EXTREMAL MULTIPLICATIVE SOMBOR INDEX OF GRAPHS
WITH A GIVEN CHROMATIC NUMBER

DA-YEON HUH

Communicated by loan Tomescu

The multiplicative Sombor index of a graph G = (V(G), E(G)) introduced in
2021 is defined as Ilso(G) = [[,,cg(s) Vdi + d7, where dy indicates the degree
of u € V(G). In this paper, some bounds of the multiplicative Sombor index are
presented using graph parameters. In particular, both the maximal and minimal
graphs are determined when a chromatic number is given among graphs of fixed
order. Moreover, the bounds of the index for the cartesian, tensor, and strong
product of two graphs are represented with the index of each graph.
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1. INTRODUCTION

A graph G considered throughout this paper is a simple graph with vertex
set V(G) and edge set E(G). We write Ng(v) for the set of neighbors of
v € V(G). [Ng(v)| is denoted by d, ¢ or simply d,. By A and §, we represent
the maximum and minimum degree of vertices in G, respectively. A r-coloring
of G is a function k£ : V(G) — {1,2,...,r} that satisfies x(u) # k(v) whenever
uwv € E(G). If G has an r-coloring, we call G r-colorable. The smallest r
for which G is r-colorable is its chromatic number x(G). G(n,r) is the set of
connected graphs with n vertices and chromatic number r. We define the kite
graph K, , as a graph consisting of n vertices obtained by connecting a vertex
of the complete graph K, and an end vertex of the path graph P,,_, with an
edge. Similarly, Cy, , is a graph of order n obtained by connecting a vertex of
cycle C, and an end vertex of P,,_, with an edge.

A map from a set of graphs to real numbers is called a graph invariant if it
remains unchanged under graph isomorphism [6]. Topological indices as graph
invariants have been developed to describe molecules in modeling chemical
compounds and to predict their physical or biological properties [12]. After
the Wiener index [15], hundreds of topological indices in various forms were
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Figure 1 - SO(G) < SO(H) but IIso(G) > Ilso(H).

proposed, combined, and transformed in the literature of mathematics and
chemistry. Notably, dozens of vertex-degree-based indices were studied. One
is the Sombor index SO(G) introduced in 2021 by Gutman |[7], defined as

SOG)= >  d2+d2

weE(G)

The Sombor index has inspired many researchers and has been extensively
studied in a short period of time. Soon after, its variation, the multiplicative
Sombor index, was put forward by Kulli |9] with the following definition,

IIso(G) = H Vd2+d2.

weE(G)
We append the following definition to apply it to the product of graphs:
IIso(G) =1 if E(G) = ¢.

Figure [1| shows one of the numerous examples where SO(G) < SO(H) but
IIso(G) > Ilso(H).

Nevertheless, research showed that the extremal graphs for both indices
are the same in various classes of graphs (Table . It was proven in [7] and
[10] that P, and K, are the minimal and maximal graphs of order n for both
SO(G) and IIso(G), respectively. S, was proven to be the maximal tree for
the two indices in the same papers. Besides that, proofs for extremal graphs
were made in classes such as bipartite graph, unicyclic graph etc., to give the
same results in both [1-5,/16]. For given order n and chromatic number r, the
maximal and minimal graphs were proven only for the Sombor index [5,/17].

In this paper, we evaluate some bounds of the multiplicative Sombor
index for given parameters and identify the corresponding extremal graphs.
Particularly, we prove that the Turdan graph and kite graph are the maximal
and minimal graph, respectively, for the multiplicative Sombor index among
the graphs with n vertices and the chromatic number r, and conclude that
the maximal and minimal graphs are the same for both the Sombor and the
multiplicative Sombor index in G(n,r). We also represent the bounds of the
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Table 1 — The minimal or maximal graphs for the Somber and the
multiplicative Somber index are identical in certain classes

Classes G(n) T(n) U(n) B(n)  P(n,p) W(n,w) F(n,g)
min max min max min max max max min min
Graph for P, K, P, Sn c, C3 Krnq, 12 Kp—P** Kinn-—w Ch,yg

So(G) and T1So(@) [7[10] {7[10] [7[10] [7l[10] 2i[10] 2i[10] (3l[16]  [5l[16]  [slfi6] [rol[17]

n-indicates the order of graphs in each class.

