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In this paper, we use the variational method to study some Steklov problems
involving the p(z)-q(z)-Laplace operator. Specifically, in the first part of this
paper, we combine the mountain pass theorem with Ekeland’s variational prin-
ciple to prove the existence of two nontrivial weak solutions. Furthermore, in
the second part of this work, we use the symmetric version of the mountain
pass theorem to prove the existence of an infinite number of solutions to such
problems.
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1. INTRODUCTION

In recent years, the study of various variable exponent problems has re-
ceived considerable attention due to their widespread use in applications in
many fields, such as electro-rheological fluid modeling [23], image processing [9],
and they raise many difficult mathematical issues. For more applications, we
refer the interested readers to the overview papers |10}|17,24].

The study of partial differential problems with variable exponents is a new
and interesting topic. Recently, many researchers attracted their attention to
the study of such problems; we refer, for example, to the papers [1,[2}|4-6,
13,119,126, 28], in which the authors have used different methods to obtain
the existence and the multiplicity of solutions. Allaoui in [3] considered the
following problem

1) (—A)p(x)u = A(a(m)]u\qmdu + b(a:)]u\"(x)du) in Q,
]Vu|p(x)*2% + B(x)|u[P®) =2y = 0 on 09,

where the operator (—A)y ;) is the o(z)-Laplacian which is defined for a given

positive continuous function ¢ on Q, as follows:

(_A)o(x)u = - le(|VU|G(m)_2vu)
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Under appropriate conditions and using the variational method combined with
the mountain pass theorem, the author proves that if A is small enough, then
the problem admits a nontrivial solution.

In a recent paper, Chammem et al. [8] have considered the following
problem:

(—A)payu + a(@)uf @2 = fa,u) i Q,
V@) =288 4 () u] 1020 = g(z,u) on O,

where Q € RN, N > 2 is a bounded domain with Lipschitz boundary 052, % is
the outer unit normal derivative. The functions a, b, p, q,g and f are assumed
to satisfy some suitable assumptions. The authors proved the existence and
the multiplicity of solutions by using variational methods, and mountain pass
lemma combined with the Ekeland variational principle.

We note that the p(z)-Laplacian operator possesses more complicated
nonlinearities than the well-known p-Laplacian, for example, it is inhomoge-
neous, and usually, it does not have the so-called first eigenvalue, since the
infimum of its spectrum is zero. This causes many problems. For instance,
some classical theories, and methods, such as the Lagrange multiplier theorem
and the theory of Sobolev space, cannot be applied. Our goal in this paper
is to continue this investigation to a more general operator, that is the p(z)-
q(x)-Laplace operator. Precisely, we provide existing results for the following
elliptic system of Steklov type:

(Py) (=) p(yuta(@)[uP@2ut (= A) gy u+b()|u|?® 2y = Af (z,u) in Q,
\Vu|p(z)_2% + \VU|Q(I)_2% + g(:c)|u]7"(z)_2u = h(z,u) on 09,

where A > 0, a and b are bounded on 2, ¢ is a bounded on 9f2, and f,h are
Carathéodory functions. Recently, problems like (Py) are studied by many
authors and by different methods. In the case when p(z) = p (a constant),
interesting works can be found in [24},7,20,122]. In [7], Bonder and Rossi
studied problem (P ) in the simple case whena =1,b=0, f = 0 and g(z,u) =
g(u). By using mountain pass theorem, the authors prove the existence of
nontrivial solution for such problem. After that, in [20], Martinez and Rossi
were concerned with problem (P)) in the cases when p(x) = ¢(x) = p, for
p > 1 and the nonlinear terms f and ¢ satisfy the Landesman—Lazer-type
conditions. Also, Zhao et al. [29] considered the same problem of Martinez
and Rossi [20] where the perturbation terms f and g, satisfy the Ambrosetti—
Rabinowitz condition.

The rest of the present work is organized as follows. In Section [2| we
recall some definitions and properties of the generalized Lebesgue and Sobolev
spaces. In Section |3 using the mountain pass theorem, we present and prove
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the first main result of this paper. Section {4 is devoted to the proof of the
second main result of this paper.

