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In this article, we consider several coupled ode-parabolic systems. These systems
are known to be not null controllable at any time by localized interior controls.
We show that, these systems are not exponentially stabilizable with arbitrary
decay rate. And consequently, we recover the known results that they are not
null controllable at any time.
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1. INTRODUCTION

The purpose of this work is to discuss exponential stabilizability proper-
ties of some coupled ode-parabolic linear systems such as linearized compress-
ible Navier-Stokes, linear viscoelastic flows etc. For the convenience of the
reader, let us first describe some basic concepts of controllability and stabiliz-
ability in an abstract framework.

Let ‘H and U be two Hilbert spaces. Let us consider the linear control
system
(1.1) Z'(t) = Az(t) + Bu(t), t>0, 2z(0)=z €H,
where A : D(A) C ‘H — H is the infinitesimal generator of a strongly continu-
ous semigroup T on H, and B € L(U,H) is a bounded control operator. It is
well known that, given initial data 2o € H and a control u € L2 (0, 00;U), the

loc

system (1.1) admits a unique solution y € C([0,00);H) N HL (0, 00; D(A*)"),

loc

where D(A*)" is the dual of D(A) with respect to the pivot space H.
Let us now introduce several notions of stabilizability.
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Definition 1.1 (Open loop stabilizable). The system (1.1) or the pair
(A, B) is said to be open loop stabilizable if for any initial data zy € H there
exists a control u € L?(0,00;U) such that the solution z of (1.1) belongs to
L?(0,00; H).

Definition 1.2 (Exponentially stabilizable). The system (1.1) or the pair
(A, B) is said to be exponentially stabilizable if for any initial data zp € H
there exists a control u € L?(0, 00;U) such that the solution z of (1.1) satisfy

120l < Ce™ 2ol t20,
for some constant C' > 0 and v > 0.

Definition 1.3 (Feedback stabilizable). The system (1.1) or the pair (A, B)
is said to be feedback stabilizable if there exists an operator K € L£(H;U) such
that the operator A + BK with the domain D(A + BK) = D(A) generates
an exponentially stable semigroup TX on H, i.e., there exist constants M > 1
and v > 0, such that

| T <Me™, t>0.

Iz

In particular, feedback stabilizability is a special case of exponential sta-
bilizability. Obviously feedback stabilizability or exponential stabilizability
implies open loop stabilizability. The converse is also true; see for instance
[3, Part V, Theorem 3.1]. For these reasons, these notions will be used in an
exchangeable manner.

Definition 1.4 (Complete stabilizability). The system (1.1) or the pair
(A, B) is said to be feedback stabilizable with a decay rate w > 0 if the pair
(A+wlI, B) is feedback stabilizable. The system (1.1) or the pair (A, B) is said
to be completely stabilizable if it is feedback stabilizable with any decay rate
w > 0.

Finally, we introduce the notion of null controllability.

Definition 1.5 (Null controllability). The system (1.1) or the pair (A, B)
is said to be null controllable in H at time 7 > 0 if for any zy € H, there exists
a control u € L?(0,T;U), such that the solution z of (1.1) satisfy z(7) = 0.

If the system (1.1) is null controllable at time 7 > 0 then it is completely
stabilizable. The converse is not true in general. However, if A generates a
group of operators, then they are equivalent ([18, Part IV, Theorem 3.4]).

In this article, we discuss complete stabilizability or their lack of, for
some coupled ode-parabolic linear system. More precisely, we will consider the
following linear systems
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1. Compressible Navier-Stokes system linearized around zero velocity (cf.
8, 10])

2. One dimensional blood flow models linearized around constant steady
state (cf. [12])

3. Linear viscoelastic Jeffreys system (cf. [11])

These systems are known to be not null controllable at any time by local-
ized interior controls or by boundary controls. We refer to articles [8, 10, 11,
9, 1] for detailed discussions regarding the lack of null controllability of such
systems. In this article, we prove a stronger result. More precisely, we have
the following.

THEOREM. The systems mentioned above are not exponentially stabiliz-
able with an arbitrary decay rate. In other words, they are not completely
stabilizable.

As a consequence of the above result, we recover the fact that, these
systems are not null controllable at any time. The proof of these results is
based on duality arguments. Recently, a dual characterization of exponential
stabilizability has been proved in [16, Theorem 1]. More precisely,

THEOREM 1.6 ([16, Theorem 1]). The system (1.1) or the pair (A, B) is
exponentially stabilizable if and only if there exist 5 € (0,1), 7 > 0, C > 0
such that

(1.2) IT>20ll3; < CIB Ty 20l 2(0,720) + 8 |20l -

Note that, if 8 = 0, the observability inequality (1.2) coincides with the
so-called final state observability of the pair (A*, B*), which is equivalent to
null controllability of (A, B) (see for instance [17, Section 11.2]). Thus, the
observability inequality equivalent to exponential stabilizability is weaker than
the one which is equivalent to null controllability. In order to prove our results,
we shall construct special solutions known as Gaussian beam solutions, such
that corresponding observability inequalities do not hold. There are some
results available in the literature where it has been shown that similar coupled
ode-parabolic systems are not exponentially stabilizable with any decay rate;
see for instance [8, Corollary 7.12], [5, Theorem 2.7]. However, the proofs
are based on explicit computation of the eigenvalues and eigenfunctions of the
linear operator, and thus are restricted to certain boundary conditions and
dimensions. The method we present here is quite robust, and it does not
depend on explicit computation of the eigenvalues and eigenfunctions of the
linear operator. Thus, this method can be applied to many such similar models.
In this article we only consider a few of the examples mentioned earlier.
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The remaining part of this work is organized as follows. In Section 2,
we study the lack of complete stabilizability of compressible Navier-Stokes
linearized around constant state in any space dimension. In Section 3, we
discuss similar results for two other coupled ODE-parabolic systems in one
dimension. Section 4 is devoted towards proving lack of complete stabilization
for viscoelastic flows. Finally, in Section 5, we discuss some open questions.

