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Propagation of indices

Data (Atiyah, Kasparov, Mishchenko)
@ M compact manifold ;
@ D elliptic differential operator on M.

~ I— ,
@ M — M covering.

D equivariant lift of D to M;

Q parametrix suppported near the diagonal for D;

Q equivariant lift of Q to a paramétrix for D;

:Svo — Id — E)NQanng — Id — DQ are T-invariant smooth kernel

operators on M x M with support near the diagonal, i.e with finite
propagation.
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Equivariant Index

—~2  — ~ ~

. P (ﬁl Solld + S0)Q
SiD Id — S;
[-invariant smooth kernels on M x M with finite propagation.

@ The reduced convolution C*- algebra associated to these kernels

is Morita equ. to C}(I'). This Morita equ. preserves propagation

) is an idempotent. Coefficients are

Definition (I'-invariant Index for D)

Indr D 2 [P] — Kg ,%)] € Ko(Cr ().

@ K-theory for C*-algebra is homotopy invariant but we loose track
of the propagation (problem when defining higher order indices).

@ The K-theory for algebras that keep track of propagation (smooth
algebras) is not in general homotopy invariant.

@ Can we keep track of the propagation within the C*-algebra
framework?
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Propagation and filtered C*-algebras

A filtered C*-algebra A is a C*-algebra equipped with a family (A;),~¢
of closed linear subspaces:

@ A CA/ifr<r;

@ A, is stable by involution;

@ Ar-Ar CArr;

@ the subalgebra | J,., Ar is dense in A.

If Ais unital, we also require that the identity 1 is an element of A, for
every positive number r.
The elements of A, are said to have propagation r.
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@ Roe algebras:

@ X proper discrete metric space, H separable Hilbert space
e C[X], : space of loc. cpct operators on /(X )®H with propagation
lessthanr,i.e T = (T ) )es2 With
@ Ty, cpct operator on H,
@ Ty, =0ifd(x,y) >r.
e The Roe algebra of ¥ is C*(X) = U,~oC[X], C L(/*(X) @ H)
(filtered by (C[Z];)r>0)-

@ (C*-algebras of groups and cross-products:

e If I is a discrete group finitely generated group equipped with a
word metric. Set

X,y)

C[l']; = {x € CII'] with supportin B(e,r)}.

Then C? (I") and Cy,_, (') are filtered by (C[l'];)r>0-

red
e More generally, if I acts on a A by automorphisms, then A >,y [

and A x . [ are filtered C*-algebras.
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Almost projections and almost unitaries

Let A be a unital filtered C*-algebra, r > 0 (propagation) and
0 < e < 1/4 (defect):

@ pc Aisac-r-projectionifpc A, p=p*and ||p° — p| < e.

@ uc Aisac-r-unitary if u € A, |[u™-u— 1| <= and
|u-u*— 1| <e.
P="(A) is the set of e-r-projections of A.
a e-r proj. p gives rise by functional calculus to a projection xq(p).
U™"(A) is the set of e-r-unitaries of A.
P (A) = Unen P2 (Mn(A)) for
P>"(Mp(A)) — P*"(M,,1(A)); x — diag(x, 0).
® UZ/(A) = Upeny U (Mi(A)) for
Us"(Mp(A)) — U>"(M,,.1(A)); x — diag(x, 1).
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Quantitative K-semi-groups

We define for a unital filtered C*-algebra A, r > 0and 0 < ¢ < 1/4 the
equiv. relations on P2/ (A) x N and on U2/ (A):

@ (p.l)~(q,l")ifthereis k e Nand h € P2/ (C([0, 1], A)) s.t
h(0) = diag(p, lx+r) and h(1) = diag(q; lk+).
@ u~ vifthereis he U3 (C([0,1],A) s.t h(0) = uand h(1) = v.

Q@ K;'(A)=P>'(A)/ ~ and[p, . is the class of (p,]) mod. ~;
Q@ K{'(A)=U>"(A)/ ~ and [u].r is the class of u mod. ~.

® K;'(A)is an abelian group for

o, e.r + [0, Fe.r = [diag(p, p'), | + I']:r;
@ K;'(A)is an abelian semi-group for [u].r + [V].,r = [diag(u, V)]e.r;
@ if uis ae-r-unitary, then |uls. o, + [U"]|3- 2, = [1]322/.
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The non-unital case

K;'(C) = Z; [p, f]or — rank so(p) — I;  K{'(C) 2 {0}.

If A is a non unital filtered C*-algebra and A the unitarization of A,
o K;'(A) =ker: K;'(A) — K;'(C) = Z;
° K{'(A) = K" (A);

Definition

If A and B are filtered C*-algebras with respect to (Ar)r~o and (B;)r~o,
a homomorphism f : A — B is filtered if f(A;) C By.

