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Abstract We study new invariant probability measures, describing the distribution of mul-
tivalued inverse iterates (i.e. of different local inverse iterates) for a non-invertible smooth
function f which is hyperbolic, but not necessarily expanding on a repellor A. The methods
for the higher dimensional non-expanding and non-invertible case are different than the ones
for diffeomorphisms, due to the lack of a nice unstable foliation (local unstable manifolds
depend on prehistories and may intersect each other, both in A and outside A), and the fact
that Markov partitions may not exist on A. We obtain that for Lebesgue almost all points
z in a neighbourhood V of A, the normalized averages of Dirac measures on the consecu-
tive preimage sets of z converge weakly to an equilibrium measure ©~ on A; this implies
that ;™ is a physical measure for the local inverse iterates of f. It turns out that ©~ is an
inverse SRB measure in the sense that it is the only invariant measure satisfying a Pesin
type formula for the negative Lyapunov exponents. Also we show that ;= has absolutely
continuous conditional measures on local stable manifolds, by using the above convergence
of measures. We prove then that f : (A, B(A), u™) — (A, B(A), n~) cannot be one-sided
Bernoulli, although it is an exact endomorphism of Lebesgue spaces. Several classes of ex-
amples of hyperbolic non-invertible and non-expanding repellors, with their inverse SRB
measures, are given in the end.

Keywords Hyperbolic non-invertible maps (endomorphisms) - Repellors - SRB measures
for endomorphisms - Physical and equilibrium measures - 1-sided Bernoulli maps

1 Introduction

SRB measures (Sinai, Ruelle, Bowen) and physical measures have been studied for many

classes of dynamical systems having some form of hyperbolicity, either uniform, partial or
non-uniform ([2, 8, 17, 20, 21], etc.). Intuitively physical measures describe the distributions
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of forward iterates in a neighbourhood of an attractor. SRB measures are usually defined by
the absolute continuity of their conditional measures on local unstable manifolds ([21]). The
term physical measures was introduced by Eckmann and Ruelle ([4]) who also proved many
of their properties and gave relations to examples from physics (turbulence theory, statisti-
cal mechanics, strange attractors, etc.). Measure-theoretic entropy and Lyapunov exponents
prove to be very important with regard to physical and SRB measures, as in Pesin’s entropy
formula ([4, 6, 7, 21], etc.). For uniformly hyperbolic diffeomorphisms having an attrac-
tor A, and for Anosov diffeomorphisms, physical measures are in fact SRB measures as
was proved by Sinai, Ruelle, Bowen ([2, 8, 17, 20, 21]). For other systems there may exist
physical measures which are not SRB (as in [4]). In [4], it was studied mainly the case of
attractors for diffeomorphisms or the case of a flow indexed with both positive and negative
parameters ¢. In such a case the inverse of the map is well defined and it is also a smooth
map. For flows we simply can take f’,¢ < 0. One cannot do the same if the dynamical
system is not invertible.

In this paper we focus on finding physical measures giving the distribution of consecutive
preimage sets for non-invertible smooth maps (such maps will be called endomorphisms),
in the vicinity of a hyperbolic repellor. There are many examples of systems which are
not invertible, for instance the non-invertible horseshoes from [1], s-hyperbolic holomor-
phic maps in several dimensions and their invariant sets ([9]), skew products having a finite
iterated function system in the base and overlaps in their fibers, hyperbolic toral endomor-
phisms, examples with invariant folded drapes or veils ([4]), baker’s transformations with
overlaps, hyperbolic basic sets with locally constant number of preimages (see [13]), etc.
By similarity to the SRB measure, one natural question would be to study the distribution
of various preimages near a hyperbolic repellor A. The problem is that there is no unique
inverse f~!; instead, if f does not have any critical points near the A, we will obtain local
inverse iterates, or equivalently a multivalued inverse iterate of f.If f is locally d-to-1
on a basic set A, and if the local inverse iterates of f on some open set W are denoted
by f‘;,,'l, R fv;,ld, then the multivalued inverse of f on W is ( fv(,,'l, R f‘;’ld). Knowing
the behaviour of inverse trajectories of a system may be important when we want to obtain
information about the past states of the system.

It is important to keep in mind that the map f is not assumed expanding on A; indeed
for the expanding case a lot is known about the distribution of preimages (see [8, 19]) and
the situation is characterized by the fact that local inverse iterates decrease exponentially
fast the diameter of small balls; this guarantees that we have bounded distortion lemmas.
However in the general higher dimensional non-invertible hyperbolic case we do not have
control on the distortion of small balls under local inverse iterates; indeed they may increase
in the stable direction in backward time.

Non-invertibility brings many difficulties into the setting, like not being able to apply
directly Birkhoff Ergodic Theorem for f~! like in the case of diffeomorphisms, the non-
existence of a Markov partition of A (as f is just an endomorphism, not necessarily ex-
panding on A), etc. One classical tool when dealing with endomorphisms would be to use
the natural extension A of A (also known as the inverse limit), but then one looses differ-
entiability properties near A, as A is not a manifold. In general for endomorphisms, local
unstable manifolds depend on whole prehistories not only on the base points ([18]); this
dependence is Holder continuous with respect to prehistories ([10]). Our repellors will be in
fact unions of global stable sets, but the overlappings and foldings of the system introduce a
complicated and very irregular dynamics. Moreover the number of preimages belonging to
A of a given point may vary a priori along A.

For attractors/repellors A for diffeomorphisms f we know that there exists an SRB/in-
verse SRB measure on A and that (A, f|,) becomes a Bernoulli 2-sided transformation
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([2, 8]). This is based mainly on the existence of Markov partitions in the invertible case
([2, 20]). Also for expanding maps there exist Markov partitions ([17, 19]) and the system is
isomorphic to a 1-sided Markov chain. In the non-invertible non-expanding case we however
do not have Markov partitions, as mentioned above. We will show that in our non-invertible
case, if A is a repellor with its inverse SRB measure p~ then (A, f|a, u™) is not 1-sided
Bernoulli. This is in clear contrast with what happens for diffeomorphisms or expanding
maps.

The main directions and results of the paper are the following:

First we will specify what we understand by a repellor, in Definition 1. We prove that on
arepellor A, the number of preimages belonging to A of any x € A is locally constant. We
also show a very important property of these sets, namely the stability under perturbations,
in Proposition 3. Then we prove in Theorem 1 that the pressure of the stable potential ®*
along a connected repellor A is related to the number d of preimages of an arbitrary point,
which remain in A.

We will define next the probability measures

n—1

ui::% Z %Z(Sfiy, n>1,zeVcCU,

yef~"mznU  i=0

where V, U are close enough neighbourhoods of A. In Theorem 2 we give the main result,
namely the weak convergence of the measures > towards the equilibrium measure 1, of
the potential ®°, for Lebesgue almost all points z € V. In this Theorem, A will be assumed
connected (not a very restrictive assumption for our notion of repellor, as will be seen).
We show then in Theorem 3 that a Pesin type formula involving the negative Lyapunov
exponents can be derived for this physical measure = = . This will give also the absolute
continuity of conditional measures of ;= on stable manifolds, by using the convergence
of measures of Theorem 2 and a result of Liu ([7]) relating entropy, folding entropy and
negative Lyapunov exponents. In fact by using the convergence of the measures (u>), from
Theorem 2, we show that the folding entropy H,,- (¢/f ~l¢) is equal to logd, where € is the
partition of A into single points. Therefore by all these properties, it follows that ;= can be
viewed as an inverse SRB measure.