G(n)-the class of connected graph; 7 (n)-the class of trees; U (n)-the class of unicyclic graphs; B(n)-
the class of bipartite graphs; P(n, p)-the class of graphs with p pendent vertices; W(n, w)-the class
of graphs with clique number w; F(n, g)-the class of graphs with girth g.

C2-a graph obtained by hanging n — 3 pendent vertices with edges on the same vertex of Cs;

K7, " P-a graph obtained by hanging p pendent vertices with edges on the same vertex of Kp—_p.

index for three kinds of graph products using the indices of each graph in
Section Bl

2. BOUNDS AND EXTREMAL GRAPHS

In this section, we focus exclusively on connected graphs.

LEMMA 2.1 ([10]). Iso is increasing, i.e., IIso(G + uv) > IIso(G) when-
ever uwv ¢ E(G).

PRrROPOSITION 2.2. Let G be a graph having n > 2 wvertices, A, and 6.
Then
nA
2 .

nd
(\/5 §) 2 <IIso(G) < (\/§ A)
Equality holds if and only if G is a regqular graph.

Proof. This is obvious from the inequalities v/20 < \/d2 +d2 < V2A

and "75 < |EG)| < %. Four equalities hold simultaneously if and only if

dy, = dy, = 0 = A for every uv € E(G), which precisely matches the condition
for regular graphs. [

THEOREM 2.3. Let G be a graph with n > 2 vertices. Then
> du > dylogdy, L
[Iso(G) > (\/§ u€V(G) . o u€V(G) © ) 2

or
1
log I1so(G) > 3 <m log 2 + Z dy log du> ,
ue V(G)
where m = |E(G)|. Equality holds if and only if G is a regular graph.
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Proof. From the AM-GM inequality, we have
[T vazvaz> [ Vodudo= [[ (V2du)3(V2d,)z.
weE(G) weE(G) uveE(G)
Since each vertex contributes (\/idu)% to each of its incident edges,

[[ V2d)i(vad)s= ] (vadi®=( [ (V2do™)

weE(G) uEV(G) ueV(G)

— ( ueV(G) H e dy log du>

ueV(G)

S du > dulogdy %
— (\@uev(a) . e UEV(G) ) ]

Equality holds if and only if d,, = d,, for all wv € E(G). O

[N

Figure 2 — Graphs having the same d?2 + d?2 for all uv € E(G) in

Theorem @

THEOREM 2.4. Let G be a graph with m > 0 edges. Then
G)\m
IIso(G) < (SO( )>

m

or
log IIso(G) < m(log SO(G) — logm).
Equality holds if and only if d2 4 d? is the same for all uv € E(G).

Proof. Since log(x) is a concave function, it follows, by Jensen’s inequal-
ity, that

logIlso(G) > uveE(e) 108 V3 +d? <1o (SO(G)>
m B m =T )

Since log(x) is not affine, equality in Jensen’s inequality is true if and only if
Vd2 + d?2 is the same for all edges uv € E(G) as shown in Figure O

For the next theorem, assume that G € G(n,r). Let {V1, Vg, --- V,}
denote a partition of V(G) such that V; is a set of independent vertices of
the same color. The Turan graph T), , [11] is known as the complete r-partite
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Figure 3 — Turdn graph T 4 in G(6,4).

graph with n vertices satisfying ||V;| —|V;|| <1 for all 1 <4,j < r (Figure|3).

It was verified by Das et al. [5] that T}, , is the maximal graph in G(n, )
for the Sombor index. We prove here that the same holds for the multiplicative
Sombor index.

THEOREM 2.5. Let G € G(n,r). Then
IIso(G) < Iso(Ty,).
Equality holds if and only if G =T, ,.

