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We study the existence of solutions of classes of nonhomogeneous elliptic prob-
lems with Navier boundary condition and involving a fourth order differential
operator with variable exponent and power-type nonlinearities. Our arguments
to prove these results are based on the direct method of the calculus of variations,
estimates of the levels of the associated energy functional and basic properties
of the Lebesgue and Sobolev spaces with variable exponent.
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1. INTRODUCTION

The study of problems of elliptic equations and variational problems with
p(z)-growth condition has attracted more and more attention in recent years.
It possesses a solid background in Physics and originates from the study on
electrorheological fluids and elastic mechanics. It also has wide applications
in different research fields, such as image processing model, stationary ther-
morheological viscous flows and the mathematical description of the processes
filtration of an ideal barotropic gas through a porous medium.

In the study of classes of nonhomogeneous elliptic problems with Dirich-
let boundary condition and involving a fourth-order differential operator with
variables exponents and power-type nonlinearities, the first result establishes
the existence of a nontrivial weak solution in the case of a small perturbation.
The proof combines variational methods, including the Ekeland variational
principle and the mountain pass theorem of Ambrosetti and Rabinowitz.

The second result is the existence of nontrivial weak solutions for large
values of the parameter of very related eigenvalue problem. The direct method
of the calculus of variations, estimates of the levels of the associated energy
functional and basic properties of the Lebesgue and Sobolev spaces with vari-
able exponent have an important role in the arguments.
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A. Ambrosetti, H. Brezis and G. Cerami [I] studied the qualitative anal-
ysis of semilinear elliptic problems involving concave and convex nonlineari-
ties and with Dirichlet boundary condition. They proved several existence,
multiplicity and nonexistence results and developed powerful topological and
variational methods for the study of such nonlinear problems. In [20] and [15]
related existence results are established in the case of elliptic problems with
variable exponents and Dirichlet boundary condition. L. Kong [I5] proved the
existence of a family of eigenvalues in a neighborhood of the origin.

Additional results on higher-order problems or nonlinear partial differen-
tial equations with variable exponent can be found in the papers by G. Autuori,
F. Colasuonno and P. Pucci [3], Z. Chen [7], F. Colasuonno and P. Pucci [§],
A. Kratohvil and I. Necas [16], V. Lubyshev [19], P. Pucci and Q. Zhang [27].

Consider the following nonhomogeneous eigenvalue problem defined by
—Apu = Mu|?®) =2y in a bounded domain of RN with a prescribed zero
Dirichlet condition on the boundary which is smooth. The p(x)-Laplace oper-
ator is defined by A, yu = div(]Vu|P®)=2Vu) and the function p, ¢ € C°(Q,R).
This nonhomogeneous eigenvalue problem is studied in [20] in the subcritical

setting under the basic hypothesis 1 < min ¢ < minp < maxgq.
Q Q Q
The main result in this direction is the existence of A* > 0 such that for

any A € (0,\*) we have at least one nontrivial solution. Since the associated
energy functional does not have a mountain pass geometry, see A. Ambrosetti
and P. Rabinowitz [2], the proof relies essentially on the Ekeland variational
principle, see [11].

The original proof of the mountain pass theorem is based on several pow-
erful deformation techniques developed by R. Palais and S. Smale [24] 23],
who developed the main ideas of the Morse theory in the abstract framework
of differential topology on infinite-dimensional Riemann manifolds. A simpler
proof of the mountain pass theorem is due to H. Brezis and L. Nirenberg [4],
who used a pseudo-gradient lemma, a perturbation argument and the Eke-
land variational principle. The study initiated in [20, [32] was continued by
L. Kong [15] in the framework of the p(z)-biharmonic operator A?)(x), namely
A2 yu = A(|AuP) =2 Au).

For basic definitions and properties concerning the basic function spaces
with variable exponent, we refer to the recent monographs of L. Diening, P.
Hésto, P. Harjulehto and M. Ruzicka [10] and V. Radulescu and D. Repovs [32]
for related properties of Lebesgue and Sobolev spaces with variable exponents.

