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The general sum-connectivity index and the general Sombor index have gained
significant attention in recent years. In this study, we consider a more generalized
form of these indices, denoted by KD, g. For a graph G, this index is defined as

KDaps(G) = Y (da(@)’ +da(y)’),

zy€EE(G)

where o and 3 are nonzero real numbers. This paper establishes an upper bound
on KD, g for chemical trees with given order n and branching vertices b > 1,
where a € (0,1] and 8 > 0. We also characterize the maximal chemical trees.
Since the general sum-connectivity index is a special case of KD, g with 8 =1,
our results generalize the findings of the first Zagreb index in S. Noureen et al.
[MATCH Commun. Math. Comput. Chem. 84 (2020), 513-534]. Similarly,
since the general Sombor index corresponds to 8 = 2, our results extend the
findings for the Sombor index in A. Ali et al. [AIMS Math. 8 (2023), 5369-5390)].
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1. INTRODUCTION

Let G be a simple graph with vertex set V(G) and edge set E(G). The
degree of a vertex x € V(G) in G is denoted by dg(x) and the set of vertices
adjacent to x is denoted by Ng(x). A vertex in graph G with degree at least
three is called a branching vertex. A degree sequence is a sequence that lists
the degrees of the vertices in a graph G in non-increasing order, denoted by
D(G) = 7(G) = (d1,da, . ..,dy).

The graph G — xy is obtained from G by removing an edge zy € E(G),
while G + zy is obtained from G by adding an edge zy ¢ E(G). An n-vertex
tree with n—1 pendent vertices is called a star, denoted by S,,. The double star
graph DS, , is a tree with exactly two non-pendant vertices that are adjacent
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by an edge, one with degree p and the other with degree ¢q. A tree in which
the degree of each vertex is at most 4 is called a chemical tree. The total
number of vertices with degree i in a tree T' is denoted by n;(T) (or n;), and
the number of edges between vertices of degree i and j is denoted by m;;(7T")
(or simply my;).

In chemical graph theory, a topological index is a mathematical mea-
sure that describes the topological properties of a molecule. Numerous vertex-
degree-based (VDB) graph indices have been put forward and thoroughly ex-
amined in the literature on mathematical chemistry.

Among the several hundred presently existing graph-based molecular
structure descriptors, the variants of the Randié¢ index [29] are certainly the
most widely applied in chemistry and pharmacology. One is the general sum-
connectivity index [37], which generalizes the sum-connectivity index [36] and
the first Zagreb index [19]. Motivated by the generalization of Randi¢ and
sum-connectivity indices, as well as extensive studies on the Sombor index,
the general Sombor index was recently introduced in [21]. The geometric in-
terpretation of the Sombor index has garnered significant attention in a short
time, leading to a notable volume of research [5H11}13,|15,26,[30] and several
generalized versions appearing in the literature [20},21}31].

In this study, we consider a more generalized form of these indices, de-
noted by KD, g. For a graph G, this index is defined as in [20]

KDos(G) = Y (da(®)’ +da(®)’)”,
zyeE(G)

where @ and 8 are nonzero real numbers. In this paper, we study a class of
topological indices derived from the KD, g index by introducing parameters a
and B. Such generalizations are important in chemical graph theory because
they extend the applicability of a topological index while preserving its funda-
mental characteristics. The following table presents various topological indices
derived from the KD, 3 index for different values of o and 3.

For recent research on various generalizations of the Sombor index, see
[2,/12,120,127, 131,132,134, 135], and for the chemical applications of the general
Sombor index, refer to [1]. In the literature, various topological indices have
been discussed, as highlighted in [4,14,33].

In this paper, we focus on finding the upper bound for chemical trees
of order n with b > 1 branching vertices with respect to KD, g index when
a € (0,1] and g > 0. Within these intervals of o and 3, many well-known
indices emerge, and thus our results also hold for these indices. Our focus in
this paper is on chemical trees; therefore, for a chemical tree T', the following
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’ a, B8 KDqp name
a#0, g=1 KDy, 1 = X, [37] general sum-connectivity
a=-1,8=1 2KD_y11="H 16| harmonic index
a=-38=1 ICD7%71 =X [36] sum-connectivity index
a=1 =1 KDq,1 = M [19] first Zagreb index
a#0,8=2 KDg,2 = SO, [2]] general Sombor index
a=1B=2 ICD%2 =S80 [18] Sombor index
a=1, =2 KD, = F [17] forgotten index
a=1% =1 KDy, = N [22] Nirmala index
a=-3p5=2 ICD_%72 =SO™ [24] modified Sombor index
a=-28=3 ICD_Z% = BSO [23] Banhatti-Sombor index

Table 1 — Degree-based indices derived from specific values of a and 3 in
KDa, g, showcasing its versatility.

results are well known:

(1) n = Zm(T),
(2) 2(n—1) = Zini(T), and

(3) ini(T) = 2ms(T) + Y _myy(T), 1<i<A4,

Assume C7T,y is the class of chemical tress of given order n > 2b + 2 with
b > 1 branching vertices. For n < 2b+ 2, there are no graphs in C7,; for
b>1 Forn =4and b =1, we have CT41 = {S4}, while for n = 5 and
b=1,CT41 = {S5,DS42}. For n > 6 and b > 1, we partition CT, into two

subclasses, namely CT”,,, and CT",, 5, defined as
CT/n,b =IyulhyuI'suI'y and CT”n,b =Is5Ul'guUTIy,
where

Flz{TGCﬁL,b\nzl?)andb:él},
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FQZ{TECTnH 20+2<n< [517: J andeQ},
rg_{Tecnby F’bﬂ <n< L?J andbzes},

F4:{T€CTnb| {8’”8] §n§3b—|—2andb22},

F5:{TEC’ﬁlvb\nZi’)b—i—Z%andb:l},
I ={T €CThyp|3b+3<n<4b+1andb>2},
7 ={T€CThp|n>4b+2and b > 2}.

