U U. C Uyy(e).
Moreover, the condition (s30) is equivalent with the following:

(5) for any € € %o and for any (x,u,v) € D. (definition [3.4 “domain of the sum”), the
7sum at scale €” expression

EZ(Asiu,v) = 0% (o) 52"y

is well defined and
Y¥(Assu,v) € U(x)

Proof. (d0) <= (s0). By definition of ®, (d0) is equivalent with: for any € € 0 there is
n € 0 such that U,U, C U.. Using that for any n,u € 0, u < 5 implies U, C U,, we get
that for any € € 0 there is a Ag(g) € (0,1) such that

(0,Aq(e)) € {ne0: U,U,CU}

and moreover the function € — Ag(e) is non-decreasing. Take then Ag to be any positive,
non-decreasing function smaller or equal to A,.
(S0) <= (s0). For n € 0, let us compute U,U,,. It gives:

u,U, = {(mﬁf,a”cu)v ruelU(x),ve U(5j§u)} = {(x,df,zuv) (2, u,v) € Dn}

By taking n = Ag(e), (s0) is therefore equivalent with: for any € € 0 and for any (z,u,v) €
Dy (e there is w € U(x) such that

oy u
s(e) _ ST
6>\S(E) = dw

But this is equivalent with (S0).

For the co part, the proof is similar. [

For any A C X x X we denote by A™! the set A~! = {(y,2) : (v,y) € A}.
Lemma 3.5 (0) Let (X,6) be a0 field of dilations. The set ® satisfies
(e0) A€ @ implies A" € ®,

if and only if there is a non-decreasing function Ay : 0 — 0, called the modulus of inversion,
such that

(i0) for any e € 0 we have Uy, (s C ()™



Moreover, the condition (i0) is equivalent with the following:
(I0) for any e € 0 and for any (x,u) € Uy the "inverse at scale €” expression
invs (Ar;u) = 65%11(5)”3:
is well defined and
invz (Arsu) € U(S5, ou)
() Let (X,6) be a o field of dilations. The set E satisfies
(exx) A€ Z implies A" € E,

if and only if there is a non-decreasing function A\ : 50 — 0, called the modulus of inversion,
such that

(i50) for any e € 5o we have (U.) ™' Ux;(e)-
Moreover, the condition (i) is equivalent with the following:

(Ic) for any e € o and for any (x,u) € Uy the "inverse at scale €” expression

.z o7
invs(Ar;u) = 5;}1{5)_@

is well defined and
invs(Ar;u) € U(0Zu)

Proof. Similar with the proof of lemma (|

By putting together lemma [3.3] lemma [3:4] lemma [3.5] we obtain the following theorem.

Theorem 3.6 (0) Let (X,6) be a0 field of dilations. The set ® is an uniformity on X, i.e.
it satisfies:

(a0) for any A€ ® A(X) C A,

(b0) A, B € ® implies AN B € ®,

(f0) Ae®and AC BC X imply B e ®,

(d0) for any A € ® there is B € ® such that BB C A,
(e0) A€ ® implies A™' € ®,

if and only if the field of dilations satisfies:

(S0) there is a non-decreasing function \g : 0 — 0, called the modulus of the sum, such that

for any e € 0 and for any (x,u,v) € D)) (deﬁnition "domain of the sum”), the
7sum at scale €” expression

3% u
Y2(Assu,v) = 071 (5;55(23) v
is well defined and
(Mg u,v) € Ulz)

(I0) there is a non-decreasing function A\; : 0 — 0, called the modulus of inversion, such
that for any € € 0 and for any (x,u) € Uy the "inverse at scale €” expression
5
invs(Ar;u) = dgi’l(s)ux
is well defined and
invZ (Ar;u) € U(S5, u)



(0) Let (X,8) be a < field of dilations. The set ® is a coarse structure on X, i.e. it
satisfies:

(ax) A(X) € E,

(bo) A, B € E implies AUB € £,

(ecx0) A€ = and B C A imply BE€E’

(d) for any A € Z there is B € E such that AA C B,
(ex) A€ Z implies A~ € 2,

if and only if the field of dilations satisfies:

(S0) there is a non-decreasing function Ag : 0 — &0, called the modulus of the sum, such
that for any € € 5o and for any (z,u,v) € De (definition[3.4, “domain of the sum”),
the ”sum at scale €” expression

Z?()\s;u,v) = 6§\:S(€)71 6g:u’U

1s well defined and
Y2 (Asyu,v) € U(x)

(Icc) there is a non-decreasing function \; : co — o, called the modulus of inversion, such
that for any € € o and for any (x,u) € Uy the "inverse at scale €” expression

invs (Ar;u) = 5?51{6),13:

1s well defined and
inv¥(Ar;u) € U(62u)

4 Approximate operations

We see the appearance of two expressions: the sum and the inverse at scale £, which are
slightly different, depending on the case 0 or . Using these two expressions, the difference
at scale € is introduced further.

Proposition 4.1 (0) Let (X,6) be a 0 field of dilations which satisfies (S0) with modulus
of the sum As and (I0) with modulus of inversion \;. Define the modulus of the difference
to be the non-decreasing function Ap : 0 — 0 with the expression Ap(e) = As(e)A1(As(€))
(alternatively we may define Ap by the expression Ap(e) = min {A;(As(g)), As(e)}).

Then for any € € 0 we have (UAD(s))_l Uspe) C Ue.

Equivalently, for any € € 0 and for any x € X and u,v € U(x) the "difference at scale
e” expression

AZ(Apiu,v) = 60@"5E v
is well defined and
AZ(Apiu,v) € U(5, Hu)
() Let (X,8) be a o field of dilations which satisfies (S50) with modulus of the sum
As and (I50) with modulus of inversion A\;. Define the modulus of the difference to be the
non-decreasing function Ap : o — o with the expression Ap () = As (eAr(€)) (alternatively
we may define Ap by the expression Ap(e) = Ag(max{Ar(g),e})).
Then for any € € © we have (Ue)f1 Us C Unp(e)-
Equivalently, for any € € © and for any x € X and u,v € U(x) the "difference at scale
e” expression

AZ(Apiu,v) = 03 0%

is well defined and
AZ(Ap;u,v) € U(6u)



Proof. (0) By (I0) we get that

—1
(Un0s@)) € Unsie)

therefore, by (b0) definition and because Ap(e) < Ar(Ag(€)) and Ap(e) < Ag(e), we
obtain the following string of inclusions:

—1 —1
(Un@) Unne) € (Un0s0)) Unn(e) € Uns@)Unn(e) € Uns9)Unse)

By (S0) we have
Urs(e)Unse) C Ue

which proves this part of the proposition.
The proof of the equivalent formulation is similar to the one of lemma part (0).
(c©) The proof goes along the same path. O

These three ”approximate operations” satisfy interesting relations, which will be detailed
further. (This was the first time explained in [3], section 4.2, as a consequence of a decorated
binary trees formalism; later this was explored in [§] and in [9] the binary trees formalism
was included into graphic lambda calculus).

Proposition 4.2 Let (X,6) be a 0 or co field of dilations which satisfies (S0) and (I0), or
(S0) and (I0) respectively, with modulus of the sum Ag and modulus of inversion A\;. The
inwverse operation is then approximately an involution, in the following sense:

(0) the modulus of inversion satisfies \2(c) < e for any € € 0 (here we denote by \? the
function \3() = A\r(\1(€))). Moreover, for any (u,v) € Uy the terms of the following
equality are well defined and

N v
inve T (g invt (Ar;v)) = & v
€ I Ar(e) \NM = Oe—1x2(e)

() the modulus of inversion satisfies A\3(e) > ¢ for any e € 0. Moreover, for any (u,v) €
U, the terms of the following equality are well defined and

. v . uw U
S o (Ar; invd (Ap;v)) = 0(x2(e))-1V

Proof. (0): By (i0), for any € € 0 we have (UAI(E))_I C U.. We repeat for A;(e) instead

and we get that
—1
U)\?(E) C (U/\I(E)) C UE (1)

which implies e "' A7(¢) € 0. Now, the inclusion (UAI(E))_l C U, defines a function:
(u,v) € Uy — Inv.(Ar;u,v) €Uy
Inv.(A\r;u,v) = (51\‘1(5)1), invg()q;v))

with the property that for any (u,v) € U; the pair (z,y) € Uy given by (x,y) = Inv.(Ar; u,v)
is the unique solution of the equation

