DISCRETE AND CONTINUOUS Website: http://aimSciences.org
DYNAMICAL SYSTEMS
Volume 14, Number 3, March 2006 pp- 419-447

UNSTABLE MANIFOLDS AND HOLDER STRUCTURES
ASSOCIATED WITH NONINVERTIBLE MAPS

EUGEN MIHAILESCU

Institute of Mathematics Simion Stoilow of the Romanian Academy
P.O Box 1-764, RO 014-700
Bucharest, Romania

(Communicated by Carlangelo Liverani)

ABSTRACT. We study the case of a smooth noninvertible map f with Axiom
A, in higher dimension. In this paper, we look first at the unstable dimension
(i.e the Hausdorff dimension of the intersection between local unstable mani-
folds and a basic set A), and prove that it is given by the zero of the pressure
function of the unstable potential, considered on the natural extension A of
the basic set A; as a consequence, the unstable dimension is independent of
the prehistory . Then we take a closer look at the theorem of construction
for the local unstable manifolds of a perturbation g of f, and for the conjugacy
®, defined on A. If the map g is holomorphic, one can prove some special
estimates of the Holder exponent of ®4 on the liftings of the local unstable
manifolds. In this way we obtain a new estimate of the speed of convergence
of the unstable dimension of g, when g — f. Afterwards we prove the real
analyticity of the unstable dimension when the map f depends on a real an-
alytic parameter. In the end we show that there exist Gibbs measures on the
intersections between local unstable manifolds and basic sets, and that they
are in fact geometric measures; using this, the unstable dimension turns out to
be equal to the upper box dimension. We notice also that in the noninvertible
case, the Hausdorff dimension of basic sets does not vary continuously with
respect to the perturbation g of f. In the case of noninvertible Axiom A maps
on P2, there can exist an infinite number of local unstable manifolds passing
through the same point = of the basic set A, thus there is no unstable lami-
nation. Therefore many of the methods used in the case of diffeomorphisms
break down and new phenomena and methods of proof must appear. The
results in this paper answer to some questions of Urbanski ([21]) about the
extension of one dimensional theory of Hausdorff dimension of fractals to the
higher dimensional case. They also improve some results and estimates from
[7].

1. Introduction. In one complex variable, it is known ([17]) that the Hausdorff
dimension of the Julia set J of a hyperbolic rational map f is given by the unique
zero of the pressure function t — P(ty), where ¢(z) := —log|Df(2)|,z € J.

In this paper we extend this result to the higher dimensional case, i.e that of a
conformal map with Axiom A on the complex projective space P2, thus answering
some questions from [2I]. Moreover, we give some theorems (like the one about
Lipschitz dependence of the unstable manifolds with respect to perturbations, and
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the one about Hélder continuity of conjugacy maps) in the smooth case, without
holomorphicity conditions.

Let us introduce some notation. Many of the definitions and results will be
given for smooth maps on compact Riemannian manifolds. So, let M be such a
manifold and f : M — M be a C" map, with » > 1. The map f is not necessarily
injective. The nonwandering set € of f is defined as the set of points which
come arbitrarily close to their original position, if we iterate f a sufficient number
of times, Q := {y € M,VU neighbourhood of y,Iny > 1,s.tf"v(U)NU # 0}. Tt
is easy to see that ) is compact. Let us also assume that f has Axiom A. For
this definition, we send to [3], or [I8]. In short, Axiom A says that the periodic
points of f are dense in the nonwandering set €2 of f and that we have a splitting
of the tangent bundle over the natural extension (defined below) Q of Q, in two
subbundles, one of which is F*, representing the contracting directions(lines) for
the derivative D f, and the other E*, representing the expanding directions for Df.

Definition 1. Let (X, d) be a compact metric space, and f : X — X a continuous
map on X. Then the natural extension of X with respect to f is the space X =
{#,2 = (x,2_1,2_s,...), where f(x_;) = 2_;11,i > 1}. The shift map on X is
f: X — X, defined by f(ﬁc) = (f(z),z,2_1,...). The canonical projection map
7: X — X is given by () =z,& € X; the projection 7 is sometimes denoted by Ty
when we want to emphasize its dependence on f. There exists also a natural metric
on X, for every K > 1, given by dg (i,9) := d(x,y) + d(m’}(’y’l) + d(w}i’zy”) + ..,

ifz=(z,x_1,2_9,...), and § := (y,y—1,Yy—2, ...) belong to X. a

Let us notice also that in the definition of hyperbolicity for noninvertible maps,
the unstable tangent space EY depends a priori on the whole prehistory 2 € €.

Definition 2. Let X be a nonempty Hausdorff topological space and f : X — X
a continuous map on X. We will say that f is topologically transitive (or
simply transitive) if for any nonempty open sets U,V there exists n € Z with
M o)nv #£0.

We will say that f is topologically mixing (or simply mixing) on X if for any
nonempty open sets U,V in X, there exists N > 0 such that f"U NV # (), for any
n > N. ]

One can prove that transitivity is equivalent to the existence of a point z €
X with dense full orbit in X, where by full orbit of  we understand O(z) :=
{f™"(x),n € Z}. If there exists z € X with O (z) := {f"(z),n > 0} dense in X, we
say that f is topologically + transitive ( [18], [19]); however in the case where we
will actually need it, i.e in the Spectral Decomposition Theorem, transitivity and
topological + transitivity coincide ([18]). Also, it is immediate to see that mixing
implies transitivity.

If fis an Axiom A map as above, the Spectral Decomposition Theorem (|18])
says that the nonwandering set {2 can be partitioned into a finite number of f-
invariant subsets, on which f is transitive. These sets are unique up to order and
are called basic sets. We say that a basic set A is of saddle type if there are both
stable and unstable directions on A, i.e if dimE} > 1,2 € A and dimE? > 1,2 € A.
In the sequel we will work only with basic sets of this type.

Now, given a smooth (C",r > 2) map f: M — M with Axiom A, and a basic
set A of saddle type, there exist local stable and unstable manifolds at every point
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x of A ([18] or [5]),
Wi(f,z) :=={y € M,d(f"x, f"y) < B,n > 0}
W2(/.8) = {y € M. a prehistory § = (y,y-1,...),with d(y_s,_) < f.i > 0},

where & = (z,2_1,...) € A and [ is a sufficiently small positive number.

If the map f is clear from the context, we denote these sets by Wj(z), W ().
In case f is a holomorphic map on the complex projective space P2, then the local
stable and unstable manifolds are embedded complex disks ([3]).

It is well-known ([18]) that, if f has Axiom A, then its nonwandering set  has
local product structure, i.e for any z € Q,§ € Q, the intersection Wi(f,x) N
W4 (f,9) has at most one point, denoted by [z, §] and this point belongs to 2.

In the sequel, we will denote by HD(A) the Hausdorff dimension of a set A. Let
us define now two important notions which will be used throughout the paper:

Definition 3. In the above setting (hence with A a basic set of saddle type),
we call the Hausdorff dimension 6°(xz,8) := HD(Wj(f,z) N A) the stable di-
mension (of size § > 0) at the point x € A. Also, the Hausdorfl dimension
6%, 8) == HD(Wg(f,2) N A) will be called the unstable dimension (of size 3)

at the prehistory Z € A. In general, if the size 3 > 0 is fixed, we will not record the

dependence of the stable/unstable dimension on 3, and will write simply §%(z) or
§(2). O

Notation: In the sequel, we shall denote the derivative in the stable direction,
Df|gs, by Dfs(z), and the derivative in the unstable direction, D f|gx, by D fu(%),
for & € A.

In the sequel we will also use extensively the notions of entropy and topo-
logical pressure (or simply pressure). These notions can be introduced for any
continuous map f : X — X on a compact metric space (X, d); we refer to [5] or [22]
for definitions and properties. Denote by C(X) the space of continuous functions
defined on X and with values in R.

Definition 4. For an integer n > 0 define the metric d, on X by d,(z,y) :=
max{d(f*(z), f'(y),i = 0,..,n — 1},7,y € X. We say that a set E C X is (n,¢)-
separated (for some positive number ¢), if for any z,y € E,z # y, we have that
dp(z,y) > e. We will say that a subset F C X is (n,¢)- spanning, if for every
x € X there exists some y € F such that d,(z,y) < e. |

Definition 5. In the setting from the previous Definition, denote by By(z,e,n),
the ball of radius € and center x in the metric d,,. We will call it the (n,e)-ball
centered at x. O

Hence it follows that a subset F is (n,e)-spanning in X iff the union of the
(n, e)-balls centered at the points of F' covers X.

Definition 6. The topological pressure of f is a functional Py : C(X) — R
defined by :
n—1

Pr(p) == lim lim llog sup{z exp(z o(f'(x))), E C X is (n,e) — separated}

e—=0n—oon ;
zEE 1=0
n—1

= lim lim %loginf{z exp(z o(f(y)), F C X is (n,e) — spanning}

e—0n—oo
zeF =0
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When we take ¢ = 0, we will obtain the topological entropy of f, denoted by
h(f) or by hiop(f). O

The proof that the above limits exist when € — 0, and that they are equal is
done for example in [22]. When the map f was fixed and is clear from the context,
we may denote the pressure of ¢ also by P(¢p).

In ergodic theory, another important notion is that of measure theoretic en-
tropy, h, (denoted also by h,(f) when we want to emphasize the dependence on
f), where p is an f-invariant Borel probability measure on X. (we will not give the
definition of h, here, it can be found in all texts on ergodic theory, for example in
22)).

There exists an interesting relationship between Borel invariant measures and
Py, contained in the following:

Theorem (Variational Principle). In the above setting, P;(¢) = sup{h,(f) +
nw

[ ¢ du}, where the supremum is taken over all f-invariant Borel probability mea-
sures (t, and h,(f) = measure-theoretic entropy of p.

Definition 7. In the setting from the Variational Principle, let ¢ be a continuous
potential from C(X), and assume that p is an f-invariant Borel probability measure
on X with P(¢)h, + [ ¢ dp. Any such measure p will be called an equilibrium
measure (or equilibrium state) for ¢. O

Let us list now several well-known properties of topological pressure, which will
be used in the sequel ([19], [5], [22] are good references):

Theorem (Properties of Pressure). If f: X — X is a continuous transformation,
and @, € C(X), then:

1) 90<1/1:>Pf( ) < Pr(¥)

) Pr(-) is either finitely valued or constantly oo

3) Pf is convex

4) For a strictly negative function @, the mapping t — Py(typ) is strictly decreas-

ing if P(0) < oo.

Py is a topological conjugacy invariant.

6) Assume that f is expansive on X, i.e there exists a small positive number €
such that, if & := (z,x_1,...),9 := (y,Y-1,...) € X, (where X is the natural
extension of X w.r.t f), and d(z;,vy;) < €0,Vi < 0,d(f7x, fly) < 9,7 > 0,
then x = y. Then there exists a bijection B between f-invariant measures
uwon X and f invariant measures [i on X, such that (i) = p. Under this
bijection, we have that h, = h; and that Pf( )= Pf(gpmr) In particular the
equilibrium states of ¢ wzth respect to f (on X ) are obtained as push-forwards
of the equilibrium states of p o m with respect to f (on X) i.e if p is an
f-invariant equilibrium state for ¢ € C(X) on X, then there exists a unique
f—invam’ant Borel probability measure fi on X, such that i is an equilibrium
state for o o and m. (i) = w.