For example, see Tl, TQ, T3 S Fl, T4, T5, T6 S FQ, T7, Tg, Tg S Fg, Tl(), TH,
T € Ty, T3, T1a, T15 € I's, Tie, T17, T1g8 € I's and Thg, Tog, To1 € I'7 in
Figure 1]

v oty

MMM
ﬂmmm

YUV Y VLYY RYVIY

Tio Ty Tn

Figure 1 — Twenty-one trees T1,71%,T5,...,T21.
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When b > 2, the interval 2b + 2 < n < 3b+ 2 is further segmented into
three sub-intervals, ensuring no overlap. The sub-intervals 2642 < n < L%J
and [SZ’TJFSW < n < 3b+ 2, cover most cases where b > 2. On the other
hand, commencing the sub-interval [E’Z’T*G] <n< L%J from b > 6 ensures
thorough coverage, excluding the cases where b < 6 because the domain for
b < 6 is covered in [81’3—%] < n < 3b+ 2. Notably, a chemical tree in CT",,
with n = 13 and b = 4 does not align with any of this classification. Therefore,
we discuss this case separately in Lemma 2.4

In the following section, we derive the upper bounds for chemical trees
in CT, with respect to the KD, g index when o € (0,1] and 8 > 0, and also
construct the chemical trees that achieve these upper bounds.

2. BEST POSSIBLE UPPER BOUNDS FOR CHEMICAL TREES
IN CT,, WITH RESPECT TO THE KD, s INDEX

This section aims to find the extremal chemical trees in C7,; with the
highest value of the KD, 3 index when o € (0,1] and § > 0. To prove the
results, we first need the following lemmas. Lemma plays a crucial role in
establishing the subsequent results.

LEMMA 2.1. Let z,¢,d,a and [ be real numbers, where ¢, d > 0, z > 0,
a € (0,1] and B > 0. Consider a function

fea(z) = (& + %)% = (F + d%).

(i) If ¢ > d and a € (0,1], then f.q(2) is a decreasing function. Moreover,
if ¢ >d and o € (0,1), then f.q(2) is a strictly decreasing function.

(ii) If c < d and o € (0,1], then f.q(z) is strictly increasing. Moreover, if
c<dand o € (0,1), then f.q(2) is a strictly increasing function.

Proof. We obtain
fra(2) = aB P + B)at = (8 1 a1,
(i) Since ¢ > d, a € (0,1] and g > 0, it follows that
(2% + Pyt < (2P + Py

This means f, ,(z) < 0. Thus f. 4(z) is a decreasing function on ¢ > d,
a € (0,1] and S > 0. Similarly, for ¢ > d and « € (0,1), one can easily see
that f. q(z) is a strictly decreasing function.

(ii) By reversing the function, the proof is similar to the proof of (i). [
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We define the degree sequence m1(7") as follows:
(4) m(T)=(4,...,4,3,...,3,1,...,1).
—_—— —— ——
n—2(b+1) 3b—n+2 n—>b
Now, we prove the following lemmas to establish the main theorem.

LEMMA 2.2. Let T € CT',p (n > 6) be a chemical tree that mazimizes
the KDy, g index for a € (0,1] and > 0. Then T has the degree sequence

m1(T) defined in ({).

Proof. On the contrary, assume that ny > 1. Then T contains a vertex
w € V(T) such that dr(w) = 2. Let Np(w) = {wi,w2}. If ng = 0, then
from and , we obtain ny = 2 4+ 2n4. Using this, gives n > 3b + 3,
a contradiction as T' € CT",, 5. Otherwise, ng > 1. Thus there exists a vertex
x € V(T) such that dp(x) = 3. Let Np(z) = {z1,22,23}. Without loss
of generality, assume that points x; and w; lie on the z — w path in T (w;
and x1 may coincide). This gives 2 < dp(x1), dp(wy) < 4 and 1 < dp(x2),
dr(x3),dp(ws) < 4. Now we construct a tree 7" from T as follows:

T =T — wwy + zws.

Then we see that dp(z) = dr(x) +1 = 4, dp(w) = dr(w) —1 = 1 and
dpi(t) = dp(t) for all t € V(T) \ {x,w}. Now we discuss two possibilities.

Case 1. w and z are not adjacent (w; and z; may coincide). Then

ICDaﬁ( ) ICDaﬁ( )
3
Z 4ﬁ+dT ) —(35+dT(a}i)’8)a)+(4’8+dT<m1)ﬁ)a
=2

- (35 + dT(Cﬂl)B) (4B + dT(wg)ﬁ)a — (25 + dT(U}Q)ﬂ)a
+ (1’8 +dT(w1)’8) - (25 +dT(UJ1)5)
> (47 + dp(w2)?)* — (28 + dr(w2)?)* + (17 + dr(wr)P)”
— (27 + dr(w1)?)“.
By using Lemma [2.1] (i) and (ii), we obtain
KDa g(T') — KDy p(T) > (2-4%)% — (28 +4%)2 4 (1 4 20)> — (2. 20)
=(2*7 —1)[(2-2°)* — (1 +27)?] >0,
since 2% > 1 for a, 8 > 0, it follows that 2*% —1 > 0 and
(2-20) = 9B+ D e 5 (1 4 98y,
So KDq, s(T") > KD,, 5(T), leads to a contradiction.