(0% vu) = (z,02y)

(This equation is the translation in terms of fields of dilations of (i0).) The relation
implies that for any (u,v) € Uy

Inve(Ar; Invy, o) (Ar; u,v)) = (u, 55—1,\3(5)0)

This is equivalent with the last part of the conclusion, by direct computation.



(c0): Similar proof, based on the double inequality

-1
Us: C (Une)  CUxze (2)

the inverse function
(u,v) € Uy — Inv.(Ar;u,v) €Uy

Inv.(Ar;u,v) = (62v, invl(Ar;v))
and the relation: for any (u,v) € Uy

Invy, oy (Ar; Inve (Ar;u,v)) = (uﬁg(/\?(a))_lv) ,

which translates in terms of fields of dilations. O

Proposition 4.3 Let (X,d) be a 0 or o field of dilations which satisfies (S0) and (I0), or
(5) and (I50) respectively, with modulus of the sum Ag and modulus of inversion Ay. The
sum operation is then approximately associative, in the following sense:

(0) let us make the notations \3(c) = As(As()) and Ns(e) = Ag(e)As(e)™". For any
e € 0 we have the inclusions:

(ng(e)UAg(s)) Unse) C Ue . Uxs(e (U%(E)U/\é(eo c U
Moreover, we may choose \s such that A\s(e) < & for any € € 0. With this choice,
for any € € 0 and for any (z,u,v,w) € X* such that v € U(z), v € U((S)\z (W)

w € Uy (e) (6/\25((5)) v), the terms of the following equality are well defined and

Lid u
Azs(e)

x x xT €T (5) A2 (5)
»e (AS;EAS@) (/\S;u,v),w) = 57 [ As; 0%, (oyu. o S() Asiv, 0355

(50) For any € € 0 we have the inclusions:

(UeUe) Unge) C Unzey 5 Ung(e) (UU:) C Upzo

Moreover, we may choose Ag such that Ag(e) > € for any e € 0. With this choice,
for any ¢ € oo and for any (z,u,v,w) € X* such that uw € U(x), v € U(6%u),
w e U(égfyuv), the terms of the following equality are well defined and

Egj\S (e) <>\S’ Z? ()\S’ u, U) 6533(6 1’LU> = Eﬁ)E\S(s) ()\S, asx)\s (s)*lua Egsu ()‘Sv v, w))

Proof. (0): For the first part we apply twice (s0), in two ways, namely:

Usz2e)Ux2(e) € Uns(e) 5 Uns(e)Uns(e) C Ue

imply that (UAz (E)UA (5)) Urse) € Uxg(e)Uns(e) C Ue and also the other inclusion, by
the same type of reasoning.

For the second part we start by noticing that the proof of lemma shows that if A\g is a
modulus of the sum then ¢ € 0 — min{\g(¢),e} is another modulus of the sum. Therefore
we may indeed choose \g such that A\g(g) < e for any € € 0. For this modulus we have
U,\gs(g) C Uxg(e), which implies the inclusions

Usz(e)Un2(e)Unz(e) C (ng(s)Uvs(s)) Uss(e) N Uns(e) (Uv ©Uxy (s)) C U.



We try to identify in two ways the elements of the set U 22 (0)Unze)Unz (o) first as elements
of the set (ng(a)U)\%(e)) Uxs(e), then as elements of the set U, (. (UAg(e)U)%(E)).