2. COMPRESSIBLE NAVIER-STOKES LINEARIZED AROUND
ZERO VELOCITY

Let © be smooth bounded domain in R", n > 1. We consider the com-
pressible Navier-Stokes system linearised around (p,0), p > 0 (see [10, Eq.
1.10]). More precisely, we consider the following linear control system

(2.1)
Op + pdivu = 1o, f1 (t,z) € (0,00) x £,
K a+p . —y—2 _
Opu — EAU — —V(divu) +ayp’ *Vp=1p,f2 (t,z) € (0,00) x Q,
u=0 (t,z) € (0,00) x 0N,
p(0) =po,  u(0) =wug T €4,

where > 0 and a + 2 > 0. In the above system p(t,-) : @ — R and
u(t,-) : © — R™ represent the fluid density and velocity respectively. Let us
take

H — [LQ(Q)] 1—i—n7

endowed with the inner product

<m | m>H:‘ZW_Q/QPUdHﬁ/Qu-vdx,

We also define
g -{rer@ [ra-ol.  Ha- 2@ x [0
Q
We consider the operator A : D(A) — H defined by

'uV(diV u)

D(A) = {(p, w) € LA(Q) x H Q)" | %Au +2
—apvpe oy

0 —pdivu
(2:2) A [u} - %Au + 2 : MV(div u) —ayp 2Vp
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We introduce the input space Y = H and the control operator B € L(U;H)
defined by

(2.3) B [fl} = [lolfl] .

f2 1o, f2
With the above notations, the system (2.1) can be written as
d [p p 1 p Po
2.4 — = B 0) = .
o =l ee ) Flo-

The fact that the system we consider is well-posed follows from the fol-
lowing result:

LEMMA 2.1. The operator (A, D(A)) is the infinitesimal generator of a
strongly continuous semigroup T on H. Moreover, Hy, is invariant under T, and

the operator A can be restricted to Hy,. The part of A in Hy, is the restriction
of A to the domain D(A) N Hy,.

Proof. For all (p,u) € D(A), we have

<A m , [ZDH __ (/L/Q|Vu\2d:c—|— (a—i—u)/ﬂ(divu)de).

Thus, if o + p > 0 the operator A is dissipative. If a4+ p < 0, we rewrite the
above formula as

<,4 [p] , H >H = — (0 + 2 1Vl aqyen + (@ + ) (divul oo

u u
— [VulFaaynen)) -

Now, using the fact that ||div UH%Q(Q) < ||VUH%2(Q)nxn, we infer that A is
dissipative. We now show that is also maximal. For any (f,g) € H, let us
consider the system

p+pdivu = f in Q,
‘o %A - aJﬁrﬂv(diV u)+ayp’ *Vp=yg inQ,
u=20 on 0f2.

By setting p = f — pdiv u, the above system can be rewritten as

_
u— gAu — wV(div u)=g—ayp'2Vf inQ,
p

u=20 on Of).
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Note that, the right hand side of the above system g — ayp? 2V f belongs to
[H~1(Q)]™. We set the continuous bilinear form a(-,-) over H}(2)" x H(Q)"
as follows: for all u € H}(Q)",v € H(Q)™,

57
a(u,v)—/u-vdx—i—'u/Vu:Vvd:r—i—omw)
Q P Jo

. /Q (div u)(div v)dz.

By the similar calculation above, it follows that the bilinear form af(-,-) is
coercive over Hi(Q)", i.e., it satisfies
a(u,u) > CH’U,”?{&(Q), for all uw € H}(Q)",
for some positive constant C'. Using Lax-Milgram theorem, we have u €
HA©Q)".
Finally, the fact that H,, is invariant under T, follows easily by integrating
(2.1);, with fi =0. O
Next, we determine the adjoint of the operator A.
PROPOSITION 2.2. The adjoint of (A, D(A)) in H is defined by
D(A*) = {(J,v) e L2(Q) x HY(Q)" | EAv + LJE“V(diV v)
p p
+ayp’?Vo € LQ(Q)”},

o N pdivv
(2:5) A [v} - %Av—k a MV(div v)+avﬁy_2VJ

The adjoint operator (A*, D(A*)) is the infinitesimal generator of a strongly
continuous semigroup on H.

Proof. Let us consider an unbounded operator Ay on H defined by

D(Ag) = {(a,v) € L*(Q) x H}(Q)™ | %Av + a;MV(div v)

+ayp’ Vo € LQ(Q)”},

o I pdivwv
Ao [fu} = [Eav+ L:HLV(div v) +ayp’ Vo
| P p
Integrating by parts, it is easy to verify that

<A m , m >H = < [Z , Ao m >H for all (p,u) € D(A), (0,v) € D(Ay),
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and so D(Ag) C D(A*). To prove the reverse inclusion, let us first note that,
by similar arguments as the proof of Lemma 2.1, we can show that I — Ay is
an invertible operator, and (I — Ag)~1(f,g) € D(Ap) for any (f,g) € H. We
take (o,v) € D((I —.A)*). Then there exists (f,g) € H such that

<[ﬂ ,(I—A) [ﬂ >H = <[§ , Z >H for all (p,u) € D(A).

Let (s,w) = (I — Ag)~Y(f,9) € D(Ap). Then using the above identities, we
infer that

L, = (o B L), = (L -2 ),

for all (p,u) € D(A). Therefore,
(][ a-a[]), =0 maim e,

and (o,v) = (s,w) € D(Ap). This completes the proof. [

B

S

We now state our main results of this section. Our goal is to show that
the system (2.1) is not exponentially stabilizable with arbitrary decay rate.
More precisely, we shall prove the following result

THEOREM 2.3. Let
57
(2.6) O, cCcQ, 0O,CQ, wo = 22’);[: o
The system (2.1) is not exponentially stabilizable in H with an exponential
decay rate w > wog, by interior controls fi € L?(0,00; L?(O1)) and fo €
L?(0,00; L2(O2))™. In other words, for w > wy, the pair (A + wl,B) is not
exponentially stabilizable on H.