In a recent paper [5], the authors studied two classes of nonhomogeneous
elliptic problems with Dirichlet boundary condition and involving a fourth or-
der differential operator with variable exponent and power-type nonlinearities.
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The first result establishes the existence of a nontrivial weak solution in the
case of a small perturbation of the right-hand side and the proof combines vari-
ational methods, including the Ekeland variational principle and the mountain
pass theorem of Ambrosetti and Rabinowitz. The second result concerns a
very related eigenvalue problem involving always a fourth order differential op-
erator with variable exponent and they proved the existence of nontrivial weak
solutions. The important steps in their arguments are based on the direct
method of the calculus of variations, estimates of the levels of the associated
energy functional and basic properties of the Lebesgue and Sobolev spaces with
variable exponent.

Consider the fourth order nonlinear elliptic equation with variable expo-
nent and Navier boundary condition

{ Az(x)u + a(@)|[u[PP 20 = Aw(x) f(u), z €N

1
(1) u=Au=0, x € 01,

where a(xz) and w(x) are nonnegative potentials and the nonlinear term f
behaves like
Fu) = |u]"® 72y — |u]f@) =2y,

where v, § > 1 are continuous functions and under the basic hypothesis
(2) y(x) < B(x) < p(x), for all x € Q.

The main result in [15] asserts that there exists A* > 0 such that problem
has at least one nontrivial solution for any A € (0, \*).

In the present paper, we establish several existence results for problems
related to but under some basic assumptions different from .

In [5] the authors considered the following nonlinear problem

3) byt aluPD 7 = A @7 — O,z e
u=Au=0, x € 01,

where )\ is a positive parameter and a > 0. Under two different assumptions,
they showed that problem has at least one nontrivial solution provided that
the positive parameter A is small enough.

In a different situation they considered a problem very close to . They
considered the following eigenvalue nonlinear problem

(@) Af)(x)u + alu[P@ 2y = Au /@2y — [u)f@ 2y, e
u=Au=0, x € 0N.

In this case, they established a sufficient condition for the existence of nontrivial
solutions provided that the parameter A is large enough.
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The variable exponent Lebesgue and Sobolev spaces are generalizations
of the classical Lebesgue and Sobolev spaces, replacing the constant exponent p
with an exponent function p(-). These spaces have been the subject of constant
interest since the beginning of the 20th century both as function spaces with
intrinsic interest and for their applications to problems arising in nonlinear
partial differential equations and the calculus of variations.

In this paper, we will use some basic definitions and properties concerning
the basic function spaces with variable exponent summarized in [5]. We refer
to the recent monographs of D. Cruz-Uribe and A. Fiorenza [9], L. Diening,
P. Hasto, P. Harjulehto and M. Ruzicka [10] and V. Radulescu and D. Repovs
[32] for further developments and related properties of Lebesgue and Sobolev
spaces with variable exponents and their history.

In the present paper, we consider the fourth-order nonlinear elliptic equa-
tion with variable exponent and Navier boundary condition

(5) A2 et A2 yu aluPo P = A(|u[" 72— (uf® e in Q)
u=Au=0 on 01,

(6) A2 e+ A2 yu aluPo® P = Mu P72y — w720 i 0
u=Au=0 on 012,
where a is a nonnegative constant potential, A is a positive parameter and
7, > 1 are continuous functions and for all i € {0,1,2}, p; € CY(Q,R). Set
p(z) = min, pi(x) and ¢(z) = max, pi(z)
We study the problems and @ under one of the following hypotheses

(7)
1 < min{p(z), B(x)} < max{q(x), B(x)} < v(z) < l%i%pf(ac) for all z € Q,

(8)
1 <v(x) < min{p(x), B(x)} < max{q(z), B(z)} < 13(1)1{121)?(:6) for all z € Q.

Where, for i € {0,1,2}, pf(x) denote the critical Sobolev exponents, namely
Npi(z) .
X —_ if 2p;(x) < N
9 i@={ N-op@
+o0 if 2p;(z) > N.
In a four-dimensional manifold, this type of equations and similar ones arise
from the problem of prescribing the so-called Q-curvature. More precisely,
given (M, g) a four-dimensional Riemannian manifold, the problem consists in
finding a conformal metric g for which the corresponding Q-curvature @; is
a-priori prescribed.
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The first result of this paper establishes the existence of a nontrivial
weak solution in the case of a small perturbation. The proof of this result
combines variational methods, including the Ekeland variational principle and
the Ambrosetti-Rabinowitz mountain pass theorem. The second existence re-
sult concerns a closely related eigenvalue problem involving always a fourth
order differential operator with variable exponent.