2. PRELIMINARIES

In order to apply the variational method to solve the question of the ex-
istence of solutions for problem (Py), we recall some definitions and properties
about the generalized Lebesgue and Sobolev spaces. Throughout this paper, 2
is denoted as a bounded smooth domain in RY (N > 2), S(Q) as the set of all
measurable real functions defined on Q, and C' () is denoted by the following
set:

C4(Q) = {h e C(Q), h(z) > 1 for any z € Q}.
Let us con51der p € C(Q). The variable exponent Lebesgue space is

defined by
20(@) = {u e 8@ [ [u()"de < oc},
Q

and equipped with the following norm

|ul Lo ) = inf{ff > 0;/ or
Q

By a similar way, C., (0Q), LP(*)(9Q) and |ul o) (502, can be defined by repal-
cing 2 with 99 and dz with do, where do is the surface measure on 0f2.
The generalized Sobolev space W1P(®) () is defined by

whr@(Q) = {u € LF@(Q); |Vu| € LPD(Q)},

p(z)

dz < 1}.

with the norm

Jul| = inf { a>0/‘

For any h € C(f2), we denoted by h* and h~, the following expressions
h* =sup h(z) and h~ = inf h(x).
z€Q zef

Note that, if h € C; (992), then h™ and h™ are the same as above by replacing
Q with Q. If 8 is bounded on  such that 5~ > 0, then we can define the
following equivalent norm on W1P(®)(Q)
(z)
g Jaz <1},

Julls = inf {o > o;/Q (5(@‘“?’)

PROPOSITION 2.1 ([11|{14]). The following statements hold:

p() Vu() )

g

dx < 1}.

(z)
P 4 n ‘Vu(x)
g

(i) The next sets (LP(*)(€2), || o) () and (WP@)(Q), ||| are separable, re-
flexive and uniformly convex Banach spaces.
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(i) If q(z) € C4(Q) is such that q(x) < p*(z) for any x € Q, then the
embedding WP — L1@)(Q) is continuous and compact, where
p*(:L') — ]\]7\[_101(,3(2) if p(z) < N,
00 if p(x) = N.

PROPOSITION 2.2 ([27]). If q(z) € C(8Q) is such that q(z) < p?(x) for
any © € 0Q, then the embedding WHP)(Q) — L1®)(9Q) is continuous and
compact, where

(N=1)p(z) ‘
pa(:p) . N_ip(px) if p(x) < N,
00 if p(x) > N.

PROPOSITION 2.3 (|14,/15]). Let p’ be such that p(x) +5 (x)
z € Q. Then for each u € LP)(Q) and v € L @)(Q), we have

’/uvdx < —+—)|u|p ]v|p/(x).

Next, we have
pulw) = [ (VP +afa)u ) o
Q

PROPOSITION 2.4 ([28]). Let u € WHP@)(Q). Then there ewist positive
constants k1 and Ko, such that

=1, for all

. - +
(i) If palw) > 1, then sil|ullf < pa(u) < wallullf
.. + -

(i) I pa(w) < 1, then mllully” < pau) < mofluly".
(it}) palw) > 1(=1,> 1) & [lull, > L(=1,> 1).

For the simplicity, the space Wl’p(‘”)(ﬂ) is denoted by E. Associated to
the problem (Py), we define the functional Jy : E — R, by

Ia(u) = Agp(u)+Apg(u) — I(u) — AU (u) + ®(u),

where

r(z)
I(u) = H(z,u)do, \Il(u):/F(x,u)dx, @(u):/ Mda,
o0 Q oo T(T)
with F(x,t) fo f(z,s)ds and H(x,t) fo (z,s)ds.
For a given nonnegative bounded function § and for ¢ € C1(Q), we
denote

IVUP$-+ﬁ(NM°$

7 o(x)

Ago(
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By standard arguments (see [18}21]), we can prove that Ag, € C'(E,R).
Moreover, for all v and v in F, we have

<A, (u),v>= / (\VU|0($)72VUVU + 5($)|u\a(x)72uv)dx.
Q

PRrROPOSITION 2.5 ([16]). 1. The functional Ag, : E — R is convex
and sequentially weakly lower semi-continuous.

