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Let A and B be two non-empty finite subsets of Z. We consider the dilated
sumset A+k-B = {a+kb:a € A,b € B}, wherek € Z*. In 2010, Cilleruelo et al.
proved that |[A+3-A| > 4|A| — | A|, where A is finite subset of Z. They proposed
the following conjecture. If A is a non-empty finite subset of Z with arbitrarily
large cardinality and k € ZT, then |A+k-A| > (k+1)|A|—[(k®+2k)/4]. Tn 2009,
Cilleruelo et al. proved this conjecture for k = p, with |4] > 3(k — 1)*(k — 1)
In this article, we prove that this conjecture is true for smaller as well as larger
value of |A| with |A] > 6 and k = 5.
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1. INTRODUCTION
Let A and B be two non-empty finite subsets of Z. For any o, 3 € Z™,
the dilated sumset of A and B is defined as
a-A+p-B={aa+pb:ac Abec B}.

For « = § = 1, this sumset is called the Minkowski Sumset. In 1996,
Nathanson [6] proved that |A + B| > |A| + |B| — 1, and the equality holds
if and only if A and B are in arithmetic progressions with the same common
difference or if |[A] = 1 and |B| = 1. In 2008, Bukh [I] proved that for any
finite subset A of Z and (A1, Aa,...,\s) € ZP, such that (A1, Aa,...,\p) = 1,
then

A A+ g At oo+ A A2 (] 4 o] £ + [ [A] = o([A]),
where o(]A]) is the error term. In 2010, Cilleruelo et al. [3] proved that
|[A+3- Al > 4][A| -4
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and equality holds for A = {0,1,3} or {0,1,4} or 3-{0,...,n}U(3-{0,...,n}+1)
and all affine transforms of these sets. They also conjectured that if A is an
arbitrarily large subset of Z and k € ZT, then

A+ k- Al > (k+1)|A| — [(K* +2k)/4].

Cilleruelo et al. [2] settled the conjecture for k = p, (p is any prime) with
|A| > 3(k—1)2(k—1)!. In 2014, Du et al. [4] confirmed the conjecture for non-
empty finite subset A of Z with |A| > (k—1)2k!, and for k = p" or k = pq (p and
q are distinct primes), n € Z1. In 2024, Kaur et al. [5] proved the conjecture
for k to be any positive integer except of the form 2"1p™2 or 2" 3"25"3  where
n; > 1 for ¢ =1,2,3 and p be any odd prime, and some additional restrictions
applied on A. In the most part of the literature, the conjecture is proved for
large values of |A|. In 2014, Du et al. [4] found lower bound for cardinality of
A+Fk-Afor |Al > 5 and k = 4. But it is still pending to find a lower bound
for the cardinality of A+ k- A for k(> 4) € Z" and small cardinalities of A.
In this article, we consider the case when £ = 5 and smaller as well as larger
values of |A| with |A| > 6. We also observe that the conjecture is not true for
2<|A] <5 and k =5.

In Section [2], we discuss some important assumptions and already proved
results that are useful to prove our main theorem. In Section [3] we give our
main results.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout the paper, we use the following notations and assumptions.
Let A be a finite subset of Z with |A| > 2. For k € Z", define
A={a=a+kZ:ac A}.
Let A1, Ao, ..., A; be distinct residue classes of A modulo k& such that
t t
A= U A= Uk-X;+r),
i=1 i=1

where A; = k- X; + r; such that 0 < r; < k for i = 1,2,...,t. Assume
Ay = (A +k-A)\ (A + k- A;). Without loss of generality, we can make the
following assumptions:

1. r1 =0 and |A1] > |42 > -+ > |A4,
2. ged(A) =1,

3. 2<|A| <k
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Next, we have some key results that are frequently used to prove our main
theorem.

LEmMMA 2.1 ([3]). For the following two arbitrary non-empty sets B and
A=Uiy A = Uiz (k- Xi +14),

(i) |[A+k-B|=Y"_,|X;+B|
(i) |[A+k-B|>|A|+t(B|-1).

(iii) Furthermore, if equality holds in (ii), then either |B| =1 or | X;| =1
foralli=1,2,...,t or B and all the sets X; with more than one element are
arithmetic progressions with the same common difference.