Let us now give special attention to the case where the control is not
active in the first component, i.e., f{ = 0. In this case, it turns out that, H,
is the appropriate space for stabilization than . For instance, let us consider
the system (2.1) with f; = 0. Integrating (2.1); we have

/ p(t,z)dx = / po(z) dx for all £ > 0.
Q Q
And, therefore

1
Lot a> ] [ ol
o 2 o

Thus, if / po(z) dx # 0, the system can not be stabilized with the control

2
(t>0).

0
fo only. With this observation in mind, when f; = 0, Theorem 2.3 can be
reformulated as
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THEOREM 2.4. Assume f; = 0, and Oz C Q. The system (2.1) is not
exponentially stabilizable in H,, with an exponential decay rate w = wp, by
interior controls fo € L%(0,00; L%(Og))".

Remark 2.5. From [8, Lemma 2.5], we observe that in one-dimension, wy
in Theorem 2.3 coincides with the accumulation point of the spectrum of the
operator A.

Let us now mention some related works from the literature. Controllabil-
ity of the system (2.1) in dimensions one and two has been studied in [8, 10].
In these articles, it was shown that the system is not null controllable at any
time by localized interior controls. Regarding exponential stabilizability, in
[2, 7], it was proved that the system (2.1) in dimension one is exponentially
stabilizable with a decay w < wp, where wp is the same as (2.6), either by
boundary control or by localized interior control on the velocity component
only. Still, in dimension one, in [8, Corollary 7.12], it was established that the
system is not exponentially stabilizable with decay rate w > wg. Recently, in [6]
via backstepping method, it was shown that the decay rate wy is achievable by
boundary control, provided initial data belongs to suitable regular space and
the system is considered with Neumann type boundary conditions. In fact,
in [6, Proposition 3.3], the authors pointed out that, with Dirichlet boundary
condition at one end and Dirichlet boundary control on the other end, decay of
llo(t)|| 2 is not possible with the feedback control constructed in that paper. In
Theorem 2.3 and Theorem 2.4, we show that, albeit for interior control, there
is no feedback control that stabilizes the system (2.1) with a decay w > wy.

The proof of the above results relies on a suitable observability inequality
of the adjoint system, which is equivalent to the exponential stabilizability.
More precisely, let w > 0, and we consider the following adjoint system

(2.7)
00 —wo — pdive =0 (t,x) € (0,7) x Q,
O — wv — - w (divv) —ayp?2Vo =0 (t,x) € (0,7) x Q,
p p
v=20 (t,x) € (0,7) x 09,
a(0) =09, ©v(0)=1wp x € €.

Note that the well-posedness of the above problem follows from Proposition 2.2.
According to [16, Theorem 1], the exponential stabilizability of the pair (A +
wl, B) is equivalent to the following observability inequality:

PROPOSITION 2.6. Let w > 0.

1. The system (2.1) is exponentially stabilizable with a decay rate w, by
interior controls f1 € L?(0,00;L?(O01)) and fo € L*(0,00; L*(02))", if and
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only if, there exist € (0,1), 7 > 0 and C > 0 such that, for any (o9, vo) € H,
the solution of (2.7) satisfies the following observability estimate

(2.8)
o (T, M 2y + (7 ) 2 < C (HUHH(O,T;L?(Q)) + HUHLQ(O,T;H(OQ))")

+ 8 (Ilooll 2y + ol 2y ) -

2. Assume further that fi = 0. The system (2.1) is exponentially stabi-
lizable with a decay rate w, by interior controls fo € L?(0,00; L2(O02))", if and
only if, there exist 5 € (0,1), 7 > 0 and C > 0 such that, for any (c9,v0) € Hmn,
the solution of (2.7) satisfies the following observability estimate

|o(, ‘)HL2(Q) + [Jo(7, ')||L2(Q)n <C HU”L2(0,T;L2(O2))n

(2.9)

+8 (Ilooll 2oy + ol 2y ) -
To prove Theorem 2.3, we shall construct special initial data (og,vo)
belonging to H (or Hy,), so that the corresponding solution to system (2.7)
violates the observability inequality (2.8) (or (2.9)) for w > wp. To this aim, we
first construct highly localised solutions known as “Gaussian beam solutions”
to the adjoint of (2.1) in (0,7") x R™. More precisely, let w > 0, and we consider
the following system :

(2.10)
O —wo — pdive =0 (t,z) € (0,7) x R",
v — wu — %Av - QV(diV v) —ayp’2Vo =0 (t,z) € (0,7) x R,
c(0) = og :=divwy, v(0) =g x € R".

We shall construct a special solution to the above system. Note that in (2.10),
the initial data o( is taken in the form og := div wg to ensure that the initial
condition in (2.7) belongs to Hy. This is needed to prove Theorem 2.4. In
dimension 1 and 2, similar solutions were constructed in [10]. We follow a
similar approach here. We set

(2.11) o(t,&) == Frpo(t,x), 0(t,&):= Fpo(t,z),
(2.12) 80(5) = f$00($), ’L/Jo(f) = .Fx?.UQ(l‘), ’/U\()(f) = fxvo(x),

where F,(f) denotes the Fourier transformation of f with respect to the spatial
variable x. Applying Fourier transform to (2.10), we obtain

(2.13) L ﬁ — (A(€) + wI) E , m (0) = m - [igg@‘)] te(0,7),

dt |v v i)\() Vo
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where
0 ipé

(2.14) A& = iayp 26T —g|£|2ﬂn—”+a

coel for all £ € R,

where [, is the n X n identity matrix and & ® € is the n X n matrix with
(€®f)m =& foralli=1,---,nand j=1,---,n

We first study eigenvalues and eigenvectors of A (§). We have the following
result:

LEMMA 2.7. The following holds

1. The characteristic equation of .,Zl\(f) is
m n—1 a—+ 2#
@15) (e lieR) (4 Tk a i ) o

2. The eigenvalues of A\(g) are

M) == Ay 1(6) = —%m%
 u+ o)l daypr+!
“@—‘w)0+%‘@wmwﬁ’

_@utalleP ([ daypn
T (1 \/1 (2u+a)2!€\2>'

3. There exists & > 0, such that for all |€|> &, all the eigenvalues are real.
They satisfy

im )\k(g):—ﬁ,kzlj,...,n—l lim /\n(g):_Zuj—a’
[gl=o0 [€] p gl=o0 [€] p
. ayp”
lim 6(¢) = — = —wp.
|§|1~r>noo © 2+« 0
4. For |&|= &, we have
L, ayp’ _ayp’ _
22M+a <€) < o i.e. —2wp < 0(§) < —wo,
and
§(&2) > 0(&1) for [&2]> |&1]> o,
and
(2.16) (v’g(s \ < (k e NU{0}),

!é\’“’

for some positive constant C' independent of &.
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-
5. The eigenfunction of A(€) corresponding to §(€) is <1, fp%?é) .