2. The mapping A’ﬁ’g : E — E* is a strictly monotone, bounded homeomor-
phism, and is of type (S+), namely, if u, — u and

lim sup < A,/B,(,—(Un), Uy —u > <0,

n—o0

then u, — u.

PROPOSITION 2.6 (|16]). 1. The functionals I and ¥ : E — R are
sequentially weakly continuous in C'(E,R). Moreover, for all u,v € E,

we have

< I'(u),v >= /

h(z,u)vde and < ¥'(u),v >:/f(:v,u)vdx.
o0 Q

2. The mappings I', V' : E — E* are weakly-strongly continuous, namely,
if up — u, then we have I'(u,) — I'(u) and V' (uy,) — V'(u).

ProprosITION 2.7 ([8]). 1. The functional ® € CY(E,R) and for all
u, v €K,

< ®'(u),v >:/ g(z)|u)" @ 2uvdo.
o0

2. The mapping ®' : E — E* is weakly-strongly continuous.

By Propositions and it is easy to check that the functional
Jy € C1(E,R). Moreover, for all u, v € E, one has

< Ji(u),v > = / IVuP@=2vuvo + a(z)|ulP® 2w de — / h(z,u)vdo
Q onN

+/ Vu|?® =24V + b(z)|u|!® dz — )\/ f(z,u)vdz
Q Q

+ / g(2)|ul"™®2uvdo.
o

3. FIRST EXISTENCE RESULT AND ITS PROOF

In this section, we combine the mountain pass theorem [25] of Ambrosetti
and Rabinowitz combined with Ekeland’s variational principle in order to prove
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the existence of two nontrivial weak solutions of problem (P)). Note that u € E
is said to be a weak solution of problem (Py), if for any v € E, we have:

/]Vu\p(x)_QVqudx+/a(x)\u]p(l’)_qudx—i-/ IVu|!®=2VuVods
Q Q Q
—|—/b(x)|u|Q(‘”)_2uvdx—/ h(z,u)vdo
Q 00

+ / g(z)|u)" @ 2updo — )\/ f(z,uw)vdz = 0.
o0 Q
We recall now the mountain pass theorem, which we use to prove the first
main result of this paper.
THEOREM 3.1 (Mountain Pass Theorem [25]). Let X be a Banach space.
Let p € CY(X,R), satisfying the following conditions:
1. ¢(0) =0,

2. ¢ satisfies the Palais—Smale condition, that is any sequence {u,} C X
such that {p(un)} is bounded and ¢'(un) — 0, in X* as n — oo, has a
convergent subsequence.

3. There exist the positive constants r and p, such that if ||u|| = r, then,
p(u) = p,
4. There exist e € X with |e|]| > r such that p(e) < 0.

Then, ¢ possesses a critical value ¢ > p which can be characterized as

— inf /
¢ irérfél[%@(”( )

where,

I'={yeC([0,1],X) : 4(0) = 0,7(1) = e}.

In order to state the first main result of this paper, we assume the fol-
lowing hypotheses:
(Hy) f: QxR — R satisfies the Carathéodory condition and there exist

c1 >0, a € C(9), such that

flx,u) < erfu)®@=1 for all (x,u) € Q xR,
and
(2) 1 <a(z) <p(z) foralzeQ,
where p*(z) is defined in the statement of Proposition
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(Hz) h: 092 x R — R satisfies the Carathéodory condition and there exist
co >0, B € C(09Q), such that

h(z,u) < colul® @1 for all (z,u) € 90 x R,
and
(3) 1< B(z) < pP(z) forall z € dQ,

where p?(z) is defined in the statement of Proposition
(H3) There exist My > 0, #; > p* such that

0<61F(x,t) <tf(xz,t), |t| > My, z € Q.
(Hy4) There exist My > 0, 6 > pT such that

0 < 02H (z,t) < th(z,t), |t| > Ma, x € 0.
(Hs) There exist 1 < p1 < p~, such that

z)|u|" @)
H(xz,u) — g@)lul"* 2|(x‘)

lim inf > 0 uniformly, for z € 99).
u—0 |u|/‘1

(Hg) There exist 1 < ps < ¢, such that

F

lim inf (z,u)
u—0 ‘U|“2

> 0 uniformly, for x € €.