LEMMA 2.2 ([6]). Forn > 2, let A and B be non-empty subsets of Z/nZ.
If0 € B and (b,n) =1 for allb € B\ {0}, then

|A+ B| > min{n, |A| + |B| — 1}.
LEMMA 2.3 ([2]). For each subset I C {1,2,...,t}, we have

S Al > 11111 - 1).

el

LEMMA 2.4 ([2]). Let k be a prime and E = {i : 0 < 1Xi| < k} and
F={i:|Xi| =k}. Then

(i) Ifi € E, then |Asi| > |Ag| for any s # i.

(i) If Xiep [Qiil = (1B] = 1)[Ax] + [Az].

3. MAIN RESULTS

To prove our main theorem, we prove the following important lemmas.

LEMMA 3.1. Let A be a non-empty finite subset of Z.. Then the following
hold:

(I) If |A| =2, then |A+5- A = 4.

(I) If |A| =3, then 8 < |A+5- A <9.

(I1) If |A| =4, then 12 < |A+5- A| < 16.
)

(IV) If |A| =5, then 19 < |A+5 - A| < 25.
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Proof. (I) Let A = {x,y}, where x # y. Then
A+5-A={6x,z+5y,y+ 5z,6y}.

It is easy to verify that all these elements are different. Hence |A + 5.A4] = 4.
(IT) Let A ={z,y,z}, x #y # z. Then

A+5-A={6z,z+5y,z+ 52,y + 5x,6y,y + 5z, 2 + bz, z + by, 62 }.

This data can be written as

6x x+5y x+5z
(1) y+5bxr 6y y+5z
z+5x z4 5y 62

Observe that elements of each row(column) cannot be equal to any other el-
ement of respective row (column) because x # y # z. By the same fact, one
can see that diagonal entries of the matrix are not equal to each other. Next,
we consider other possible cases.

Case 1. Assume that 6z = y+5z. Then z = %' Therefore, matrix
can be written as:

Y+ 52 3ly+52 y+35z
6 6
E’y%:'lz z+by 6z

If possible, let y + 52 = z + 5y, then 4z = 4y, which is a contradiction. Thus,

|A+5- Al > 8. Suppose that 31yg“5z = 11y—é—25z' Then 31y + 5z = 11y + 25z,
which is again a contradiction. Next, assume that 31ygr 2 — 5y+6312 , again a
contradiction. In similar manner, one can check that the different elements of

the matrix is 8. Thus, |[A+5- A| =8.

Case 2. Let x4+ 5y = y 4+ 5z. Then the original matrix becomes

30z — 24y 5z+4+y 10z — 4y
25z — 19y 6y Yy + 5z
26z — 20y  z + by 62

By the fact that = # y # z, we have |[A+5- A| = 8. Similarly, the result holds
for the remaining cases.

(IT1) Let A = {z,y, 2z, w}, where z # y # z # w. Then

A+5-A={6zx,z+5y,z+ 5z, + dbw,y + 5z,6y,y + 52,y + bw,
z 4 5z, z + 5y, 62, 2z + bw,w + 5z, w + by, w + 5z, 6w}.
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This data can be written as

6z r+5y x+5z z+dw
2) Yy + 5z 6y y+5z y+dw
z+5x z+by 62 z + dw

w+5r w+dy w+ bz 6w

Note that each row (column) elements cannot be equal to elements of that row
(column) since © # y # z # w. This fact also indicates that the diagonal
entries of the matrix are not equal to one another. Further, we consider the
other possibilities of equality of elements of matrix ([2)).

Case 1. Let x 4+ by = z + bx. Therefore z = 5y — 4z. Thus, matrix (2))
transforms as:

6x x4+ 5y 25y — 19z T + dw
Y+ oz 6y 26y — 20x Y+ dw
oy +x 10y —4x 30y — 24x 5y — 4z + dbw
w45 w+dy w+ 25y— 20z 6w

30y—25x
5

Suppose that =+ 5w = 30y — 24x. Therefore, w = and the transformed

matrix can be written as

6x z+5y 25y —19x 30y — 24z
155y—125
y + bx 6y 26y — 200 =2

Sy+ax 10y —4x 30y — 24p 10T
6 40y—25x 155y—125x 180y—150x
Y 5 = -

Consider 25y — 192 = y + 5x, which is not possible. Observe that any other
two elements of the above matrix cannot be equal. In all the cases, we can see
that 12 < |A+ 5+ A| < 16. Hence, the result.