@ Afiltered f: A— Binduces - : KI''(A) — KZ'(B);
o A ARK(H); a— ane; 1 induces K=" (A) — K= (A2K(H)).
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Controlled K-theory

We have for any filtered C*-algebra A,0 < e <&’ <1/4and0<r<r
natural semi-group homomorphisms

° 15" Ky (A)—Ko(A); [p. fle,r — [ro(p)] — [h];
o I K{'"(A)—Ki(A); [ule,r — [uU];

Q Li’r — Lg,r S, Lﬁ’r;

15" K (A) K (A); [0 e > Py Mo
S5 KPT (A K (A); e > (U]

e’ r,r’ e’ ,r,r’ e’ r,r’

s = Ly &b L1

If A is a filtered C*-algebra, the controlled K -theory for A is the family

K«(A) = (KS"(A))o<e< /4, r>0-
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Controlled morphisms

A control pair is a pair (A, h) with A > 1 and

h:(0,45) — (0,+00); € = h. non-increasing.

Let (A, h) be a control pair, and let A and B be filtered C*-algebras. A
(A, h)-controlled morphism F : IC.(A) — K.(B) is a family
F=(F")o-. <50 of semi-group homomorphisms

For . KST(A) — K=" (B)

stforanye, &, randr with0 < e <& < Zx and h.r < har', we have

/ / / /
F¢ r o Li,s JIr Li\c‘?,)\cf yher,h rr o Fe,r'

F induces F : K.(A) — K.(B) defined in a unique way by

Fo /Sl = Li\é,hsf o &l
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Controlled isomorphism, controlled exacness

Let (A, h) be a control pair and let F : K.(A) — K.(B) be a
(ar, kr)-controlled morphism.
o Fis (A h)-injective if (ar, kr) < (A, h) and for any 0 < e < g, any
r>0andany x € K" (A) , then
For(x) = 0 in KO7' 7 (B) = 5700 (x) = 0 in K25M"(A);
@ Fis () h)-surjective, if for any 0 < e < zxt—, any r > 0 and any

y € KS'(B) , there exists x € K25 (A) s.t.
F>\€,h>\sf(x) _ Lia£¥?>\€,r,k.7-",>\shsr(y) in KSF)\g’k]:’/\sher(B)_
@ Fisa (A h)-isomorphism if Fis (A, h)-injective and
(A, h)-surjective (in this case there exists a controlled inverse).
@ In the same way, we can define (. h)-exactness for a composition

K.(A) 5 K.(By) S Ku(Bo).
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If g is an e-r-projection in A unital filtered C*-algebra, then

Zq:[0,1] = A t—qe*™ +1—q
is 5e-r-unitary in SA (with SA = Cy((0, 1), A)). Hence
Za" K5 (A) = K (SA); [0, Kler = [Zglse,r + [Vidser

with yx(t) = e2™X defines a (5, 1)-controlled morphism
Zyp = (Z,f\’r)0<e<1/20,r>0 : Ko(A) — K1(SA).

Theorem (O-Yu)

There exists a control pair (\, h) such that Z 4 is a (\, h)-isomorphism
for any filtered C*-algebra A.

If " is a discrete group acting by automorphisms on A and B, then
elements in KK! (A, B) gives rise to a (\, h)-controlled morphisms
JC(A Xreg ) — (B x69 ') (for some universal control pair (A, h))
compatible with Kasparov products. In particular KK-equiv. provide
controlled isomorphisms.
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Extension of filtered C*-algebra

Let A be a C*-algebra filtered by (A/),~o and let J be an ideal of A.
Then A/J is filtered by ((A/J);)r>0, Where (A/J), is the image of A, in
Ald.

An extension of C*-algebras

0O—-J—-A—>A/J—0

Is filtered and semi-split if there exists a completely positive
cross-section s : A/J — A such that s((A/J),) C A, forany r > 0. In
this case, J is filtered by (J N Ar)r~0-

Example: If0 - J —+ A — A/J — 0 is a semi-split extension of
[-C*-algebras for a discrete group I', then

0= J A — AXpeg I — A/d X109 [ — 0 is filtered and semi-split
(the same holds for max. cross-products).

H. Oyono-Oyono (Université Paul Verlaine) Propagation and controlled K-theory April 27, 2011 13/15



The six term («, h)-exact sequence

There exists a control pair (A, h) such that for any semi-split extension
of filtered C*-algebras

0—J-L A AJ—0,
there is a six-term (), h)-exact sequence

Ko(d) —L— Ko(A) —2— Ko(A/J)

T l

K1(A/J) —T— Ki(A) «Z— Kq(J)

v

Consequence : Suspension controlled isomorphism /4 (A) = Ko(SA),
controlled Bott periodicity C.(A) = K.(S2A)...
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Application to K-amenability

Definition
A discrete group T is K-amenable if K°(C%, () — K°(Chax(I))
(induced by the regular representation) is an isomorphism.

Examples :
@ I, SL>(Z) and group with Haagerup prop. (Higson-Kasparov);
@ [ satisfying the strong Baum-Connes con,. i.e with v = 1 (Tu),
@ 1 of compact oriented 3-manifold (Matthey-O-Pitsch).

For any action of I on a C*-algebra A, there is epimorphism

)\F,A AXmax I — A MXreg I -

There exists a control pair (A, h) s.t for any K-amenable discr. group T,

)\F,A,* ; /C*(A X max r) — ’C*(A X red r)

Is a (A, h)-isomorphism for any I -algebra A
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