Now, we state the first main result of this paper.

THEOREM 3.2. Suppose that hypotheses (Hy)—(Hg) hold. If p,q € C+(Q),
and r € C(0R) are such that

max(pt,q",7") < min(61,62), and o~ < max(pt,q¢") < 8.
Then the problem (Py) has at least two nontrivial weak solutions.
To prove Theorem we need to prove several lemmas.

LEMMA 3.3. Assume that o~ < p™ < 7, and (Hy)-(Hz) hold. Then
for all p € (0,1), there exists \* > 0 and m > 0 such that for all w € E with
lull = o

Ia(u) >m >0 for all X € (0, \%).

Proof. Let u € E. Then from hypotheses (H;) and (Hz), we have

jufo® -
<
(4) F(z,u) < () for all z € Q
and
B(x)
(5) H(z,u) <c [ul for all z € 0Q.

Blx)
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Since a(z) < p*(x) for all z € €, then it follows by Proposition (ii) that
E — L*®)(Q). So, there exists ¢3 > 0 such that

(6) Ul o) ) < esllull for allu € E.

Moreover, 3(x) < p?(x) for all z € 92, and according to Proposition there
exists a positive constant c4 such that

(7) [ul s (aq) < callul|  for allu € E.

We fix p such that O < p < min(1, ci, a), and let u € E with ||u|| = p. Then
equations @ and (7)) imply

(8) ]u|La(m)(Q) < 1 and |u|Lﬂ(m)(aQ) < 1.
So using equations @, and , we obtain

p(z) p(z) q(x) q(x)
= [ T A [ (T S,
Q Q

p(x) q(x)
g(a)|u|"™)
— qudo—)\/ xuda:+/ ————do
o0 (&) o) oo ()
1
ijpa( u) + +pb / H(z,u da—)\/ F(z,u)dx
1 1
> )+ =) = S5 [ s =2 [ a0
P a9
1 1 01
>

5
Fpa(u) + qub(u) - BT maX(|U|L6(a:>(aQ |“|L5(x)(am)

_)\a— maX(|U|La(x) |U|La(x)( ))

| \%

*” Hg +—1Hu\|b ﬁ_|u’LBz)(6Q) /\OT_’U‘La(z)(Q)

“@HW B o

> e Il = el
/ﬁ;lcl /ﬁJC max(pt.gt C1 - - C9 - -
> (S S fuf ) — el - A ful
p g o
k1C1 chl max(pt,gt)—a~ €1 BT g=—a~ €2 o~
(e Ay
pt gt g a= "’

o _
= — )\7
P70 = A=es ),
for some positive constants k1, (1, k2 and (2, where ¢ : (0,1) — R is defined by

k1Q1 HlCl max(pt,gT)— €1 B~ —a~
) = (SR 4 B jmaxtetatyma” _ ZL Ty e,
90( ) p+ q+ B_ 4
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A simple calculation shows that ¢ attains its maximum at ¢y, which is given
by

' ((2& + %&)Bf(max(p+, q+) - O‘)) ﬁ_—mai(p'*‘,q'*‘)

0 = — .
C1CB (B~ —a”)

If we put

a” (o)

(9) A= and m = o™ (p(ts) = A=2c§ ),

coc§
then, we can deduce that for each u € E with ||u|| = p, we have
Jr(u) >m > 0.
The proof is now completed. [

LEMMA 3.4. Under hypotheses (Hs) and (Hy), the functional Jy satisfies
the Palais—Smale condition.