7) If X can be written as a union of compact subsets, X = U X; and f(X;) C

2

ot
~

X;,i € I, then for any ¢ € C(X), we have Ps(p) = supPﬂ (plx,)-

Now let us say a few words about the special case of Axiom A holomorphic maps
on P2, For most of this, a good reference is [3]. First of all, if f is a holomorphic map,
f : P2 — P2 then there exist homogeneous polynomials P(z, 21, 22), Q(20, 21, 22),
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R(z0,#1,22) of the same degree D such that flzo : 21 : 22] = [P(z0,21,22) :
Q(z0,21,22) : R(20, 21,22)], where [zg : 21 : 23] represent the homogeneous coordi-
nates on P2, We will work only with the nontrivial case when D > 2 (nondegenerate
maps). If f is hyperbolic on its basic set A, then we know from above that the local
stable/unstable manifolds are embedded complex disks, such that W3(f, ) is tan-
gent at z to the stable space ES, x € A and Wg(ﬁ Z) is tangent at x to the unstable

space corresponding to &, EY, & € A. Let us notice that the above expression of f
using polynomials, implies that f is finite-to-one.

We will also denote by Sy, S1, 52 the sets of points in 2 with their unstable index
(i.e the dimension of the unstable space ) equal to 0, 1, 2 respectively.

We take this opportunity to say that the case of endomorphisms is not just a
simple extension of the diffeomorphisms case,and that there appear new phenomena,
which can be explained by the non-injectivity of f. Indeed, in [7], I proved that,
although §%(x) < t2, where t¢ is the unique zero of the pressure function ¢t — P(t¢*)
(¢°(y) :==log |Dfs(y)|,y € A), still the equality does not always hold. For example,
take the map f(z,w) := (22 +c,w? +d),c # 0,d # 0. Then, if the complex number
c is chosen such that [1 — /1 —4c| = 2, we obtain P(2¢%) > 0, therefore t5 > 2,
but on the other hand, 6%(x) < 2.

The stable dimension has been considered in the papers [9], [10]. As said before,
the stable dimension cannot be written using the Bowen equation, as the unique
zero of the pressure function for the stable potential. Instead we obtained estimates
using a new notion, that of inverse pressure.

Another important difference from the case of diffeomorphisms is that the local
unstable manifolds do not give a lamination near A in the case of noninvertible
maps ([11]). In fact, through any point  of A there may pass an uncountable
collection of unstable manifolds of type Wé‘( f,&). This has the effect that, a priori,
the Hausdorff dimension of A is not equal to the sum between the stable dimension
0%(x) and unstable dimension 0%(Z). This gives another difference from the case
of diffeomorphisms. Notice also that, although f is a homeomorphism on X, it is
not smooth, so many of the properties of diffeomorphisms do not extend to f (for
example those related to estimates where the derivatives are used).

We proved in [12] that the stable dimension of holomorphic Axiom A maps which
are open on the basic set A, is in fact independent of both the point z € A and
of the size 8 (as long as f is small enough); that proof involved the sequence of
inverse pressure functions corresponding to the iterates of f on A. We will prove
the independence of the unstable dimension, by considering the (usual) topological
pressure on the natural extension of A.

In the sequel we will encounter also the notion of Smale space. We will give
its definition and some properties, following [19]. Then we will specify a particular
case of Smale space important in our applications.

Definition 8. Let (X, d) be a nonempty compact metric space with metric d, and
f X — X be a homeomorphism of X. Assume that there are given some numbers

g0 > 0and A € (0,1), and a continuous map [, -] : {(z,y) € X x X,d(z,y) < e} —
X with the following properties:
a) [z,z] = z,[[z,y], 2] = [z,2], [z, [y, 2]] = [z, 2], whenever the two sides of the

last two relations are defined.
b) Let us define V; (z) := {y,y = [z,y],and d(z,y) < 6} and V" (z) == {y,y =
[y, z],and d(z,y) < ¢}, where § < g¢ is small enough.
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Then, suppose that f[z,y] = [fz, fy],z,y € X and that
d(f"z, f"y) < N"d(2,9),y,2 € Vg (z),n >0
d(f™"y, f7"2) < Nd(y, 2),y,2 € V5 (2),n > 0

A compact metric space (X,d) with a homeomorphism f : X — X for which
there exist €9, A with the above properties is called a Smale space. The sets
Vs (), V5" () will be called, respectively, the local stable set (of size §) of x € X,
and the local unstable set (of size 0) of x; they may also be denoted by Vi (f,z)
and V;’( f,x) when we want to emphasize their dependence on f. O

If X is a Smale space as above, and § > 0 is small enough, then it follows easily
that

Vs (@) V5" (y) = [2.9]
Also, notice that, by replacing eventually § with a smaller number, we get :

Vi (@) = {y,d(f"z, f"y) < 0, = 0}
Vit (@) = {z,d(f "z, f"a) < 6,n = 0}

One can prove easily that, if X is a Smale space for the homeomorphism f, then f is
expansive on X, and that the nonwandering set of f is in fact the closure of the set
of periodic points. Also, we have Smale’s Spectral Decomposition Theorem ([19]),
saying that the nonwandering set of X is the union of finitely many disjoint compact
subsets §2;, which are f-invariant and such that f|q, is topologically transitive; the
sets §2; are called basic sets. Moreover each basic set (2; is the union of k; disjoint
subsets Q7,1 < ¢ < k;, which are cyclically permuted by f and such that f*i o,
is topologically mixing. Let us also add that any f-invariant measure on X has its
support in the nonwandering set and that any f-invariant ergodic measure has its
support in one of the basic sets.

Notation: In the sequel we shall denote the space of Holder continuous real
maps of exponent o > 0, defined on a compact metric space (X, d), by H*(X). So
HYX) :={p: X - R,3C > 0,and 6 > 0,s.t |p(z) — p(y)| < Cd(z,y)*,Vz,y €
X,with d(z,y) < 0}. When the constant C' > 0 is also fixed, we will denote
by H(X) the space of real functions on X, satisfying the above inequality with
exponent a and multiplicative constant C. O

Another very important feature of Smale spaces is that they have Markov par-
titions of arbitrarily small diameter ([19]). From this it follows that there exists a
symbolic dynamical space modelling the action of f on X, i.e a subshift of finite
type L4 with a transition matrix A (this subshift is denoted below also by X and
is called a configuration space), and a projection p : X — X such that the following
are satisfied:

Theorem (Properties of Smale spaces). If X is a Smale space for the homeomor-
phism f, and if X is a configuration space for the symbolic dynamics of X , with
the shift map T : X — X, then we have the following properties:
(a) The canonical projection determined by the Markov partition, p : X — X is
continuous and surjective;
(b) poT = fop;
(c) If f is topologically transitive (respectively mizing) on X, then T is also topo-
logically transitive (respectively mizing) on X ; hence if f is mizing, (X,T)
becomes a transitive Markov chain (one says that a shift 04 : X4 — X4 is a
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transitive Markov chain if A is a transitive matriz, i.e if there exists a positive
integer m such that the elements of A™ are all strictly positive, [5]).

(d) Assume that f is topologically mizing on X and let a real function ¢ € C(X).
Then Py(@)P-(pop). If o € H(X), then there exists a unique equilibrium
state p, for ¢ on X which is obtained as iy, = DiVgpop, Where Vyop is the
unique equilibrium state for p op on X;

(e) Under the same assumption as in (d) (i.e topological mizing), we have that
the pressure functional Py is real analytic on H*(X);

(f) Under the same assumption as in (d), if p € H*(X), then suppp, = X also,
if o, € H*(X), then their unique equilibrium states ju,, 1y are equal if and
only if there exist a constant x € R and a continuous function ® on X, such
that

Yp—p==0o0f-0+y,
X s unique, and ® is unique up to an additive constant.

Notice that in part (c) of the previous Theorem, the fact that (X4,04) is a
transitive Markov chain is not the same as saying that (X 4,04) is a Markov chain
with topological transitivity; the first property refers to the transitivity of the matrix
A and implies in fact that o4 is topologically mixing on 4. Of great importance
in the theory of equilibrium states is also the notion of specification. There are
several equivalent definitions (see for example [2], [5], [19], etc.).

Definition 9. Consider an arbitrary compact metric space (X,d) and a homeo-
morphism f : X — X. Then we say that f satisfies specification on X if, for
every € > 0, there exists a positive integer p(e) such that the following condition
holds:

if 1 := [a1,b1], ..., In, := |an, by] are disjoint finite intervals in Z, contained in a
larger interval [a, b], with b; +p(e) < a;4+1,i = 1,..,n—1, and 21, ..., z, are arbitrary
points in X, then there exists a periodic point x € X satisfying:

foatPE) () = 2, and
d(flz, flz;) <eleli=1,.,n.
O

Remark 1: a) It is relatively easy to prove that any transitive Markov chain has
the specification property. Also, if a homeomorphism of a general compact metric
space X has the specification property, then it is topologically mixing.

b) Bowen ([2]) showed that, if f is an expansive homeomorphism on X satisfying
the specification property, then for any Holder continuous potential ¢ € H(X)
there exists a unique equilibrium state. O

Then using the symbolic dynamics representation (X ,T) associated to a Smale
space (X, f) (from the above Theorem on Properties of Smale Spaces), together
with the above remark, we obtain the following:

Theorem (Equilibrium states on Smale spaces). Let X be a Smale space for the
homeomorphism f, such that f is topologically mixing. Then for any a > 0 and
any potential p € H*(X), there exists a unique equilibrium state p,, of ¢ on X.

Next, we shall give an example of Smale space which will have important appli-
cations in the sequel. Consider as above, a smooth (i.e C",r > 2) map f: M — M,
on a compact Riemannian manifold M. Let us assume that f satisfies Axiom A.
The following appears in [18], and we cite it for future reference:
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Theorem (Spectral Decomposition Theorem). In the above setting, the nonwan-
dering set Q of f can be decomposed as the union of finitely many f-invariant dis-
joint closed sets §1;, on which f is topologically transitive; these sets are unique up
to order and are called basic sets of f. Moreover, each set ; can be decomposed as a
disjoint union of subsets Q. k = 1,..,n;, such that f(Qx) = ey, k=1,.,n
Qjn;41 =51, and f79 is topologically mizing on each subset ;.

Vel

In the sequel, as announced before, we will work with f : M — M smooth map,
satisfying Axiom A, and with a basic set A of saddle type. One can form the natural
extension A := {& = (x,x_1,2_9,...), f(x—i—1) =x_4,x_; € A;i > 0,20 = x}. As
said before, for each number K > 1, there exists a metric dx on A, compatible with
the topology induced from the product space.