The above inverse Pesin type formula will imply in Theorem 4 that the repellor A with its
inverse SRB measure £~ is not isomorphic to a one-sided Bernoulli shift. This is in contrast
with the case of attractors for diffeomorphisms where the attractor, together with its SRB
measure, is 2-sided Bernoulli. We show however in Theorem 5 that u~ has Exponential
Decay of Correlations on Holder potentials; and that f|, : (A, u™) — (A, u™) is exact as
an endomorphism of Lebesgue spaces, hence mixing of any order ([16]).

The problem of isomorphisms to 1-sided Bernoulli shifts is delicate for smooth constant-
to-one endomorphisms, and is fundamentally different than the one in the case of diffeo-
morphisms and 2-sided Bernoulli shifts. In [3], Bruin and Hawkins gave criteria and sev-
eral classes of one-dimensional real or complex maps and measures, which are not 1-sided
Bernoulli. By contrast to the case of Bernoulli automorphisms, measure-theoretic entropy is
not a complete invariant for 1-sided Bernoulli shifts. The connected repellors from our paper
represent new examples of invariant sets on which smooth endomorphisms are constant-to-
one. We find thus new classes of smooth endomorphisms and natural invariant measures
on basic sets (not necessarily expanding), which are not I-sided Bernoulli. Still, they will
be shown to display the strong mixing properties mentioned above (Exponential Decay of
Correlations, and mixing of any order).
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Finally we describe some classes of examples in Sect. 3, among which hyperbolic toral
endomorphisms, other Anosov endomorphisms, as well as new classes of non-expanding
repellors which are not Anosov, together with their inverse SRB measures.

2 Main Results

First we will specify what do we understand by repellor. As a general setting throughout
the paper, we consider f : M — M a smooth (say C?) map on a Riemannian manifold, and
A an f-invariant compact set in M which does not intersect the critical set C of f. We
remark that the preimages of a point from A do not have to remain in A necessarily. Also
let us notice that if C; would intersect A, the basic ideas would remain the same as long as
we assume an integrability condition on log | Df;| over A.

Definition 1 Let f : M — M be a smooth (for example C?) map on a Riemannian manifold
and let A be a compact set which is f-invariant (i.e. f(A) = A) and s.t f|, is topologically
transitive; assume also that there exists a neighbourhood U of A such that A =(,, /" U.
Such a set will be called a basic set for f ([5]). We say that A is a repellor for f if A is a
basic set for f, CyNA = { and if there exists a neighbourhood U of A such that U c fU).

We will call any point y € f~!(x) an f-preimage of x € M; and by n-preimage of x we
mean any point y € f~"(x), for an integer n > 0.

Proposition 1 In the setting of Definition 1, if A is a repellor for f, then fT'ANU = A.
If moreover A is assumed to be connected, the number of f-preimages that a point has in A
is constant.

Proof Letapoint x € A, and y be an f-preimage of x from U. Then f"y € A,n > 1. From
Definition 1, since A is assumed to be a repellor, the point y has a preimage y_; in U; then
y—1 has a preimage y_, from U, and so on. Thus y has a full prehistory belonging to U and
also its forward orbit belongs to U, hence y € A since A is a basic set. So f~'ANU = A.

We prove now the second part of the statement. Let a point x € A and assume that it has
d f-preimages in A, denoted x1, ..., x;. Consider also another point y € A close to x. If y
is close enough to x and since Cy N A =, it follows that y also has exactly d f-preimages
in U, denoted by y, ..., ys. Since from the first part we know that f~'ANU = A, we
obtain that y;,...,ys € A. In conclusion the number of f-preimages in A of a point is
locally constant. If A is assumed to be connected, then the number of preimages belonging
to A of any point from A, must be constant. |

Let us denote by d(x) the number of f-preimages that the point x has in the repellor A.
Then from the above Proposition we know that d(-) is locally constant on A. Clearly there
exist only finitely many values that d(-) may take on A. We will assume in the sequel that the
number of preimages d(-) is constant on A. This happens for instance when A is connected
(from Proposition 1). We give the results in this setting (i.e. when A is connected), but in
fact all we need is that d(-) is constant.

We will work with uniformly hyperbolic endomorphisms on A ([1, 10, 11, 18], etc.)
The stable tangent spaces E3,x € A depend Holder continuously on x (see [5, 10, 12]);
the unstable tangent spaces depend on whole prehistories, i.e. we have E¥, X € A. Here

([\, f ) is the natural extension ([15]), or inverse limit of the dynamical system (A, f);
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the space A= (X =(x,x_1,x_2,...), f(x_;) =x_;11,i > 1,x0 := x} is the space of full
prehistories of points from A and the map f ‘A — 1A\, f()?) =(fx,x,X_1,X_2,...), X € A
is the shift homeomorphism. We denote also by 7 : A — A the canonical projection given by
T(X)=x,x € A. The compact topological space A can be endowed with a natural metric,
but it is not a manifold.

We shall denote Df|gs by Df;(x) and call it the stable derivative at x € A; and

Df,(x) := Df |pu is the unstable derivative at % € A. Similarly the local stable and un-

stable manifolds are denoted by W; (x), W*(X), x € [\, for some small » > 0. We call stable
potential the function

@* (x) := log |Jac(Df, (x))| = log |det(Df, (x))], x € A.

One notices that there exists a bijection between the set M(f) of f-invariant proba-
bility measures on A and the set M( f ) of f -invariant probability measures on the nat-
ural extension A, so that to any measure @ € M(f) we associate the unique measure
i€ M(f) satisfying the relation 7, ({i) = u (for example Rokhlin, [15]). It is easy to show
that hﬂ(f) = h,(f) and that Pf(¢ om) = Ps(¢),Yep € C(A,R). Thus u is an equilibrium
measure for a potential ¢ if and only if its unique f-invariant lifting & is an equilibrium
measure for ¢ o 7w on A. Next let us transpose to the setting of endomorphisms, some prop-
erties of equilibrium measures from the diffeomorphism case, by using liftings to the natural
extension.

In the sequel, given y € A,n > 1 and ¢ > 0, we denote by B,(y,¢) :={z € M,
d(fiz, f'y) <e,i=0,...,n — 1} a Bowen ball. For a continuous real function ¢ (defined
on the f-invariant set A) and for a positive integer n, we define the “consecutive sum” by:

S0 () =M+ (L) + -+ (" (y), yeA.

Proposition 2 Let A be a hyperbolic basic set for a smooth endomorphism f: M — M,
and let ¢ a Holder continuous function on A. Then there exists a unique equilibrium measure
e for ¢ on A such that for any € > 0, there exist positive constants A., B, so that for any
yeAn>1,

AseSnrﬁ(y)*nP(tb) < ug(Bu(y,e) < Bsesndﬁ(y)*np(lb).