Proof. Let {u,} C E be a sequence such that
(10) }J,\(un)‘ < My, and J3(un) — 0 in E* asn — oo,

for some positive constant M7, where E* is a dual space of E.

First, we show that {u,} is bounded in E. Indeed, assume by contradic-
tion that {u,} is not bounded in E. Then, passing eventually to a subsequence,
still denoted by {uy}, we assume that ||u,| — oo as n — oco. Thus, we may
consider that |lu,| > 1.

From and Proposition we get

1 1 1
My > Jy(up) > —po(u) + —pp(u) — — h(z,up)u,do
V> ) > o)+ () = g [ )
A 1
- — T, Up ) Updr + — 2)|u|"@do
i | rwwude s = [ g
> o)+ (@)~ ([ hunundo 42 [ faunund)
—pa(u) + —pp(u) — = T, Up ) Updo T, Up ) Upda
= pt’ g 0 \Jaa Q
1
+— g(z)|u|"@do
= | s@lu

> (=)t + (= gmt+ (55 = 5) [ s @0

1
+ 5 < J;\(un),un >

1 1 -1
>(— -2 p Z|J4
> (= ) millunlls” + G5 )l

where 6 = min(6,,02).
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Since § > p™, then by letting n tends to infinity in the above inequality,
we obtain a contradiction. It follows that {u,} is bounded in E which is a
reflexive Banach space. Therefore, there exists a subsequence, again denoted
by {u,} and u € E such that

Up, — u in FE.

To finish the proof, we need to prove that u, — w strongly in E. Using the
fact that Jj(u,) — 0 and u, is bounded in E, we have

(11) lim < J}(up),un —u >=0.
n—oo

On the other hand, by the Hélder inequality, we obtain
/ 9(2)|un|"® 2wy, (uy — u)do
onN

< gl /a @)l — o

< glloo lttn |71 @) fun = Ul p)do

(o)
< llglloltm — 500
= l19lloc|Un = UlLr@ (90) 1Unl Lr@) (50)
—_ r——
< esl|glloolun = ul oo oy max([lunl™ 7, lunl” 7).
Since r(x) < p?(x) for all z € 9N, we deduce that E is compactly embedded
in L") (09). So, u, — u in L™®)(9Q). Then,

(12) lim 9(2)|tn|"® 2w, (1, — w)do = 0.

Now, from (H;) and the Hélder inequality, one has
/ h(z, up)(un —u)do < 62/ || 2@y, — uldo
o0 o0

< eallun|®™ 7 st — ul s oy do

B(x)—1
< ealuy, — u\ﬁ(m)(ag)’un’;ﬁﬁ)(an)

+_ -
< cgealun — u|L5(I)(8Q) max(”unHB Y lunll? 1)~
Since f(x) < p?(x) for all 2 € 99, we deduce that E is compactly embedded
in L@ (0Q). So, u, — u in L) (99Q). Then,

(13) lim h(z, upn)(un —u)do = 0.
With similar arguments, we can obtain that
(14) lim [ f(x,up)(up —u)de = 0.

n—oo Q
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By combining , , with , we obtain

. / . !/
(15) nlglgo < Ay p(un), up —u > +1}1ﬁ\120 < Ay (un), up —u >=0.
Since a € L*(R), and a~ = essinf,ecq a(z) > 0, then we have

< A;’p(un) — A;?p(u),un —u >
= / (|Vun [P =2V, — [VulP@=2Vu) (Vu, — Vu)da.
Q

Using the following elementary inequality which holds for all s, t € RY

Cpls —t|P for all p > 2,
16 s[P2s — |t|P %, s — t) > g s—t|2
(16) (H |t] )_{Cpﬂs"HtT')H’ for all p < 2,

where C), is a positive constant and (.,.) is the standard scalar product in RY,
and using equations and , we obtain

lim < Af, ) (un) — Ag (), un —u >= nh_)ngo <Ay (un) = Ay (1), up —u >=0.

n—oo

Finally, Proposition implies that {u,} converges strongly to u in E. This
completes the proof. [

LEMMA 3.5. Under hypotheses (Hs) and (Hg), there exists e € E such
that Jx(te) < 0 for all t > 0 small enough.