Proof. The proof follows easily from the expression of §(§). [

We now construct Gaussian beam solutions for the system (2.10).

THEOREM 2.8. Let B € (0,1),7 >0, andw > wy. Let & = (%,o, ~,0) €
R™ with cg > 1, and xg € R™. Let 1 be a smooth function compactly supported
in the unit ball and of unit L*(R™) norm. For any ¢ > 0, we define

bel€) = ety (ﬁ (5 -8 )) et

€
and

(217)  @o(€) = eve(E)er, Go(€) =& - Wo(E), To(f) = 6(8)€ -

T (o]
ipl&|?

(&),
where e; = (1,0,...,0)". Then (o,v) defined by
(218)  o(t,2) = F' (Go(©)el? O | utz) = F (Fo(€)e®O )

satisfies the system (2.10), with
(2.19)

wo(x) = Fg 1 (@o(€)), oo(x) = div wo = F; (G0(€)), vo(x) = F;  (T(€))-

Moreover, there exists €9 > 0 such that, for all 0 < € < gg, we have

(i) There exists a positive constant C' depending on e, but independent
of € such that

€ 1
(2.20)  lwoll p2gnyn = 2 looll L2 mny < 2n)"
Bl/m (m—1)(w—wqg)T 1 (wiw )T
(2.21) 03(2777)"6 m < lo (7, ')||L2(R") S (Qﬂ)ne ", meN,
(222)  JJo(t, )l goqanye < Ce'7Y, s €[0,1), tE€[0,7].

(ii) For any n > 0, there exists a constant C, depending on w,T,n and
€0, but independent of € such that

(223) H0—<t7 ')HLQ(\x—z(ﬂ}n)g C&_kz—n/4’ keNte [07T]7
(2.24) [woll 1 (jo—ao sy < C" 14,k EN,
(225) ”v||H1(0,T;H2(|x—m0|>n))n< CEk_l_n/éLv ke N.
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Proof. Let us recall

(2.26) 7(.7) = o /Rn Go(€)ei €GO+ g
By Parseval’s relation, for all ¢t € [0, 7] we have
1

”J(t’ )H%Q(R") = (7 |JO(£)|2€2(R66(§)+w)t dé_

)
e o (v (2))

- 12n ’Cl\[+§1| ‘w( ’eXp 2Red i+§ t e?wtdc.
(2m) I¢| N

\

2
e2(Red(§)+w)t de

From the above relation, by choosing ¢ sufficiently small, we get (2.20). Next,
we define
In g3
k= (w—wy) — —.

Note that, by the hypothesis of the theorem We have k > 0. Let m € N. We
and then from

choose ¢ sufficiently small so that for any ||<
Lemma 2.7 we have

¢ &\ _ (¢ € K
Reé (\/g + €> =0 <\/g + 5) S (—OJ() — E,—am) y
L lavE+EP< L for (< L.

With the above choice of € and using the above estimates, it is easy to see that
1 1
Zor) 7 Meze) < G
Using the definition of x the above expression can be simplified as
1/m m—1)(w—wg)T
A <ol < Gy
This completes the proof of (2.21). Recalling the expression of o from (2.26),
we have

oft,x) = o " /n SKE (\/5 (5 — f)) ei(@=0) £ (B(E)Tw)t ge

2m)

(w—wo)T

e(wfwofn/m)T < HO,(

(w—wo)T

—

—n/4 3
5 i(z—= 0 It w
= 2o /|<<1 (CVE + EB(Q T G DA Dt g,
Note that
. 2Nk 3
Ak i(z—x0)- (\%Jr%) _ (_1)k <|l‘€x0|> ez(xfxo)-(\%+§) ke N.
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Thus for |z — xo|> n > 0 we have
k; k—n/4 . 3
(—1)kigk—n/ / Al (el(mwo)-(\%Jrg))
[¢IL1
f+ ) wt dc

tor) =
o(t, ) (2m)"|x — 0|2k

x (C1ve + &)Y (Q)e

_(=)kighmm i(e—20)-(S+5)
(2.27) —(2m)n|x — zo |2k /|<1 ‘ v
x A <(Cl\@+ E)w(¢)e’ Ve )t> dg

A simple calculation yields

Ac ((Wé +E)p(OS )
St [g\fagl (s )+2t1/1(0815(\§g §>
+ \Q/Z(Cn@wL f_l)Vé(\% T g) V(Q) + (Ve + &) Ay
¢ & C L&
+2) +t2‘V6($ +2)1)]-

Gve+&
+ 7<m5($

€
Using (2.16) and the fact that ¢ is compactly supported, we infer that, there

exists gg '> 0 such that, for € < gg
a¢ (t6ve + 801 >)\

. E—i-\ﬁ_ e <C <1
(+ve+ e mra t e ) (dl< 1)

<C
for some constant C' independent of . Moreover, proceeding similarly, we can

(Icl< 1),

show that, there exists eg > 0 such that, for ¢ < gg
3
t <C

| \A’é ((ax/ém)w(oe“f* : )

for some constant C' independent of ¢
Thus for 0 < € < gg and for |z — xg|>= 1 > 0 we get

8k—n/4

2.28 t,z)|< Ce*
(2.25) ot.2)|< O
This proves (2.23). (2.24) can be proved in a similar manner. To prove estimate

(2.22), we note that, for ¢ € [0,7] and s € [0,1)
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2

) | 2mes©+wrt ¢

pi

1 1 2\s R
ot Wy = g [ e 1€

242 1 2\s N\ |2
<o [ e (v (e 2))| e
2(1—s) c12 2\s _
=0 | e lavE + &P ac
< Ce*t 20
~ (zﬂ)Qn

From the above estimate we deduce (2.22). To prove (2.25), we may proceed
as in the proof of (2.23) above. [

We are now in a position to prove Theorem 2.3 and Theorem 2.4.