Proof. To begin with, the condition of r = 2 makes G a bipartite graph.
Chunlei et al. [16] proved

Mso(K|3r31) = Mso(G)

n
2

for all bipartite graphs of order n. So, we only consider cases when r > 3.
Also, it is trivial by Lemma that G € G(4,3) implies IIso(G) < Ty 3, and
G € G(4,4) implies IIso(G) < Ty 4 = K4. Therefore, we only investigate the
case n > 5. To construct a proof by contradiction, suppose there is a graph
G € G(n,r) that has the largest value of IIso(G), but G # T,, . It is obvious
that G is complete r-partite because adding an edge increases I1so(G).

Let {V;:1 < i < r} be a partition of V(G) according to r-coloring of
G. By assumption, there exist two partite sets, say V,_; and V,., such that
|V—1] = |V,| > 2. And we let |V;| = a;, 1 < i <r. Note that a,_1 —a, > 2.
Now, we build another graph H from G by moving one vertex of V,_; to V,,
deleting and adding edges to form a new complete r-partite graph H. We show
that IIso(G) < IIso(H) to derive a contradiction.

In a complete r-partite graph G, all the vertices in V; have the same
degree n—a;. We choose a vertex in each V; and consider it as a representative
vertex v; of V;, and define

s

do(vi) = [] (\/(n —a;)?+ (n — aj)Q)aj.

j=i+1
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Then we have

so(G H \/d2—|—d2*H H( (n—a;) +(n—aj)2)aiaj

weE(G) =1 j=i+1

1) —H(H( et o))

j=i+1

= H(¢G(Uz’))ai-
-1

First, we compare ¢g(v;) and ¢m(v;) for 1 < i < r — 2. Since H has
’V,«_1| = a(r_l) — 1 and ‘Vr’ = ay + 1,
(2)
dr(v) _ (((n=a)*+(n—ap_1) + 1)) (n—ai)*+(n—a, — 1)) \z
¢ (vi) _< ((n—a;)?+(n—a_1))*)" "V ((n—a;)?+(n—a;)?)™ ) ’
where all terms other than the two terms are reduced. Let a, +a,_1 = k, and
a, = x so that a,_1 = k — z. Then, from a,_1 — a, > 2, we obtain

a;

k
1<z<—-—1.
ST D)
Thus, equation becomes
) ) _ (Bl O e 1>2>I+l)%
oG (vi) (M2 + (n — (k= 2))2)F*(M? + (n — 2)*)* ’
where M = n — a;. Taking the logarithm of equation yields

¢m(vs) _1 —r—1lo 24 (y— - 2
log(¢G(vi))—2[(k‘ Dlog(M?+ (n—k+a+1)%)

(4) —{—($—|—1)log(M2—i—(n—x—1)2)
— (k—x) log(]W2 +(n— k:—i—:c)2)
—z log(M? + (n — 2)?)].

Let
0(z) = (k —x)log(M? + (n— (k — w))z) +z log(M? + (n — 2)?)

to simplify as
¢m(vi)\ 1 . e
log<¢G(vi>> =3 [0(z+1) — 0(z)].

We claim 0(z) is a strictly increasing function on 1 < z < % The derivative
of 6(x) with respect to x is

%H(m) = log(l\l2 + (n— x)z) -

2z(n — x)
M? + (n —x)?
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2k —z)(n—k+x)

M2+ (n—k+x)?"
Let y =k — x. Since y > x and x 4+ y = k < n, we observe that

5) (-2 —-(—k+z)’=m-2)?-(n-y)>0,

(6) (k:—x)(n—k—l—x)—x(n—ac):(y—a:)(n—(a:+y))>0,

(7) (M*+(n—2)*) = (M*+ (n—k+2)*)=(n—2)* - (n—y)* > 0.
From ,@, and ,

iH(x) =[log(M? + (n — 2)?) —log(M?* + (n — k + 2)?)]

dz
(k—x)(n—k+x) x(n —x)
+2[M2—|—(n—k‘—|—m)2 M2+ (n— )2 > 0.