Proof. Let u € E such that ||u|| < 1 small enough. From hypotheses (Hj)
and (Hg), there exist two positive constants ¢y, cg > 0 such that

r(z
(17) H(z,u) — W)F") > eoful™ and AF(z, 1) > cglul".
T

/ ]e[’“da/ leP2dz £ 0,
o) Q

From and for £ > 0 small enough, one has

Let e € E be such that

(18)
p(x) ta(x)
Jy(te :/ Vet + q(x)]e[P® da:+/ Vel?®) 4 b(z)|e|?®]dx
- H(x,te) — ——=|te do— X | F(z,te)dx
/m{<>r($)r|] [ Pt
7 tq
< e+ o) — ent [ el — st / e2de
p q o0

Stul(tp‘—mpa(f) —07/ |e|“1da> ke (tq —uzpb /| |“2dx
b o0
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From (18), we have Jy(te) < 0 for all 0 < ¢ < min(t;,t2) where
t1 = (p_07 faﬁ 6|M1d0> p_l—m q ¢ fQ ’e‘l@dx
pale) po(e)

Proof of Theorem 3.2l We begin by noting that from conditions (Hs)-
(Hy), there exist two positive constants I, lo > 0, such that

and t2:< )q_i”. O

(19) F(z,s) <li|s|”* for all (z,s) € Q xR,
and
(20) H(z,s) <ly|s|”? for all (z,s) € 90 x R.

Let w € F and t > 1, then from equations and , one has

7 e @) P(@)] g 1)
A(tu)_/gp(x) [1VP® + a(a)]ul?®)] x+/9q(x)

F(z,tu)dz + /

o0 ()

[9ul® + b(a)|ul"] dz

(@)

— | H(z,tu)do — A / [9()[u"®]do

o0N Q

IN

" st
/ [|Vu\p(z) + a(:c)|uyp(:v)]d:p + / UVU|Q(:E) + b($)|u|q(x)]dx
P Ja a Jo

tr
—12t92/ yu92da—Allt9l/ \quder_Hgyoo/ lu|"®do.
0 Q r a0

Next, since min(6y,62) > max(pt,q™,r"), then for each A\ > 0, we have
Jz(tu) — —o0 as t — oo.

It follows that there exists ¢ty > 0 large enough such that e = tgu satisfies
lle]l > p and Jy(e) < 0. Hence, condition (4) of Theorem is satisfied.
Moreover, Lemma[3.3)implies that condition (3) of Theorem 3.1]is also satisfied.
On the other hand, condition (2) of Theorem is a direct consequence of
Lemma Finally, since J)(0) = 0, then Theorem implies that there
exists u; € E which is a nontrivial weak solution of problem (P}).

Now, we apply Ekeland’s variational principle [12] to get the second so-
lution of problem (Py). We note that from Lemma we have

inf  Jy(u) >0,
weinf o W)

where
B,(0) = {w € E; |w| < p}.
On the other hand, by Lemma [3.5] there exists e € E such that J)(te) < 0 for
t > 0 small enough.
Since for all u € B,(0), we have

K1 + € p- - €2 o~ -
JA(U)ZFHUHP —BTC4 [Jul|? —AOT_C:? flul* .
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So, we deduce that

—oo <c¢:= inf Jy(u) <O.
u€B,(0)

Let € be such that

0<e< inf J — inf J .
€< enf oy ) = dnf )

Then using the above information, the functional Jy : B,(0) — R, is lower

bounded on B,(0) and J) € C'(B,(0),R). So, by applying Ekeland’s varia-
tional principle, we can find u. € B,(0) such that

{c < A(ue) <cte

0 < Ja(u) = In(ue) +eflu—uel|, uF ue.
Since

I(ue) < inf Jh(uw)+e< inf Jy(u)4+e< inf  Jy(u),
)\( ) u€B,(0) )\( ) u€B,(0) )\( ) u€OB,(0) A( )

we deduce that u. € B,(0). Now, we define K : B,(0) = R by
Ky(u) = Jx(u) + €||u — ucl|.