7 On the general vertex-degree-based index of chemical trees 85

Case 2. w and x are adjacent. Then
3
KD, (1) = KDo,s(T) = Y (4 + dr(:)°)* = (3° + dr (x:)°)*)
i=2
+ (47 + dr(w2)?)™ — (2 + dp(w2)?)”
> 0.
Thus, a contradiction arises from each case. Consequently, no(7") = 0.
Now by using ng = 0 in and , and solving them simultaneously, we
obtain the degree sequence

m(T)=(4,...,4,3,...,3,1,...,1).
—— —— ——
n—2b—2 3b+2—n n—>b

This completes the proof. [

The following corollary is a direct consequence of Lemma

COROLLARY 2.3. Let T € CT'yp (n > 6) be a chemical tree that max-
imizes the KDy, g index for o € (0,1] and B > 0. Then ny = 0, that is,
miz = Mmaa = Mmag = Mg = 0.

LEMMA 2.4. Let T' € T'y be a chemical tree that maximizes the KD, g
indez for a € (0,1) and > 0. Then (i) n1 =9, ng =0, n3 = 1, ng = 3,
(ii) m3a3 = 0, (iii) mMyyg = 0, (iV) mi3 = 0, mi4 = 9 and maq = 3.

Proof. Since T € Ty, the proof of (i) follows directly from Lemma[2.2/and
the proof of (ii) follows from Lemma [2.4] (i) as n3 = 1.

(iii) On the contrary, assume that mgq > 1. Then there exists an edge
zy € E(T) such that dr(z) = 4 = dr(y). By using Lemma [2.4] (i) in (), we
obtain

mig + mig =9,
(5) mi3 + 2ma3 + maq = 3,

miq4 + maa + 2myq = 12.
If mi3 = 0, then from , we obtain miy = 9, m34 = 3 and my = 0 as
ma3 = 0. Thus we get a contradiction as my4 > 1. Otherwise, my3 > 1. Then
there exists an edge uv € E(T') such that dp(u) = 1 and dp(v) = 3. Without
loss of generality, let = located on u — y path in 7. We obtain a tree 7" from
T as follows:
(6) T =T — 2y — uwv + vy + uz.
Then we see that dp(t) = dp(t) for all t € V(T') and
KDg s(T") — KDg (T) = (1 +4%)% — (4% +45) — (1 4 3%)* + (47 + 39)~.
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By Lemma (ii), we have
fra(@) = 1 +47)% = (@7 +47) > (1+37) = (47 +3°)" = f14(3).
So KD, 3(T") > KD,, 5(T'), which gives a contradiction. Hence myq = 0.

(iv) By using Lemma[2.4] (i)—(iii) in (5, we obtain mi3 = 0, mi4 = 9 and
mg4 = 3. This completes the proof. [

LEMMA 2.5. Let T' € I's be a chemical tree that mazimizes KD, g index
for ao € (0,1) and B > 0. Then (i) mas = 0, (ii) m1a = 3n4 = 3(n — 2b — 2),
(iii) mi3 =5b—2n+6, m3g =ng =n — 2b— 2 and m33 = 3b—n + 1.

Proof. (i) On the contrary, assume that my4 > 1. Then T contains an
edge zy € E(T) such that dr(z) =4 = dr(y).

Claim 2.6. At least one of mq3 or mgg is nonzero.

Proof of Claim[2.6] By contradiction, we prove this result. For this, we
assume that my3 = 0 = mg3. Setting ¢ =1 and ¢ = 3 in , by Corollary
we obtain mi4 = ny and m3q4 = 3nz as mia = mi3 = meoz = ms3z = 0. Using
these results and again Corollary in with setting ¢ = 4, we obtain
myaq = 3n —8b— 7 as the degree sequence of T' is 71 (T'). Since T' € 'y, we have
n < L5b2—+5j and hence mus < %b < 0, a contradiction as my4 > 1. This proves

ClaimPel O

Now we further discuss the next two cases.

Case 1. If my3 # 0, then T possesses an edge uwv € E(T) such that
dr(u) = 1 and dp(v) = 3. Without loss of generality, suppose z lies on u — y
path in 7. Using the transformation @ and calculations in Lemma (iii),
one can easily get a contradiction. Thus we have my4 = 0.

Case 2. If mgs # 0, then T contains an edge uv € E(T) such that
dr(u) = 3 = dr(v). Without loss of generality, we assume that z and v lie on
u — y path in T'. Using the transformation in (@, we obtain

KDa,5(T") = KDa,s(T) = (47 +3°)* — (37 4 3%) + (47 + 37)* — (47 +-49)~.
By Lemma (i), we have
f13(3) = (47 +3%)% — (37 +3%)% > (4° +-4°)% — (3° + 4°)* = fy5(4).