2. DEFINITIONS AND RELATED PROPERTIES OF WEAK
SOLUTIONS

2.1. Function spaces with variable exponent

Consider the set
C(Q) ={peC(Q), p(x) > 1forall x € Q}.

For all p € C(Q2), we define
pT = supp(x) and p~ = inf p(z).
€N zef

For any p € C4(£2), we define the variable exponent Lebesque space
LP@)(Q) = {u; u is measurable and / |u(z)[P@ dz < oo} .
Q

This vector space is a Banach space if it is endowed with the Luzemburg norm,
which is defined by
p(z)
de <15.

|u]p(x) = inf {/L > 0; /
Q

The function space Lp(‘”)(Q) is reflexive if and only if 1 < p~ < p™ < oo and

continuous functions with compact support are dense in Lp(“")(Q) if p* < 0.
Let L4®)(Q) be the conjugate space of LP(#)(Q), i.e 1/p(z) +1/q(z) = 1.

If w € LP@(Q) and v € LI®)(Q) then the following Holder-type inequality

holds:
1 1
uv dx| < +>u Va2 -
/Q <p_ ) @[Vl

The inclusion between Lebesgue spaces also generalizes the classical
framework, namely if 0 < |Q] < oo and p1, pe are variable exponents so that
p1 < py in Q then the continuous embedding LP2(*) () «— LP1(#)(Q) holds true.

If k is a positive integer number and p € C4(£2), we define the variable
exponent Sobolev space by

wkrE)(Q) = {u e LP®(Q) : D e LPP(Q), for all |a| < k}.

u(z)

(10)
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N
Here a = (a1, ..., ay) is a multi-index, |a| = > «; and
i=1

dloly,
Ot ... OgN "

D%y =

On WP (Q) we consider the following norm
lullkp(z) = Z | DU ()
| <k

Then WHP®)(Q) is a reflexive and separable Banach space (see [I7, Theorem

3.1]). Let Wéc’p(z)(ﬂ) denote the closure of C§°(Q) in WFP)(Q).
Consider the function space F defined by

E = WyP@ () nw2re)(Q).
Then F is a separable and reflexive Banach space if it is equipped with the
norm

”uHE = ”uHLp(z) + HuHZ,p(:r)

Cf. Kong [I5] p. 251}, the norms ||lu||z and |Aul,) are equivalent.
If a is a positive number, define for all u € E
()
7 ) dx < 1} .

|u||a:inf{)\>0; / (A“
o U7

Then ||ul|, is well-defined and it is a norm which is equivalent with the norms
lull g and [Aulygy in E.
Let o, : E — R be the modular function defined by

p(z) u

+als

A

(11) 0a(u) = / (]Au\p(x) + a!u\p(x)) dz.
Q
If (uy,), u € E then the following properties are true:
- +
(12) lulla >1 = Jullf < oa(w) <[lulf,
+ —
(13) ulla <1 = [lullf < ea(u) < lull§
(14) lup —ullp =0 < 04(up —u) — 0.

The proofs of relations , and can be found in [6, Proposition 1].
Let p*(x) denote the critical Sobolev exponent, defined as in (9)).

We point out that if p,q € C(Q) and ¢(z) < p*(z) for all z € Q then
the embedding E < LI®)(Q) is compact, see Kong [I5, Proposition 1.3].
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2.2. Definitions and main tools

Consider the function space F defined by
E = Wy (@) n w@)(q),
For (u,v) € E?, denote by

L(u,v) ::/ |Au\p1($)_2AuAvd:U—|—/ |AulP?®) 2 AuAvdz
Q Q

—i—a/ lu[Po @) 2y da.
Q

Definition 2.1. We say that X\ is an eigenvalue of problem if there
exists u € E '\ {0} such that for allv € F

L(u,v) = )\/ (Ju] @200 — |uP®24p)da.
Q

Remark 2.2. If X is an eigenvalue of problem , the corresponding func-
tion u € E \ {0} is a weak solution of problem ().