It is clear that u, is a minimum point of K, and thus
Ky (ue + tv) — K (ue)

>0
7 >
for small ¢ > 0 and any v € B,(0). That is
€ 13 B €
Ia(ue + tv) — Jx(ue) +eflol > 0.

t
By letting ¢ — 0, we obtain

< J\(ue),v > +eljv|| >0,

which implies that

I7A(uo)]| < e.
If we take € = 1 and v, = u., then we can see that {v,} C B,(0) such that
(21) Jx(vn) — ¢ and J}(v,) = 0.

Since Jy satisfies the Palais—Smale condition on FE, we conclude from
Lemma the existence of a subsequence still denoted by {v,} and us € E
such that {v,} strongly converges to us in E. And so, uy is a weak solution
for problem (Py). On the other hand, from equation , it follows that

Ia(uz) = ¢ <0 < Jy(ur).

That is u; and ug are two distinct nontrivial solution for problem (Py). O
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4. SECOND MAIN RESULT AND ITS PROOF

In this section, we state and prove the second main result of this paper.
Precisely, we prove that under appropriate conditions, problem (Py) admits
infinitely many nontrivial solutions. Our main tools are based on the Zs sym-
metric version of the mountain pass theorem (that is for even function), which
we collect in the following theorem.

THEOREM 4.1. Let X be an infinite dimensional real Banach space. Let
¢ € CY(X,R), satisfying the following conditions:

1. ¢ is an even functional such that ¢(0) = 0.

[\)

. @ satisfies the (PS)-condition.

3. There exist two positive constants r and p, such that if |ul| = r, then,
p(u) = p.

4. For each finite dimensional subspace X1 C X, the set {u € X1, p(u) > 0}
s bounded in X.
Then ¢ has an unbounded sequence of critical values.

We assume the following hypothesis.
(H7) f: QxR — R is a Carathéodory function satisfying
flx,u) > lul*@Y for all (z,u) € Q x R,

for some positive constant ¢}, where o € C{(2) is such that

(22) max(p, ¢, r") <a” <alx) <p(z) forallzeQ,
and
(23) 5 > max(p*, ¢

The second main result of this paper is the following.

THEOREM 4.2. Under hypotheses (H1), (Hs) and (Hy), if in addition the
functions F(x,u) and H(z,u) are even with respect to u, then the problem (Py)
has infinitely many nontrivial weak solutions in E.

In order to prove Theorem[4.2] we need to prove the following two lemmas.

LEMMA 4.3. Assume that the hypotheses of Theorem are satisfied.
Then, for any A > 0 there exist p,m > 0 such that Jy > m >0 for any u € B
with |Jul| = p.
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Proof. Using equations @, and , we obtain
p(z) p(z) q(x) q(x)
Vel + a@[uP@ [Vl 4 bl

p(z) q()
r(z)
- H(muda—)\/ :L'udzc—i—/ %da
20 (z)
1
ijpa() +pb / kuda—)\/ x,u)d
> palw) + L =5t [ s -2 [ s
— p+pa q+pb B
1 1 c1
> pTPa(“) + el = 5= max(‘%ﬂ(z)(am? ‘“'mw(am)
_ )\a— max(|u]La<z |u!La<z e ))
1 2 -
Z 7” ”p + H ||b - B_|U|L/3(x)(ag) a7_|u‘%a(z)(§2)
H1C1 e c1 g = C2 o -
> FHUHP +#HUHQ ~ 5 7 lul? — A Zes fuf®
> (P9 LY e L A2
“\pt gt g a="? ’

for some positive constants k1, (1, k2 and (2. We define

K1G1 ’ilgl max(pt,gt) €1 B~ B~ €2 oo~
ot < + )t —c; 7 —A—c§ t% .
(t) = pt gt g4 a— 3