Proof The shift f :A > Aisan expansive homeomorphism. The existence of a unique
equilibrium measure for the Holder potential ¢ o = with respect to the homeomorphism f :
A — A follows from the standard theory of expansive homeomorphisms (for example [5]);
let us denote it by ji,. According to the discussion above there exists a unique probability
measure jiy With j4 1= 7, [L, and u, is the unique equilibrium measure for ¢ on A. The
umqueness follows from the bijection between M( f) and M( f ) and from the fact that
¢ :=¢om: A — R is Holder continuous (as 7 : A— Ais Lipschitz and ¢ is Holder).
Now, there exists a k = k(¢) > 1 such that f*(x ' B,(y,€)) C B,_(f*$,2¢) C A, for any
y € A. On the other hand for any y € f\, we have (B, (y, ¢)) C B,(y, €). The last two set
inclusions and the f -invariance of fi,, together with the estimates for the [i,-measure of the
Bowen balls in A (from [5]) imply that there exist positive constants A, B, (depending on
& > 0 and ¢) such that the estimates from the statement hold. ]

Next let us show that the notion of connected repellor is stable under perturbations; this

property is important when dealing with systems having a small level of random noise, as it
happens in most physical situations.
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Proposition 3 Let A be a connected repellor for a smooth map f : M — M so that f is
hyperbolic on A, and let a perturbation g which is C'-close to f. Then g has a connected re-
pellor A, close to A such that g is hyperbolic on A, . In addition the number of g-preimages
belonging to A4 of any point of Ag, is the same as the number of f-preimages in A of a
point from A.

Proof Since A has a neighbourhood U so that U C f(U), it follows that for g close enough
to f, we will obtain U C g(U). If g is C'-close to f, then we can take the set

Agi=[g"@)

nez

and it is quite standard that g is hyperbolic on A, (for example [10, 18], etc.). One can form
then the natural extension of the system (A, g). We know that there exists a conjugating
homeomorphism H : A— A ¢ Which commutes with f and g. The natural extension A s
connected if A is connected, from the fact that the topology on A is induced by the product
topology from AN. Hence [\g is connected and thus A, itself is connected too. Moreover
we have that U C g(U) if g is close enough to f, thus A, is a connected repellor for g.
Now for the second part of the proof, assume that x € A has d f-preimages in A. Then
ifC;NA=0andif gisC '_close enough to f, it follows that the local inverse iterates
of g are close to the local inverse iterates of f near A. Thus any point y € A, has exactly

d g-preimages in U, denoted by yi, ..., ys. Any of these g-preimages from U has also a
g-preimage in U since U C g(U), and so on. This implies that y; € A, =), 8" (U),i =
1,...,d; hence y has exactly d g-preimages belonging to A. ]

We will need in the sequel an estimate of the volume of a rubular unstable neighbourhood
f"(B,(v,¢)), where B, (y,e) :={ze M,d(f'z, fi'y) <e,i=0,...,n—1}is aBowen ball.
The set f"(B,(y,¢)) is a neighbourhood in M of the local unstable manifold W} ( f "y),
for f"y = (f"y, f"'y,...,y,...). Such sets were used in the definition of the inverse
pressure, a notion developed in order to obtain estimates for the stable dimension in the
non-invertible case ([12]).

By the measure m(-) on M we understand the Lebesgue measure defined on the manifold
M. And by S, ¢ (y) we denote the consecutive sum ¢(y) 4 -+ ¢ (f*'y) forye A, ¢ €
C(A,R).

Lemma 1 Let f: M — M be a smooth endomorphism and A be a basic set on which f
is hyperbolic. Then for some fixed small ¢ > O there exist positive constants A, B > 0 such
that for any n > 1 we have:

AeSn<I>S(}') <m(f"B,(y,¢8)) < BeSnCPS(,V)'

Proof First of all let us notice that S, ®°(y) = log|det(Df]'(y))|,y € A,n > 1. From [5]
we know that the stable spaces depend Holder continuously on their base point. Thus &°
is a Holder function on A, as C; N A = {. Thus as in Proposition 1.6 from [12], we ob-

tain a Bounded Distortion Lemma, saying that there exist positive constants A, B such that
Sp @3 (2)

A< Sy = B,n>1,z € B,(y, ¢). Then using this Bounded Distortion Lemma, the con-
clusion follows similarly as in [2]. O
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Theorem 1 Consider A to be a connected hyperbolic repellor for the smooth endomor-
phism [ : M — M; let us assume that the constant number of f-preimages belonging to A,
of any point from A, is equal to d. Then P(®* —logd) =

Proof As we have seen in Proposition 1 if A is a connected repellor, then the number of
preimages belonging to A of any point from A is constant and equal to some integer d >
0. In fact if the neighbourhood V of A is close enough to A, then we can assume that
any point y € V has exactly d f-preimages belonging to U. We want to show that there
exists a neighbourhood V of A such that any point from V has exactly d" n-preimages
belonging to U, for any n > 1. First let us assume that the metric around A is adapted to the
hyperbolic structure on A, i.e. there is A € (0, 1) so thatif z € W*(y) and Z = (z,z_1, ...) is
the prehistory of z r-shadowing the prehistory y, then

1 1
d(}’,Z)Zd(}’—l,Z—l)'zZd(y—z,Z—z)'EZ“' . (D

Now consider a point y € V and some preimage y_; € f~'(y) N U. If y is close enough
to A, then y_; € U, and let us assume that we can continue this prehistory until we reach
level m. In other words (y, y_1, ..., y_,) is a finite prehistory of y with y_y,...,y_, € U,
but there exists a preimage y_,_; of y_, which escapes U, so that y_, has less than d
preimages in U. From the definition of repellor we know that U C f(U), thus there exists
some preimage y_,,_; € U N f~'(y_,,). Then this preimage y_,,_; will have a full prehistory
in U. Since A is a basic set and y_,, has a full prehistory in U, it follows that there exists a
prehistory é € A such that Y-m € W} (&) if U is close enough to A ([5, 18]).

Consequently y € W,”(f’"é), but from (1) we have d(y_,,A) < d(y_m,&) <
Ad(y, fm€) < A™d(y, A). Recall however that a preimage of y_,, escapes U, thus
d(y_m, A) must be larger than some positive fixed constant x,. Therefore if V is close
enough to A (and hence m is large enough) we obtain a contradiction, since we know from
above that d(y_,,, A) <A™ -d(y, A).

Hence there must exist a neighbourhood V of A such that any point from V has exactly
d" n-preimages belonging to U, for any n > 1.

Let us take now an (n, &)-separated set of maximal cardinality in A and denote it by
F,(¢). Hence B,(y,&/2) N B,(z,¢/2) =0,Vy, z € F,(¢). From the maximality condition
it follows also that A C ﬂye Foe) B, (y,2¢e). Now from the fact that C; N A = ¢, it follows
that there exists a positive constant gy such thatif y,z € f~'xNU, y #z, then d(y, z) > &.
This implies that if y,z € f~"x N A, y # z, then we cannot have z € B, (y, 4¢) for small
enough €.