Proof of Theorem 2.3. The proof is by contradiction. Let w > wy. We
assume that the system (2.1) is exponentially stabilizable in H with an ex-
ponential decay rate w > wg. Then according to Proposition 2.6, there exist
B € (0,1) and 7 > 0, such that the observability inequality (2.8) holds for any
(00,v9) € H. In particular, there exist 8 € (0,1), 7 > 0 and C > 0 such that,
for any (o9,v0) € H, the solution of (2.7) satisfies the following observability
estimate

(2.29) HU(TV)HLQ 0) = Bllooll 2y + [0 )l L2 ()

< C (lloll 20z + 10l 20mzzonyn ) + B lvoll 2o

Let us fix such 3 and 7, and we take k € N be such that k > 1+ 7. We are
going to construct (g, vp) such that the corresponding solution of (2.7) does
not satisfy the above observability estimate. We choose g and i > 0 such that

B(zo;n) € Q and B(zg;n) N Oy = 0.
We also fix m € N,m > 1 and ¢y > 1 in Theorem 2.8 such that
(2.30) capt=tm <1,

With the above choice of parameters, let (Uﬂ, vﬁ) be constructed as in Theo-
rem 2.8. We define

h(t,x) := v*(t, z) t €10,7],z € ON.
By Theorem 2.8, there exists €9 > 0 such that, for all € < g¢, we have

(2.31) ngH < Cek=1-n/1,
[ ()\B(wo,n)]"
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. . 1
(2.32) ag = div wg in Q, Hag‘ @) < oL

P gy > =52 -
’ L2(B(zom) ~ c3(2m)"
/m 1) (w—wg)r 1/m
(2.33) > BT e, BT
Ay A
i B .
(2.34) Hv()’ L2 < Ce, Hv (r, )‘ LAy < Ce,

< Cg,

(2.35) Hoﬂ‘
L2(0,7;L2(0O2))™

<[]

L2(0,7;L2(01))

(2:36) (112l 10,7, 37200y < C* 71T,

for some constant C' independent of €. Let ¢ be a smooth function in € such
that 0 < ¢ < 1, ¢ = 0 in B(zg,n) and ¢ = 1 on 092. Next, we consider the
following system:

(2.37)
(0,01 — wol — pdivel =0 in (0,7) x Q,
v’ — wol 'uA [ wV(div v —ayp?2Vel =0 in (0,7) x 9,
p p
ol =h on (0,7) x 9%,
ot (0) = div (Cwf), v7(0)=0 in Q.

The uniqueness of the solution to the above system is obvious. Let h. be an
interior lifting of A such that

he € HY(0,7; H*(Q))", he = h on [0,7] x 99,

(238) ||h HHl(O T H2(Q))" <C ||h||H1(O,T;H3/2(6Q))" :

We set © = v — he, so that (o7,7) solves

(2.39)
ool —wol — pdivo = f1 in (0,7) x Q,
00 — wv — —A~— 7V(divﬂ) —ayp" 2Vol = fo  in (0,7) x Q,

p p

v=0 on (0,7) x 09,
o(0) = div (Cwd), vT(0) = he(0) in Q.

where fi = pdiv he and fo = —0the + whe + 5Ah, + *E2V (divh,). Note that,
(f1, f2) € L?(0,7;H). Then using the fact that A* generates a C°-semigroup
on H as mentioned in Proposition 2.2 and (2.38), we get

16" oy < 1€ o * e letompzzayy
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<C <Hdiv ((wg)‘ o

<C <‘

+ [[he(0) | p2(qyn

div ((wg)H

<C (Hdiv (gwg)‘

Moreover, using (2.31) and (2.36), for € < €9, we have
(2.40)

ot ”h6||H1(O,T;H2(Q))">

iy sy )

<”h”H1(O,T§H3/2(aQ)) + } div (ng)‘ > < Cé_k—l—n/4’

H H [0,7];H) <¢ L2(Q)

for some constant C' independent of €. We set
o(t,z) = ot (t,z) — ol (t, z), o(t,z) = v (t,x) — ol (t,z) te[0,7],2€Q.
Then (o, v) satisfies the system (2.7) with the initial data

(241)  oo(x) = of(z) — o1(0,2) = div(w(z) — Cwf(x)), wvo(x) = vf(x).
Combining (2.40) together with (2.33) - (2.36), it is easy to verify that, for €
sufficiently small

Bl/m

o 7_7 . 2 - _ k’*l*’n/47
H ( )HLQ(Q) 68(27T)n

k—1-n/4
9

llooll L2 (o) < (2m)"

where the constant C' is independent of €. Thus, using (2.30) along with the
above estimates, for e sufficiently small, we obtain

L.H.S of (2.29) > [lo(7, ")l 2(q) — B llooll L2

ﬁl/m k—1-n/4 _ s . k—1-n/4
g enyr PO

1 l@l/m
Z Gor ( 5)

R.H.S of (2.29) < Ce.
This is a contradiction to (2.29). Therefore, the system (2.1) is not exponen-
tially stabilizable in H with an exponential decay rate w > wg. O

whereas

Proof of Theorem 2.4. The proof of Theorem 2.4 is similar to the proof of
Theorem 2.3 given above. The main difference is that we now have to construct
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initial data (oo, vo) € Hm instead of H. However, this follows from (2.41). In
fact, integrating ¢ over ) and using the fact that ¢ = 1 on 9 we have

/QO’O(SL') dz = /{99(103(1‘) - ng(:n)) -vdy=0.