Case 2. Assume that z+5y = y+5z. Hence, z = 5z —4y and matrix ([2))
becomes

30z — 24y 92+y 10z —4y 5z —4y+dw

25z — 19y 6y y+ 52 Yy + dw
26z — 20y z+ 9y 62 z + dw
25 —-20y4+w w+>dy w+ 5z 6w

Let 5z + y = z + 5w. Then the above matrix becomes

126z — 120w z + dw 26z — 20w 21z — 15w
101z — 95w 30w — 24z z + 5w 10w — 4z
106z — 100w —19z 4 25w 6z z + 5w
1052 — 9w 26w — 20z w+ 52 6w
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By the fact that z # w, clearly 12 < |[A+5- A| < 16.
(IV) Let A = {x,y,z,w,t}, where x # y # z # w # t. Then
A+5-A={z,y,z,w,t} + {5z, 5y, 5z, 5w, 5t}
= {6x,x + by, + 5z,x + bw, x + bt,y + bz, 6y,y + 5z,y + dw,
y+5t,z+ bz, 2+ by, 62, 2 + dbw, z + bt, w + Sz, w + dHy,
w + 5z, 6w, w + 5t, t + bz, t + Sy, t + 5z, t + bw, 6t}.
Also, A+ 5- A can be written as
6x r+5y xT+52 x+5w x+5t
Yy + 5z 6y y+5z y+ow y+5t
(3) z+5bx z+45y 62 z+bw z+5t
w+dr w+dy w+ bz 6w w + 5t
t+5z t+5y t+5z t+dw 6t
Since x # y # z # w # t, therefore the elements in each row (column) cannot
be equivalent to any other element of respective row (column). This fact also

shows that the diagonal entries in the matrix are not equal to each other. Next,
we discuss the possibilities of equality of other elements of matrix (3)).

Case 1. Let © 4+ by = z + bz, then z = 5y — 4z. Then the original
matrix becomes

6x 5y +x 25y — 19z T + dw T + ot
Yy + dx 6y 26y — 20x Y + dw Y+ ot
5y +z 10y —4x 30y — 24x 5y —4x +dbw by — 4x + 5t
w45 w+dy w+ 25y —20z 6w w + 5t
t+5x t+5by t+25y—20zx t+ 5w 6t

Next, assume that z + 5w = 30y — 24z, then y = %. The above matrix
transforms into

6 15513462511) 5514532511) z -+ Bw -+ 5t
Sw+175z 30w+150z 125w+-50z 155w+25x  Sw+25x+150t
30 30 30 30 gO
1552425w 50w+130z 150w+-30z 5x+175w 25w+5x+150¢
30 30 30 30 30
w -+ 5z 55w§—0125m 1551§8—25m 6w w -+ 5t

Again, let W =t + 5x, then t = W. Then the transformed matrix

1S:

6 155:53—82511} 55x—|3—(1)25w x4+ 5w 25011:;0—7030
Sbw+175zx w+ 5z 125w+50x  155w+25x  255w—75z

30 30 30
155x+25w  50w+130x x4+ 5w S5x+175w 275w—"T5x

30 30 30
55w+125x 155w+25x 55w—100x
w + 5T 6w 2

30 30
20w+130x  75w+106x 175w+-5x 200w—20x 10w—4x
30 30 30 30 30
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If possible, 155@325”3 = 5”2(1)75‘”, then w = ¢, which is a contradiction, and

we have |A + 5+ A = 19. On similar arguments, we can check for the other
possibilities of equality of the elements in matrix . Observe that in all the
cases, we have 19 < |A+5-A| <25. O

Observe that Lemma holds for any value of k € Z™".
LEMMA 3.2. If |A| > 5 and |A;] <5 for some i, then the following hold:
(1) If |A| = 4, then |A; +5- A| > |A] 4 2|A;| — 2.
(I1) If |A| = 3, then |A; +5- Al > |A| + 3|4 — 3.
(IIT) If |A| = 2, then |A; +5 - A| > |A] + 4]A4;] — 4.
Proof. (I) We divide the proof into the following cases:

Case 1. Let |X;| = 1. Then by Lemma
4
X+ Al =) |Xi+ 4]
j=1

> 1] 4 JA1l = 1+ ||+ [Ao] — L+ X[ + [As] — 1+ [X] + [ Ag| -1
> 4)X,] + A — 4.