- log(M2 +(n— k:—l—:v)2) +

This proves that 6(z) is strictly increasing on 1 < x < % As a consequence,

dm(vi)\ _ 1 - 0(x
log<¢G(Ui)> = 2[9( +1) —6(z)] >0,

>1 onl<i<r-—2.

¢G(U7;)

Finally, we compare ¢g(v,_1)%=1 and ¢g(v,_1)*-D71 as follows:

r(vp_1)* 0" (((n —ag_1) + 12+ (n — a, — 1)?){%-n=Dlartl) >§

¢g(vr_1)"-D ((n = a@—1))? + (n — a,)?)*-0or '
In a similar way to the previous method, let z = a, and a,_1 = k — x so that
1<z < % — 1. After taking the logarithm, we have

log < m(vr—1)* D" )

¢G(UT’—1)Q(T71)
: ((n —k+z+ 1)2 + (n —r— 1)2)(k—z—1)(r+1)
°g< ((n =k + @) + (n — 2)2) =) )

N = N

[n(z +1) —n(z)],

where n(z) = x(k — z)log((n — z)? + (n — (k — x))?). Again, we claim that
n(z) is a strictly increasing function on 1 < z < £. The derivative of 7(z) with

—~

respect to x is

a4
da:77

2x(k — x)
(n—k+x)2+(n—x)2l

(z) = (k — 22) [mg((n —k+a)?+ (n—x)?) -
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Since
2x(k—z) < 2?4+ (k—x)? and (n—k+2)>+(n—x)? = 2n(n—k) + 22 + (k— )2,
we observe
2x(k — x) < 224 (k—x)?
n—k+4+x)?2+n-—2x)2 " 2n(n—Fk)+ a2+ (k—x)?
Hence, it follows from n — z > 2 and k — 2z > 2 that

< 1.

%n(x) > (k—2z)[log((n — k+z)* + (n — 2)%) — 1] > 0.

Therefore, we conclude
a(r,l)—l
log(ng(vr_l) - ) =
¢G(Ur—1) (r=1)

onlgscgg—lor

[n(z +1) = n(z)] >0,

1
2

¢H(UT—1)G(T_1)_1

> 1.
b (vp—1)*=D

(9)

Finally, from , and @,
[Iso(H) _ (P (v1))™ "'(¢H(’Ur—2))a(’"_2>(¢H(W—1))a0_1)71 >1
Iso(G)  (¢e(v1))™ - (96 (vr—2))"0~2 (pe(vr-1)) D ’

a contradiction. [

For the next theorem, we call G € G(n,r) is r-critical if x(H) < x(G) =r
for every proper subgraph H of G.

PROPOSITION 2.6. There is no r-critical graph in G(r + 1,r).

Proof. Assume G € G(r + 1,7) is a r-critical graph. Since the number
of vertices is only one more than the chromatic number, only two vertices of
G, say v and w, share the same color. Also, since § > r — 1, v and w are
adjacent to the remaining r» — 1 vertices, which means d, = d,, = r — 1. By the
assumption, G — v (deleting v from G) is (r — 1)-colorable. But since v and w
have the same neighbors in G, assigning v the same color as w when adding it
back to G — v shows that G is (r — 1)-colorable, a contradiction. [

A pendant path P = ajas---ag of G is a subgraph of G which satisfies
dy, ¢ > 3 for one end vertex ai, d,, ¢ = 1 for the other end vertex aj, and
dq; ¢ = 2 for the rest vertices of P = ajaz---ay. Both Ki,, and (), have a
pendent path P,_,11 (Figure [4]).
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— v .
Kiqy

Figure 4 — K7 4 is minimal in G(7,4). Cs 3 and Cs 5 are minimal in

G(8,3).

LEMMA 2.7 ([10]). Suppose a graph G has two pendant paths P=ayay- - -ay,
and P’ = biby - - - by with dq, = dy, = 1, and possibly a1 = by. Then

IIso(G — ajas + agb;) < IIso(G).
LEMMA 2.8 ([10]). Suppose G is a unicyclic graph with n vertices. Then
IIso(Cy) < IIso(G),
with equality if and only if G = C),.