So for a point y € V, we know that any two of its different n-preimages must be-
long to distinct balls of type B,({,2¢),¢ € F,(¢); and y must have d" n-preimages in
U. If y_, is an n-preimage in U of y, then there exists S € A so that yew! (S ) and
thus y_, € B,(&_,,¢) for some &, € A. But since F,(¢) is a maximal (n, €)- separated
set in A, it follows that £&_,, € B, (z,2¢) for some z € F,(¢). Hence y_, € B,(z,3¢) and
y € f*(B,(z,3¢)) for some z € F, (¢). Thus we have the following geometric picture of the
dynamics on the basin V of the repellor: through every point y € V there pass d" tubu-
lar neighbourhoods of type f"B,(z;,3¢),z; € F,(¢),i =1,...,d". Let us denote such an
intersection by V, (z1, ..., Z4n).

Therefore from Lemma 1 it follows that, if we add the volumes of all sets /" (B, (z, 3¢)),
z € F,(¢), we obtain that each piece V,(zy, ..., z4n) is repeated at least d" times, hence

d"m(V)S Z ean)x(Z)'

z€Fu(e)

@ Springer



Physical Measures for Multivalued Inverse Iterates 807

Thus since this happens for any maximal (n, €)-separated set F),(¢),
m(V) < P,(®° —logd, ¢), 2

where P, (, ¢) denotes in general the quantity inf{}_, _, 5"V ©, F(n, &) — separated in A},
for v a continuous real function on A.
Since V is a neighbourhood of A and thus m (V) > 0, we obtain that

P(®* —logd) > 0.

We prove now the opposite inequality. Indeed let us take some maximal (n, £)-separated
set F,(¢) in A (with respect to f). Let a point y € V, where the neighbourhood V of A was
constructed earlier in the proof. Then similar to the above proof of the first inequality, each
n-preimage y'  of y must belong to some Bowen ball B, (z', 3¢), 7' € F,(¢),i =1,...,d";
hence y belongs to the (open) intersection of d" tubular unstable neighbourhoods centered
at points f"(z;),21,...,2an € Fu(e), i.e. y € (), cieqn f"(Bu(z:,3¢)). If y would belong
also to some additional tubular unstable neighbourhood (B, (w, 3¢)) for some w € F, (),
besides the d” neighbourhoods f"(B,(z;,3¢)),i =1,...,d", then it would follow that y
has an additional n-preimage yﬂ“ € B,(w, 3¢). Thus since B,(w, 3¢) C U for small ¢ > 0
and for w € A, we would get a contradiction since y has at most d" n-preimages in U; here
we used again that A does not intersect the critical set of f. So any y € V belongs to only
d" tubular unstable neighbourhoods of type f"(B,(z',3¢)),i =1,...,d".

Now, as we see from Lemma 1, the Lebesgue measure of a tubular unstable neighbour-
hood f"(B,(z,3¢)),z € A is comparable to e5»®'@ (where by comparable we mean that
the ratio of the two quantities is bounded below and above by positive constants which are
independent of z, 7). Hence we showed that by taking ___,. ., ¢5"® @ we cover in fact a
combined volume which is less than Cd" - m(U) (for some positive constant C independent
of n). From this observation it follows that

1
P(®* —logd) <inf—m(U) =0.
n n
Combining the two inequalities proved above, we obtain that P(®* — logd) = 0. |

We are now ready to prove the main result of the paper, namely the existence of a physical
measure for the local inverse iterates in the neighbourhood V of the hyperbolic repellor A.
We recall that the endomorphism f is not assumed to be expanding on A, instead it has
both stable and unstable directions on A. As seen earlier, we can restrict without loss of
generality to connected repellors. Recall also that we assumed that the critical set of f does
not intersect A.

Theorem 2 Let A be a connected hyperbolic repellor for a smooth endomorphism f : M —
M. There exists a neighbourhood V of A, V C U such that if we denote by

1 1 -
= — Sriy, Vv,
b=y 2 d(f(y))-m-d(f"(yngfy ¢

yef"zNU

where d(y) is the number of f-preimages belonging to U of a point 'y € V, then for any
continuous function g € C(U, R) we have

/ 1E(8) — 1y ()ldm(z) — O,
V n—oo
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where i is the equilibrium measure of the stable potential ®°(x) := log|det(Df(x))|,
x € A.

Proof We assume that U is the neighbourhood of A from Definition 1, i.e. such that UcC
f(U). As we proved in Proposition 1, if A is a connected hyperbolic repellor, then any point
from A has exactly d f-preimages belonging to A for some positive integer d. Moreover
as was shown in the beginning of the proof of Theorem 1, there exists a neighbourhood V
of A such that any point from V has d" n-preimages in U, for n > 1.

If A is a hyperbolic repellor we have that all local stable manifolds must be contained
in A. Indeed, otherwise there may exist small local stable manifolds which are not entirely
contained in A. Let W' (x), x € A one such stable manifold, with a point y € W (x) \ A;in
this case since y € U (for small r) and since U C f (U), it follows that y has a full prehlstory
y in U, and from the fact that A is a basic set, we obtain that y € W/ (é) for some 5 € A.
But then y = Wi (x) N W} (S), hence y € A from the local product structure of A (since A
is a basic set, see for example [5]); this gives a contradiction to our assumption. Hence there
exists a small > O such that all stable manifolds of size r are contained in A.

We shall denote by C(U) the space of real continuous functions on U. Let us fix now a
Holder continuous function g € C(U). We will apply the L' Birkhoff Ergodic Theorem ([8])
on A for the homeomorphism f ~1 in order to obtain an estimate for the measure of the set
of prehistories which are badly behaved. Similarly as in [5] or [12] we know that the stable
distribution is Holder continuous, hence the stable potential on A is Holder too. This means
that there exists a unique equilibrium measure for this potential on A; so from the bijection
between M(f) and M( f ) it follows that there exists a unique equilibrium measure for ®*
on A denoted by . This measure is ergodic and we can apply the L' Birkhoff Ergodic
Theorem to the function g o w on A:

—- 0. (3

n—oo

1 ~ ~
H;(g(x) +gon(f @)+ +gom(fT (@) —/ gomdjl
A

LY(A.fig)

We make now the general observation that if f : A — A is a continuous map on a com-
pact metric space A, p is an f-invariant Borelian probability measure on A and [ is the
unlque f -invariant probability measure on A with 7, ({1) = i, then for an arbitrary closed
set F' C A, we have that

A

AE) =limp(fx_p, 38 = (x, ..oy Xy, .. ) € FD). 4)

Let us prove (4): first denote F = f "F,n > 1; next notice that ,u(F ) = (I:“ ) since
s f -invariant. Let also G = n*'(n(F )),n > 1. We have FcC f”(G ),n > 0. Let
now a prehistory z € ﬂn>0f Gn, then if Z = (z,z-1,...,2—n,...), We obtain that z_, €
7 F,,¥n >0, hence € F since F is assumed closed. Thu@ we obtain F = ﬂn>0 f” (G ).

Now the above intersection is decreasing, since f frtl G G, C f G,,n > 0. Since the
above intersection is decreasing, we get that A(F) = lim, A( f” G,) = lim, i(G,) =
lim,, [L(n‘l(n(ﬁn))) = lim,, M(n(lj"n)) =lim, u(w o f‘” ﬁ), since i is f—invariant. There-
fore we obtain (4).