This implies that XD, g(T") > KD, g(T), which is a contradiction. Hence
mgyg = 0.
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(ii) By contradiction, we prove that 3ngy < mi4. For this, we assume that
mi4 < 3n4. This implies that T posesses a vertex w of degree 4 with at least
two non-pendent neighbors, say w; and we. From Lemma [2.2] it is clear that
3 <dp(wy),dr(ws) < 4. If myzg = 0, then myq = ny (as ny = 0), and using the
degree sequence in , we obtain n — b =myy < 3ng = 3 (n — 2b — 2), that is,
n > %, yields a contradiction, as T € I's (namely, n < L&’T‘%J) Otherwise,
mis # 0. Therefore, T possesses an edge uwv € E(T) such that dr(u) = 3 and
dp(v) = 1. Without loss of generality, let wo lies on w—u path (wy may coincide
with u). Now we obtain a tree T” as follows: 7" =T — ww; — uv + wv + uw;.
This implies d7(t) = dp(t) for all ¢t € V(T). Then

KDy, 5(T") — KDg, (T) = (47 + 1)* — (37 + 1)* + (37 + dr(w:1)?)"
— (46 + dT(wl)B)a.
By using Lemma [2.1] (ii), we obtain
KDa, p(T') — KDg, p(T) > (4° + 1) — (3° + 1)* + (3° + 37)* — (4° 4 3°)~.
By Lemma (i), we obtain
frs() = (P + 1) = (37 + 1) > (47 +37)7 = (37 +37)% = fus(3).

S0 KDug(T") > KDy p(T), which is a contradiction. Thus, we have 3ny < m4.
Since T' € I's, we have b > 2, and hence any 4-degree vertex is adjacent to
at most three pendant vertices in 7. Thus, we have 3ng > my4. Consequently,
mig4 = 3’!7,4.
(iii) By using Lemmas (i) and (ii) and Corollary in (3), we
obtain
miz+3(n—20—2)=n—>b,
mi3 + 2ma3 + msg = 3(3b+ 2 —n),
3(n—2b—2)4+mgy =4(n—2b—2).
By simple computation in the above equation, we obtain mi3 = 5b — 2n + 6,
msgqs =ng =n — 2b— 2 and m33 = 3b — n + 1. This completes the proof. [J

LEMMA 2.7. Let T' € T'3 be a chemical tree that mazimizes the KD, g
indez for o € (0,1) and B > 0. Then (i) mi3 = 0, (ii) m14 = n1 = n — b,
(iii) maqa = 0, (iv) mss = 3n — 7b — 8 and ms3 = 8b+ 7 — 3n.

Proof. (i) On the contrary, assume that mj3 > 1. Then 7' contains an
edge uv € E(T) such that dr(v) = 1 and dp(u) = 3. Since T' € I's, we have b >
6, and hence any 4-degree vertex is adjacent to at most three pendant vertices
in T'. Thus, we have 3ng4 > m14. By applying Corollary to with ¢ = 1,
we obtain miz +mig =n—>b. lf myy =3ny =3(n—20—2) (asng =n—2b—2
by ), then from the above equation, we obtain mq3 = 5b — 2n + 6. Since
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T € T'3, it holds that mi3 < 5b — 2[5%—%1 + 6 < 0, which is a contradiction as
myz > 1. Otherwise, mi4 < 3n4. Again, since T € I'3, we have n > [E’I’T%W
and hence ng = n — 2b— 2 > 0. Then there exists at least two non-pendent
neighbors of w(dp(w) = 4), say, w1 and wy. From Lemma it is clear
that 3 < dp(w1),dp(w2) < 4. Without loss of generality, let we be located on
w — u path (we and w may coincide). By using the same transformation and
calculations in Lemma (ii), one can easily get a contradiction. Thus, we
have mq3 = 0.

(ii) Setting ¢ = 1 in (3), then by Corollary and Lemma (i), we
obtain mi4s = ni3 =n —b.

(iii) On the contrary, assume that mgq > 1. Then T possesses an edge
zy € E(T) such that dr(z) = 4 = dr(y). Setting i = 3 in (3] with Corollary[2.3]
and Lemma (i), we obtain 2ms3 + maq4 = 3(3b+2 —n), by . If mg3 =0,
then from the above equation, we obtain msy = 3(3b+ 2 —n). Setting i = 4 in
with Corollary [2.3|and Lemma [2.7] (ii) and ms4 = 3(3b+ 2 —n), we obtain
myq = 3n — 8b — 7. Since T € I's, it follows that myy < SL%J -8 —7<0,
a contradiction as myq > 1. Otherwise, mgs > 1. Then T contains an edge
uv € E(T) such that dr(u) = 3 = dr(v). Without loss of generality, suppose
that x and v lie on u—y path. Using the same transformation and computations
outlined in Case 2 of Lemma (i), one can easily get a contradiction. Hence
myg = 0.

(iv) Using Corollary and Lemma (i)—(iii) in (3), we obtain

mi3 +mig =n — b,
miz +2mas +mze = 3(3b+2—n),
n—>b+mss=4(n—2b—2).

By solving simultaneously the above equations, we obtain msy = 3n — 70 — 8
and mg3 = 8 + 7 — 3n. This completes the proof. [

LEMMA 2.8. Let T' € T'y be a chemical tree that mazimizes the KD, g
index for a € (0,1) and 8 > 0. Then (i) mig = 0, (ii) mis = n — b, (iii)
ma3 =0, (iv) m3qy =90+ 6 — 3n and mgqy =3n —8b— 7.

Proof. (i) By using similar arguments and transformation as given in
Lemma (i), one can easily obtain mj3 = 0.

(ii) Choosing ¢ = 1 in (3)), then by Corollary and Lemma (i), we
obtain miy =n1 =n —b.