In this setting, for each & € A and each § > 0 small, let us define the following
subsets of A:

Vi (2) == {g € A, dg(f"#, f*§) < &,n > 0},and
Vit (@) = {9 € A, d(f "2, f"9) < 6,n > 0}

Using the fact that A has local product structure ([18]) we can define a map |-, -] as
in the definition of Smale spaces, by putting [#, 9] = V5 (2) NV (§), for dx (2,9) <
d/2. One can check easily that the conditions in the definition of Smale spaces
are satisfied, and hence A is a Smale space with the above relation [-,:] and the
homeomorphism f : A — A.

We know from the Spectral Decomposition Theorem that f is transitive on A
and this implies that f is also transitive on A ([19], pg. 145). Also, we know that
f is expansive on A. Therefore the properties of Smale spaces from the Theorem
above apply to the natural extension A and the homeomorphism f In particular
there exists a symbolic representation of A denoted by A and a projection map
p: A — A; let us recall also the canonical projection 7 : A — A. Also from [19],

it follows that, if ¢ € C(A) then Py(p) = Pj(p o) and that 7 induces a bijection

[ — i, between the f—invariant states on A and the f-invariant states on A such
that 7.t = p and h,, = hy.

We study now the problem of uniqueness of equilibrium states and that of coin-
cidence between equilibrium states and Gibbs states. First of all, a definition:

Definition 10. Consider a continuous map f : X — X, where X is a compact
metric space and let ¢ € C(X). Then we will call a probability measure v on X, a
Gibbs state (or a Gibbs measure) for ¢ if and only if for each € > 0, there exist
A, B: > 0 such that for all y € X and integer n > 0, we have:

AEeSncp(y)—nP(Lp) < y(Bf(y,a,n)) < Baesnsﬁ’(y)—"P(‘P),

where S,0(y) = o(y) + ... + o(f"'y),y € X and Bf(y,r,n) is the (n,r)-ball
centered at y (r > 0), from Definition 5. O

Regarding the construction of Gibbs states and their relation to the equilibrium
states, we have the following important Theorem ([1], [5]):

Theorem (Bowen’s Theorem on Construction of Gibbs/Equilibrium States). Let
(X,d) be a compact metric space and f : X — X an expansive homeomorphism
satisfying the specification property. Let also ¢ € H*(X), for some arbitrary o > 0.
Then there is ezactly one equilibrium state p, for ¢ on X. The measure [, 5 a
Gibbs measure for ¢ and it is ergodic.
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If we denote by Fixz(f™) the periodic points of period n of f on X, and by

P(f,p,n):= S e3%@ then the measure , is obtained as:
zEFiz(fm)
! T S
po = lim ———— e PTG,
n—oo P
(f7(P7 )wEFm(f")

where, as usual, 0, denotes the Dirac measure at the point x.

Let us see how this may be applied to the case of Smale spaces associated to basic
sets of saddle type. We have a smooth map f: M — M on a compact Riemannian
manifold M satisfying Axiom A, and let A be a basic set of saddle type; we have also
A the natural extension of A relative to f with the homeomorphism f A—A A
has a natural structure of a Smale space, and since f is transitive on A, it follows that
f is transitive on A. Denote by A the symbolic representation of the Smale space A;
we know from the Theorem on Properties of Smale Spaces that A is also transitive,
however a transitive map on a compact space does not always have the specification
property. Therefore we have to decompose A into its mixing components, given by
the Spectral Decomposition Theorem. So, we know that there exist disjoint closed
subsets of A, denoted by A, .., Ay such that f permutes A; among themselves and
[ is topologically mixing on each A;. This means that fN is mixing on T1A;,
where we recall that 7 : A — A is the canonical projection, (&) =z, € A
This implies that 7 is mixing on p~'7~!A; and hence it is easy to prove that
it has specification on that set ([1] or [5], pg. 581). But, from the definition of
specification and the properties of the projection p: A — A, we get that also f fN
has specification on 7~*A;. So, the Smale space A can be written as the union of
finitely many disjoint compact subsets, A = X; U...U Xy, X; =771(A;) such that
f(Xj) Xjt1, Xn+1 = X1, and fN satisfies specification on each X;. We want to
prove that Holder continuous functions on A have unique equilibrium states which
are also Gibbs states; the proof is based on the discussion for the mixing case.

Theorem 1. As above, consider a smooth Aziom A map f on a compact manifold
M and A a basic set of saddle type for f. Then, for each Hélder continuous real
function ¢ on A, there exists a unique equilibrium measure ftp which is also a Gibbs
state for .

Proof. First, consider the topologically mixing map fN on Xj, for some fixed
j,1 < 7 < N. (where we use the notations introduced before the statement of
the theorem). We know that fN is expansive on X; and it satisfies specification,
from the previous discussion. Hence we can apply Bowen’s Theorem on Construc-
tion of Equilibrium/Gibbs States given before. Thus for each Holder continuous

function ¢ on A, there exists an fN -invariant measure fi; on X;, which is the

unique equilibrium measure for ¢|x;, with ¢:=¢@ + o foo+ po fN 1. Define

now

1 N—-1
~ - ~ ik
E) = N /~51(X1 ﬂf E),

k=0

for an arbitrary Borelian set E C A. Tt is easy to check that [ is an f—invariant
probability measure on A, with hg, (fV) = Nh;(f), and that [ @dia; = N [ @¢dj.
Therefore, if fi; is the unique equilibrium state for ¢ on X;, with respect to fN ,
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then the measure defined above, i, will be the unique equilibrium state for ¢ on A,
with respect to f

We look now at the inequalities in the definition of Gibbs states. Firstly, the
map f : X; — X411 gives a conjugation between the maps fN : X; — X; and
N Xit1 — Xi41; hence from the Theorem on Properties of Pressure given
above, P]EN‘Xi (Plx,) = PfN|X11+1 (@lx;11),i = 1,..N. But from the same Theorem,

PfN‘A(Sz)) = 1217:15\7 Plexi (@lx,), since A = 1<§J<N X, and each X; is invariated by

fN. On the other hand, PleA(gé) = NPf(qg), so for each i, we have
Pin (@) = NPy() (1)

Let us also notice that for any positive integer n,
Su@(@; ) = (@) + @0 fY@) + .+ @0 YY)
= @)+ +@o NG + o [N (@)
+@o [N + .+ go FN(G)

= Sun(2(9))

(2)

Denote by v := [i; the equilibrium measure for ¢|x,on X;, with respect to fN.
Let us take now E := Bf(y,e,n), for some § € A and estimate j(E). Without
loss of generality, we can assume that § € X;. From the definition of i, we have
AE) = +W(XiNE)+..+v(XiNfN1E)). But X1NBj(g,e,n) C B, (0,6, (%))
(if w is a rational number, [w] denotes its integer part). Also, from the fact that f is
smooth on M, there exists e’ = £'(¢) < € such that BfN|X1 (@,¢,[%]) € Bj(g,€,n).
Let us use now the fact that v is a Gibbs state for ¢|x,:

(@;fN)*[%]PfN‘Xl(@\xl)

S o ENN_[n R ~ G
Ae/es[%]w(y;f ) [N]PfN‘Xl (@lx1) <v(X,NE)< BEeS[W]LP

Using now relations (1) and (2) and the above inequality, we obtain that there exist
constants C., D, > 0 such that for all § € X1,n > 0,

CEeSn@(?J)—"Pf*(@) <v(X;NE)< DeeSns@(@)—nPf‘(@)

Repeating the above argument for v(X; N f(E)),...,v(X1 N fN=1(E)), and then
using the above definition of ji, we obtain that f is indeed a Gibbs measure for ¢
on the entire Smale space A. This measure can be denoted by fi;. O

Corollary 1. In the above setting, let A be a basic set of saddle type for the Axiom
A map f: M — M. Then given any local unstable manifold Wg(:ﬁ),fc e A, and
any Holder continuous function ¢ € C(A), there exists a measure u = p(p, &, 3) on
Wg(i) N A such that for every e > 0 there are positive constants A, B. so that for
every y € Wy (Z) N A and every positive integer n, we have

A eSneW)=nPs(e) < w(Byy,e,n) NWE (&) NA) < B_eSne)—nP(e)

Proof. We use the lifting to the natural extension f c A — A, and the previous
Theorem in order to find a Gibbs measure fi := fis; for the Holder continuous
potential ¢ : ¢ o on A. (7 is Lipschitz, hence if ¢ € H*(A), for some o > 0, it
follows also that ¢ o € H*(A)). We can use now the local product structure on
A so any neighbourhood B(Z,§) of a given point & € A can be laminated by local

stable sets V5 (4),9 € V5" (2). Hence, if we have a measure /i on A, there exists
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a measure fi; 5 defined on V' (£) (6 > 0 small enough), given as fiz s = H. (i),

where H : B(#,8) — V57 (2),H(2) : V5 (2) N V;7(&). One can notice that the

measure fiz s does not depend on ¢ actually, so it can be denoted also by fiz.

Since f contracts distances on the leaves of V=, we see that iz (Bf|v+(») (9,e,m)) =
e

ﬂ(Hil(Bf‘\er(h)
Fe
that there exist constants AL, B, > 0 such that

AL < (B (§,e,m)) < BleSn et nEe),

(9,e,n))) = (Bs(4,e,n), when g € Vst (). Therefore we obtain

flo+.
‘v;r(m

for all § € V5" (2),n > 0. But recall that we have a bi-Lipschitz map L : V(&) —
Wi (2) N A, given by L(Z) = « (L is just the canonical projection restricted to
Vst (2)). Indeed, if the constant K (used in the definition of the metric dx on
A) is larger than 2, then W, (2) N A C L(V;"(2)), and d(y,2) < dx(§,%) <
2d(y, 2),y,z € Wg‘/z(i‘) N A and where g, 2 are the unique prehistories of y, z §/2-
shadowed by Z. (0 is small enough). Therefore L induces a measure u = u(z,3)
on Wg(&) N A such that for e < < 6, i(Bp_ (i)(gj,e/Z,n)) < w(By(y,e,m) N
/2

Wg(@) N A) < (B (9,2¢,n)). This implies that, for ¢ < [, there exist

! |vg“<i»>
constants A, B. > 0 satisfying

A eSneW)—nPile) < w(By(y,e,n) N Wg(ﬁ) NA) < Bgesw(y)—nf’f(sa)’
for each n > 0 and y € W () N A. O

We will consider in the next sections the intersection Wg(#) N A and prove
that its Hausdorff dimension is given by the unique zero of the pressure function
t — Ps(t¢"), where ¢"(j) = —log|Dfu(9)],9 € A; in particular the unstable
dimension is independent of & and 3 > 0 small.

We will show that, if g is an Axiom A perturbation of f, then the conjugating
map ®, is a-Holder continuous as a map from VB"’(QE) to Wg(2) N A. For holo-
morphic maps (for instance when f : P2 — P2 is holomorphic and with Axiom A)
we are able to give a new and precise estimate of the Holder exponent «. In the
proof of this theorem we will actually construct the unstable manifolds in the non-
invertible case and using this construction, will prove the existence of a Lipschitz
family of biholomorphic maps between the unstable manifolds of f and those of g.
Moreover, this theorem will imply that, if (f,), is a family of holomorphic maps on
P? depending real analytically on a, then the unstable dimension varies also real
analytically in a. Some estimates in the proofs will depend also on the constant K
used to define the metric dx on A.