For a positive integer n, a continuous real function g defined on the neighbourhood U of
A, and a point y so that y, f(¥),..., f*~'(y) are all in U, let us denote by

O+ +e(f"y)
En(g,y):gy g™y —/gdus, n>1, yeA.

n
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Now from the convergence in L' (f\, [s) norm established in (3), it follows the convergence
in fi;-measure; i.e. if we consider for a small n > 0 and an integer n > 1 the closed set:

Fyn) = (& = (x,x1,x0,..) € A, [B,(g, 220 = m),
then we have the convergence

fs(Fu() = 0. Vi >0. )

Thus from (5), (4) and the f-invariance of u,;, we obtain that for any small n > 0, x > 0
there exists an integer N (7, x) > 1 so that:

s (o € AN FT (), 1808, Xo)| = 1) = iy (v € AL [Z0 (8, x-) =) < X, (6)

forn’>n> N(n, x).

Let us consider now some small ¢ > 0. Recall that for » > 1 and y € A, the Bowen
ball B,(y,&) :={z € M,d(f'y, fiz) <e,i=0,...,n — 1}. We shall prove that if y € A
and z € B, (y, ¢) for n large enough, then the behaviour of ¥, (g, z) is similar to that of
%,(g,y). More precisely, assume that n > 0 and that y € A satisfies |2, (g, ¥)| > 1. Then
we will show that there exists N (1) > 1 so that

n
|E:1(8,Z)|ZE, VZEBn(yag)’n>N(n)- (7)
Since g was assumed Holder, let us assume that it has a Holder exponent equal to «, i.e.

lgx) —gWMI=<C-d(x,y)*, Vx,yeU,

where d(x, y) is the Riemannian distance (from M) between x and y and C > 0 is a con-
stant. The idea now is that, if z € B, (y, ), then for some time the iterates of z follow the
iterates of y close to stable manifolds, and afterwards they follow the iterates of y closer
and closer to unstable manifolds. We have in both cases an exponential growth of distances
between iterates, and thus we can use the Holder continuity of g on U.

If z € B,(y,¢),y € A then we either have z € W (y) C A or there exists a positive
distance between z and the local stable manifold W} (y). In the first case there exists some
As €(0,1) suchthatd(f'z, f'y) < Ale,i =0,...,n— 1. This implies that, in the case when
z € W:(y), for some Ny > 1 we have:

lg(fNoy) + -+ g(f" ' y) — g(fN2) — - — g(f" ) < AN G, ®)

for some constant Cy > 0 independent of n. If z € B, (y, &) but z is not necessarily on W} (y),
then the iterates of z will approach exponentially some local unstable manifolds at the cor-
responding iterates of y and their “projections” on these unstable manifolds increases expo-
nentially, up to a maximum value less than ¢ (reached at level n). More precisely there ex-
ists some Ny, N; > 1 and some A € (A, 1) such that d(fiz, fiy) <Al i=Ny,...,N; —1;
notice that Ny, N, A are independent of y, z, n. Now if the iterate fV1z becomes much
closer to W*(fN1y) than to W¥(f"y), it follows that all the higher order iterates will ap-
proach asymptotically the local unstable manifolds and d(f’y, f/z) increases exponen-

tially. We assume that N; has been taken such that for some A, € (W, 1), we have

d(f7z, f1y) <Ay -d(f7'z, fi*1y), j =Ny, ...,n — 2. So the maximum such distance is
d(f" 'y, f"~'z) and we know that d(f""'y, f"~'z) < & since z € B, (y, ¢). Hence

d(flz, fly)y<ext7=', j=Ny,....n—1.
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Let us take now some N, > 1 such that n — N, > N;; N, will be determined later. Thus
from the Holder continuity of g on U we obtain (for some positive constant C) that:

Ig(fM) +- +g(fM D) +g(fM)+ -+ g(f M)+ +g(f" o)
—g(fMy)— o =g (M) — g (M) — =g (M) — =g ()
< N £ 22N L ON, |Ig. )

Thus from (8) and (9) we obtain that, if z € B, (y, €) then:

1
12n(8, ) = 28, )| = [2Nollgll + C (M +15%) + 2N, gl - (10)

From above, Ny, N, do not depend on n, y, z. Therefore we can choose some large N (1))
so that

1
—(2Noligll + CN +28™) +2Naigl) < /2, forn > N(n).

This means that the relation from (7) holds. Let us denote now by:

1
Lgx)=— 3 %@l (11)

yefM(0NU

for a continuous real function g : U — R, and x € V. Recall that V is the neighbourhood
of A, A CV C U, constructed in the proof of Theorem 2 so that every point x € V has d"
n-preimages in U for n > 1. For a fixed Holder continuous function g and a small n > 0,
we will work with n > N (n), where N (n) was found above. From (10) and the discussion
afterwards, we know that | X, (g,2) — 2,(g,¥)| <n/2ifz€ B,(y,¢) and y € A.

Let us consider now an (n, €)-separated set with maximal cardinality in A, denoted by
F,(¢). As in the proof of Theorem 1 it follows that any point y € V belongs to d” tubular
neighbourhoods, i.e. f"(B,(y;,3¢)),y; € F,(¢) for 1 <i <d". Let us denote as before
ViV, ooy Yan) = ﬂlfisd,, f"By(yi,3¢). Thus in the integral fv I,(g,x)dm(x), we can
decompose V into the smaller pieces V,,(yi, ..., yan), for different choices of y;, ...,y €
F,(e).

We can use now relation (10) in order to replace in fv I, (g, x)dm(x), the term | X, (g, y)|
with |%, (g, ¢)|, where x € V is arbitrary, y € f™"x NU and y € B, (¢, 3¢) for some ¢ €
F, (¢). Indeed let us fix some arbitrary small n > 0. Then we prove similarly as in (10) that
if n > N(n), then |X, (g, y)| < 1X,(g, ) +n/2,if y € B, (£, 3¢) and ¢ € F,(¢) (N (n) can
be assumed to be the same as in (10) without loss of generality).

So up to a small error of /2 we can replace each of the terms | X, (g, y)| with the cor-
responding |X, (g, ¢)|. This implies that in the integral fv I, (g, x)dm(x), on each piece
of type V,(y1, ..., yqn) in f"(B,(y;j,3¢e)) for y; € F,(e), we integrate in fact |X,(g, y;)I,
modulo an error of 1/2. Then we will obtain that

/1 g 0dm@ < 5 Y |zn(g,zl-)|dm+g-m<V>

L vnzgn €Fp(e) Y Vn@lnzan) =)

1
=7 Z Zu(g. D Y. m(Va(r ... 2a0) +m(V)n/2
eFu(

2€{z1.mnzgn}
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<1 z "B 3 Vin/2
<0 2 1Z(g 9l m(f" Bz, 36) +m(V)n/2.

zeFy, (e)

So what we did is, we replaced |X,(g, y)| with |X,(g,z)| for all y € f7"x N U, where
y € B,(z,3¢),z € F,(¢), then we integrated the respective sums of |X,(g, z)|,z € F,(¢)
on small pieces of tubular overlap V, (zy, ..., z4); lastly, we kept | X, (g, z)| fixed for an
arbitrary z € F,(¢) and added the measures of all intersections of f” B, (z,3¢) with other
tubular sets of type f” B, (w, 3¢), w € F, (¢). Thus by adding the measures of these overlaps,
we recover m(f" B, (z, 3¢)). In conclusion we obtain:

By, 3) Tem(v).  (12)

[ g =c ¥z <
14

YEFu(e)

We recall now from Lemma 1, that m(f" (B, (y, 3¢))) is comparable to ¢5® ™ indepen-
dently of n, y € A. And from Theorem 1 we know that P (®°) =logd. Hence from Proposi-
tion 2 we have that, if i, denotes the unique equilibrium measure of ®°, then (B, (y, £/2))
is comparable to ES":: o independently of n, y. Therefore combining with (12) we obtain
that there exists a constant C; > 0 s.t:

/In(g,X)dm(X)EQ Z 120 (8 W is(Bu(y, £/2)) +1 |, 13)
\4

YEFu(8)

for n > N(n). We will split now the points of F,(¢) in two disjoint subsets denoted by
G1(n, ¢) and G,(n, &), defined as follows:

Gi(n, &) :={y € Fy(e),|Zu(g, V) <n} and Gy(n, &) :={z € Fy(e), |Xa(g.2)| = n}.

Recall that the Bowen balls B, (y, ¢/2),y € F,(g) are mutually disjointed since F),(¢)
is (n, &)-separated. Also if y € G,(n,¢) and z € B,(y, e/2), we have |%,(g,2)| > n/2
(from (7)); hence B, (y,e/2) N A C{z € A, |%,(g,z2)| = n/2}. Consequently for a constant
C, >0,

D %@ s (Bu(y, 6/2))

YEFu ()

= D 1T @I Bae/2)+ Y D@ Wi (Ba(y,£/2)

yeGy(n,e) yeGo(n,e)

U
<7 Z l’Ls(Bn(yM?/z))+2||g||ﬂs<2GA,|En(g,z)|zz>.CS.

yeG|(n,e)

But since the balls B,(y,e/2),y € F,(¢) are mutually disjoint, we have

> veGiine s (Ba(y,€/2)) < 1. Also pu5(z € A, 12,(g, 2| = 1/2) < x for n > N(n/2, x),
as follows from (6). Thus by using (13) we obtain for n > sup{N (1), N(n, x)}

/ I,(g, x)dm(x) < Ci(n+n+C, - 2ligllx) =2Ci(n+ x - CellglD.
14
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Since 1, x > 0 were taken arbitrarily, and by recalling the formula for 7,(g, x) from (11)
and the definition of 1}, we obtain that:

[ Wit = matiamee) — o

Since Holder continuous functions g are dense in the uniform norm on C(U), we obtain the
conclusion of the Theorem for all g € C(U). O

Corollary 1 In the same setting as in Theorem 2, it follows that there exists a Borelian set
A CV withm(V \ A) =0 and a subsequence (n;); such that Mflk —> 00 Ms (as measures
on U), for any point 7 € A.

Proof Let us fix g € C(U). From the convergence in Lebesgue measure of the sequence
of functions z — ui(g),n > 1,z € V obtained from Theorem 2, it follows that there
exists a Borelian set A(g) with m(V \ A(g)) = 0 and a subsequence (n,), so that
,uflp(g) —p Us(g),z € A(g). Let us consider now a sequence of functions (g,,),>1 dense
in C(U). By applying a diagonal sequence procedure we obtain a subsequence (1), so that
,uflk (gm) =1 s(8m). Yz €, A(gm). Ym > 1. We have also m(V \ (,, A(gn)) =0, since
m(V \ A(gn)) =0,m > 1. However any real continuous function g € C(U) can be approx-
imated in the uniform norm by functions g,,, hence it follows that ,uflk (g) =i us(g),Vz €
A:=(),, A(gn)- But we showed above that m(V \ A) = 0. So we obtain that Ky =k M for
all points z € A, where A has full Lebesgue measure in V. |

3 Ergodic Properties of the Inverse SRB Measure. Examples

In this section we will pursue further ergodic properties of the inverse physical measure con-
structed in Theorem 2 and give also examples. Let us first remind the notion of the Jacobian
of an endomorphism, relative to an invariant probability measure, from Parry’s book ([14]).
Let f: (X, B, u) — (X, B, u) a measure preserving endomorphism on a Lebesgue proba-
bility space. Assume that the fibers of f are countable, i.e. f~'x is countable for si-almost
all x € X. It can be proved ([14]) that in this case f is positively non-singular, i.e. u(A) =0
implies u(f(A)) = 0 for an arbitrary measurable set A C X. Also there exists a measurable
partition @ = (Ao, Ay, ...) of X such that f|,, is injective. Then using the absolute continu-
ity of u o f with respect to pj, we define the Jacobian Jy,, on each set A;, to be equal to the
I

Radon-Nikodym derivative d—;f So:

duof

T =0

(x), xe€A;,i>0.

This is a well defined measurable function, which is larger or equal than 1 everywhere (due
to the f-invariance of w). Also it is easy to see that J ,(-) is independent of the partition
o and that it satisfies a Chain Rule, namely Jyog n = J7 - Jg 0 if f, g1 X — X and both
preserve . From Lemma 10.5 of [14] we also know that

log J7,(x) = I(e/f'e)(x),
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for p-almost every x € X, where e is the partition of X into single points, and 7 (¢ /f ~'€)(-)
is the conditional information function of € given the partition f~'e. Also from the defini-
tion of the Jacobian we see ([7]) that:

W(fA) = /A Ty (o), (14)

for all special sets A, i.e. measurable sets such that f|4 : A — f(A) is injective. Recall
that by Definition 1, f does not have any critical points in A. Before proving the main
result of this Section, we remind the notion of measurable partitions subordinated to local
stable manifolds; for background on measurable partitions, Lebesgue spaces and conditional
measures, one can use [15].

Let f : M — M be a smooth endomorphism defined on a Riemannian manifold M which
is endowed with its Borelian o -algebra B. Let also a probability Borelian measure u on M
which is f-invariant. If £ is a measurable partition of M, then we denote by &(x) the unique
subset of £ containing x € X; also by (M /&, jg) we denote the factor space relative to &. To
any measurable partition £ on (M, B, i) one can attach an essentially unique collection of
conditional measures {{ic}cee satisfying two conditions (see [15]):

(1) (C, uc) is a Lebesgue space
(i1) for any measurable set B C M, the set B N C is measurable in C for almost all points
C € M /¢ of the factor space, and the function C — ¢ (B N C) is measurable on M /&

and u(B) = fM/E ue(BNC)d .

Similar to the case of partitions subordinated to unstable manifolds ([21]) we can say (as
in [7]), that a measurable partition & of (M, B, w) is subordinate to local stable manifolds
if for p-almost all x € M one has §(x) C W (x) and if £(x) contains an open neighbour-
hood of x inside W/ (x) (where » > 0O is sufficiently small). We can define now the absolute
continuity of conditional measures on stable manifolds as in [7]:

Definition 2 In the above setting, we say that u has absolutely continuous conditional mea-
sures on local stable manifolds if for every measurable partition £ subordinated to local
stable manifolds, we have for p almost all x € M that ,ui <« m$, where ;Li is the condi-
tional measure of © on &(x) and m?, denotes the induced Lebesgue measure on W (x).