(iii) On the contrary, assume that ms3 > 1. Then T possesses an edge
wv € E(T) such that dr(u) = 3 = dp(v). Setting i = 4 in ([3)) with Lemmas[2.2]
(ii) and Corollary we obtain n — b + mgq + 2myy = 4(n — 2b — 2).
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Next, if myq = 0, then we obtain mgs = 3n — 7b — 8. Setting ¢ = 3 in
(38) with Corollary and Lemma (i) (namely, mos = mi3 = 0) and
m3s = 3n — 7b — 8, we obtain mg3 = 8 + 7 — 3n. Since T € I'y, we obtain
m33 < 8+ 7 — 3(81’%8] < 0, a contradiction as mgz > 1. Otherwise, mgq > 1.
Then T contains an edge xy € E(T) such that dr(x) = 4 = dr(y). Without loss
of generality, let x and v lie on v — y path. Using the same transformation and
calculations as in Case 2 of Lemma (i), one can easily get a contradiction.
Hence ms3 = 0.
(iv) Setting ¢ = 3 and ¢ = 4 in with Lemmas (i)—(iii) and
Corollary we obtain
mss = 3(3b+2 —n),
n—>b+9b+6—3n+2my =4(n—2b—2).

From the above equation, we obtain mgys = 96+ 6 — 3n and my4 = 3n —8b— 7.
This completes the proof. [

We define the degree sequence ma(7") as follows:

(7) m(T) = (4,...,4,2,...,2,1,...,1).
—— —— ——
b n—3b—2  2(b+1)

LEMMA 2.9. Let T € CT",, (n > 6) be a chemical tree that mazimizes
the KDy, g index for a € (0,1] and > 0. Then T has the degree sequence

mo(T) defined in (7).

Proof. On the contrary, assume that ng > 1. Then there exists z €
V(T) with dp(z) = 3. Let Np(x) = {z1,22,23}. Since T € CT",,p, we have
n > 3b+ 3. If no = 0, then from and , we obtain n = 2 + 2b + ny as
n3g +ng = b. Since ny < b, we obtain n < 3b + 2, which is a contradiction as
n > 3b+ 3. Otherwise, ng > 1. Then T possesses a vertex w € V(T') such that
dp(w) = 2. Using the same technique described in Lemma one can easily
get a contradiction. Hence n3 = 0.

Using n3 = 0 in and and solving them simultaneously, we obtain
the degree sequence

m(T)=(4,...,4,2,...,2,1,...,1) as ng = b.
—_——— ——— ——
b n—3b—2 2642
This completes the proof. [
The following corollary is a direct consequence of Lemma [2.9]

COROLLARY 2.10. Let T € CT",,, (n > 6) be a chemical tree that max-
imizes the KDy, g index for a € (0,1] and f > 0. Then n3 = 0, that is,
mi3 = M3 = m3z = mzq = 0.
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LEMMA 2.11. Let T' € I's be a chemical tree that maximizes the KD, g
indez for o € (0,1) and 8> 0. Then (i) ny =4, no=n—5,ng =1, myy =0,
(i1) miqg = 3, (ili) maa =n — 6, mia = 1 and moy = 1.

Proof. Since T' € I's, we have T € CT",,, and b = 1. By Lemma the
degree sequence of T' (m2(T')) is defined in (7). Since b = 1, we have ny = 4,
ny =n —5, ng =1, myqy = 0. This proves the result of (i).

(ii) Since T' € T's, we have b = 1, n > 6, and hence a 4-degree vertex
is adjacent to at most three pendant vertices in 7. Thus, we have my4 < 3.
By contradiction, we prove that mi4 = 3. For this, we assume that my4 < 3.
Then there exists a vertex w € V(T') of degree 4 with at least two non-pendent
neighbors, say w; and we. Let ¢ Np(w) be a pendent vertex, and x; be
its neighbor. Without loss of generality, suppose wsy lies on w — = path (ws
may coincide with z1). Since T' € T'5 (b = 1), it is obvious that dr(w;) =
2 = dp(ws) and dp(z1) = 2. We construct a tree 7" from T as follows:
T' =T — wwy — zx1 + wr + xqwy. This gives dp () = dp(t) for all t € V(T).
Then

KDus(T") — KDop(T) = (4° + 1) 4 (27 + 2°)> — (4% - 20y — (2° + 1)~
By Lemma (ii), we obtain
fra(d) = (1 +4°)> — (20 +45)% > (1+20)> — (20 + 2°)™ = f15(2).

This implies KDy g(1") > KD, g(T'), which is a contradiction. Thus, we have
mig = 3.
(iii) By using Corollary and Lemma (i) and (ii) in (3]), we obtain

miz + 3 =4,
mi2 + 2mag + maog = 2 (n — 5),
3+ mos = 4.

From the above equation, we obtain mgs =n — 6, mi2 = 1 and mgy = 1. This
completes the proof. [

LEMMA 2.12. Let T' € I's be a chemical tree that maximizes the KD, g
index for o € (0,1) and B > 0. Then (i) mia = 0, (ii) misa = 2b+ 2, (iii)
maog =0, (iv) mgg = 4b+ 1 —n and mog = 2n — 6b — 4.

Proof. (i) On the contrary, assume that mja > 1. Then there exists an
edge xx1 € E(T) such that dr(z1) = 2 and dr(z) = 1. Since T' € T's, we
have b > 2 and there exist v,w € V(T) such that dr(w) = 4 = dr(v), by
Lemma [2.9] Without loss of generality, let w lies on the z — v path. Now we
discuss the proof in two cases.
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Case 1. wvw € E(T). Construct a tree 7" from T as
T =T — zx; — vw + vr; + we.
Then we see that dp(t) = dp(t) for all t € V(T'). Therefore
KDog(T") — KDop(T) = (2° + 4°)* + (47 + 1) — (2° + 1)* — (47 + 47)~.

By Lemma (i), we obtain

fip(1) = (P 4+ 1) = (20 + 1) > (47 +4°)% — (27 +47)% = [u5(4).
This shows KD, g(1T") > KD, g(T), which is a contradiction. Thus, we have
mig = 0.