We will also notice in the sequel that the stable dimension does not depend con-
tinuously on the parameter of f,; in particular the Hausdorff dimension of the basic
sets does not vary always continuously in the case of endomorphisms. Therefore in
the noninvertible case new phenomena can appear.

Lastly, using Corollary (1l we will look at the Gibbs states on the intersections of
local unstable manifolds and A. The Gibbs state of the unstable potential will prove
to be a geometric measure and we will use this fact (and a Laminated Distortion
Lemma on unstable manifolds) to show that the unstable dimension is equal to the
upper (and lower) box dimension.

The results above present an extension of the theory from the case of diffeo-
morphisms, although in this noninvertible case the proofs are different and one has
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to take into consideration prehistories, rather than points, and to introduce new
methods in order to deal with the lack of differentiability on the natural extension.

2. Unstable dimension is given by a Bowen type equation. Let us take
f: M — M asmooth Axiom A map on a compact Riemannian manifold M, with
the (real) dimension of the unstable spaces over a basic set A equal to 2, and f
conformal on its local unstable manifolds. Assume also that the entropy of f|a is
not zero. In particular f can be a holomorphic function on the complex projective
space P2, satisfying Axiom A.

Define the real function (called unstable potential) ¢*“(§) := —log |D f,.(§)|. Due
to the expansion of derivative on unstable spaces, we see that ¢ is strictly negative
on A. Let also the pressure function t — Pf(tqbu), which is continuous and strictly
decreasing (from the Theorem on Properties of Pressure given in Section 1). Since
P(0) = h(f|a) > 0, and P(t¢"*) < 0 when ¢ is large enough, it follows that it has a
unique zero t*.

Now, the distances between iterates of points from unstable manifolds, grow
exponentially. Using also the conformality of f along unstable manifolds we will
obtain a Laminated Distortion Lemma, similarly to the case of local stable manifolds

(170):

Lemma 1. In the above setting, with f conformal on its local unstable manifolds,
there exists 3 > 0 and C > 0 such that: if £ € A and y € W§(2), and n > 0 is such

that f*(y) € Wg(fkfn), 1<k <n, then

o DI e
© S D) =

where 7 is the unique prehistory of y, B-shadowed by .

We will give next a very useful Hélder continuity theorem for the unstable spaces
and consequently for the unstable potential ¢*. For this theorem we do not need
the hypothesis of conformality on unstable manifolds.

Theorem 2. (a) Consider a smooth map f : M — M which satisfies Aziom A and
let A be one of its basic sets of saddle type. Assume also that on the natural extension
of A, A, we take the metric dg, for some K > 1. Then the unstable tangent spaces
over A depend Holder continuously on their prehistories, i.e the tangent bundle over
A can be embedded in a trivial bundle A x R™tm2 - sych that, if 0 > 0 is a number
satisfying

sup [Df,()] - |Dfu(@)] - K < 1,

zeEA
then the map E : A — Gy(A), E(&) = E¥ is 0-Holder continuous (where we take on
the Grassmannian Gq(fX) of q-dimensional subspaces of the tangent bundle over A,
the metric induced by the embedding of T3 in A x Rm1tmz),

(b) If K > 1 and 0 = 0(K) satisfies the inequality from (a) then ¢* € HO(A).

Proof. (a) The proof is very similar with that of Theorem 2 of [7] and we do not
repeat it here. The condition on derivatives is the same here as in the case of
unstable manifolds studied in [7].

(b) This follows from (a) and the differentiability of log and of f on M. O
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We give now the main theorem of this section, about the equality between the
unstable dimension and the zero of the pressure function associated to the unstable
potential :

Theorem 3. Let as above a smooth map f: M — M with Aziom A and conformal
on its local unstable manifolds. Consider also A a basic set of saddle type and a
small positive number B such that all unstable manifolds T/Vg(,é)7 2 e A are defined.
Then the unstable dimension 6" (&;3) is equal to the unique zero t* of the pressure
function t — Pf(tqﬁu). In particular the unstable dimension does not depend on &

and (3.

Proof. Let us take § > 0 small enough such that all the local unstable manifolds
of size § are defined and given as embedded smooth (poly)-disks in M. So with
this fixed 8 we will denote 6*(&;3) by 0“(Z). Let us show first that §%(&) < t*.
Denote W'(2) N A by W, and take ¢ > ¢* arbitrary. Then Pj(t¢") < v < 0, for
some negative 7. But, according to Theorem 9.8 of [22], for any ) € C([\), Pf(w) =
P () ( f is a homeomorphism of A). For a continuous function ¢ € C(A), and
€ > 0 small enough, let us denote by

P,(¢,¢) :== inf{z ¢S Fis an (n,e) — spanning set in A, relative to f~!}
yeF
Then we have P;_, (t¢") = lim Liog P, (t¢", ) < v <0,

Hence there exists an (n,e)-spanning set F' for f —1, of minimal cardinality and

satisfying
Z eSn(td")(2) L ony (3)
ZeF

Now, if y € W C Wg(%), there exists a unique prehistory of y, denoted by g,
which is 3-shadowed by # and such that ¢ € A.

Assume that F = {2!, ..., 2‘}; then 7(F) = {z', ..., 2/}. Consider the set f"~ (W)
which is a subset of A. Hence for each y € W, there must exist an i, 1 <
i </, such that f~1g, € Bf,l(éi,a,n). So, this means that dK(f”_lg)*,éi) <
€, eeny A (Y, f‘"+12i) < . Let us take now V; := Wﬂwf_"HBf,l(éi,E,n),i =1..4.
Since the diameter of f*(V;) is bounded by 2¢, for all 1 < k < n — 1, and using also
the Laminated Distortion, Lemma (1) we see that there exists a constant C' > 0
with:

diamV; < Ce|Dfy~ (g.)| 7 1 <i </ (4)

But in (3) we have only unstable derivatives along the prehistories from F', so we

have to find relations between these and the prehistories ¢, appearing in (4). This

will be done using Theorem [2. Indeed let us consider for each i as above, the point
=W NWE(2,, 1), where we denoted 2% := (2%, z%4,...) € A. Then we have

0" (f¥52) = ¢ (fT RN < 19 (F49:) — 0" (FF D)+ 10" (FFC) — ot (f 1),
for1<k<n-1.
For the second term of the above inequality, we will use that (* € W2 (zinﬂ)7

so there exists some A € (0, 1) such that d(szinﬂ,fk(i) < AF. Therefore, using
Theorem 2| and the conformality of f on unstable manifolds, we obtain:

U (FECT) — ¢ (fHITRE)| < Codge (fREE, ft1TRzY),
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for some positive constant Cy independent of k. But dg(fF¢i, f=n1+kzl) =
. . k—1pni i Fi f—ntlgi _
d(fkcl’zl—n-‘rl-f-k) + d(f <}(—n+2+k) R % < )k +5%.'. +5 <
(A\)F, where X' € (0,1), and 1 < k < n — 1. Hence from the previous displayed
inequality we get
6" (f5C0) = " (f T IHEE) | < Co(N)F
This implies that
[log | Df2~" (g.)| —log [Df7 = (f 712"
< |log|Dfy~ " (g.) —log [Df7~(CL)|
+log [ Dfy = (Ol —log |Dfy = (f7+127))
SCit Y () =g < O+

1<k<n-—1

We used above the inequality |log |Df"~1(g.) — log |Df71(H)]| < €y, (for a posi-
tive constant Cy independent of n), which follows from the Lemma 1
So we obtained that there exists a constant C' > 0, such that:

1_ DAl
C 7 Dfam (frt1z)|
But then , from (3) and (4)) it follows that

Z diam(V;) < C'e™,

<C (5)

for a positive constant C’.

This implies that HD(W) < ¢; but ¢ has been chosen arbitrarily larger than t*,
so §%(z) = HD(W) < t*.

It remains to prove now the opposite inequality, i.e t* < §%(Z). For this, let us
consider some arbitrary ¢t > §*(z) and show that ¢ > t*, i.e show that P(t¢™) < 0.
Omne can use now a Theorem of Pesin and Pitskel ([15]) which allows us to write
the pressure using balls B f(g),a,ni) for different integers n;. So, for a continuous

potential 1) € C(A), a positive ¢, a positive integer N, and an arbitrary real number
A, let us denote

M.(\¢,N) = inf{z SN where A U B(g,e,n5),n5 > N,j € '}
JeF yeF -

Then denote by M. (A, %) := limy 0o Mc(A,%0, N); this limit exists since the se-

quence (M (X, ¢, N))n is increasing. Let also P-(v) := inf{\, M. (), ¢) = 0}; then

it is shown in [15] that P(¢) = lim. .o P-(%).

Therefore, in order to show that P(t¢*) < 0, it is enough to show that M, (0, t¢*) =
0,e > 0 small enough, i.e M (0,t¢*, N) = 0,N,e > 0 small. For this , it is enough
to find a finite cover of A with sets Bf.(g),a,ng),g € F, such that ny; > N and
Sger eSny (L") (@) 1

Consider now an integer m such that f~™W N A intersects all stable manifolds
WZ),(2), of points in A (this can be done as in [9]); it can be seen easily that
HD(f~™WnNA) =¢*(&). Using the inequality ¢ > §*(Z), we can find a finite open
cover U = (U;)i € I, of f~™(W) N A, such that

> (diaml;)" < & < 1, (6)

el



UNSTABLE MANIFOLDS AND HOLDER STRUCTURES 433

where & is a small positive number to be determined later.

We will produce a spanning set (in the above sense) out of the cover Y. In order
to do this, consider first for each i € I, the set U := UW_),(2), union over all
local stable manifolds of size £/2 which intersect U;. From the assumption on m,
we know that U, i € I cover the entire A. We need now a covering of the natural
extension A. Let us denote the diameter of A by p and assume that K > 1 defines
the metric dx on A; take a positive integer s = s(¢) such that £ < e. Now, take a
point y; in each U; N A, and cover the set Ws/Q(yi) with small open sets V;,j € J;,

in such a way that diamf*_s/(Vi-) < €,j € J;, for any local inverse iterate f*_s/,
and any 0 < ¢’ < s. But s depends only on &, hence N;(s) := |J;| depends only
on ¢. Let us denote by N(s) the largest such N;(s), when i € I. Next, for each
point z in some V;;, j € J;, we will have at most d® s-prehistories in A (if d denotes
the largest number of f-preimages that a point from A can have in A). Consider
C = (z,2-1,..., 2—5) an s-prehistory with z_; € A,1 < j < s. We will denote by

A(C.e) :={w € A, an s — prehist. (w,...,w_) with d(w_j,z_;) <e,1 <j < s}

Now, fixi € I and j € J;; fix also a point z € V;; and consider all the s-prehistories C
of z in A. Then for each Vj; there are at most d® such prehistories C. We will denote
the set of these prehistories C' corresponding to Vj; by I';; (where j € J;,i € I).
One can notice also that every local unstable manifold W*(2’), 2" € Vj; is included
in one of the sets A(C,¢), for some C' € I';;, (because of the way in which V;; were
taken); in particular V;; C CEL%_ A(Ce).