LEMMA 2.9 ([10]). Suppose G is a unicyclic graph with n vertices and
girth g. Then
IIso(Cp4) < IIso(G),

with equality if and only if G = C), 4.

Now, we are ready to characterize the minimal graph having n vertices
and chromatic number 7. It was shown by Zhang et al. [17] that Ki, , is
minimal for the Sombor index in G(n,r).

THEOREM 2.10. Let G € G(n,r), n >r > 2. When r # 3,

(10) IIso(G) > Ilso(K iy, )
for all n > r. Equality holds if and only if G = Kiy,,. When r =3,
IIso(Cy,) for all odd n > 3,
IIso(G) > ¢ Mso(Cy3) forn =4 oré6,

so(Cpokt1), 1 <k <5 =2 for all even n > 8.

Proof. We consider three cases.

Case 1: r = 2. It is trivial that IIso(P,) < IIso(G) for all connected graph
G of order n from Lemmas and Since P, = Ky 2 belongs to bipartite
graphs, the proof is done for the case of r = 2.

Case 2: r > 4. When n = r, the only graph in G(r,r) is K,. So, there is
nothing to prove. For the remaining part of n > r+1, the proof is by induction
on n. When n = r + 1, by Proposition there exists a vertex v such that
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X(G —v) = r for every G € G(r + 1,r), where G — v is K,. Therefore, by
Lemma [2.1] we may remove edges of v until d, = 1 in G to conclude that
(11) Iso(Kiy41,) < Ilso(G)

for all G € G(r + 1,r). Note that equality holds if and only if G = K,y .
Assume the result holds for n, and let G € G(n + 1,r). We consider

Wz, y) = Va? +y?

(i) If G is r-critical, from § > r — 1 and Proposition we have
IIs0(G) N (V2(r — 1))z (D=1

Hso(Kint10) ~ e — 1,7 — 1)(2 Da(rr — 1) h(r, 2) h(2,2)7=7=1 h(2, 1)
B (\/Q(T‘ . 1))%(r—1)(n—r+3)
- mr—l\/gn—r—l\/m

. Lr1)(n—r— L
(r= 020 (VA1) (1))
Vert—2r 1 Ve 517 +4)

>1

as r > 4. Thus, IIso(G) > so(Kiy41,) holds.

(ii) If G is not r-critical and can be made r-critical in G(n + 1,7) by
removing edges, IIso(G) > IIso(Kiyy1,) is established according to the result
of (i) and by Lemma [2.1| again.

(iii) If G is not r-critical and there is a vertex for which G —v € G(n,r),
define H as H = G —v. We may reduce IIso(G) by erasing the edges of v one by
one until it reaches H + wv, where w is a neighbor of v in H and dy, g4y = 1.
Since H € G(n,r), Ilso(H) > IIso(K'i,,) is satisfied by induction hypothesis.
Therefore,

[Iso(G) > Ilso(H + wwv)

H h(dvi, dwﬂ + 1)
v; ENg(w)

H h(dvl ) dw,]H[)
v; ENyg (w)

= IIso(H) - “h(dwm+1,1),

h(dv;,dw m+1)

where Ny (w) is the set of neighbors of w in H. Since > 1, for a

(dv; duwm)
v € Np(w),
H h(dv“ d’w,H + 1)
v; €Ny (w) S h(dvk, de + 1)
H h(dviv dw,H) o h(dvka dw,]HI) .

v; ENg(w)



11 Extremal M. Sombor index of graphs with a given chromatic number 113

Put a function f(x) as

[k, +1) 2 (D)2 E)((z+ 12+ 1)
f()_<h(k:,:1:)'h($+1’1)) = 22 1 k2

onx >1and k> 1. Then f(z) is increasing because

if(a:) . 2x5+4x4+4k2x3+(10k2_16)$2+(2k4+10k2—4)x+2k2(k2+3) g
dzx o ($2+k2)2 )
As a result,
h(dy,,2)

I > 11 Wy 2) 1

(12) s0(G) > Iso(H) M) h(2,1)
. h(dy,,2)
> Ao 2

(13) = HSO(KZ’H,T) h(duk, 1) h(2, 1)
(14) — HSO(Kin+1’T)‘

The equality of is satisfied when d,, m = 1 and the equality of holds
if and only if H = K, , by assumption. There is only one vertex of degree 1
in Kip, and this makes the equality of true. Hence, the proof for r > 4
is done.