Case 2. Assume that |X;| = 2. Then
[ Xi + Al = [Xi + Ar + [(Xi + A) \ (Xi + Ay))|
> |Ail +2[Aq| = 2 + [A2| + [As] + |A4]
> 2| X5 + |A] - 2.

Case 3. Suppose that |X;| = 3. Then by Lemma
1. If | X;| = 3, then | X; + 41| > 3|A4],
2. If | X;| = 4, then |X; + Ay > 3| 41| + 1,
3. If |X;| = 5, then | X; + Ay| > 3[A4;] + 2.
Also, for |A;| > |A4], then | X; 4+ A| > | X; + A1] + |A2| + | 43| > 2|X;| + | A| —2.

Hence the result.

Case 4. Let ]X'Z| = 4. Then 4 < |X;| < 5. For the set |X;| = 4,
| X; + A1| > 4]|Aq]. Also, for |X;| = 5, then |X; + A;| > 4|A;] + 1. Thus,
| X + A| > 2| X;| + |A4] — 2.
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Case 5. Finally, assume that |X;| = 5. Suppose that z; = min(X;) and
z = max(A). Therefore
|1 Xi+ A >z + A+ 2+ X3 —1+¢

and
c=(Xi+(Ai\2)\ (zi + AU (z+ X;))| > 4.
Hence | X; + A| > 2|X;| + |A| — 2. )
(IT) We prove the result by considering different cardinalities of Xj.

Case 1. Let |X;| =1. By Lemma we have
| Xi + Al = | X; + A + [(Xs + A) \ (X + Ay
> X+ 4 X + (X + A)\ (X + Al
> X +4- X+ A = A + Al =1
> 3| X;| + 14| — 3.

Case 2. Let |X;| = 2. Then
[ Xi + Al = X + A + [(Xi + A) \ (Xi + Ai))|
> | Xi +4- Xi| + [(X 4+ A) \ (X5 + Ay
> | Xi+4- Xi| +2(]A] - [Ail)
> 3| X + |A| = 3.

Case 3. Let |X;] = 3. Then 3 < |X;| < 5. If the set |X;| = 3, then
|.Xi + A1] > 3|A1]. Also if | X;| = 4, then we have |X; + A1| > 3|A1]| + 2. Hence
| X; + A| > 3| X;| + |4] — 3.

Case 4. Let |X;| = 4. By Lemma 2.2} 4 < |X,| < 5. If | X,| = 4, then
’Xz + A1’ > 4‘141‘ Again if ’Xz| = 5, then ‘Xl + Al‘ > 4’141‘ + 1 and hence
| X + Al > 3X;| + |A] - 3.

Case 5. Suppose that |X}\ = 5. By Lemma we have the next in-
equality | X; + A| > 3| X;| + |A] — 3.

(III) The proof of this case follows the same approach as cases (I) and
(In). O

THEOREM 3.3. Let A be a non-empty finite subset of Z with |A| > 6 and
k=5. Then

|A+5- A >6]4] —9.
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Proof. Assume that |A| = 5. Then by Lemma |A+5- Al > 6|A] —9.
Next, assume that |fl] < 4. We prove our result by mathematical induction on
|A|. By Lemma[3.2] the result holds for |A| = 6. Suppose that the result holds
for all subsets of Z having cardinality greater than or equal to 6 and less than
the cardinality of A. We prove the final step of the result by considering the
following cases.

Case 1. Let |A| = 4. Then, we have the following two subcases.
Subcase 1. Suppose that |A4] < 5. Let |X;| = 5 for all . Consider the
following subparts:

(i) Let [4;] =5, =1,2,3 or all i. Then by Lemma [3.2]
4
|A+5- A=) |X;+ A > 6|A| —6.
i=1
(ii) Consider |A4;| = 5 for ¢ = 2,3 and |A;| > 5. Then by Lemmas
and [3:2]
|A+5- Al =[A1+5-Al+ ) |A;+5- A
i#1
> (641 — 5+ An|+ Y A +5- 4]
i#1
> 6]A] — 9.
(iii) Let |4;] =5 for i = 3 and |A;|, |A2| > 5. Then, by using Lemmas[2.1]
and [3.2
JA+5- Al =[X1+ A+ |Xo+ Al + > |4 +5- A
i#1,2
> X145 Xa|+ |An| + [ X2 +5- Xo| + [Age| + D A +5- A
i#1,2
> 6|41 =5+ 6|As| =5+ > |A|+24;| -2
i#1,2
> 6]A| - 9.
Similarly for |A;| =5 for i =2 or i = 2,4.

