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Let f and g be two distinct normalized primitive holomorphic cusp forms of even
integral weights κ1 and κ2 for the full modular group Γ = SL(2,Z), and let λf (n)
and λg(n) denote the n-th normalized Fourier coefficients of f and g, respectively.
In this paper, we establish the asymptotic formulae for the summatory functions
associated to λ2ℓ1

f (n)λ2ℓ2
g (n), with ℓ1, ℓ2 ≥ 2 being any fixed integers, over two

sparse sequences of positive integers, which generalizes the existing results in the
literature in this direction.
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1. INTRODUCTION

The Fourier coefficients of automorphic forms are important and interest-
ing objects in modern analytic number theory, which has been the main concern
in the investigations of plenty of researches (see, e.g., [8,12,13,15,18,19,36,44]).
In this paper, we consider the holomorphic cusp form for the full modular group
Γ = SL(2,Z), which are simultaneous eigenfunctions of all the Hecke opera-
tors Tn. Let H∗

κ denote the set of normalized primitive holomorphic Hecke
cusp forms of even integral weight κ for Γ = SL(2,Z). The f ∈ H∗

κ admits
Fourier expansion at the cusp ∞

f(z) =
∞∑
n=1

λf (n)n
κ−1
2 e(nz), ℑ(z) > 0,
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where e(z) = e2πiz and λf (n) denote the n-th normalized Fourier coefficient
(Hecke eigenvalue) of f . It is well known from the theory of Hecke operator
that λf (n) is real and satisfies the multiplicative property

(1) λf (m)λf (n) =
∑

d|(m,n)

λf

(
mn

d2

)
,

where m,n ≥ 1 are integers. In 1974, Deligne [8] proved the celebrated
Ramanujan–Petersson conjecture

(2) |λf (n)| ≤ d(n),

where d(n) is the classical divisor function. By (2), Deligne’s result is equivalent
to the fact that there exist αf (p), βf (p) ∈ C satisfying

(3) αf (p) + βf (p) = λf (p), αf (p)βf (p) = |αf (p)| = |βf (p)| = 1.

More generally, for all positive integers ℓ ≥ 1 one has

λf (p
ℓ) = αf (p)

ℓ + αf (p)
ℓ−1βf (p) + · · ·+ αf (p)βf (p)

ℓ−1 + βf (p)
ℓ.

For more details, the interested reader can refer to Lau and Wu [33, Section 1].
It is of significant importance to consider the average behavior of Hecke

eigenvalues of cusp forms in various aspects (see, e.g., [8, 13, 14, 16, 17, 19, 36]).
In 2013, Zhai [60] considered the average behavior of the power sum

Uj(f ;x) :=
∑

a2+b2≤x

λf (a
2 + b2)j

for x ≥ 1, 2 ≤ j ≤ 8 and a, b, j ∈ Z. Indeed, he successfully proved that

Uj(f ;x) = xP̃j(log x) +Of,ε(x
αj+ε),

where P̃j with j = 2, . . . , 8 are polynomials with degrees deg P̃2 = 0, deg P̃4 = 1,
deg P̃6 = 4, deg P̃8 = 13, and deg P̃j ≡ 0 for j = 3, 5, 7. The exponents αj are
given by

α2 =
8

11
, α3 =

17

20
, α4 =

43

46
, α5 =

83

86
,

α6 =
184

187
, α7 =

355

357
, α8 =

752

755
.

Afterwards, the results of Zhai were refined and generalized by Xu [59] and
Liu [38], by using the recent breakthrough of Newton and Thorne [41, 42],
along with some nice analytic properties of the associated L-functions.

Let λsymjf (n) denote the n-th normalized coefficient of the Dirichlet ex-
pansion of the j-th symmetric power L-function L(symjf, s). Fomenko [9]
proved that ∑

n≤x

λsym2f (n) ≪f x
1
2 (log x)2.
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Later, this sum was studied by many authors (see, e.g., [29, 35,52]). For more
delightful results, the readers can refer to [36, 37, 53, 58] and the references
therein.