For this, recall that the approximate sum function (z,u,v) — X2 (Ag;u,v) is defined on
triples (z,u,v) € Dyg(), with the property that if (z,y) € Uxy) and (y,2) € Uyy() are
parametrized by

(z,y) = (I>5§S(e)u) o (y,2) = (6§g(e u 6)\/;5(;5)) v)
then (z,z) € U, is uniquely given by the parametrization
(2,2) = (2,675 (As;u,v))

We look at the inclusion of Usz(e)Uxz(e)Unz(e) into (U,\gS(E)U)\%(E)) Urs(e)- We take
three pairs: (2,y), (y,2) € Uxz() and (z,q9) € Uyz(e) C Ung(e), such that (z,q) € U..
These pairs are parametrized by (z,u,v,w) € X? such that v € U(z), v € U((Sf\jé(a)u),

x

EA%(E)u
w e U,\/S(E)(§/\%(E) v) and

5T u
A% (o)

I u v
T (E) 2(e) 2(e)
(gjv y) = (Ia 5)%(5)“) 9 (y7 Z) = (6)\2 g)u’ 6/\25 ) ) (Zv q) = (5)\;;?5) v, 6)\25(‘5) ’LU)

Because of the choice of w we have (2,q) € Ujz(.) therefore (2,q9) € Uxz()Usz(c)Unz(o)-
We notice that we may write:

(z,2) = (%52[\:5(5)2?5(5)()\5;“7”)) , (20 = (5§S(5)2§S(5)(/\S§U;U)75§\S(5)w)
It follows that ¢ = 6 A with A € U(x) being the expression:

A =732 ()\S;E"f\s(s) (A\s: 1, v) ,w)

We look now at the inclusion of Uyz ()Uxz(e)Unz(e) into Uyg(e) (UA2 ) Uxz (E)) This
time we may realize the three pairs (z,y), (y,2), (z,q) by the followmg parametrization:
(z,u' 0/, w') € X*, satisty ' € U(z), v' € U(65,u'), w' € U8 Rso v") and

A% (e)
5 /\s(S)
T T o’ o’ (e)
(z,y) = (z.03,u) (4, 2) = (0%5(o)u ’5>\;S(2)) V) s (za) = (5>\;S(;)) I’(SA"‘S(e)

We get that u' = O, (o) U U = v’ and moreover

*J)
A2<s>
A2 (.f-:)
w’ —5)\, -1 W

z
6)%,(5)”

22(e) v). We notice that

which is possible because the choice of w € UXS(E)((S

- . o 5 . u'
(x7y) = (x,é)\s(a)u') ) (yaq) = (5>\s(e)u 5)\2(;)) E)j:&;; (AS;/Ulvwl))
therefore ¢ = 62 B with B € U(x) being the expression:
B =32 (/\S,u Z;S(S)) ()\S;v’,w’)>
In conclusion A = B, which gives the desired equality after replacing u’,v’,w’ by their

expressions written with u, v, w.
(c©) has a similar proof. O

w’)



5 Topological or coarse notions and properties

In this section are explained various notions or properties of topological or coarse nature, in
the particular case of fields of dilations. Every such notion or property will be expressed in
terms of relations involving the dilation field and various moduli.

6 Dilation structures

Before giving the definition of a dilation structure, let me explain what ”sufficiently close”
means further.

Definition 6.1 Let (X, d) be a metric space. We say that a property
P(Il, To, T3, )

is true for x1, s, x3, ... sufficiently close if for any compact, non empty set K C X, there
is a positive constant C(K) > 0 such that P(x1,x2,x3,...) is true for any x1,22,23,... € K
with d(x;,zj) < C(K).

I shall give a detailed definition of what a dilation structure is. (In this definition I shall
use the name ”dilation structure” for what I previously called ”strong dilation structure”.
In older papers I called ”dilation structure” one which satisfies axioms A0-A3 and ”strong
dilation structure” one which satisfies AO-A4. Here I shall use the name ”dilation structure”
for any structure which satisfies A0-A4.)