Definition 2.3. We say that X is an eigenvalue of problem @ if there
exists u € E '\ {0} such that for all v € E

L(u,v) = )\/ lu| Y@ 2ypds — / @2 ypd.
Q Q

Remark 2.4. If X is an eigenvalue of problem @, the corresponding func-

tion u € E \ {0} is a weak solution of problem ({@).

The energy functional associated to problem is defined as follows:
2

1 1
- Aq|Pi(@) po(z)q
B0 =2 (/Q pita) S gy e

Q

The energy functional associated to problem @ is defined as follows:

|u,w(w) ‘uyﬁ(w)
— d
W) B |

2 |u[7(@)

w) = Uoagpi@ £ 1 @y ) —
S ;(/ﬂpi(‘r)’A | " 2po(a) [ d) A ()
8

Q X
Julf@
*/Q B(x)

dx

dz,

for all v € E.
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3. THE MAIN RESULTS AND RELATED PROPERTIES

We study problem first under the hypothesis and then under the
hypothesis @

Hypothesis implies that &, is well-defined, of class C', and for all
veFE

2
(E\(u),v) = Z/ <\Au]p"(x)_2AuAU + ;alu\po(x)_zuv> dz
i=1 7%

- )\/ (|u\'7(3”)_2 - |u|5(x)_2> uvdz.
Q

The first result of this paper is the following.

THEOREM 3.1. Assume that one of the hypotheses or 1s satisfied.
Then there ezists a positive number X*, such that for all A € (0, \*), problem
has at least one nontrivial weak solution.

Next we are concerned with the study of problem @

THEOREM 3.2. Assume that the hypothesis is satisfied. Then there
exists a positive number \** such that for all X € (\**,00) problem @ has at
least one nontrivial weak solution.

We point out that under hypothesis the minimization problem related
to the equation does not have a mountain pass geometry. More precisely,
&) satisfies only one of the geometric hypotheses of the mountain pass theorem,
namely the existence of a mountain between two prescribed villages. However,
the second geometric assumption of the mountain pass theorem is not fulfilled
because this valley is close to the first village and not across the chain of
mountains, as requested by the mountain pass theorem. For this reason, the
existence of the solution follows with different arguments and only for small
perturbations in terms of .

We remark that Theorem is established in a very close case in [5]
which uses a property related to Theorem 2.1 in [I5]. However, this result is
based on the assumption (8), which is more general than the corresponding
hypothesis (2.1) in [15].

The proofs of Theorems and [3.2] are similar to those of Theorems 3.1
and 3.2 in [5] in which the authors use some ideas developed in [20} [31], 32] in
the framework of p(x)-Laplace operators and extended in [I5] to biharmonic
operators with variable exponent.
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3.1. Geometric properties

We are first concerned with the proof of Theorem if the hypothesis

is fulfilled.
We have £,(0) = 0. We first establish the following auxiliary property.

Lemma 3.3. There exists a positive number A* such that for all A € (0, \*)
there are positive numbers r and 7 such that £\(u) > r for all w € E with

[ull =n.

Proof. We observe that
2
Z/ < | Aul?il® —|—2a|up°(””)> de — — /|u!“’(”")dfc

i B(=
+/Q|u|()

Exlu )>7Qa —/|u!7<xdx+/|ulﬁ

1
zgau—/ u| Y@ dz
p (u) o= QH

Where g4(u) = [ |AulP®) + alu|P®))dz. Fix € (0,1) and assume that
llulle = n. We obtain

1 + A
Suzup/u7(m)dx
A (u) q+H I - Q| |

Since the embedding E < LY®)(Q) is continuous, there exists C; > 0
such that for all u € E

| V

Then,

1 + 77p+ _
Ex(u) = qTHUHP — ACH|Jul}y = =7 AC1n?

Now, taking A\* sufficiently small, we deduce that for all A € (0, \*) there
exists 7 > 0 such that Ex(u) > r for all u € E with ||ul|g = 7.
The proof of Lemma [3.3]is now complete. []

Next, we establish the existence of a valley near the origin.