Case 2. vw ¢ E(T). Let P, = ww; ---wsv be a shortest w — v path.
From Lemma it is clear that dp(w;) = 2, for all j, 1 < j <'s. We construct
atree T' from T as T = T — wwy — 21 +wx +z1wq. This gives dp (t) = dp(t)
for all t € V(T'). Using the same calculation as in Lemma (ii), one can
easily get a contradiction. Thus we obtain mjs = 0.

(i) Setting i = 1 in (3]) with m13 = 0 = my2, we obtain my4 = ny = 2b+2,
by @

(iii) On the contrary, assume that mos > 1. Then there exists an edge
zy € E(T) such that dr(z) = 2 = dr(y). Setting i = 4 in (3) with Lemmas[2.9]
m (ii) and Corollary we get 2b + 2 4+ mog + 2myq = 4ng = 4b, that is,
mag + 2myy = 2(b — 1). First, we assume that mygy = 0. Then by the above
equation, we obtain meo4 = 2b — 2. Choosing ¢ = 2 in with mo3 = 0 = mq9
and mog = 2b — 2, we obtain 2b — 2 + 2mgg = 2ny = 2(n — 3b — 2), that is,
moo =n —4b—1. Since T' € I'g, we have n < 4b+ 1 and hence msy < 0, which
is a contradiction as magy > 1.

Next, we assume that mgq > 1. Then there exists an edge uv € E(T)
such that dr(u) = 4 = dr(v). Without loss of generality, we suppose that
x and v lie on the y — u path. Now we construct a tree 7" from T as T" =
T —w — zy + ur + yv. Then dp/(t) = dr(t) for all t € V(T'). Therefore

KDop(T') — KD p(T) = (47 + 2°)2 4 (47 4 28)> — (20 4- 20)> — (4P 1 4P),
By Lemma (i), we obtain
f12(2) = (47 4+ 27)% = (27 4 20) > (47 + 47)% = (27 + 4)" = fu2(4).
This gives KDy 3(T") > KD, p(T), which is a contradiction. Consequently,
mag = 0.
- (iv) Setting ¢ = 2 and ¢ = 4 in (3|) with Corollary and Lemmas [2.12]
(i)—(iii), we obtain

maa = 2(n —3b— 2),
2b + 2 4+ mog + 2myy = 4b.
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From the above equations, we obtain m44 = 4b+1 — n and mgy = 2n — 6b — 4.
This completes the proof. [

LEMMA 2.13. Let T' € I'y be a chemical tree that maximizes the KD, g
index for o € (0,1) and B > 0. Then (i) mia = 0, (ii) mis = 2b + 2, (iii)
m44:0, (iV) mo9 =n—4b—1 cmdm24 =2b— 2.

Proof. The proofs of (i) and (ii) are analogous to Lemma [2.12] (i) and (ii),
respectively.

(iii) On the contrary, assume that mgq > 1. Then T possesses an edge
uv € E(T) such that dr(u) = 4 = dp(v). Setting i = 2 in with Corol-
lary and Lemma (i) (ma3 = 0 = m12), we get 2mos + Moy = 2ng =
2(n — 3b —2). If mgg = 0, then from this equation, we get mog4 = 2n — 6b — 4.
Now choosing ¢ = 4 in with moy = 2n — 6b — 4 and Lemmas
(ii) and Corollary we obtain 2n — 6b — 4 + 2b + 2 + 2myy = 4b, that is,
myq = 4b+1—mn. Since T' € I'7, we have n > 4b+ 2 and hence myy < 0, which
is a contradiction. Otherwise, mgs > 1. Then T contains an edge xzy € E(T)
such that dp(xz) = 2 = dp(y). Without loss of generality, let = and v are on
the path y — u. Using the same transformation and calculations as in Lemma
m (iii), one easily gets a contradiction. Thus, we have m4q = 0.

(iv) Choosing i = 2 and ¢ = 4 in (3)) with Corollary and Lemma
(i)—(iii), we obtain
2mag + mog = 2 (n — 3b — 2),
2b + 2 + moyg = 4b.

From the above equations, we obtain mgs = n—4b—1, and mgy = 2b— 2. This
completes the proof. [

The first Zagreb index (M1(G) = X cv(c) d?(z)) and forgotten index
(F(G) = Xwevic) d?,(z)) can be obtained from KD, 3 when o = 1 = 3, and
a =1 and 8 = 2, respectively. Thus from Lemmas and we have the
following result.

THEOREM 2.14. Let T € CT,y be a chemical tree with n > 6. Then

— ) <n< >

My (T) < 4n +6b — 6 z.fQ(b+1)_n_3b+2andb_2,
n — 6b — 14 ifn>3b+3 and b > 1,

F(T) < 38n — 48b — 74 z:f2(b+1)§n§3b+2andb22,
42n + 8n — 14 ifn>3b+3 and b > 1.

