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Motivation: A probabilistic approach for the fragmentation phase of an
avalanche. The particles are characterised by the mass, velocity and the
kinetic energy.
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Why modeling the avalanche by a random fragmentation process ?

e we give a model closer to the real life taking into account the spatial
position and the movement of the fragments

The model has:

e deterministic part: by a flow of particles on a surface driven by a
given gravitational force (Newton's laws) with a random fragmentation.

simulation.avi

e stochastic part: initiated by [Beznea, Deaconu, O.L, 2015, 2016,
2019], based on branching-fragmentation processes.

the multiple-fragmentation process, solution of a SDE, describes the
time evolution of a typical particle in the fragmentation process.

[Beznea, lonescu, O.L-S,J. of Ev. Egs.,2021].
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simulation.avi

Deterministic part: Flow of particles on a surface

Geometrical description of the surface.
Bottom surface Sp: parametric representation by rp(x1, x2),
parametric coordinates x = (x1,x2) € 0, covariant basis

_ orp _ % _ b; A by
b; = 8x1(x)’ 2= 3% x), Bsz= :
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Motion equations between two fragmentation moments

e we consider a motion of N particles on the surface S, during the
time interval [to, t1]: the number of particles N will be constant.
e we denote by rP(t) = rp(xP(t)), xP(t) = (X (t), x5 (t)) the position
of each particle p at t € [ty, t].
e we compute the velocity and the acceleration of each particle:
d P -P

vP = Erp = X b1 (xP) + x5 ba(x"),

6b1(xp) . . 3b1(xP)

Xo + )'<'2b2(XP)+
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Let FP = FP(r!, ..., rN vl ... v"N) be the force acting on the particle p
(the gravity forces acting on the vertical direction —c3, FP = —mPGc;,
mP is the mass of the particle P and G is the gravitational acceleration).

The movement of a particle is described by the Newton evolution
equation

mPaP = FP(rt, . eN vl v £ MP(8)B5,  forall P =1,..,N,
(0.1)
where MP is the reaction force of the surface Sp.
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Multiplying now by b!, respectively b?, we obtain the second order
nonlinear system of equations:

X+ T () 4+ Th(x5)? + X0 x5 (T + T1,) =
FP(rt, ..., eV vt L vl) - b(xP)

X5 + T3 (X)) 4+ T55(X5)? + x5 (T + Thp) =
FP(rl, .. orV vl o wN) . b?(xP)

forallp=1,...N,
with the initial conditions

rP(toy) =rf and  vP(tor)=vf, forall p=1,.,N. (03)
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Random binary fragmentation

Our aim: to introduce a random binary fragmentation process for N
particles characterised by their mass m!,....,m" their positions
r! rV, and their velocities v!, ..., v".

g eeeny

e Let t; be the first random fragmentation time greater then ty, having
a Poisson distribution.

The position ry(t;—) and the velocity vi(t;—) are computed solving the
above nonlinear system (0.2).

e A fragmentation process FP of a particle p is a set of equations
allow at each given (mP,rP vP) the couple [(m7,¢],vP), (m5,r5, v5)],

FP(mP xP wP) = [(m], ¢ VD), (m5,r5, V)],

which represents the masses, the positions, and the velocities of the
resulting two particles at t = t;+.
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Description of our choice of the fragmentation process.

e  We suppose that the position at t = t;+ of the resulting two
particles coincide with the position of the mother particle, i.e.

I’Ilj(tl-i-) = r§(t1+) = I’p(tl—). (0.4)

e For the mass and the velocity fragmentation we choose a
random procedure. We take the mass of the fragments to be

m = EmP,  mb=(1-&)mP, (0.5)

where £ is a fixed uniform random variable. We have the mass
conservation property, i.e.

P P _ P
my + my; = m".
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The velocity fragmentation needs more physical restrictions.

1. We assume that a part (1 — §)EP of the particle kinetic energy
EP = LmP|vP(t;—)|? is lost in the fragmentation process, where
6 € (0,1) is a fixed rupture parameter.

2. The resulting two fragments will have the kinetic energy £ = 0P
and £ = 6(1 — v)EP with & + EF = OEP, where v is a fixed

u([o, 1]):
EF = gmiVE(tt)[? = 0P
(0.6)
&5 = smylv(ti+)]* = 0(1 — 7)€P,
3. Finally, we suppose that we have an additive law:
Vf(fl-‘r) + Vg(tl-l-) = Vp(tl—). (0.7)
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e We compute the resulting velocity v (t;+) and v5(t1+) from the
fragmentation's laws (0.5),(0.6), and (0.7). For the first fragment:

arxt” +m (87 %P — g't %P)

»—\><'
I

(0.8)

-p . 2 . 12 .
X5 = a1%P + 71 (g7 XP — g'% %P)

where g1!, g12, g2 are the contra fundamental magnitudes of the first
order and v§ = avP + y1(vP)*t.

e Following the same procedure for v5 we get the corresponding
expressions of the components of second fragment.
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Remarks:

1. an algorithm to simulate the flow and the fragmentation of a set of
particles on a half of an ellipsiod.

2. the link between the simulations of a system of particles
(deterministic part ) and the Markov process involving a set of sizes
is as follows (stochastic part) :

we start with one particle and simulate the time evolution of each
fragment resulting after the fragmentation procedure presented
above (deterministic part ) while the multiple-fragmentation process,
solution of the further coming SDEnDF (0.9), describes the time
evolution of a typical particle in the fragmentation process
(stochastic part).

3. numerical illustrations.
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Binary fragmentation and flow of particles on a half-ellipsoid

A partition into i regions D; = R} x ; x Rz; Nmax = 2000;

A particle P of mass m” located at r”: a sphere of center r”, radius R” = C(m")'/3.

t=0,0ne particle

=21/3, 111 particles =T, 1876 particles

Since at each fragmentation process the kinetic and total energies are
decreasing the particles are slower and slower and they are accumulated on the
bottom of the ellipsoid (lowest potential energy).
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Stochastic differential equation of n-dimensional

fragmentation driven by an Euclidian gradient flow

Y, =[5 d(X,)B(Ys)ds

t 1
X":ka///ykl ql ko _y
T Jo JeJo IR vy 2 by xe )

pe(ds, N7, dy;, du), if 1< k< ne,

k_yk k
X=Xy 7/ /X 1* 1 T, <X5k <1] +ﬂl[ Veixg <X gC<Ys>3*o])

K(ds,N"_,dy;), if nc < k < n.
i=1
(0.9)

where p(>"", dsdy;du) is a Poisson measure with intensity
qg=>r, dsdy,du
Example: B(x) : the flow induced by the ODE Netwon's egs.(Part | of the model)
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Stochastic part of the model

e We construct a process (X, Y;)t>o (solution of a SDE) can be seen
as the evolution of the couple (position, size) of a sort of typical
particle moving according to an Euclidean gradient continuous flow.

e The spatial Markov process Y; has a coefficient d depending on the
size of the particles while the fragmentation process X; has a
coefficient ¢ depending on their spatial position.

Let z € F and x € E. Then the following SDEnDF with flow (0.9) has a
weak solution with the initial distribution d(; .y which is equal in

distribution with the process (Zt,JP’(Z’X))t;o, induced by L.
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