Thus the initial data (og,vg) constructed in (2.41) belongs to Hy,. The rest of
the proof is similar to that of Theorem 2.3. [

3. OTHER ONE-DIMENSIONAL ODE-PARABOLIC COUPLED
MODELS

In this section, we consider two other linear compressible type models
in one space dimension. The first one is compressible Navier-Stokes-Fourier
system linearized around constant trajectories. This is a linear system coupled
with two parabolic equations and an ODE. The second one is a linearized blood
flow model. This system is similar to (2.1) in one space dimension with some
lower order terms in the parabolic component.

3.1. Linearized Navier-Stokes-Fourier system

We consider the following linear control problem

(3.1)
Op + pOzu = 1o, fi (t,z) € (0,00) x (0,L),
B — T s Jifaxp + RO =1of2  (ta) € (0,00) x (0, L),
00t~ 0,0+ B oo = 10,43 (t,2) € (0,00) x (0, L),
u(t,0) = u(t, L) = 9(t,0) = ¥(t, L) = 0 t € (0,00),

,0(0,1') = po(l’), U(0,$) = Uo(l'), 19(0737) = 190(1") T e (Oa L)a

where (a+2p), p, R, 0, k and ¢, are positive constants, and fi, fa, f3 are interior
controls. Null controllability of the above system was studied in [10]. More
precisely, if O; C (0,L) and 03,03 C (0,L) the system (3.1) is not null
controllable in L?(0,L)? at any time 7 > 0 (see for instance [10, Theorem
1.1]). Here we prove the following result

THEOREM 3.1. Let
_ Rpb
S 2u+a

(3.2) O; C (O,L), 05,03 C (O,L), wo -
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The system (3.1) is not exponentially stabilizable in L?(0, L)® with an expo-
nential decay rate w > wyg, by interior controls f1 € L*(0,00; L?(01)), fo €
L?(0,00; L2(03)) and f3 € L*(0, 00; L?(03)).

This result can be proved in a similar manner as we proved Theorem 2.3.
At first, we obtain a suitable observability inequality which is equivalent to
the exponential stabilizability. Next, we construct suitable Gaussian beam
solutions to show that observability inequality does not hold. In fact, the
Gaussian beam solution of the adjoint of system (3.1) was already constructed
in [10, Section 2.2].The proof is left to the reader.

3.2. Linear blood flow type model

Let us consider the following linear control system

(3.3)
ora+ 0rq = 1o, f1 (t,z) € (0,00) x (0,L),
0tq — 110022q + 11029 + p2q + @10za + ava = 1o, fa (t,x) € (0,00) x (0, L),
a(t,0) = g(t, L) = 0 te (0,50),
a(0,z) = ao(z), q(0,z) = go(z) z € (0,L),

where o, p1, p2, a1, o are constants and aq, ug > 0. This system can be ob-
tained by linearising system (1.3) of [12], which models one dimensional blood
flow in a vessel with viscoelastic walls, around a constant steady state. Note
that, the system (2.1) in dimension one is a special case of the above system.

The system (3.3) is also not null controllable at any time 7 > 0 by the
interior controls f; and fy (see for instance [1, Theorem 1.4]). We have the
following result regarding the lack of stabilizability

THEOREM 3.2. Let
(3-4) O1C(0,L), 0,C(0,L), wy:= %
0
The system (3.3) is not exponentially stabilizable in L*(0, L)% with an expo-
nential decay rate w > wy, by interior controls fi € L?*(0,00; L?(01)) and
fa € L?(0, 00; L2(O3)).

The proof of this theorem can also be obtained by following the same
philosophy as the proof of Theorem 2.3. The construction of Gaussian beam
solutions of the adjoint of system (3.3) is similar to Theorem 2.8 above and
[10, Theorem 2.9]. Thus the details are left to the reader.
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4. LINEAR VISCOELASTIC JEFFREYS SYSTEM

In this section, we consider linear viscoelastic flows in a smooth bounded
domain 2 C R", n = 2,3. More precisely, we consider linear single mode
Jeffreys system (see for instance [11, Eq. 1.3]):

poru — poAu+ Vp —divS = lof (t,z) € (0,00) x £,
divu=0 (t,z) € (0,00) x Q,

(4.1) S + 1S — 2pDu = 0 (t,z) € (0,00) x Q,
u=20 (t,z) € (0,00) x 0N,
u(0) = up, S(0) =Sy x €,

where
1 T
Du = i(Vu +Vu '),
and po, p1 and pg are positive constants. In the above system u(t,-) : Q@ — R™,
p(t,-) : @ — R and S(t,-) : Q@ — R™ ™ represent the fluid velocity, pressure and
stress tensor respectively. Let us consider the spaces
Li(Q) = {ue (L2(Q)" | divu = 01in Q, w.r =0 in o0}

and

HLo(9) = L2() N HY(Q)",
where v is the outward unit normal to 0€). Let P be the Leray projector from
L?(2)™ onto L2(£2). We denote by Ag = PA, the Stokes operator in L2 (£2) with
D(Ap) = H*(2)"N H;,o (). Let Lg(R™) denote the space of all symmetric real
n X n matrices, and we take

H = L2(Q) x L*(; Ls(R™)),

equipped with the inner product
U w 1
, =p u-wd:n—i—/S: dzx.
<<S> <@>>H p/Q 2p2 Jo 2
We consider the operator A : D(A) — H defined by
D(A) = {(1,5) € Hpo(®) x LA Ls(R™))

| Ip € L2,(Q) such that — poAu+ Vp —divS € L?,(Q)},

(4.2) A H _ ;(quu — Vp+div S)

S — 1S + 2ueDu
We have the following result regarding well-posedness of the system (4.1).
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LEMMA 4.1. The operator (A, D(A)) is the infinitesimal generator of a
strongly continuous semigroup on H.

Proof. Note that for all (u,S) € D(A), we have

<A[§] H ——uo/\VuF x—/s Sdz <

and hence A is dissipative. In order to show (A, D(A)) is maximal in H, for
any (f,G) € H, we consider the system

1
— —(poAu — Vp+div S) = f, divu=0 in Q,
p
(4.3) u=0 on 052,
(14 p1)S = 2peDu =G in Q.