1]

Now, for each C' € I';;, consider some fixed complete prehistory 3¢ € A which
starts with the truncated prehistory C, i.e which satisfies zfj =z2_5;1< 7 < s,
(where C = (z,z-1,...,2_5)). Denote the set of all these prehistories by F, i.e

F:={:°CeTl}, wherel':= U Ty,
JjeJi i€l
Define now, for each i € I, the positive integer n; with the property that

diam f*(U;) < €,0 < k < n;, but diamf™ (U;) > «.
We want to prove that A ¢ U U Bf(éc,55,m), where I'; :== U I';;. We will
i€1 CET jed;

also prove in the sequel that eSni (t9")(Z9) < xodiamU;, C' € T';, where g is a positive
constant independent of C, .

Consider then an arbitrary prehistory @ of a point w from U}; we know that
Ur,i € I, cover the entire A, so for an arbitrary @ € A, there must exist an ¢
as above. We know also that there exists an s-prehistory C € T'; such that @
is e-shadowed by C up to level s, i.e d(w,2%) < ¢,...,d(w_s,2%,) < . Hence

d(wflazgl) (W*S’ng)

die(0,5) < d(w, 20)+ 8im)  JAein) | op < oqeq 4s bl <3

Notice next that due to the fact that 2¢ € U N A, there must exist a uniquely
defined point ¢¢ € U; such that 2¢ € WES/Q(EC). Also, since w € UF N A, it
follows that there exists a point £ € U; such that w € W;/Q(g). So, d(f*w, fF2¢) <
d(fFw, fEE) + d(f*e, FRFEC) + d(fFeC, fF29). But we know that d(fFw, fF¢) <
£/2,k > 0and d(f*¢C, fF2) < /2, k > 0,and also from the definition of n;, we see
that d(f*¢, f*¢%) < £,0 < k < n; — 1. Hence we obtain from the above relations
that d(fFw, f¥2°) < 26,0 < k < n;. Therefore dg (fFw, f¥2°) < 2e+2E 4. 42

<
KS —
56,0 < k < mn; (if K > 2). Thus we showed that & € Bf(éc, 5¢e,n;) for some C' € T';.

. . . n _ . /\C .
This implies that A = CLEJF B (2%, 5¢,n;).
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But we denoted by F' the set of the prehistories 2¢,C € T', so we obtain that F
spans A.

Next, let us estimate 5 (??")(Z7) | First of all, if éC is the unique prehistory of £€¢
given by the fact that £ belongs to a local unstable manifold which intersects U;, we
see that there exists a constant v > 0 such that eS» (#")(E) < ~vdiamU;, i € I. From
the fact that 2¢ € W§/2(§C), we will get then that dK(éc,éC) < dK(fé‘C, ffc) <

N N ~ n;—2

C)\s + %’ _._’dKocm—lgC'7 fni—léc) < c()\;“_l + ASK -+ ...+ 7](”11'—1) + —Kpni s where

As := sup |Dfs|. But this implies that there exist constants ¢ > 0, v € (0,1) such
A

29)

that dg (fF2C, fFC) < vk, 0 < k < n,.

Now let us apply the Holder continuity of ¢* from Theorem 2. So, we get
|9 (fF29) — ¢*(fFEC)| < C1yk,0 < k < n;, where C; > 0 and 7, € (0,1). Thus
S, (t6*)(2€) = S, (t6*)(EC)| < CL(1 4+ 2 + ... + 42 1) < Ly, for some positive
constant Lq. Therefore there exists a constant Lo > 0 such that

1 S uy(sCy_ uy(fC
< eSn () (ET) =8, (10 (ET) < [ 7
I, ¢ < Lo (7)
Let us come back now to the sum Y S (14" () and use (7) and the fact that
cel

5 (#")(E9) < ydiamU;, i € I. Recall that T' = _GILJGJ Ty;, and |[J;] < N(s),|T] <
el jedi
d*iel,je ;.
So, we have ) S (18 (E%) < L3d*N(s) > (diamU;)*, for some positive con-

cer icl
stant Ls. Recall also that s depends only on ¢ and that N(s) depends only on s.

Therefore, if in the begining we take & < m we get

Z eSni (16" (29) 1
celyiel

Recalling also that we showed that F' = {2¢ C € T'} spans A in the sense that

AC igl Cgri Bf(éc, 5e,m;), we can conclude that P.(t¢") < 0, hence:

Py(t¢") <0

Thus ¢t > t*. But ¢t has been chosen arbitrarily larger than 6“(&), thus 6“(&) > t*.
Corroborating with the other inequality proved earlier, we obtain finally that t* =
0%(2). O

In particular we notice that 6%(Z; 8) does not depend on 8 (small), nor on & € A,
S0 it can be denoted simply by ¢*, the unstable dimension of A.

As said above, the stable dimension cannot be written similarly using a Bowen
type equation, and ¢°(x) is in general only strictly smaller than the zero ¢* of the
pressure function associated to the stable potential ¢° (see [7] for further details).
However in the estimates of §°(x), a very important role is played by the inverse
pressures P~ and P_, as was observed in [9], [10], [12].

3. Construction and properties of unstable manifolds, a-Holder continu-
ity of ®, along unstable manifolds, estimates for the exponent « in the
holomorphic case. We will now prove that if g is a perturbation of an Axiom A
noninvertible map f, then the unstable manifolds of g depend Lipschitz continu-
ously on g. This proof will also help us in proving a theorem of uniform a-Hélder
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continuity of the conjugating map ®, along the unstable set V[;r (), € A. In the
special case of holomorphic maps on P?, the method of proof will give a new precise
estimate for a. As a remark, the unstable manifolds depend smoothly on a (in a
certain sense), when (g,), depends smoothly on the parameter a.

First, we need to define the notions of continuous family of submanifolds
and Lipschitz family of diffeomorphisms.

Definition 11. (a) Let (X, d) be a compact metric space and M a smooth Rie-
mannian manifold. Assume that to each x € X we can associate a submanifold F,
of M in such a way that this correspondence is continuous, i.e for each € > 0, there
exists n(e) > 0 such that if z,y € X,d(z,y) < n(e), then d(F,,F,) < €, where
by d(Fs,F,) we understand the distance in the Hausdorff metric between the re-
spective sets. Then we call F = {F,}, a continuous family of submanifolds
indexed by X.

(b) Let now E be a metric space and Y C E an open subset of E such that to
each g € Y we can associate a continuous family of submanifolds of M indexed by
X, denoted G(g). Assume that we fix an f € Y and denote G(f) by F. Assume
also that for each g € Y, there exists a family of smooth diffeomorphisms W9 :=
{U9}iex, P9 : Fr — G(g)z,x € X (we assume that the diffeomorphisms ¥¢ are in
the same category C",r > 2, as M and f). Then we say that a family (¥9),cy is a
Lipschitz family of diffeomorphisms if there exists a positive constant C' such
that d(VZ,9%) < C-deo(k,9),9,5 €Y, and x € X. (the distance d(¥9, ¥?) is the
usual supremum distance in C(F,, M) ).

We are ready to state now a theorem about perturbations of f and the cor-
responding conjugacy maps ®,, giving also a Lipschitz family of diffeomorphisms
between local unstable manifolds. The Lipschitz continuity of ®, (in g) and the
existence of a Lipschitz family of unstable diffeomorphisms are new facts in the case
of endomorphisms (but items 1)-3) are known, for example [18]).

Theorem 4. Let M be a compact Riemannian manifold, and f : M — M a
smooth map on M (M and f are of the same order C",r > 2). Let also A be a
compact subset of M such that f(A) = A, f|a is transitive and f is hyperbolic (as
an endomorphism) and has local product structure over A. Assume also that g is
a perturbation of f, i.e g belongs to a small neighbourhood U of f in C*(M,M).
Then:

1) There exists a continuous map ® : U — CO(A, M) such that ®(g) o f =
go®(g),g €U and O(f) = my, where my : A — A is the canonical projection

2) If g €U and ® is the map from 1), let us denote by ®, := ®(g). Let Ay =
®,(A); then g(Ay) = A, and g is hyperbolic over A,.

3) ®, can be lifted to a homeomorphism i)g T Ag, which conjugates the
actions off and § on A, Ag respectively (Ag represents the natural extension
of Ay with respect to g).

4) There is a constant C' > 0 such that dgo(z ppy (g, P) < Cdeon,nr) (9 k),
g,k EU.

5) There exists § > 0 such that for every g € U, there are local unstable (sta-
ble) manifolds of size B at all points & € f\g (x € Ay respectively), and
there exists also a Lipschitz family of diffeomorphisms {©%(g) : W§(f, %) —
Wg(g, Qy(2))}zea (resp. {O3(9) : Wg(f,m) — WE(Q’%%(@))}@EA) such
that ©%(g)(z) = ®,4(%) and ©%(g)(x) = ®,(2),% € A.
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Proof. The proof of item 1)-3) follows the general ideas from [20] and [4] adapted
to the natural extension A and to the hyperbolicity of f as an endomorphism (i.e
where the unstable manifolds depend on the entire prehistory of the base point). It
is good to recall it here since it will be used in the proof of 4) and 5).

Proof of 1), 2), 3): Let us consider C(A, M) be the metric space of continuous
maps from A to M , with the sup metric. For each g € U define the map £,
C(A, M) — C(A, M), L,(h) := gohof~1. Notice that Lg(h) = fohof~! and that Ly
has a hyperbolic fixed point at 7. We can apply now the procedures from Theorem
7.8 of [20]. The idea is the following: first linearize C (A, M) by replacing it with the
space of continuous sections T'(A, T WM), where Ti M = {(,v),& € Av e T,M}
is the tangent bundle over A this replacement can be done using the exponential
maps. One then replaces £, by its expression in exponential coordinates L,
T, (A, TiM) — I(A, Ty M), where for small r > 0, I';. (A, T3 M) denotes the bundle
of balls of radius r in F([\,TAM). Hence L£,(0)(%) = exp; (glexp._,o(f~12))),
where & = (x,2_1, ...). Next we show easily that L, is Lipschitz close to a hyperbolic
linear operator F' on the section space T'(A, TiM), i.e that for a small ¢ > 0,
Lip(ﬁ_g — F) < e. Tt can be shown that Eg is a Lipschitz perturbation of its
derivative F at the zero section (Lip(F') denotes in general the smallest Lipschitz
constant of a Lipschitz map F'). In this case, Proposition 7.7 of [20] shows that
L has a fixed point Z,; near the zero section. But this is equivalent to £, having
a fixed point ®, € C(A M), close to the canonical projection 7y : A — A. This
implies that ®4 o f=go Q.

Next, we deﬁne the lifting i)g of 4. Let & € A and y := ®,4(2). Let also y_1 :=
ég(f_li“); we see that g(y_1) = g, (f12) = Of(f_li) ¢(&) = y; similarly we
can define y_; := & (f %),i > 1. One can prove as above that § J:= (Y, Y—1,Y—2,---)
is indeed a prehistory of y in A Then it follows easily that <I> is a homeomorphism
of Ag. The fact that the hyperbohc structure of f on A transfers to a hyperbolic
structure of g on Ag is proved similarly as in Prop. 7.6 of [20]. This concludes the
proof of items 1), 2), 3).