Case 3: r = 3. Since 3-critical graphs always contain an odd cycle, every
graph in G(n,3) can be transformed into an odd-unicyclic graph—a unicyclic
graph whose cycle is odd-by removing edges to make it contain a minimal
number of edges. Here, an odd-unicyclic graph means a unicyclic graph whose
cycle is odd. So, we only need to compare the value IIso(G) of odd-unicyclic
graphs. When n is odd, by Lemma IIso(Cy) < IIso(G), done. When
n =4,G € G(4,3) and by (1), we have ILso(Cy3) = Ilso(Kis3) < Ilso(G),
done. When n = 6, G € G(6,3) can contain only two odd cycles C3, and
Cs. By Lemma Cs,3 and Cp 5 are minimal graphs having girth 3 and 5,
respectively. But we have

IIso(Cs3)  h(2,2)% h(2,3)3 - h(2,1) V65 .

Mso(Cos)  h(2.2)° h(2,3)2-h(3.1) 80
Hence, IIs0(Cs 3) < IIso(G), done. A similar method applies when n > 8 and
even. But simple computation gives

[Iso(Cp3) = so(Cpa) = - - - = IIso(Cp p—2) < so(Cprn-1).

Therefore, multiple odd-unicyclic graphs have the same minimum value, i.e.,
IIso(Cp 2k+1) < Hso(G),

for2k+1<n—-2o0rk< "7_3 More exactly, k < "7_4 for n is even. [
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Remark 2.11. A similar method to the above proof can be applied to the
Sombor index, so we modify the result of Theorem 2 in [17] by adding the
missing graph in the “equality condition” as in the theorem above when r = 3.

3. BOUNDS FOR PRODUCTS OF GRAPHS

Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs. We define
GUH := G(V(G)UV(H), E(G)UE(H)). G and H are disjoint if V(G)NV (H) =
¢, and edge-disjoint if E(G) N E(H) = ¢. G is the complement of G.

LEMMA 3.1. Let two graphs G and H be edge-disjoint on the same vertex
set V.=V (G) = V(H) with |[V| =n. Then

[Iso(G) IIso(H) < IIso(G U H).
Equality holds if and only if dyg =0 or dym = 0 for every v € V. Especially,
[Is0(G) [Tso(G) < Iso(Ky,).
Equality holds if and only if G = K,, or G = K,,.

Proof. Since G and H are edge-disjoint, d, gun = dy, + dypm holds, im-
plying that d, ¢ < dycum and dy,m < dy, gun. Thus,

(15) IIso(Ky) > Ilso(G U H)
= H \/d ,GUH + dv ,GUH,
uwveE(GUH)
= H \/(du,G + du,H) 2 + (dv,G + dv,H) 2
uwweE(GUH)
(16) > [ Vd2g+d2g H A2y +d2y
weE(G) quE
= IIso(G) I1so(H).

The equality in holds if and only if K,, = G U H. Another equality in
is true if and only if d, ¢ = dy,gun or dym = dy gun for all v € V. This
condition occurs if and only if d, ¢ = 0 or d, m = 0 for all v € V. Both equals
are valid if and only if G = K,, or H=K,,. [

The cartesian product G O H of graphs G and H has a vertex set V(G) x
V(H) and an edge set satisfying the following condition: two vertices (u,v),
(u,/v") € V(G) x V(H) are adjacent if and only if (1) v = «’ and vv' € E(H),
or (2) v =" and uu’ € E(G) [13].
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LEMMA 3.2. Let G be a graph of order n. Then
so(G O K,,) = Uso(G)™.