Note that, solving the second equation of (4.3), we get S = 124?31 Du + ﬁ@,
and therefore u solves

1

2 1 ) )
U — — + Au—Vp| = f+ divG in Q,
p[(uo : ﬂ“) pl=f+ m
divu =20 in Q,
u=20 on Of).

The right hand side of the above equation belongs to [H~!(Q)]", the dual of
[H(Q)]™ with respect to the pivot space L?(2)". Therefore by [4, Theorem
IV.5.1] the above system admits a unique solution (u,p) € H&,U(Q) x L2 ().
Next, from (4.3); it follows that S € L*(Q; Ls(R")) and from (4.3); it follows
poAu — Vp +divS € L2(Q). O

Our main result of this section is as follows.

THEOREM 4.2. Let

(4.4) 0CQ,  wi=24u.
Ko

The system (4.1) is not exponentially stabilizable in H with an exponential

decay rate w > wo, by interior control f € L*(0,00; L?(O))".

In order to prove the above result, we assume that S is of the form S(t, -) =
2Dw(t, -), for some v(t,-) € H1 0(€), t > 0. Then (u,v) satisfies the following
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system
pou — poAu+ Vp — Av =1pf (t,x) € (0,00) x €,
Orv + 1V — pou =0 (t,x) € (0,00) x Q,
(4.5) divu =0=divo (t,x) € (0,00) x ,
u=0=vw (t,x) € (0,00) x 0N,
u(0) =wup, v(0) =wvp x € .

Let us take Ho = L2(Q) x H ;70(9) equipped with the inner product

<<u>7<w>> :/u-wdx+1 Vv :Vzdx.
v SVNETR Q H20 JQ

We define an unbounded operator (A, D(Ag)) on Ho:
D(Ao) = {(u,v) € Hy () x Hy () | pou+v € D(Ao)},

(4.6) Ao [U} _ F—Ao(uou +U)} ‘

v M2t — [V
LEMMA 4.3. The operator (Ao, D(Ap)) is the infinitesimal generator of a

strongly continuous semigroup on Hy.

Proof. Note that for all (u,v) € D(Ap), we have

o] [ =55 fpas= 3 [mor e

and hence Ay is dissipative. Now to show that (A, D(Ap)) is maximal in Hy,
for any (f,g) € Ho, we consider the system

o - ;AO(MOU +0) = f.

(L+ p1)v — pou=g.

Note that, solving the second equation of (4.7), we get v = — g,

and therefore u solves

1 U2 1
u—— + Aou = f+ Apg.
p<u0 1+M1> =] T

Next, using the fact that the Stokes operator Ay is an isomorphism from H(%’U
to H; (), the dual of H&U with respect to the pivot space L2((2), we obtain
u and v belongs to H&U(Q). Next, setting w = pou + v, it is easy to see that
w solves

B2
14-p1

g
po(1+ p1) + p2’

1
(po + )l — 5Aow =f+

2
1+
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g K2

po(1 + p1) + pi2 L+
Using the well-posedness of the Stokes operator, we obtain w € D(4y). O

where f+ € L2(Q) and (o + )~ is a positive constant.

We also determine the adjoint operator of Ag.
PROPOSITION 4.4. The adjoint of (Ao, D(Ap)) in Ho is defined by
D(A) = {(w,2) € Hyo(Q) x Hyo(Q) | pow — 2z € D(Ap) }

1
—HoW — 12

Proof. The proof of this proposition is similar to that of Proposition 2.2.
We just have to use the fact that the Stokes operator Ay is self adjoint. [

In view of Poincaré and Korn’s inequalities, to prove Theorem 4.2, it is
enough to prove the following result

THEOREM 4.5. Assume the hypothesis of Theorem 4.2. The system (4.5)
18 not exponentially stabilizable in H with an exponential decay rate w = wy,
by interior control f € L*(0,00; L*(O))".

The controllability of linear viscoelastic flows has been studied only in a
few articles. For example, the lack of null controllability of the one-dimensional
model has been proved in [15], whereas the lack of null controllability of the
higher dimensional model has been proved in [11]. As far as we know, the
stabilizability of the system (4.1) or (4.5) has not been studied rigorously. In
this context, we mention the work [13] where the exponential stabilizability
with a decay w < wq, of linear viscoelastic flows with a rigid structure was
proved.

The rest of this section is devoted towards the proof of Theorem 4.5. The
proof is similar to the proof of Theorem 2.3 given in Section 2. First, we derive
an observability inequality equivalent to the exponential stabilizability of the
system (4.5). Let w > 0. We consider the adjoint system

( pOyw — pww — poAw + Vq+ ueAz =0 (t,z) € (0,7) x Q,
Oz —wz+mz+w=0 (t,x) € (0,7) x Q,

(4.9) divw =0=divz (t,z) € (0,7) x Q,
w=0=z (t,z) € (0,7) x 09,
w(0) = wp, 2(0) = 2z x €.

We have following equivalence result
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PROPOSITION 4.6. Let w > 0. The system (4.5) is exponentially stabiliz-
able with a decay rate w, by interior controls f € L*(0,00; L?(O))", if and only
if, there exist 5 € (0,1), 7 > 0 and C > 0 such that, for any (wo, z0) € Ho, the
solution of (4.9) satisfies the following observability estimate

(., Mz + 12 Mgy < C ol razon
+ 8 (ol 2y + 201y ) -

As before, we shall construct special solutions violating the observability
inequality (4.10). The construction here is slightly different due to divergence
free conditions, and different order coupling between ODE and parabolic equa-
tions. We just provide the Gaussian beam construction. The rest of the proof
of Theorem 4.5 is similar to the proof of Theorem 2.3, and thus left to the
reader. Consider the following system in (0,7) x R"

(4.10)

pOyw — wpw — ppAw + oAz =0 (t,x) € (0,7) x R",
(4.11) Oz —wz+mz+w=0 (t,x) € (0,7) x R",
' divw=0=divz (t,x) € (0,7) x R,

w(0) = wo :=curl ag, 2(0) = zp:=curl by x € R".