Lemma 3.4. There exist v € E and tp > 0 such that £,(tv) < 0 for all
S (O,to).
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Proof. Fix v € E '\ {0} such that v > 0. For all ¢ € (0,1), we have

2 ()
_ tPi (@) () 1 (z) _ 1 @)
U)_fQi;<Pi($)|Av|p + @ )dx Morwt
tB(x)
—f—A/ Uﬁ(x)dﬂj,
a B(z)

then

Ex(tv) < —ga A/W d:c+/\/ Alz)q
—Cltp + Cot? — Oyt

where C7, Cy, C3 are positive numbers.
Using hypothesis , we deduce that £, (tv) < 0, provided that ¢t > 0 is
sufficiently small. The proof of Lemma is complete. [

As a conclusion of these results, we point out that hypothesis implies
that problem satisfies the existence of a mountain between two prescribed
villages.

3.2. A compactness property

Since the right-hand side of equation does not satisfy the Ambrosetti-
Rabinowitz condition, we cannot deduce that &) satisfies the Palais-Smale
condition, that is, any Palais-Smale sequence is relatively compact. However,
we prove in what follows that there is a bounded Palais-Smale sequence that
contains a strongly convergent subsequence.

Returning to Lemma we have

15 £ &E(W)>r>0
(15) ulenaB)\()T>>

where
Bim{uc E: lula <.
By Lemma there exists v € E such that

(16) Ex(tv) <0 for all t > 0 small enough.

Set

m = inf Ey(u).
ueEB
Then m is finite and using relation , we deduce that m < 0. By it

follows that

f & — inf & > 0.
BB~ L)
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Fix € > 0 such that
e < inf &\(u) — inf E\(u).
u€oB ueB o
The functional &) restricted to the complete metric space B satisfies the hy-

potheses of the Ekeland variational principle. A straightforward computation
(see [32]) shows that there exists a bounded sequence (u,) C B such that

(17) Ex(un) = m and ||E4(un)|

g+ — 0 asn — oo.
So, up to a subsequence, we can assume that
Uy — ug in B, up — ug in LY®(Q), and u, — ug in L@ (Q).

We claim that, in fact,
Up —> ug  in F.
Using the second information in relation , we deduce that for all
pekl

2
Z/ <\Aun\pi(x)_2AunA(un —up) + %a|un|p0(‘”)_2un(un — u0)> dz—
i=1 7§

)\/ <\un\7(x)_2 - \un\ﬁ(x)_2> U (Up, —ug)de — 0 as n — oo.
Q

By [15, Lemma 2.1(b)], the operator £ : E — E* is an operator of type
(S4+). Thus we obtain that u, — ug in E, which is our claim. So, by ,

Ex(up) =m <0 and &) (up) = 0.

We conclude that ug is a nontrivial weak solution of problem . Thus any
A € (0,\*) is an eigenvalue of problem . The proof of Theorem is now
complete, provided that hypothesis is fulfilled.

We are now concerned with the related property if condition is satis-
fied. We first observe that under this new hypothesis, the conclusion of Lemma
remains true. Next, since condition implies that the dominating term
in the right-hand side of problem (f)) is |u["®)~2u, we prove in what follows
the existence of a valley across the chain of mountains.

Lemma 3.5. There exist v € E and tp > 0 such that &(tv) < 0 for all
t > tg.

Proof. Fix v € E \ {0} such that v > 0. We have, for all £ > 1,

pi(T) < 1 (@)
A(t) pi@) 4 pro(x)) dz — )\/ @ dg
Z/Q P @ 0 @)

tB(=)
+/\/ — @)z,
o B(x)
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then
17" t T
Ex(tv) < — 4 (v —)\/Qﬂ(””)dx—l—)\/vﬁ(m)dx
A(f) b ) 7 Ja 5~ Ja
< C4tp7 + C5tﬁ+ — Cﬁt’yi,

where Cy, C5, Cg are positive numbers.
Using hypothesis (7)), we have v~ > max{p~, 81}. It follows that &, (tv) <
0, provided that t > 0 is sufficiently large and the proof is complete. [

3.3. The Palais-Smale condition

The energy functional £, : £ — R is said to satisfy the Palais-Smale
condition on E if any sequence (u,) C E such that

(19) Ex(un) = O(1) and ||EX\(un)||px = o(1) as n — oo,

is relatively compact.
Let (u,) C E be a sequence such that is fulfilled. We claim that

(20) (uy) is bounded in E.