Proof. By definition of the cartesian product of graph,

n
GOK, = ]Gy,
k=1
where G, 1 < k < n, are disjoint but each Gy, is isomorphic to G. Therefore,

[Iso(G O K,,) = Hso(U Gk> = H [Iso(Gy) = IIso(G)". O
k=1 k=1

THEOREM 3.3. Let G and H be two disjoint graphs with |V (G)| =n and
|V(H)| = p. Then

IIso(G O H) > Hso(G)V®@Lso(H)V©),
Equality holds if and only if G = K, or H = K.

Proof. Let V(G) = V(K,), V(H) = V(K,). Then G O H is represented
as
GOH=(GUOK,) U (K, OH).
Since G O K, and K,, O H are edge-disjoint on the same vertex set, by Lem-
mas and

IIso(G O H) = IIso((G O K,) U (K, O H))
(17) > [Iso(G O K,,) Ilso(K,, O H)
= IIso(G)P IIso(H)".
Let (u,v) € V(G O H). By Lemma equality in holds true if and
only if d, v gow, = 0 or di, ) gyom = 0 for all (u,v) € V(GOH). Since
d(u,v),GDH = du,G + dv,Ha
d(u,v),GDKip = du,([} + dv,K7p = dqu
and
d(u,v),mDH == du,Kin + d’U,H == d’U,H'
Claim. dyg = 0 or dyw = 0 for all (u,v) € V(GOH) if and only if
G=K, orH= Fp.
Proof of Claim. If G = K, or H = K, it is clear that d,g = 0 or
dym = 0. Conversely, suppose G # K,, and H # K,,. Then there exist vertices

u € V(G) and v € V(H) such that d,, ¢ > 0 and d, g > 0, contradiction. This
completes the proof. [



116 D. Huh 14

The tensor product G x H of graphs G and H is a graph whose vertex set
is V(G) x V(H) and an edge set satisfies the following condition: two vertices
(u,v), (u,v") € V(G) x V(H) are adjacent if and only if uv’ € E(G) and
v’ € E(G) [14].

THEOREM 3.4. Let G be a graph of order n. Then
Is0(G x Ky) = IIso(G) 2.

Proof. Let
V(G x Kg) = {(vi,u;)| 1 <i<n,j=1,2}
for V(G) = {v;] 1 < i < n}, V(K3) = {u1,u2}. By the definition of tensor
product of graphs, the edge set of G x K5 becomes
E(G X KQ) = {((vi,ul)(vj,ug))] ViV € E(G)}
This means that, for each v;v; € E(G) and wjus € E(K3), there are two
different edges ((vi,u1)(vj,u2)) and ((vj, u1)(vi,u2)) in G x Ks. In addition,

since Ngxx, ((vi,u1)) = {(v,u2)| v € Ng(v;)}, we have d(vi7uj)7GXK2 = dy, G-
Therefore,

HSO(G X KQ) - H \/ (vi,u1),Gx Ka d(v],u2) Gx Ko

((vi,u1)(vj,uz))
EE(GxK>)

= L (ae+dhoydotdic)

(Ui Uj ) EE(G)

2
= < H dy g+ dfj,G)

(vi,v;)EE(G)
= IIs0(G)>. O

THEOREM 3.5. Let G and H be two disjoint graphs with |V (G)| =n and
|V(H)| = p. Then

ILso(G)EEITso(H)F©@) < TI50(G x H) < (Hso(G)'E(H)|H30(H)|E(G)‘)2.
The first equality holds if and only if
G = (U K2) UKy 2 and H = (U_ K>) UK, 3
for some1<n/ <4 1<p <%k,
G=K, orH= fp.
The second equality holds if and only if G = K, or H= K.
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Proof. Since the edge set of G x H is defined as
E(G x H) = {((us, v)(uj,v))| uiu; € B(G) and viu; € E(H)},

the degree of a vertex (u;,v;) € V(G x H) is the product of |Ng(u;)| and

|NH(U]€)|’ or
%,vk) GxH — dul G dvk,
Suppose G # K,, and H # K,. Then by Theorem [3