By the result of Liu ([7]), we know that there exists at least one measurable partition
subordinated to local stable manifolds.

Now, by Oseledec Theorem ([8]) we have that for any f-invariant Borel probability
measure p on M, and for u-almost every point x € M there exists a finite collection of
numbers, called Lyapunov exponents of f at x with respect to p, —00 < A1(x) < Ax(x) <
+++ < Agx)(x) < 00, and a unique collection of tangent subspaces of T, M, Vi(x) C --- C
Va(x) = T M so that

1
lim = log | Df! ()| = 4 (x), Vv e V() \ Vi1 (x), 1 <i <q(x), o] =1.
non

We also denote by m; (x) :=dimV;(x) — dimV;_;(x) the multiplicity of X;(x). As we saw
before, if A is a connected repellor for f then f|, is constant-to-1. We are now ready to
prove the following:
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Theorem 3 Let A be a connected hyperbolic repellor for a smooth endomorphism f : M —
M on a Riemannian manifold M; assume that f is d-to-1 on A. Then there exists a unique
f-invariant probability measure u~ on A satisfying an inverse Pesin entropy formula:

e () =togd = [ 37 hmiwdi o,
A

i,Ai(x)<0

In addition the measure = has absolutely continuous conditional measures on local stable
manifolds.

Proof Notice that from the above properties of Lyapunov exponents, the derivative D" for
large n, takes into consideration all the vectors v € V;(x) for those i for which X;(x) < 0,
i.e. for which we have contraction in the long run. Thus if w is an f-invariant probability
measure supported on A, we have by the Chain Rule and Birkhoff Theorem that

n—1

1 )
®'dpu = | lim— O (f'x)d
| @ /Al,gnn§ (F (o)

= [ 1im%log|det(ng"x)|du(x)= / Y M@mi@dux).  (15)
A" A

i, (x)<0

It follows that the inverse Pesin entropy formula from the statement of the Theorem is
satisfied for u = u, since p; is the equilibrium measure of ®° and we showed in Theorem 1
that P(®° —logd) = 0. If the inverse Pesin entropy formula would be satisfied for another
invariant measure (., then we would have 4, (f) =logd — fA Zi,k;(.x)<0 A (x)m; (x)dp(x),
hence:

P(®° —logd) > h, —logd +/ D*dp=0.
A
However again from Theorem 1 we know that P(®° — logd) = 0, thus p is an equi-
librium measure for ®°. But ®* is Holder continuous and thus it has a unique equilibrium
measure. Therefore if ™~ := u,, we have

W= js =@ .

We want now to show the absolute continuity of conditional measures of 1~ on local sta-
ble manifolds. For this we will use Corollary 1 and results from [7]. Indeed we know that A
is a connected hyperbolic repelor and thus f is d-to-1 for some integer d > 1 in a neighbour-

hood V of A. We constructed the measures u’,z € V,n > 1, u = dl,, yef—nz % D18y
and we showed in Corollary 1 that there exists a subset A C V, having full Lebesgue mea-
sure and a subsequence (us, converging weakly towards ;= := u, for every z € A. Now

in (14) we can take only special sets whose boundaries have p~-measure equal to zero.
For such a set B we have that p,, (B) —¢—o #~ (B). But then from the definition of .} it
follows that = (f(B)) = du~ (B) for any such special set with boundary of measure zero.
As these sets form a sufficient collection ([5]), we obtain that the Jacobian J;,- is con-
stant .~ -almost everywhere and equal to d. Hence from Lemma 10.5 of [14], if € denotes
the partition of M into single points, we deduce that the conditional information function
I(e/f'e)(x) =log J¢ i~ (x) =logd for u~-almost all x € A; thus

Hyte/7 ' = [ 1te/f @i () =logd.
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Then since h,,~ =logd — [, D it <0 M (X)dp” (x), it follows that

h,rzH#—(é/f*le)—/ D h@m(xdp” (x).
A

i3 (x)<0

Hence from [7] we obtain that ©~ has absolutely continuous conditional measures on local
stable manifolds. O

We study now whether the measure-preserving endomorphism (A, f|x, B(A), n7) is
isomorphic to a 1-sided Bernoulli transformation. For definitions and properties of 1-sided
Bernoulli maps, see for example [2, 3, 15], etc. The question of whether a dynamical system
with an invariant probability measure is Bernoulli (1-sided or 2-sided) is very important and
was solved in a number of cases ([3, 8]). It gives a coding of the system from the point
of view of the measure. For example for diffeomorphisms, it was shown that a hyperbolic
attractor with its unique SRB measure is 2-sided Bernoulli ([2, 8, 20]). Also, for expanding
maps on a space X, there exist Markov partitions ([19]); this implies that X, together with
the equilibrium measure of any Holder potential, is measure-isomorphic to a 1-sided Markov
chain ([17, 19]). However in our non-invertible non-expanding case we will see that this is
not true anymore and that (A, f|a, B(A), ™) is not 1-sided Bernoulli. Here B(A) denotes
the o -algebra of Borelian sets in A.

Theorem 4 Let f as above and A a connected repellor as in Theorem 3 so that f is not
invertible on A. Then (A, f|a, B(A), uw™) cannot be one-sided Bernoulli.

Proof Let (X}, 0, B, it,) a one-sided Bernoulli shift on m symbols ([8]), where 5,, de-
notes the o -algebra of sets generated by cylinders in X1, o,, is the shift map, and ., is the
o,,-invariant measure associated to a probability vector p = (p1, ..., pm)-

We know from Proposition 1 that if A is connected, then the number of f-preimages be-
longing to A is constant, and denote it by d; we assumed that d > 1. If (A, f|a, B(A), ™)
would be isomorphic to a one-sided Bernoulli system (X}, 0,4, By, i), then d = m since
the number of preimages is constant everywhere, for both systems. But then from the Vari-
ational Principle for entropy, we would obtain:

I’ll,uf Zhup Shtop(am)zlogmzlogd' (16)

On the other hand since p~ satisfies the Pesin formula on A, we get that h,- =
logd — f@sdu’. But @° <0 and C;y N A =¥, hence h,- > logd. This gives a contra-
diction to (16). O

We prove now that, in spite of not being 1-sided Bernoulli, the inverse SRB measure ™
has strong mixing properties on the repellor A.

Given a transformation f : M — M we say that an f-invariant probability u has Expo-
nential Decay of Correlations on Holder potentials ([2]) if there exists some A € (0, 1) such
that for every n > 1:

'/cb-wof"du—/wu-/wdu

for any Holder maps ¢, € C(M, R), where C (¢, ¥) depends only on the potentials ¢, .

=C(@.¥)A",
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Given now a Lebesgue space X and an endomorphism f : X — X preserving a proba-
bility measure p, we say that (X, f, B(X), n) is an exact endomorphism ([8, 15, 16]) if

[/ "BXO =N,

n>0

where A is the o -algebra containing only sets of u-measure 0 or 1. Exact endomorphisms
are important in ergodic theory and were first studied by Rohlin in [15, 16]. For instance he
proved that (X, f, B(X), ) is exact if and only if for any measurable set of positive measure
A C X, we have lim,, _, o, u(f"A) = 1.