Proof of 4) Let us estimate now d(Ly,,Ly,) for gi,92 € U. We know that
Ly Ly, : CAM) — C(A, M), Ly, (h) = gihf™", L, (h) = gohf~"; hence (Ly, —
Ly,)(h) = (91 — g2) o hf L. Thus we obtain  sup |Ly, — Ly,| < d(g1,92) since

heC(A,M)
M is a compact manifold.

Now, let us recall how the map £, was formed; we took x the chart defined
on a neighborhood V of 7y in C(A, M) given by x : V — ', (A, T M), x(h)(&) =
exp,th(2),4 € A, where exp, denotes the exponential map at x. This works since,
if h is close to my, then h(Z) is close to z, so we can apply the exponential map.
Then £, = xL,x" . Thus d(Ly,,Ly,) < Cid(Ly,, Ly,) < Crdeoar,an (915 92),
for some positive constant Cy. But then from Proposition 7.7 of [20], we have
| Zy, — Zgo| < C2d(g1,92),91,92 € U. So, if Z, € T,(A, T M), we will define
D, () := expyZy(i),4 € A.

Since exp is a local diffeomorphism we also get from above that there exists a
constant C' > 0 such that d(®,,, D4,) < Cd(g1, g2)-

So we showed that the conjugating map ®, depends Lipschitz continuously on
geu.
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Proof of 5): We shall now prove the existence of a Lipschitz family of diffeomor-
phisms {©% } _; satisfying the conditions from the statement. In the proof of 1), 2),
3), we defined the map L, : C(A, M) — C(A, M), Ly(h) = ghf~*,h € C(A, M), and
we proved that it has a hyperbolic fixed point denoted by ®,, which is close to the
projection 7y : A — M; we also denoted A, := ®,(A). Take now Wy C C.(A, M)
be a local unstable manifold of the fixed hyperbolic point ®,, where CE(A, M) is

a neighbourhood of the canonical projection 7y : A — M. In the same way as
in Theorem 3.2 of [4], one can prove that W'(y) := {h(“) h € W“} is a local
unstable manifold corresponding to the prehistory § = & ¢(Z) € Ay. But from
the Unstable Manifold Theorem for a Hyperbohc Point of [4}, it follows also that
Wy is the graph of an unstable function G, : C(EY) — C.(E%), where € > 0 is
small and C.(EY) represents the bundle of balls of radius e centered at the zero

section, inside the bundle of continuous sections of E%. Notice also that C.(A, M)
can be identified with C.(EY) x C.(E}) by exponential coordinates. We will re-
call how the unstable function G, was obtained, from the general Unstable Mani-
fold Theorem for Banach spaces ([4]), as the unique fixed point of a graph trans-
form. Indeed, we defined earlier the map x (giving the exponential chart) and
Eg : FE(A,TAM) — F(A,TAM),E_Q = xLyx~'. The map fg has an associated
graph transform Ty : M — M, with M = {H : C.(E}) — C:(E3),H(0) =
0, and Lip(H) < 1}, where 0 = zero section.

In the sequel we will find an expression for I'y starting from the decomposition
of L, as Ty x Ty, where Ty : Co(TiM) — C-(E}) and Ty : Co(TiM) — Ce(E3).
Now, if H € M, define S;(H) := T} o (id, H), where id denotes here the identity
of the bundle C.(EY) and S2(H) := T, o (id, H). Because Dg is expanding in the
unstable direction, we have that Si(H) is an injective map C.(E}) — C(EY) and
S2(H) : Ce(E%) — C(£3).Then, it can be shown that Sy (H)(C.(E )) DC(F ) and

that S1(H) is a Llpschltz homeomorphism onto its image, with LlpSChltZ inverse.

)
-1
Therefore <51 e Eu)) takes values into C.( [\>; hence it makes sense to apply

-1
) to (Sl e EY ) , thus obtaining that:

T, (H) = So2(H) o (S'l(H)Ichag))_1

Since the Lipschitz constant of Sy(H) is easily seen to be strictly less than 1, we
conclude that I'j(H) € M, so I, is a well defined map M — M. Using the above
expression, it can be proved also that the graph transform I'y is a contraction.
Thus I'y has a unique fixed point G, : C. (EX) — Ce (Ei) The graph of G, gives, by
exponential coordinates, the local unstable set W, of ®,,.

Let us prove next that this unstable function G, depends Lipschitz continuously
on g, i.e that there exists a positive constant Ky such that

sup  |Gy(0)(2) — Gr(0)(2)| < Kolg — k[, Vg, k€U
aeCE(E}(),fce/\

We will prove this property in the general setting, i.e for an arbitrary map h :
E(r) — E, with E a Banach space and E(r) the closed ball of radius r centered at
0 in . We assume that there exists a linear operator T' = Ty x Ty : E — FE,
T; : E;, — FE;;v = 1,2 and T is a hyperbolic operator, expanding on F; and
contracting on FEa; assume also that Lip(h — T) < ¢ < 1,]h(0)] < 0 < 1, for
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some small constants ¢,5. Let us define h; := p; o h,i = 1,2, with p; the pro-
jection from E to E; and M := {H : Ey(r) — Es(r),H(0) = 0,Lip(H) < 1}.
Then let SP(H) := hy o (id, H), S}(H) = hy o (id, H); using the definitions, it
can be shown that SP'(H)(Ei(r)) D Ei(r) and that the Lipschitz constant of
the map (S’{L(H)|E1(T))_1 is strictly less than 1. So, one can define the map

I'y(H) = ShH) o (S?(H)|E1(T))_1. It can be checked that it is a contraction,
hence from the Contraction Principle it has a unique fixed point G, € M. We
prove now that G, depends Lipschitz continuously on h. Indeed since G;, gives the
fixed point for T'j,, we know that |G, —Gn| = [T (Gx) —Th(Gn)| < ITw(G) =Tk (Gn)|+
ITw(Gr) —Th(Gh)| < &/|Gis —Gn|+ T (Gr) —Trh(Gr)|, with o’ € (0,1) the contraction
constant of I';,. But from definition, I'y(H) = S5(H) o (Sf(H)|E1(T))_1 and simi-
larly for Ty, (H). In the sequel we will write for simplicity Sf(H)™! (and SF(H)™1)

instead of (S5(H)|g ) (respectively (SP(H)|g, ) ). So [Tw(H) — Th(H)| <
(S5 (H) o S (H) 1 — S5(H) o SH(H) | + |S5(H) 0 SE(H)~ — S§(H) o St(H) | <
Lip(S5 (H))|S¢ (H)~* — SH(H) 1| + |S5(H) — S§(H)], and Lip(S3(H)) < 1. But
recall that S5 (H) = kg0 (id, H), where here id denotes the identity of E;(r). Hence
|S5(H) — SE(H)| = |kg o (id, H) — hg o (id, H)| < |k — h|. Also, |S}(H)~
SHH)™'| = [Sf(H)™" o SP(H) o S{(H)™" — SF(H)™" o SF(H) o SP(H)™!| <
Lip(Sy¥(H)™Y)|Sh(H) — S§F(H)| < Colk — h|, for some constant Cy > 0 and any
h, k. In conclusion we proved the general statement that the fixed point G;, of T'y,
depends Lipschitz continuously on h.

Hence, also in our case of the unstable function G4, there exists a positive constant
Ky such that |Gy — G| < Ko - |k —g|,Vg,k € U.

In our case, the unstable function G, gives the graph (modulo exponential coor-
dinates) of the unstable set W', Vg € U; recall also that Wi Wy C CE([\, M) and
we can assume that these are local unstable sets of size 3 > 0 (W} is the local
unstable set of size 3 for the projection 7y and Wy is the local unstable set of size
f3 of the conjugacy map ®4). We will define then a map ©%(g) : W} — Wy in the
following fashion:

0%(9)(v,9¢(v)) = (v,G4(v)), v € C-(EY)

Now, for a prehistory # € A, let § := ®,(#) € A,. Recall also that Wg(f,2) =
{w(@),w € Wi} and W(g,9) = {w'(§),w" € W“} Then define a map between
local unstable manifolds of f and g by:

©35(9) : W5 (f,2) — Wg(9,9), 05(9)(w(2)) := 0"(g)(w)(9), w € W}

It is proved in [4] that G, is of order C! if g is C', and g is C'-close to f. Hence
©Y(g) is also a C' diffeomorphism. Notice also that from the definitions it fol-
lows that ©}(f) = the identity on Wg(f,#). We showed before that there exists
Ko > 0 such that |Gy — Gi| < Kolg — k|, 9,k € U, hence |(v,G4(v)) — (v,G.(v))] <
Kolk —g|,v € C. (EX) Thus by passing through exponential coordinates we obtain
0% (k)(6) — O%(9)(€)] < Kod(k,g).& € Wi(f,),& € A. This shows that ©%(g)
depends Lipschitz continuously on g, hence the family {©%(g)},.i is a Lipschitz
family of diffeomorphisms. Similarly it can be shown that (©%(g))~' depends Lip-
schitz continuously on g € U. R

Let us also show that ©%(g)(z)®y(2) = y,& € A. First of all, W} is the local
unstable set of the canonical projection 77 : A — A. So ©%(f)(z) = O“(f)(mf)(2).
Now, for g € U, we have G, the unstable function, giving the graph of the local
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unstable set W' of the fixed hyperbolic point ®,. So ®, = (0,G,(0)), where
®, € C.(A,M), 0 is the zero section over A of the bundle Ce(EY), and where
we identified again C.(A, M) with Co(EY) x C.(EF) with the help of exponential
coordinates. But @y = 7y = (0,G7(0)), so &, = (0,G4(0)) = ©“(¢)(0,G;(0)), i.e
®, = ©%(g)(ny). This implies that O%(g)(z) = ©%(g)(m)(2)®,(2) = y, & € A.
Similarly, the conclusion of 5) can also be proved in the case of families of local
stable manifolds. O

Remark 2: Assume that A is a non-empty open set in R”. From the previous
proof it follows that if (g4)ac is a family of perturbations of f (in C"(M, M),r > 1),
which depend smoothly (C”) on the parameter a, then the unstable manifolds
of g, depend smoothly (C") on a. This means that for any & € A, the map
(a,2) — ©%(ga)(2) is a C" map from A x Wg(f,#) to M, and its derivatives de-
pend continuously on & € A. This is proved in the same way as before, using
also the Implicit Function Theorem to show that the fixed point of I'y, depends
smoothly on a € A. Then we use the maps 0%(g,) to define the diffeomorphisms

O(ga) : Wi (£.2) = W (ga: g, ())- O
Corollary 2. Suppose that M is a compact complex manifold and f : M — M 1is
a holomorphic Aziom A map, and A is one of its basic sets of saddle type. Let also
another holomorphic map g on M, which belongs to a close neighbourhood U of f
inside C°(M, M).

(a) Then g has a basic set Ay on which it is hyperbolic and there exists a sur-
jective map ®g4 : A — Ay, commuting with f and g. The maps f and g have
systems of local unstable/stable manifolds Wg(f,2), W5(f,z), % € A, respectively
W5(9,9), W5(g,9),9 € Ag, for some B > 0; these manifolds are embedded complex
disks, with T,W§(f, ) = B¢, T,W5(f,z) = E;, & € A and similarly for g.