Arguing by contradiction, we suppose that the sequence (u,,) is unbounded
in E. Without loss of generality, we can assume that ||uy|, > 1 for all n > 1.
Using relation , we have

O(1) + o([[unll) = Ex(un) — ,y1<5£(un), Un)
= 1 P (@) I alu, [P0 ) dz
Z/Q (ZH(@'A " 2po () ] >d

B | |7 () B |t |P()
°, [ @) B@)

dx

1 o 1
— Z/ (|Aun|pi(z) + a|un|po(fﬂ)> dx
7T o e 2
A
-2 V(@) _ |y 1B8()
= /Q (Junl") = Jun] ")) d.
We deduce that
1

O(D)+o(llunll) = Ex(un) — T_<53(un),un>

1 1 - -
> (= — = P P
> (qu 7)/9(]Aun] + aluy,| )dx
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+)\/ <—> [P dm+)\/ (—W(l)) @) dz.

Using now the hypothesis (/7| , we conclude that

1 1
O(1) + o(||unl|) > <qJr — 7) |un |2 as n — oc.

Since v~ > ¢ it follows that

lunlle = O(1) as n — co.

This shows that our claim is true. So, up to a subsequence, we can assume
that

Up — up in E, u, — up in L’Y(l”)(Q)7 and u,, — ug in L'B(I)(Q).
We show in what follows that
Up —> ug in F.

Using the second information in relation , we deduce that for all
pekl

2

Up, [P 72 Ay, + —alu,|PO T “uy, T—
S [ |18 02 + Gl 2]
i Q

)\/ (\un]7(z)_2 - |un\6(z)_2) uppdz — 0
Q

as n — 0o.

With the same arguments as in the first case and since £} : E — E*
is an operator of type (S;), we conclude that u, — wug in F, which shows
that Palais-Smale condition is satisfied. At this stage it is enough to apply
the mountain pass theorem in order to obtain a nontrivial weak solution of
problem for each A > 0, provided that the condition (7)) is satisfied.

The proof of Theorem is complete.

3.4. Proof of Theorem

We first show that J) is coercive, namely Jy(u) — 400 as |ul|q — oo.
Indeed, for all v € E with ||ul|, > 1, we have

1 - - A 1
T(u) > — Aul? + alulP dx—/ u'Y(””)dx—F/ ulP @ dg
A 2> o [ (1Al ol )de - | u 5%

1 _
Z+MEA/MWW
q Y Q

1 - C)\ +
> —lullf — —=llull
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where c¢ is the best constant of the continuous embedding E < L) (Q). By
hypothesis we have p~ > ~T, which infers that the energy functional 7, is
coercive.

Let (v,,) be a minimizing sequence of the functional Jy in E. Since [J) is
coercive, we deduce that (vy,) is a bounded sequence. So, up to a subsequence,
we can assume that

vy — vo in B, v, — vy in LY®(Q), and v, — v in L@ (Q).

Using now the lower semicontinuity of Jy (see [15, Lemma 2.1 (a)]), we deduce
that vg is a global minimizer of Jy on E. It remains to prove that vg # 0. We
have J,(0) = 0. Thus it is enough to show that

inf{7\(v); ve E} <0 for A large enough.

Indeed, let us consider the following constrained minimization problem

2
1 1
o mf{;/ﬂ<m<x>mw’  2o@)
)

’w|ﬂ(ﬂ:

" o B(z)

a’w|po(z)) dx

dz; w € E’},

where

()
(22) E = weEand/|w de=1%.
o ()

If (w,) C E’ is an arbitrary minimizing sequence of problem then (wy,) is
bounded. Thus, up to a subsequence, (w,,) converges weakly in F and strongly
in L7®)(Q) and L#®)(Q) to some wy satisfying

|lwo |~/(x)

o 2@ T

and

1 |wo| B
AwP® + ——_glw P0<m>> dx—l—/ dz > 0.
Z/( [Awol 2po(x) fwol o Bx)

We conclude that
j)\(’u}o) =X*—-XA<0 forall A> AN

hence wy is a nontrivial weak solution of problem @ The proof of Theorem
is complete.
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