(iv) Let |A4;| > 5 for i = 1,2,3, by Lemmas [2.1, 2.3 and [3.2] Then

4
[A+5- Al =D |Xi+ A =) X + Al + [Au| + [ X4 +5- A] > 6]A] — 9.
i=1 i#4
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Further, assume that |X;| < 5 for all i. Then

(i) Let |A;] <5 for all i. By Lemmas and
|A+5- Al > 4|A| + 2(|A1| + |A2| + |As| +|A4]) — 6 > 6] A| — 9.

(ii) Consider |A;] < 5 for i = 2,3 and |A;] > 5. Then by Lemmas
and [3:2]
|A+5- Al =[X;+ A+ > |X;+5- A
i#1
> 6|41 =9+ [Au|+ > |Xi+5- A
i#1
> 6]A] — 9.

(iii) Let |A;] < 5 for ¢ = 3 and |A;],|A2] > 5. We use Lemmas
and [3:2]
|A+5-Al=|X1+ A+ |Xa+ A+ D [Xi+5- A
i#1,2
> 6]A1] — 9+ [Anr| + 6|4z — 9+ [Age| + > |Xi+5- A
i#1,2
> 6]A] — 9.

(iv) Let |A4;] > 5 for i = 1,2,3. Then by the induction hypothesis, and
Lemmas [2.4 and

|A+5-Al=> " |Xi+5- Al + X4 +5- A]

i#4

> IXi 5 Xl + [Aul + [Xa+5- A
i#4

>3 61 Ai] — 9+ [Au| + 2 Xa| + |A] - 2
i#4

> 6|A| — 9.

Suppose that \XZ| <5fori=1,2.

(i) Let |A;| > 5 fori=1,2,3. By Lemma and the induction hypoth-
esis,
|A+5-A] = |Xi+Al+|X4+5- A > 6] A|+2|Ag|+3| A +| As| —29 > 6|4 9.
i#£4
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(ii) Let |A;] > 5 for i = 1,2 and |A3| < 5. Then

A+5- A= |Xi+ A+ ) |Xi+5- Al > 6]A] - 9.
i#3,4 i#1,2

(iii) Let |A4;| > 5 for i =1 and |Asg|, |As| < 5. Then
|A+5- Al =[X;+ A+ > |X;+5- A > 6|A| - 9.
i#£1

Similarly for [{1 <i<4:|X;| <5} =2.
Now, assume that |X;| < 5 for i = 1.

(i) Suppose |A;| > 5 for i = 1,2,3. Then by the induction hypothesis,
and Lemmas [2.4 and

|A+5- Al =" |Xi+ Al + | X4 + A

24
> 6(|Ax| + [A2| +|A3]) =27 + 2|A4| + [A] = 2+ [A11|+]Aga|+[Ass]
> 64— 9.

(ii) Let |A;] > 5 for i = 1,2. Then
|A+5- Al = X1+ A+ | Xa+ A+ D |Xi+ A

i£1,2
> | X1+ 5 Xa| + |An| + | X2+ 5 Xo| + [Ag| + Y [A]+3]4] -3
i£1,2

> 64| — 9.
(iii) Let |A;| > 5 for ¢ = 1. Then

|A+5- Al = X1+ A+ ) |Xi+ Al

i#£1
> X1 +5- Xa| + A +Z|A| + 3[4 =3

i#£1
> 6|4] - 9.

Similarly for [{1 <i<4:|X;| <5} =1.
Subcase 2. Suppose that |[A4| > 5. Consider that | X;| = 5 for all 7. Then
by Lemma

4 4
[A+5 Al =) |Xi+ Al =D |X;+5- X;| +[Ai| > 6]A] - 9.

i=1 =1
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Assume that |X;| < 5 for all 7. If |[A;| = |As], then the result holds easily by
the direct analysis. If |A;| > |As|, by induction and Lemma [2.4]

4
|A+5- A=) |X;+ A

4
> Z|Xi+5'Xi| + [Aii]
i=1
> 6| A1 — 9+ 6[As| — 9+ 6[A3| — 9+ 6[As] — 9 + [Az| + 3| A4
> 6|A] — 9.
Suppose that \X’z\ < 5 fori=1,2,3. The induction hypothesis and Lemma
imply
[A+5- A=) |Xi+ Al + | X4+ A]

i#4
> X+ 5 Xl + [ Au| + [ Xa + 5 Xy
i#4
> 6]A| + [Ag| + 2[As] + 5(|Ax| — [A4]) — 32
> 6]A| — 9.