HSO(G X H) = H \/d(ui,vk),GXH T d(Uj,Ul),GXH

((us,v8) (ug,01))
cE(GxH)

- H H \/(dui,dek,H>2 + (du]',Gd’Ul,H)Q\/(dui,del,H)Z + (de,Gd’Uk,H)z

(vi,vr) (wsyug)
€E(H) €E(G)

< TI TI 26 +d2 o2 s+ d2 /(42 o +d2 o)(d2 5 +d2 )

(vi,v1) (ui, u])
EB(H) cB(G)

S I (VEerie) (Jizarag)

(vig,v1) (wsyuyg)
€E(H) cE(G)

- H Hso(G)2< dvzk,H—i—dfl’H

)QIE(G)I

Furthermore, when G # K,, and H # K,

(18)
IIso(G x H)
= H H \/(dui,dek7H)2 + (duj7GdUl7H)2\/(dui,Gdﬂl,H) Z4 (du]-,((}dvk,H) 2

(Vi v1) (ug,uy)
€E(H) cE(G)

(19)
[T TI J@2e+d2e/@2q+d2 )

(vsvr) (wisug)
€E(H) eE(G)

H [Iso(G) ( dfk,H + dfbH

(Uk 7Ul)
E€E(H)

)E(G)I
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= Lso(G) B Is0(H) EE)
Equality is satisfied if and only if dy, g = du; G = dy,,m = dy,m = 1 for all
uju; € E(G) and viv; € E(H) if and only if G and H are the form of
G = (U K3) UKy 2 and H = (U K2) UK, .

Finally, suppose G = K,, or H = K,,. Then E(G x H) = ¢, so IIso(G x H) = 1.
Hence, bounds on both sides satisfy

ILso(G) EE s (H) O = (HSO(G)|E(H)‘HSO(H)‘E(G)|)2 =1

and these make both equalities valid. [

The strong product G X H of graphs G and H is a graph on the vertex
set V(G) x V(H), whose edge set satisfies the following condition: two vertices
(u,v), (v,v") € V(G) x V(H) are adjacent if and only if (1) u = v’ and vv’ €
E(H), or (2) v =v" and uu’ € E(G), or (3) uwu’ € E(G) and vv’ € E(G) [g].

THEOREM 3.6. Let G and H be two disjoint graphs. Then
(20) IIs0(G K H) > ILso(G)VEIFHE®I 150V O HEG)]
The equality holds if and only if G = K,, or H = K,,.

Proof. Suppose G # K,, and G # K,. G X H can be expressed as
GXH=(GOH)U (G x H).

Since GO H and G x H are edge-disjoint on the same set of vertices, it follows
from Proposition [3.1] Theorem [3.3] and Theorem [3.5] that

IIso(G K H) = ITso((G O H) U (G x H))
(21) > IIso(GOH) IIso(G x H)
> Mso(G)VE Iso(H) V@l TLso(G) B M50 (1) BE),

Note that the equality does not hold in because there exist u € V(G), v €
V(H) such that d,, ¢ > 0, d, m > 0, which explains d(u,v),GDH =dyg+dym >0
and d(u,v),GxH = du,GdU,H > 0.

Suppose G = K,,. Then we obtain GXH = GOH from E(G x H) = ¢.
Hence, the left side of equation is equal to Ilso(G O H) = Ilso(H)V(©)
from Lemma The right side of also gives the same value and proves
the equality. [
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4. DISCUSSION

To conclude, it is still uncertain whether there are infinitely many graphs

where SO(G) < SO(H) but IIso(G) > IIso(H). However, despite the existence
of many such graphs, it has been established that the extremal graphs in certain
classes considered are equal for both indices. In this article, we prove that this
result also applies to the class G(n,r). We have confirmed that the methods
used in the proof can similarly be applied to the Sombor index, thereby ad-
dressing the missing part of the “equality condition” in Theorem 2 from Zhang
et al.’s paper [17]. The theorems presented in Section |3 illustrate how graph
indices can be utilized in various graph operations. These approaches can offer
a way to predict bounds when applying graph indices to large networks.
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