The equality holds in My(T) < 4n + 6b — 6 (or F(T) < 38n — 48b — 74) for
204+2<n<3b+2 and b > 2 if and only if T has the degree sequence .
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Similarly, the inequality My (T) < 8n—6b—14 (or F(T) < 42n+8n—14) turns
into equality for n > 3b+4+3 and b > 1 if and only if T has degree sequence s.
If n =4 and b =1, then CT 41 = {S4}. Thus KD, 5(S1) = 3(3° + 1)°.
From Lemma @ CTnp has only one tree, that is, S5 when n =5 and b = 1.
Thus we obtain KD, s(S5) = 4(4° + 1)°.
Let C1 Ty denotes the subclass of chemical trees in CT7, , for n > 6 and
b > 1 with degree sequences

m=4...,4,3,...,31,...,1)
P A S
and defined as follows:
CiTnp=T1 UTH UT; Uy,
where
I, = {T €T :n2=0,m33 =myq =mi3 =0,myq =9,mgq = 3},
Ty ={T €Ty :ny=0,mas =0,miy = 3n —6b—6,mi3 =5b— 2n + 6,
msqg =n —2b—2,m33 =3b—n+ 1},
F;) ={T €Ty:ny=0,myqg =my3=0,myy =n—b,ms3 =8b+ 7 — 3n,
msq = 3n — 7b — 8},
I, = {T € Ty:ny=0,ms3 =miz=0,m14 =71 — b,mas = 3n —8b— T,
mgq = 9b+ 6 — 3n}.
Let CoTpp C C’T;;,b denotes the subclass of chemical trees for n > 6 and b > 1

with degree sequences

To=(4,...,4,2,...,2,1,...,1),
—— —— ——
b n—3b—2  2b4+2

and defined as follows: , ) /
Cgﬁhb = F5 U FG U F7,
where
I‘/5 ={T €Tl5:n3=0,myy =3,mia=1,mos=n—06,mgg =1},
1_‘l6 = {TG I'y:ng=0,ma=m9o=0,mu=2b+2,myy =4b+1—n,
moy = 2n — 6[) — 4},
Fl? ={T €Ty:n3=0,mi2=myq =0,m1g =2b+2,moy =n—4b — 1,
mag = 2b — 2}.
To visualize the chemical trees in Ci 7y, p, refer to Ty € I'); Ty, Ts € T'y; T, T €

I's; and T, Th1 € Ty as illustrated in Figure Similarly, for the chemical
trees in CoTpp, see Tiz € T'y; Tig, T17 € Iy; and Thg, Too € T in Figure
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Based on Lemmas [2.2H2.13] and Corollaries [2.3] and [2.10} the structural
configuration of a chemical tree that achieves the optimal upper bound for
the KD, g index has been completely characterized, allowing us to state the
following theorem.

THEOREM 2.15. Let T' € CTpp be a chemical tree. If a € (0,1) and
B >0, then

KDas(T)
9(1 +4P)™ + 3(3° + 49)> ifn =13 and b = 4,
3(n —2b—2)(1+4%)2 + (5b — 2n + 6)(1 + 3%)* + (n — 2b — 2)(38 4 45)~
+(3b—n+1)(2-35) if2b+2<n< |3 andb> 2,

(n—b)(1+4%)% + (3n — 7b — 8)(3% + 4%)™ + (8b — 3n + 7)(2- 3%)

if [2%48) <n< L%J and b > 6,
(n —b)(1 4 4%)* +3(3b 42 —n) (3% 4 4%)> 4 (3n — 8b — 7) 2(2F+1)e

if [B8] <n<3b+2andb > 2,
3(1 4452 + (n — 6)208+Da 4 (1 4 28) 4 208(1 4 28)2

if n>3b+3andb=1,
2(b 4 1)(1 +4%)* + (4b + 1 — n)23B8+De 4 (n — 3b — 2)208+1(1 + 2F)

if3b+3<n<4b+1landb> 2,
2(b + 1)(1 4+ 4°%)> + (n — 4b — 1)200+1) 4 (h — 1) 20841 (1 4 28)e

if n>4b+2and b > 2.
The equality holds if and only if T € C1Tpyp for 2b+2 <n < 3b+2(b > 2), and
n =13 and b = 4. The equality attains if and only if T € CoTpp for n > 3b+3
and b > 1.

IN

Proof. Let T™ be a chemical tree with the highest value of KD, 5 index
with o € (0,1) and 8> 0in CT (b > 1). Since
CTnyb = CT’/n,b U CTZ,b = (Fl ul'h, Ul's U F4) U (F5 Ul'gU F7),

therefore, we discuss the proof in two cases.

Case 1. T* €CT,,;, =T1UT,UT3UTy. By Lemma 2.2 the chemical
tree T* has degree sequence
(4,--+,4,3,...,3,1,...,1),
—— ——
n—2(b+1) 3b+2—n n—b
and hence by Corollary we have ny = 0, that is, mo; = 0 for all i €
{1,2,3,4}. Now, on the basis of Lemmas we discuss the further fol-

lowing cases:
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Case 1.1. T* € I';. By Lemma (ii)—(iv), we obtain mgs = mys =
mag = 0,m14 = 9 and msq = 3. Since ng = 0, we conclude that T* € T}, and
hence

KDos(T*) =9 (1 +4%)* 4+ 3 (3% 4 4%)°.

Case 1.2. T* € I'y. By Lemma [2.5] we acquire myq = 0, myq = 3ng =
3n—6b—6,m3=5b—2n+6, myu=ng=mn—2b—2and mg3 =3b—n+ 1.
Since ng = 0, therefore T* € T'. Consequently,

KDos(T*) = 3(n — 2b — 2)(1 + 4°)* + (5b — 2n + 6)(1 + 3°)*
+(n—2b—2)(3° +4%) + (3b —n +1)(2-3°)>.

Case 1.3. T* € T's. From Lemma we obtain miz = 0 = my4,
miqg =n—0b, mgy = 3n —7b— 8 and ms3 = 8 — 3n + 7. Since ny = 0, thus
T* € I';, and hence

KDo s(T*) = (n —b)(1 4 4%)* 4 (3n — 7b — 8)(3° + 4°)
+ (8b—3n +7)(2-3%)~.