Definition 6.2 A dilation structure (X,d,d) is a triple made by a complete metric space
(X, d), such that that for any x € X the closed ball B(x,3) is compact, and a dilation field

d:domdé C X x X x[0,+0) = X , d(z,y,e) = 0%y

such that the axioms listed further are satisfied.
AO. For any x € X and for any € € (0,1] the dilation 62(-) = 6(x,-,€) is a homeomor-
phism (w.r.t. the topology induced by the distance d)

oz = U(x) — Ve(z) = 62U ()

For any x € X the the set U(x) C X is an open neighbourhood of x. Moreover, for any
compact set K C X there are numbers B > A > 1 such that for any © € K we have

B(z,A) C U(x) C B(x, B)
For any x € X and for any € > 1 the dilation 07 is defined as
02 Voor (2)U(z) — U(x)

the inverse of the dilation §2_,.
For any x € X and u € U(zx) we have 0§u = x. Thus the domain dom d of the dilation
field is
domd = {(z,y,e) € X x X x [0,+00) : ife <1 theny € U(z) ,

elsey € Vo-i(x)}

On this set we put the topology inherited from X x X x [0, +00) with the product topology.
We suppose that § is continuous.
Finally, let us introduce for any e € (0,1) the following set:

Pe) = {(x,u,v) cu,v € U(x) and 6%v € dg:uU(éffu)}
Then for any compact set K C X there are a,y € (0,1) such that for any ¢ € (0,7] and for

any x € K we have
{z} x 65U (x) x 02U (z) C P(e)

10



Al. We have 6’z = z for any point x. We also have 07 = id for any z € X.
A2. Forany z,€ X, e, € (0,400) and u € U(z) we have the equality:
626 u =62,
whenever one of the sides are well defined.

A3. For any x there is a distance function (u,v) v+ d*(u,v), defined for any u,v in the
closed ball (in distance d) B(x, A), such that

1 _
1i1r(1) sup{| gd(éfu,(sgv) — d®(u,v) | : u,vEBd(a:,A)} =0

uniformly with respect to x in compact sets.
A4. Let us define for any € € (0,1) and for any (z,u,v) € P(g) the function AL (u,v) =
5};?55@. Then we have the limit

hn’(l) AZ(u,v) = A%(u,v)
E—
uniformly with respect to x,u,v in compact sets.

Definition 6.3 A dilation structure (X,d, ) is domain symmetric if for any x,u € X
and € € (0,1]
u € U(x) is equivalent with inv¥u € U(6%u). (3)

A dilation structure (X, d,¢) is symmetric if it is domain symmetric and for any x,u €
X and e € (0,1]
d(invZu, 6%u) = d(z, u) (4)

Normed groups with dilations are examples of symmetric dilation structures. Indeed, if
(G,|I'] Il,6) is such a group then it has a distance defined by d(z,y) = ||z~ 'y|| and a dilation
structure associated to it, with dilations defined by:

6% 12U — x6.U , 6%u = xd.(z  u)

for any € € (0,1]. The set U is a neighbourhood of the neutral element e € G such that it
contains the ball of radius 1 and it is contained in a ball of radius B > 1. Moreover, we
suppose that for any u € U we have v~ € U (i.e. U is group symmetric).
It is then easy to see that (G,d,d) is a symmetric dilation structure. We start with a
computation:
inviu = 55;?37 = (%u)utx

By definition we have U(z) = xU, therefore u € U(z) is equivalent with z~'u € U. But
U is group symmetric, therefore v 'z € U. From here we use the left invariance of the
dilation structure and the previous computation to get: u € U(z) is equivalent with invZu €
(02u)U = U (62u). We proved that the dilation structure is domain symmetric. Again by
using the previous computation we have:

d(inv¥u, 0%u) = d((6%u)u 'z, 6%u) = d(u'z,e) = d(z,u)

therefore the dilation structure is symmetric.

More general, emergent symmetric spaces as defined in [8] give examples of symmetric
dilation structures. Another class of examples comes from taking on riemannian manifolds
the dilation structure associated to the geodesic exponential. Then, locally, such a dilation
structure is symmetric.

The following property is resembling with the doubling condition for metric spaces.
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Definition 6.4 A dilation structure (X, d,¢) is doubling if for any ¢ > 1 and any compact
set K C X there is a natural number N = N(c, K) and a = a(c, K) € (0,1] such that for
any x € K and any € € (0, a] there are ui,...,uyy € X such that

N
5o U(z) C UaﬁfU(uf) (5)

We obviously have: if the metric space (X,d) is metrically doubling then (X, d,J) is

doubling.
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