(b) There exists a Lipschitz family of biholomorphic maps ©%(g) : Wg(f,2) —
W59, 4(2)),2 € A, and ©3(g) : Wg(f,x)A — W5(g,®4(2)),2 € A such that
O%(g)(x) = D4(2),05(9)(x) = D4(2),& € A. Moreover there exists a constant
Ky > 0 satisfying:

103 (9)(§) — OL(k)(§)] < Kolk — gl,103(9)(§") — O3 (k)(§)] < Kok — g[, g,k €
U e Wi(f,2),& e Wi(f,z).

Similar inequalities are also true for (©%(g))~t, (©4(g))".

Proof. The proof follows along the same lines as in the previous Theorem. Now
we have to work with complex Banach spaces and with bundle maps which are
holomorphic on fibers. One constructs the diffeomorphisms ©%(g) as in the previous
Theorem and shows that they are now bi-holomorphic based on the fact that G, is
holomorphic. The Lipschitz continuity of ©%(g) follows directly from the Theorem.

O

We are ready now to prove that the conjugacy map ®, is Holder continuous
on certain subsets of unstable manifolds, when g is close to f, thus extending a
result of Palis and Viana ([14]). In the case of holomorphic maps on P?, we can
actually estimate the Holder exponent in terms of the distance d(f, g), between f
and g, in the uniform convergence metric. For this last estimate the holomorphicity
hypothesis is essential. In the sequel, a map ¥ : X — Y, between two metric spaces
(X,d) and (Y,d’), is called (C,«)-Hélder continuous if there exists some dp > 0
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and constants C' > 0, > 0 such that d'(¥(z),¥(y)) < Cd(z,y)* =,y € X with
d(z,y) < dp.

Theorem 5. Let f : P2 — P? be an Aziom A holomorphic map on the complex
projective space P2, and A a basic set of saddle type for f. Let g : P2 — P2 be
another holomorphic map such that we can define families of local unstable manifolds
for f and g of size 3. Let also n = n(g) = dm(f7 g) < e for some small
e > 0, where dm(f,g) denotes the distance between f,g in the sup metric

on the neighbourhood B(A,28) of A. Then there exist C > 0, and o = «fg) €
(0,1) such that for any & € A, the restriction of ®, to V;(f,i:) induces a map
on WE(f,2) N A, denoted by @Q\Wg(f@)m\, which is (C, «)-Holder continuous ; the

muerse (<I>g|W5(f@)mA)_1 is also (C, )~ Hélder continuous.

Moreover we can take above a = a(g) = bgl(o)g‘i;%)
u

constant, independent of g or n, and A, := inf {|Df,(2)],2 € Wg(f,2)}, and Z is
ZEA

, where ¥ is a fized positive

the unique prehistory of z, B-shadowed by .

Proof. 1f y is an arbitrary point in Wg(f,#) N A, for some & € A, then there exists
a unique prehistory ¢ such that d(y_;,z_;) < 8,4 > 0, where § = (y,y_1,...) and
# = (z,2_1,...). Hence d(y_;,;A) < B,i > 0, and also f*(y) € A,k > 0. So,
from the local maximality of A ([18]) it follows that, if 3 is small enough, then
y_; € A,i > 0. So for this particular prehistory we have § € A. Thus we can define
o, |Wg(f,i)mA(y) as being ®,4(7), which is a point in A,. It also follows from Theorem

4/ that ®,4(9) € W (g, d,(z)), for some small 3. Let now A, := inf {|Df,(2),z €
TEA

Wg(f,2),and 2 is the unique prehistory of 2, 3 — shadowed by &}.
Assume that y, z are points in a local unstable manifold Wg( f,&),d& € A; then

there exists a positive constant y independent of & € A such that
[Dfu(d) — Dfu(2)] = |D(f\wg(f,f))(y) - D(f|W;;(f,5c(2)| < xdu(y, 2), (8)

where d,(-,-) represents the metric induced by the metric from P? on Wg(f,2).
This is true by applying the Mean Value Inequality on the complex disk Wg'(f,2)
and recalling that Wg(f,2) varies continuously with & € A.

Assume that the distance n between f and g is small. From Corollary 2/ and
Theorem 4! item 4), it follows that there exists a positive constant x; > Ky such
that:

du(y, ©5(9)(y) < xan,and du(y. (05(9) 7' 24(9)) < xamy € WE(f.).2 € A (9)

The last inequality in (9) follows from Corollary 2/ and the inequality d(y, ®4(9)) =
d(®4(§),7(5)) < C - d(f,g) = O (Theorem & 4) ).

Let us recall now that the maps f, g and ©%(g), (©%(g))~" are all holomorphic,
for every & € A. Thus we can apply Cauchy’s inequalities on the complex disks
Wg( f,&) in order to bound the difference between derivatives by the difference
between the original maps. By using also inequalities (8) and (9) we will then
obtain:

[D((0%,(9)) ™! 0 g0 ©%(9))(y) — Dfuly)| < xon,Vy € WS(f,2), & € A, (10)

where y2 > 0 is a constant independent of y, g, Z.
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Let two points y,z € Wg(f,2), with 0 < dy(y,2z) < ¢ for some fixed small

§ > 0. Consider N to be the largest integer such that d(f*y, fF2) < 6,k < N.
Then d,(fN*'y, fN*12) > 6. From the conformality of f on W (f,#) and the
Laminated Distortion Lemma on unstable manifolds, we get that

4. f72) = dufw.2) - T IDL(PO < Madu(y2) T IDA(F)]. (1)

where £ is a point inside the ball B, (y,2d,(y,z)) in the metric d,, and M; is a
positive universal constant. Using (&), (9), (10), we can assume that §,e are of the
form vy - 1), respectively v -, for some constants vy, ve > 0 (independent of 1), and
that they satisfy:
i) if du(y, 2) <46 = |Dfu(y) — Dfu(2)| < €,y,2 € W5 (f, 2);
i) du(©%(9) ' @y(9),y) <9/2,y € WE(f, ) N A
i) [D(©%,(9)"" 090 O1(9)(y) = Dfuly)l < e,y € Wi(f, 2),

for all & € A and ¢ holomorphic on P2, g in the neighbourhood U of f.
Let us denote now @;x(g) by ©,, for a given map g inside U, n > 0 integer, and

&€ A. Then, from ii), and the way in which y, z, N were chosen above, we get that
du (0,10, (f9), 0,1 ®,(f"2)) < 25,0 <n <N (12)

But on the other hand, (©;'0go0©,_1)o..0(0;'0g00:)(0O;'0god,) =
O,log"0d, :@;10@90f". So, if y,z € WE(f,2)NA, and 0 <n < N, we have:

du (0,1 @y (£9), 0,10y (f"2))
= 4,(0%(0) ' 2(3). ©5(0) ™2y (2)) - T D67, 090 0,)(€,)].

where €5 € B, (0] ®y(5), du(0] 1 y(5), 0710y (2

(2))),0<j<n—1
Hence using the last formula, together with (11)

and (12), it follows that
N-1
du(©3(9) " ®g(9),03(9) " 4(2)) - I |D(O1 0 900,)(&)]
o (13)
<20 <20 <2-du(y,2)" - 11 [Dfu(Fy)|",
§=0

where o = a(g) € (0,1) is chosen such that A, —2eAf (we recall that € = vs - 7).
But now du (&, f/y) < 20,50 |D(05}10906;)(&;)| > |Dfu(&;)l—e > [Dfulfy)l~
2e > |Dfu(f7y)|*. Indeed, if we define the real map h : [A,, 00) — R, h(z) = 2* —=,
then h/(z) = ax® ! — 1, and since a € (0,1) and > A\, > 1, we get 271 < 1,
hence h is strictly decreasing; so, if a has been chosen such that A, —2e = A%, then
[Dfu(2)|* = |Dfu(2)| < AG — Au = =26,z € WE((),C € A.
Therefore, from (13), we obtain:

4 (03(9) 1 24(5), 03(9) "' 2y(2)) < 2-[Dfu(fNy)I* - duly, 2)*
Notice however that y, z € Wg( f, ), and that for their prehistories ¢, 2 shadowed
by &, we get ®y(9),®y4(2) € W(g,®4(2)). Now one can apply the bi-Lipschitz
continuity of the biholomorphic map ©%(g) : W§(f,2) — W (g, ®4(#)). Hence it

follows that there exists a positive constant C' (independent of g and # € A) such
that

du(q)g(?))v q)g(é)) < C - dy(y,2)%
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for all y, z € Wg(f, z),1 € A, where the prehistories ¢, Z are the unique prehistories
of y, z, f-shadowed by z.

Lastly, notice that o was chosen such that A\, —2¢ = A&, where € = vg - 1); hence
log(Ay, — 2v2 - 1) = a - log A,,. Thus we obtain the formula for «,

1 9.
P )

log Ay ’
where 9 := 2vy is a positive constant independent of g € U, and 7 denotes the
distance in the sup metric between f and g on a neighbourhood of A. O

In the case of holomorphic Axiom A endomorphisms, we found therefore an
estimate for the Holder exponent «; it was proved using the fact that {0%(g), & €
ANgeu } is a Lipschitz family of biholomorphic maps. The estimate for « is not
true without the holomorphicity condition. Using the previous Theorem, it is easy
to prove now the following

Corollary 3. In the setting of Theorem 5, denote by 6"(g) := HD(W§(g,%4) N
Ay), &g € Ag. Then if g is close enough to f, we have

alg) - 8°(f) < 8%(g) < ﬁ L64(f),

where a(g) = log(kzio—g );d(fag))

6"(g) — 0“(f) when g — f.

and ¥ > 0 is a constant independent of g. In particular

4. Real analyticity of the unstable dimension and existence of Gibbs
states for noninvertible maps. Differences from the case of diffeomor-
phisms. In the one dimensional case, Ruelle [17] showed that the Hausdorff di-
mension of the Julia sets of hyperbolic rational maps, depends real analytically on
parameters. As explained in [9], Mihailescu and Urbanski have found examples
that prove that the Hausdorff dimension of the intersection between local stable
manifolds and basic sets (called stable dimension) does not vary continuously in
the case of rational maps on P2, even if the parameters vary real analytically. In
the sequel we will prove that, by contrast, the unstable dimension varies real an-
alytically when the parameters vary real analytically. As proved in Section 2, the
unstable dimension 6% (; #) does not depend either on 8 > 0 (small), nor on Z € A.
We will need to use the following fact:

Lemma 2. Let M be a compact complex manifold and f : M — M a holomorphic
map satisfying Axiom A; let A be one of its basic sets of saddle type. Consider
now g : M — M another holomorphic map which is CO-close to f on A, i.e g €U,
where U is a neighbourhood of f in the sup metric on a neighbourhood B(A,20).
Denote by @ : A— Ay the conjugacy map given by Theorem 4. Then there exists
v (g) € (0,1) such that the lifting <i>g c A — Ag is v'(g)-Holder continuous for
certain metrics d on A, Ag. The exponent v'(g) can be obtained as min{a(g),v}
where a(g) is given in Theorem!|d, and v € (0,1) such that K7- (szjfp IDfs|+%) < 1.