In the above, we use the same notation of “curl” in both two and three di-
mensions. If n = 2, the functions ag and by are scalars and curl ag = V=+ag.
If n = 3, they are vectors in R? and curl ag = V X ag. The initial datas are
chosen as “curl” of some function so that they are automatically divergence
free. Applying Fourier transform to (4.11), we obtain

d {@] _ (Ao(6) + ) [g] , [QE] (0) = [@0} _ [ii%ﬂ t € (0,7),

@ /Z\ z 20
where u i
0412 2 1¢12
—~ —— €T — &)1
Ao@:[ 71 e
—I, *,U/lHn

If n = 2, the term € x @y to be understood as £+ag. We have the following
lemma

LEMMA 4.7. The following holds

1. The eigenvalues of ./zl\o(f) are

A(E) == (&) = A§)

(117 + pol€?) = /(19 + polél?)? — 4p(p1po + p2) €]
2p
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61(§) = -+ = dn(£) = 6(8)

(119 + pol€l*) + v/ (u1p + 1ol€[*)? — 4p(ppo + p2) €2
25 ’

2. There exists & > 0, such that for all |€|> &, all the eigenvalues are real.
They satisfy
Ae(€)  po

) 2
1 =——, lim §(§) = — (M1+> =—wp, k=1,2,...,n.
|00 €2 plel—oo 1o

3. For [£|= &, we have
—2wp < 0(§) < —wo,  0(&2) > (&) for |€2> |&1]> Lo,

and
[vEa(6)| < ,gk (k € NU{0}),

for some positive constant C' independent of &.

4. The eigenfunction of Ag(€) corresponding to 6(€) is (—(p1+6(€))1n, 1),
where 1, = (1,---,1)".

Regarding the construction of the Gaussian beam solutions for (4.11), we

have the following result:

THEOREM 4.8. Let B € (0,1),7 >0, andw > wy. Let & = (%,O,---,O) €
R™ with cog > 1, and xg € R™. For any € > 0, let ¥. be defined as in Theo-
rem 2.8, and we define

n = 27 aO == _62(//” + 6(5))1/}67 /b\O - 52¢57 7:0\0 - ’L.fj_a,\[), jZ\O - igj_g()’

n=3, o= —cX(u+o(E))ees, bo=cXees, Wo=ixdo, 2o = i€ xby,
where e3 = (0,0,1)T. Then (w, z) defined by

w(t,2) = Fo' (@0(©e" @) 2(tx) = F ! (F0(©el? 1),
satisfies the system (4.11), with
ao(x) = Fy ' @(€), bo(@) = F¢* (Bo(€)
wo(z) = curl qp = .7-"{1 (Wo(§)), =zo(x)=curl by = .7'"5_1 (Z0(€)) -
Moreover, there exists g > 0 such that, for all 0 < € < g¢, we have

(i) There ezists a positive constant C' depending on o, but independent of €
such that

Ce?=s Ce
HQOHHS(]R") < (271')”7 s € [07 1]7 HbOHHl(R") < (27‘(’)”
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Bl/m (m—1)(w—wg)T 1
_ m < , n <
Ay 1207, ) g emy (2m)"

Ce
(2m)"’

eWmwo)T e N,

(ii) For anyn > 0, there exists a constant C, depending on w,T,n and €q, but
independent of € such that

12t M1 (ool < O ke Nt € [0,7],
”bo”H2(|x710|2n))”< Cgk—l—n/4’ ke N,
H(w7 Z)HHl(O,T;H2(\$—zo|2n))"< C&_k’—l—n/47 ke N.

Proof. The proof is similar to that of Theorem 2.8. [

Now we can proceed as the proof of Theorem 2.3 in Section 2 above to
prove Theorem 4.5.

5. CONCLUSION AND OPEN PROBLEMS

The main results in this article concern the lack of exponential stabiliz-
ability of some coupled ODE-parabolic systems. We show these systems are
not exponentially stabilizable with an arbitrary decay rate by localized inte-
rior controls. As a consequence, we recover previously known results that these
systems are not null controllable at any time. In view of our results, several
open questions seem natural.

Optimality of the decay rate: In all of the examples above, we are able to iden-
tify the decay rate wg such that the system is not exponentially stabilizable
with decay rate w > wy. Thus, the most natural question is whether these decay
rates are optimal or not. In particular, it would be interesting to know whether
these systems are exponentially stabilizable with a decay w < wg. As mentioned
earlier, linearized compressible Navier-Stokes system i.e., system (2.1) in di-
mension one, is exponentially stabilizable in H,, with a decay rate w < wy,
wo defined in (2.6), by a localized parabolic control only (see for instance [7,
Proposition 3.4]). In [13, Theorem 1.1], it was proved that linear viscoelastic
fluid-structure model is exponentially stabilizable with a decay w < wg, with
wp defined as in (4.4). In view of all these results, we think, all the systems
considered here are exponentially stablizable with decay w < wgy. More pre-
cisely, we conjecture that, the decay rate wy for the systems (2.1), (3.1), (3.3)
and (4.5) is optimal, in the sense that, the corresponding systems are exponen-
tially stabilizable with decay w < wg. In [7, 13], the exponential stabilizability
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was proved by checking Hautus criteria for exponential stabilizability, which
requires the knowledge of the spectrum of the operator. However, in view of
Theorem 1.6, perhaps Carleman type estimates may be helpful to prove the
optimality of the decay rate.

Coupled ODE-parabolic system with variable coefficients: In this article, we
have only considered constant coefficient operators. Recently, lack of null con-
trollability of coupled ODE-parabolic systems with coefficients depending on
both space and time, was proved in [1]. Thus, it would be interesting to see
whether similar results can be proved for the variable coefficient operator. The
Fourier transform technique used here to construct Gaussian beam solutions
would not be possible. However, the ideas used in [14] and [1] to construct
Gaussian beam solutions for variable coefficient operators may be useful.
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