Similarly for [{1 <i<4:|X;| <5} =3.
Next, suppose that |X;| < 5 for ¢ = 1,2. Then

[A+5- A=) |Xi+ Al + | X4+ A]

i#4
ZZ|Xi+5-Xi|+\Az‘i|+|X4+5'X1!
i#4
> 6|A] —9.

Similarly for [{1 <i<4: |X | <5} =2
Further, assume that |X;| < 5 for i = 1. By Lemmas [2.1| and .

|A+5-Al= Z|X + A

> Z 1Xi +5- Xi| + |Au| + Xz +5- A+ X4 +5- A

i=1,2
> 6|A| 4+ 5(]A1| — |As|) + 5(|A1] — |A4]) — 19.
> 6|A| — 9.

Similarly for [{1 <i<4:|X;| <5} =2.
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Case 2. Consider |A| = 3. We discuss the following two subcases de-
pending upon |As|.

Subcase 1. Let |A3| < 5. Observe that if |4;| <5 for all 4, then the result
holds trivially by Lemma |3.2

Firstly, assume that |X;| = 5 for all 7. Then we have the following sub-
parts:

(i) Let |A;| <5 for i = 3,4. Then by Lemmas and , we have
|A+5- Al =|X1+5- A+ > X+ A
i#1
> X1 +5- X0| + |[Au |+ ) |Al 434 -3 > 6]4] - 9.
i#1

For the rest of the possibilities, we can see the result with the help of Lem-
mes 21} 23] and B3

Assume that | X;| < 5 for all i or i = 1,2.

(ii) Let |A;| > 5 for ¢ = 1,2. Then we use the induction hypothesis and
Lemma [3.2] to obtain

3
|A+5- A=) |X;+ Al
=1

ZZ\Xi+5-Xi|+|An’\+]X3+5-A|
i#3
> 6|A1| — 54 6|As| — 5+ |A2| + |A1] + |A] + 3|A3] — 3
> 6|A] —9.
(iii) Let |A;] > 5 for i = 1. Then, in light of Lemma[3.2]and the induction
hypothesis, we have
JA+5- Al > [X1+5- X1+ |Ap|+ ) | X545 A
i#1
> 6|A1| — 5+ |Ag| + ) |A| + 3|4 -3
i#1
> 6|A| —9.
Similarly, the result hplds for ¢ = 2.
Consider that | X;| <5 fori=1ori=2.

(i) For |A;| > 5 for i = 1,2. Then by Lemmas and the induction
hypothesis,
JA+5- A1 > X +5- X| + Ay + | X5 +5 - A
i#3
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> 6|A1| — 9+ 6|A2] — 5+ |As| + |A| + 3|A3| — 3
> 6]A| — 9.
(ii) For |A;| > 5 for i = 1. Then
|A+5- Al = X1+ A+ |Xi+ A
i#1
> | X145 X1| + |An|+ > |A] +3|43] — 3
i#1
> 6|A| — 27 + 18
> 6]A| — 9.
Similarly for ¢ = 2.
Subcase 2. Assume that |As| > 5. Now, we have the following subparts:

(i) If |X;| = 5 for all i, then the result holds trivially by Lemmas
and 2.3

(ii) Assume that | X;| < 5 for all i. Then by the induction hypothesis and

Lemma [2:4]

3
JA+5- Al > X+ Ai| + |Al
i=1

3

> 6]Ai] =9+ | Al
i=1

> 6/ 4] — 9.

(iii) Let | X;| =5 for s = 1,2. Then

3
JA+5- Al > |Xi+5- X;| + |Au| > 6]4] - 9.
i=1
(iv) Let \X}] =5 for ¢ = 1, then |Ay1] > 2 in case of |A1] = |As| = |As|
by Lemma [2.1] Then

3
[A+5- Al > X +5- X;| + | Al

i=1
> 6(|A1] + [Az] + [A3]) — 23 + 2| A4
> 6|A| - 9.

Similarly for |X;| = 5 for i = 2 or i = 3.
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Case 3. Finally, let |A| = 2.
The proof of this case follows the same pattern as for Cases 1 and 2. This
completes the proof of theorem. [
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