In particular ® : A— Ay is ~'(g)-Hélder continuous, for any g € U.

Let us make the observation that, if both f and g are holomorphic, it is enough
to have g in U in order to prove that also the derivative in the stable directions of g,
Dygs, is close to D fs. (use the Cauchy formulas for the derivative of a holomorphic
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function and the fact that the stable directions of g are close to the stable directions

of f).

Proof. Take 8 > 0 as in Corollary 2 i.e such that one can form families of sta-
ble/unstable manifolds of size 3 for all g € U. According to Proposition 19.1.1 from
[5], in order to prove that ®, is Holder continuous, it is enough to show that @,
is Holder continuous on the stable/unstable sets Vi (f, ), V5" (f,2), of its Smale
space structure (0 < 6 < 8). But we know from Theorem [5 that ®, is Holder when
restricted to W§(f,2)NA, & € A; using the bi-Lipschitz map between Wg(f,2)NA
and V;r(f, #) (for some appropiate ), given by y — §, (where § € A is the unique
prehistory of y S-shadowed by Z), we see that i)g is Holder on V;'(f, z).

So, it remains only to show that ﬁ)g is Holder when restricted to the stable set
V5 (f,&). To this end, consider prehistories g,z € Vi (g,4'), for some &' € Ag.

AnAn z d(y—1,2-1 2 z

Then di (99, 92) = dlgy, g2) + W2 + gl 4> 02 4 dgian) o
Ldg (g, 2), for g € U; hence

dx (99, 9%2) > %d (9,2) (14)

Let us now take a positive number A € (0,1) such that A > |Dg,(y)|, for all
y € Wi(g,2'),2" € Ag,g €U. If &' € A, it follows that m, (Vs (f, ) C Wi(g,2').
Therefore using the above definition of A\, the Mean Value Inequality on stable disks,
and the fact that ¢ < (3, we see that for any g, 2 € V5 (g,2'):

d(ya Z) d(y—lv'z—l)

ax(93,6) < Ay, 2) + DL L WELED o D,z (19)

So, it is enough to assume that K > 1 is chosen so that = := X + ? <1 Kis
independent of g € U.

Next, let us recall that, for every ¢y > 0, there exists dg > 0 such that, if
Z,9 € A and dg(#,9) < do, then di(®,(2), ®,(J )) < go. Now, consider § €
V:{(f, #),4 # #. Let an integer n > 0 such that dg (f~"9, f~"#) < K"dk (%, §) <
§o < K"y (#,9); the first inequality follows from (14). Therefore, from the way
€0, 0p were chosen, we would have dK( gf 7, gf "E) < €0 Now we will use the

conjugacy property of <I>g go <1> = <I> o f, hence <I> =g nd f ™ for all integers
n > 0. Thus &,f~"g € V;, (§,®,f &), for some 5’ > 0 small. This, and (15)
imply then the following;:

=Z". ¢ 5 < =" Kyt g (&,9)"
0 0
= g0 K7 -
= (: ' K’y>n ' 067 dK(xa y>’y
0

Supposing that v € (0,1) is taken such that K7 -Z < 1, we will get from the last
inequality that:

dK ((i)g‘%v (i)gg) S Cl . dK ("2; Z})’Ya
for all g € Vi ( f7 Z) and & € A, where C is a positive constant. In conclusion
we showed that @, is (C’,~)-Hélder continuous on all stable sets V{(f, #),& € A.
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To recap, we chose the constants A € (0,1), K > 1,7 € (0,1) and C’ > 0 in the
following fashion:

1) A>|Dgs(y)l,y € Wi(g,2'),2" € Ay;

2) K > 1 such that A+ & < 1;

3) v € (0,1) such that K7 (A + &) < 1;

4) C' = =
So €’ and 7 depend on the constant K. We proved in Theorem /5 that <i>g is Holder
continuous of exponent a on Vs (f,4). Therefore, if 7/(g) denotes min{a(g),~},

then the map (i>g is Holder continuous of exponent 4/(g) on A, for g € U. O

Theorem 6. Let f be a holomorphic Aziom A map of degree D > 2 on P2, and
A a basic set of saddle type for f. Let also (fa)acy be a family of perturbations of
f, where a is a p-multi-variable parameter, and f, depends real analytically on a.
Then if V. C RP is a small neighbourhood of 0, and fo = f, it follows that f, has a
basic set A, close to A, f, is hyperbolic on A,, and the map a — 6% is real-analytic,

where 6% := HD(WY(fa:£a) N Aa), 2q € A,

Proof. The number 8 above can be taken as in Corollary 2. Next, for a € V, denote
by 62(2) i= —log |D(fu)u(2)], % € A,

We use now the theorem of Holder continuity for the unstable spaces with respect
to the prehistories , see [7]; this theorem implies also the Holder continuity of ¢!
on A. From that theorem, it also follows that the Holder exponent of ¢ can be
taken independent of a. Recall also the conclusion of Lemma 2l which says that for
all a € V, the conjugacy fiJfa : A — A, is v/-Hélder continuous for some 4 € (0,1).
Thus there exists 6 € (0,1) such that for all a € V, ¢% o &;, € H?(A,R).

We apply now a Theorem of [19], to get that the map ¢ — P; (v) is real analytical

when considered as a map ’He(f\7 R) — R. Using a similar proof as in [6], one can
also show that the map U — HP(A,R), f, — ¢ o &, is real analytical. Thus the
composition a — f, — ¢ o &; — P(tdg o ®;,) is real analytical.

So, by using The Implicit Function Theorem we see that the unique zero t¥ of
the equation Pf(tqﬁg od 7.) = 0, depends real analytically on a € V. But recall from
Theorem 3 that 0y := HD(W§(fa,%a) N Ay) is equal to ty. Therefore we obtained
the conclusion of the statement, i.e 6% depends real analytically on a. O

We show next the existence of a geometric measure on the intersection Wg(f,#)N
A; this will imply the equality between §* and the corresponding upper (and lower)
box dimension. For the definition of a geometric measure we refer to [16]. We say
that a measure m on a metric space (X, d) is a geometric measure of exponent
t, if there exists a number ¢ and a constant ¢ > 1 with ¢t < m(B(z,r)) <

crt,z € X,r > 0.

Theorem 7. In the setting of Theorem!|5, and for B small, there exists a geometric
measure on Wg(f,a?) N A, of exponent t*, and the unstable dimension 6* is equal
to the upper (and lower) box dimension of the intersection Wg(f,&) N A.

Proof. Tt is enough to show the existence of a geometric measure of exponent t* on
each intersection W (f, #)NA. Indeed, this would imply the equality HD(Wg(f, )N

A) = dim(W(f, &) N A)dim(W§ (f, #) N A), see for example [16]. Then we use the
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equality t* = HD(Wg(f,2) N A), & € A. Moreover the geometric measure and the
t"-Hausdorff measure are equivalent, with bounded Radon-Nikodym derivatives.
Hence, let us prove now the existence of a geometric measure of exponent t“ on
the intersection Wg( fy&) N A. We will use Corollary [I. Since the unstable spaces
depend Holder continuously on prehistories (|7]), it follows that the potential ¢* - ¢*
is Holder continuous on A, hence there exists a unique equilibrium measure for t*-¢*,
denoted by fi,, (in fact the measure depends also on &, but to simplify notation we do
not record this anymore, since 7 is fixed in A) From Corollary [1/it also follows that
i1, is a Gibbs state, i.e for every € > 0 small, there exist positive constants A, B.

with A, - eSr(t"¢" (@) < fiu(B(9,€,m)) < Be - eSn(t"¢u (@) for every §j € A. But we

know that A has local product structure ([18]), so for small § > 0, we can define a
map ¥ : B(z,8) — Vg’(f,i:), U(2)=Vs(f,2)N V;'(f,a?). Then take fiy, := U/,
a measure on V;(f, Z). Recall now the canonical projection my : A — A and the

fact that d(y, z) < dx(9,2) < 2d(y,2),9,2 € V[;r(f, %) and K large. So, we define
puw := (Tf)xfiy Which is a measure on Wg(f,#) N A. This measure p, is the one
given in the proof of Corollary [I. If y is a point in W := W (f, %) N A, and 7 is
the unique prehistory of y S-shadowed by &, we see that given any r small, r < ¢,
there exists a unique positive integer n such that By (y,e,n) "W C B*(y,r)NW C
Bf(y,e,n — 1) N W (where B"(y,r) denotes the ball of center y and radius r in
the metric d, induced on Wg( f,2)). Hence, using also Lemma (1, there must exist
positive constants Lz, Ly with L -e < |Df(§)| - r < L4 - €. Therefore, since p,,
comes from a Gibbs measure and since P(t*¢*) = 0, the proof of Corollary [1l shows
that there are positive constants A’, B’ so that for any r > 0 small, and y € W,
At <, (BY(y,r) N W) < B' -t

This implies that p, is indeed a geometric measure of exponent t*, on the intersec-
tion Wg(f,2) NA. O

In the end, let us emphasize an important difference between the case of non-
invertible maps and that of diffeomorphisms. For this we will use Theorem 4.1
of [9], which says that, given the holomorphic map (extendable to P?), f.(z,w) =
(224 agz+bew+c+dezw—+esw?, w?), there exist small positive constants c(a, b, d, €)
and £(a, b, ¢,d, e) such that, if b #£ 0,0 < |¢| < ¢(a,b,d,e),0 < e < e(a,b,c,d,e), we
have that f. is injective on its basic set A.; A. being the basic set of f. close to
{po(c)} x ST (where po(c) denotes the attracting fixed point of 2% + c).

Since f; is a homeomorphism on A, for € > 0, we see that HD(A.) = §*(f.) +
5%(fe), by a similar argument as for diffecomorphisms. Let us denote f(z,w) =
(22 + ¢,w?) which can be extended as an Axiom A holomorphic map on P2, If
A = {po(c)} x S, denote by 6*(f) := HD(W}(f,) N A); then §*(f) = 1.

From Corollary [3/it follows that §*(f:) — 6%(f) =1, when ¢ — 0.

As far as the stable dimension is concerned, from Corollary 4.2 of [9], 6%(f.)

does not converge towards 0, instead 0°(f.) > llﬁ%, with ¢ fixed, 0 < |¢| <
og —s5c

c(a,b,d,e). Therefore HD(A.) does not converge towards HD(A) = 1. This can
be summarized in the following:

Corollary 4. Let f.(z,w) = (22 + acz + bew + ¢ + dezw + esw?, w?); then there
exist small positive constants c(a,b,d,e),e(a,b,c,d,e) such that if b # 0,0 < |c| <
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c(a,b,d,e),0 < e <e(a,b,c,d,e), we have

log 2
HD(Ae) > 1+ 14+vI—4c|’
log‘ % |

where A. is the basic set of f- close to {po(c)} x S, and po(c) is the attracting
fized point of z — 2%+ c. In particular the Hausdorff dimensions of basic sets of
perturbations do not always vary continuously, in the case of noninvertible maps.

The author thanks the referee for his comments about the paper.
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