Case 1.4. T* € T'y. Using Lemma [2.8, we acquire mi3 = 0 = msggs,
mig =n—>b, mgg = 9+ 6 —3n and myy = 3n — 8 — 7. Since ny = 0, so
T* € I'),. Consequently

KDus(T*) = (n —b)(1 4+ 4%)* +3(3b + 2 — n)(3° 4 4%)~
+ (3n — 8b — 7) 22+,

From the above cases, it holds that T* € C; T, = T} UT, UT; UTY.

Case 2. T* € CTZ,b =I5Ul'guUTI;. By Lemma the chemical tree
T* € CT,;, has degree sequence
(4,...,4,2,...,2,1,...,1),
——— N — ——
b n—3b—2  2b+2
and so by Corollary we have ng = 0, that is, m;3 = 0 for all i = {1,2,3,4}.
Now by Lemmas the further following cases arise.

Case 2.1. T* € I's. By Lemma [2.11] we obtain mys = 0, myy = 3,
maa = n —6 and migs = 1 = ma4. Since ng = 0, we conclude that T* € T';, and
hence

KDas(T*) = 3 (14 4%) + (n— 6) 20+De (1 4 20y 4 298 (1 4 20),

Case 2.2. T* € TI's. Using Lemma [2.12] we acquire mis = may = 0,
mig = 2b+ 2, mys = 4b+ 1 —n and mogy = 2n — 6b — 4. Since ng = 0,
consequently T* € T';. As a result

KDas(T*) =2(b+ 1)(1 +4°)* + (4b + 1 — n)2P e
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+ (n — 3b — 2)2°°T1(1 4 2°),

Case 2.3. T* € TI';. Using Lemma we have mio = mys = 0,
mig = 20+ 2, mog = n — 4b — 1 and moy = 2b — 2. Since ng = 0, this implies
T* € I'”,, and hence

KDqs(T*)=2(b+ 1)(1 + 4%)* + (n — 4b — 1)2°0F1) 4 (p — 1)200+1 (1 4 29,

Hence, from the above cases, it follows that 7% € Co7,,p = F/5 U F’G U F,7. This
completes the proof of this theorem. [

Remark 2.16. When = 2, we have KD, 2 = SO,. Thus, Theorem
also holds for the general Sombor index. Since « € (0,1) in Theorem this
implies that SOy, = SO. Thus, the results also hold for the Sombor index.
In particular, the SO, index generalizes the result in [3] (see Theorems 1-5).

Remark 2.17. When 8 = 1, we have KD, 1 = &,. Therefore, Theo-
rem also holds for the general sum-connectivity index. Since o € (0,1) in
Theorem this implies that &;/, = . Thus, the results also hold for the
Nirmala index. Notably, X, generalizes the result of first Zagreb index, see
Theorem and also Theorem 3 in [2§].

T3
Figure 2 — Figure 3 —
TQQEF&. T23€F'2,2b—|—2§n§
2b+3,b> 2.
no2-4 8b—3n+7 2n—5b—5
5b+6 —2n /—Jm /“—J%

To4 15

Figure 4 — Thy € ', Figure 5 — Tys € I'5.

2b+4<n< [ p>2
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3b+2—-n

n—>5
- " - o —10
T26 T27
Figure 6 — Ths € Fi. Figure 7T—"Thy; € Fg.
b—1
b+1-—n n—3b—1
—_— Y [ P9[0
T
—_—
Tog Ta9
Figure 8 — Tas € T'g. Figure 9 — T € I'7.

2.1. Construction of maximal chemical trees in C7,4

In this subsection, we present the construction of maximal chemical trees
in C7,, with respect to the KD, g index, where ac € (0,1) and 5 > 0. The
constructions provided are generalized forms that, by fixing the values of n
and b, allow for the derivation of the corresponding maximal chemical trees,
which establish the upper bound. For instance, see Figures Specifically,
in Figure [2| for b = 4 and n = 13, Ty is the unique maximal tree in I'}.
Additionally, for b > 2 and 20+ 2 < n < 2b+ 3, each chemical tree in Figure
belongs to I',. Similarly, each chemical tree in Figure {4 also belongs to I,
and by assigning specific values of given n and b, the resulting chemical tree
satisfies the structural properties of I',. Likewise, the chemical trees generated
in Figure |5, with appropriate values, belong to I';, the trees in Figure @ belong
to I', the trees in Figure [7| belong to I't, the trees in Figure (8 belong to I'j
and the trees in Figure [9] belong to I';.

3. CONCLUDING REMARKS

In this paper, we successfully characterized the chemical trees in CT
with respect to the KD, g index for a@ € (0,1] and 8 > 0. Notably, Theo-
rem encompasses the traditional general Sombor index, as KDgy,2 = SO,
thereby generalizing the results of the Sombor index in [3]. In addition, since



98 H. Munir, K. C. Das, S. Ahmad, and R. Farooq 20

SO, = F, our findings extend to the forgotten index as well. Similarly, The-
orem covers the general sum-connectivity index, as KD, 1 = &, and
generalizes the first Zagreb index problem in [2§].

We explore the general Platt index [25], defined for a graph G as:

Plo(G)= Y (dg(z)+da(y) —2)°,
zy€E(G)
where « is a nonzero real number. Since the structure of Pl is similar to
KDy 1 = X,, the results for the P, index follow directly from Theorem m
In conclusion, the KD, g index, with its flexibility in « and 3, generalizes
many degree-based indices, some are illustrated in Table 1} This highlights its
potential for exploring various graph parameters in future studies.
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