Now consider m-tuples of positive integers A = (ky, ..., k,,) and denote by £(A) :=
inflk; — k;j|,1 <i < j <m. We say that (X, f, B(X), n) is mixing of order m if for
any arbitrary measurable sets Aj,..., A, and for any sequences of m-tuples A! =
iy k), A2 =(k2,... k%), ..., with lim,_, ., £(A") = 0o, we have

lim u(ﬂ fk?’A,-) =[Tnn.
i=1

i=1

If m = 2 we obtain the usual notion of mixing measure. An exact endomorphism is
mixing of any order, as shown in [16].

Theorem 5 Let a repellor A for a smooth endomorphism as in Theorem 2 and let = be
the unique inverse SRB measure associated. Then

(1) u~ has Exponential Decay of Correlations on Holder potentials;
(i1) (A, ™) is exact, and thus it is mixing of any order.

Proof Since we have a uniformly hyperbolic structure for the endomorphism f on A, we
can associate to it a Smale space structure on the natural extension A ([17]). Therefore
on A there exist Markov partitions of arbitrarily small diameter ([17]). Now these Markov
partitions imply the existence of a semi-conjugacy h with a 2-sided mixing Markov chain
Y 4. We have therefore the Lipschitz continuous maps

h:EA—>A, and 7w:A— A

such that 7 o f =fomhoos= f o h, where o is the shift homeomorphism.

Now, since the stable potential ®° on A is Holder continuous, it follows that W* :=
P omoh: ¥4 — Ris Holder continuous and to the unique equilibrium measure pt; of ®°
it corresponds the unique equilibrium measure v of W* on X4, s.t uy; = (7 o h),v. We have
that Py (®°) = P,, (W¥) and h, (f) = h,(04). Also notice that

/qbdm: pomohdv, ¢eC(A).
A XA

Now we do have Exponential Decay of Correlations for Holder potentials for (X4, v) (for
example [2]); so the same holds for f|, and the equilibrium measure p,. Recalling that we
denoted p~ := s, We obtain (i).

For (ii) we shall use that (A, f|a, B(A), n™) is exact if and only if its natural extension
is a K-automorphism ([16]). But its natural extension is ([\, f , B([\), [Ls), which is isomor-
phic to (X4, 04,B(X4), v) from the discussion above. We know that Markov chains with
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equilibrium measures of Holder potentials are K-automorphisms ([15]), hence the natural
extension of (A, ™) is a K-automorphism. Thus (A, f|A, B(A), u™) is exact, and thus it is
mixing of any order by the result in [16]. ]

Examples

1. Toral endomorphisms. Let us take an integer valued m x m matrix A with det(A) # 1.
This matrix induces a toral endomorphism f, : T — T™. This toral endomorphism trans-
forms the unit square into a parallelogram in R™” of area (Lebesgue measure) equal to
|det(A)|, and whose corners are points having only integer coordinates. Thus when we
project to T™, we obtain that f, is |det(A)|-to-1. If all eigenvalues of A have absolute
values different from 1, then f, is hyperbolic on the whole torus T".

Theorem 2 can be applied in this case, since T™ is a connected hyperbolic repellor for
fa, and we obtain a physical measure for the multivalued inverse iterates of f4. In this case
the inverse SRB measure ©~ is in fact the Haar measure on T™ since the stable potential is
constant. Also from Theorem 3, we obtain that a Pesin type formula holds for the negative
Lyapunov exponents.

2. Anosov endomorphisms. Theorems 2 and 3 can be applied also in the case of Anosov
endomorphisms on a Riemannian manifold M, since M can be viewed as a hyperbolic re-
pellor. In general the stable potential is not constant and p~ is not necessarily absolutely
continuous with respect to the Lebesgue measure on M. We obtain again that the asymp-
totic distribution of preimages for Lebesgue almost every point in M is equal to the equi-
librium measure = = uy, and that the inverse SRB measure 1+~ has absolutely continuous
conditional measures on local stable manifolds.

3. Non-Anosov hyperbolic non-expanding repellors for products. Let us take for instance
f:PC' - PC, f(lz0: z1]) = [23 : 23], and g : T> — T2, g being induced by the matrix
A :(2 2)‘ We see easily that A has one eigenvalue in (0, 1) and another larger than 1, so g

23
is hyperbolic. We take the product

F:PC'xT? > PC'xT? F(lzo:z1), . y) = (f(z0:z1]), g(x, y)) and A := S' x T2,

Then A is a connected hyperbolic non-Anosov repellor for the smooth endomorphism F
and we can apply Theorems 2 and 3.

4. Perturbations. According to Proposition 3, if f is hyperbolic on a connected repellor
A and if an endomorphism g is a C! perturbation of f, then g has a connected hyperbolic
repellor denoted A, which is close to A. We can form then a large class of examples by
perturbing known examples, like the ones above. Then since g is hyperbolic on A, we
can again apply Theorems 2 and 3, this time for inverse SRB measures which might be
more complicated than in the original (unperturbed) example. For instance, let us take F :
PC! x T? — PC! x T? given by

F(lzo:z1], (x, ) = (25 : 211, fa(x, ),

21
22
has a connected hyperbolic repellor A := S! x T?. Consider the following perturbation of

F, F,:PC' x T> - PC' x T? given by:

where f, is the toral endomorphism induced by the matrix A = ( ) As can be seen, F

Fe([zo: z1], (x, ¥))
= ([z§ + 27 - " ® ™ 7], 2x + y + esin@m(x +y)), 2x + 2y + £ cos* (47 x))) .
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It can be seen that F, is well defined as a smooth endomorphism on PC' x T? and that it
is a C! perturbation of F. It follows from Proposition 3 that F, has a connected hyperbolic
repellor A, (on which F, has both stable as well as unstable directions), and that A, is
close to A. However A, is different from A, and it has a complicated structure with self-
intersections; its projection on the second coordinate is T2. For this repellor A, we can apply
Theorem 2 to get a physical measure u, for the local inverse iterates of F,. This physical
measure (4, is the equilibrium measure of the non-constant stable potential

@i ([zo : 211, (x,¥)) :=log|det(DF;)s([z0 : z1], (x, y)I,  for ([zo : z1], (x,¥)) € A,.

We know from Theorem 3 that the conditional measures of the inverse SRB measure @ on
the local stable manifolds (which are contained in the repellor A.), are absolutely continuous
with respect to the induced Lebesgue measures.

Also a Pesin type formula is true for the measure-theoretic entropy &, - of ., and the
negative Lyapunov exponents (which are non-constant if ¢ # 0).

Similarly one can perturb other connected hyperbolic repellors to obtain new dynamical
systems for which Theorems 2 and 3, as well as Corollary 1 can be applied.

Another observation is that one can form repellors quite easily. We need only the exis-
tence of families of stable/unstable cones in some open set U and the topological condi-
tion U C f(U). Then one can form the basic set A :=(),.5 f"(U), on which we have a
hyperbolic structure. The inverse SRB measure = supported on A can be approximated
Lebesgue almost everywhere on U, like in Theorem 2, and will have good ergodic proper-
ties as found in Theorem 5. However it may be difficult to describe this measure explicitly,
especially in the non-Anosov case, since (A, ™) is not 1-sided Bernoulli.
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