We have that o~ > max(p™,¢") and 3~ > max(p*, ¢"). Then
() = tmaX(pﬂq*)q)/\(t)’
where

k1C1 ’iﬁg Cl B~ ,8—— + g+ C2 o4 o — + gt
D, (t) = ( F + - )_ BTC"‘ 87 —max(pT.q )_)\OT_Cg o~ —max(pFigh)

Because a~ > max(p™, ¢qt) and 8~ > max(p*t,qT), we have that ¢, (t) > 0 for
t small enough, t > 0.
We deduce that for any A > 0, we can choose p, m > 0 such that Jy(u) >
m > 0 for all u € F with ||u|| = p. This completes the proof. [
LEMMA 4.4. Let E1 C E be a finite dimensional subspace. Then, the set
Y= {u € Fq; J)\ > 0}

1s bounded in E.
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Proof. First, by Proposition [2.4] we deduce that there exist two positive
constants K7 and K5 such that

+ - + -
(24)  pa(u) < Ka([lull” +ull”") and py(u) < K((lul”” + [lul*).
Now, by condition (Hj) and equation (24)), we obtain that for any u € E

1 1 0
I < pul) + )+ 2 [ e - [ Peds
o0 Q

p q r
1 + - 1 + -
< piKl(HUHp + [lulP) + qu2(||UHq + [l )

/
+ ”gUOO/ |u|r(x)da—)\ci/ u|*®)dz.
r o0 at Jjo

Let u € E. We have
r(z r— rt
(25) /89 |ul o < |U|Lr(z)(ag) + |U‘Lr(z)(ag)'

Moreover, the fact that E is continuously embedded in L™®)(99Q) assures that
there exists a positive constant K3 such that

(26) |ul L) (a0 < Klull-

The inequalities and show that there exists K4 > 0 such that

(27) / i @do < Ka(Jul™ + lul”).
o0
So, we can write

K + - Ky + - Ky + -
Ia(u) < —(llul”” +[Jul”) + qT(HUHq + [Jul|”) + 7i(||u||r + [ul")

p
c/
— AL () 4.
a+/Q|U| !

Put Q = Q. U Q> where
Qc = {z € Qfu(z)| <1} and Q> = {z € Q;|u(z)| > 1}.

Then, we obtain

1 . 1 . .
Ia(u) < Z7K1(HUH” + [lul? )+qu2(IIUI|q + )

11l g gt 4 gy - 2 [tz
r at Jo

1 + - 1 + -
Sprl(HUHP + [lull® )+qu2(\\UI!q +lul?)
A

Il 1 (ot o
—K. " )=
12 Ky (ul o+ ) - AL

|u|*dx
>
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1

p

+ - 1 + -
< MWW+M”+;%WW+M”

e gy o) <22 [ e [ s

Moreover, there exists a positive constant K5()\) such that, for any u € F, we
have
gl

““da < K5(\).
o e < K5
Since the functional |.|,- : £ — R defined by

A—-

[ulo- = (/Q\u|°‘da:>a1

is a norm in E and in the finite dimensional subspace E; the norms |.|,- and
Il are equivalent, we deduce that there exists Kg(E7) > 0 such that

|ul| < K¢(E1)|.|o- for all u € Fj.
Therefore, there exists a constant K7(\) > 0 such that

1 . 1 . -
AMSFKWW+M”+;%WW+MU

IS rt T a~
0900 g (a4 ) — Kr Ol + K ()

Since o~ > max(p™, 7", ¢") then ¥ is bounded. Hence, Jy has an unbounded
sequence of critical values in E. This ends the proof. [

Proof of Theorem [£.2] Since the functions F(z,u) and H(z,u) are even
with respect to u, then it is clear that Jy is an even functional, moreover, we
have J5(0) = 0. Lemmas and imply that Theorem can be
applied to the functional .Jy. So, we conclude that problem has infinitely
many weak solutions in £. [
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