In [54], Sharma and Sankaranarayanan considered the asymptotic behav-
ior of the sum

S̃f,r(x) :=
∑

n=a2+b2+c2+d2≤x
(a,b,c,d)∈Z4

λrsym2f (n)

for r = 2 for x ≥ x0, where x0 is sufficiently large. In fact, the authors
established the formula

S̃f,2(x) = cfx
2 +Of,ε(x

9
5
+ε)

for any ε > 0, where cf > 0 is some suitable constant depending on f . Very re-
cently, Sharma and Sankaranarayanan [56] established the asymptotic formulae
for S̃f,r(x) with r = 3, 4. In fact, they proved that

S̃f,3(x) = c1x
2 +Of,ε(x

27
14

+ε),

and
S̃f,4(x) = c2x

2 log x+Of,ε(x
160
81

+ε),
where c1, c2 are suitable effective constants depending on f . Afterwards, the
author and his collaborators gave some refinements and generalizations con-
cerning the above results of Sharma and Sankaranarayanan, the interested
readers can refer to [14, 15, 21]. In particular, for j ≥ 2 any fixed integer, in
[15] the author established the asymptotic formula

(4)
∑

n=a2+b2+c2+d2≤x
(a,b,c,d)∈Z4

λ2symjf (n) = cf (j)x
2 +Of,ε(x

2− 60
30(j+1)2−13

+ε
),

where cf (j) is some suitable constant which can be evaluated explicitly. Very
recently, Liu and Yang [39] gave further improvement with respect to the result
from (4), reducing the exponent in the error term with δj := 2− 120

60(j+1)2−61
.

Motivated by the above impressive results, in this paper the authors are
interested in the higher power moments of Fourier coefficients associated to two
distinct cusp forms. Let f ∈ H∗

κ1
and g ∈ H∗

κ2
be two distinct Hecke eigenforms,

and let λf (n) and λg(n) denote the n-th normalized Fourier coefficients of f
and g, respectively. Let

(5) Sf,g(x; ℓ1, ℓ2) :=
∑

n=a2+b2+c2+d2≤x
(a,b,c,d)∈Z4

λ2ℓ1f (n)λ2ℓ2g (n),

where ℓ1, ℓ2 ≥ 2 are any given integers. The first purpose in this paper is to
establish the following theorem.
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Theorem 1.1. Let Sf,g(x; ℓ1, ℓ2) be defined as in (5), then

Sf,g(x; ℓ1, ℓ2) = x2PAℓ1
Aℓ2

−1(log x) +Of,g,ε(x
2−θℓ1,ℓ2+ε),

where PAℓ1
Aℓ2

−1(t) is a polynomial in t of degree Aℓ1Aℓ2 − 1, and

θℓ1,ℓ2 =
2

7θ̃ℓ1,ℓ2

with θ̃ℓ1,ℓ2 defined as in (45). The highest-degree term of PAℓ1
Aℓ2

−1(t) can be
explicitly evaluated as

PAℓ1
Aℓ2

−1(t)

=
4(−1/2)Aℓ1

Aℓ2

(Aℓ1Aℓ2 − 1)!
ζ(2)Aℓ1

Aℓ2

(
L(sym2ℓ1f, 2)L(sym2ℓ1f ⊗ χ̃0, 1)

)Aℓ2

·
(
L(sym2ℓ2g, 2)L(sym2ℓ2g ⊗ χ̃0, 1)

)Aℓ1

·
∏

1≤i≤ℓ1−1

(
L(sym2if, 2)L(sym2if ⊗ χ̃0, 1)

)Aℓ2
Cℓ1

(i)

·
∏

1≤j≤ℓ2−1

(
L(sym2jg, 2)L(sym2jg ⊗ χ̃0, 1)

)Aℓ1
Cℓ2

(j)

·
∏

1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

(
L(sym2if × sym2jg, 2)

· L(sym2if × sym2jg ⊗ χ̃0, 1)
)Cℓ1

(i)Cℓ2
(j)

·
∏

1≤j≤ℓ2−1

(
L(sym2ℓ1f × sym2jg, 2)L(sym2ℓ1f × sym2jg ⊗ χ̃0, 1)

)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

(
L(sym2if × sym2ℓ2g, 2)L(sym2if × sym2ℓ2g ⊗ χ̃0, 1)

)Cℓ1
(i)

·
(
L(sym2ℓ1f × sym2ℓ2g, 2)L(sym2ℓ1f × sym2ℓ2g ⊗ χ̃0, 1)

)
Hℓ1,ℓ2(2)

· tAℓ1
Aℓ2

−1 + · · ·+ Cf,g,

here χ̃0 is a character modulo 4 given by (17), and Hℓ1,ℓ2(2) ̸= 0, and Cf,g is a
certain suitable constant depending on f, g and various associated L-functions.

It is also interesting to investigate the cusp form coefficients over the
sparse sequence of positive integers supported at sums of six squares. In [55],
Sharma and Sankaranarayanan investigated another type of summatory func-
tion related to the coefficients of the symmetric power L-function

Sf,j(x) =
∑

n=a21+a22+a23+a24+a25+a26≤x

(a1,a2,a3,a4,a5,a6)∈Z6

λ2symjf (a
2
1 + a22 + a23 + a24 + a25 + a26),
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with j = 2. In fact, they proved the asymptotic formula

Sf,2(x) = c̃f,2x
3 +Of,ε(x

14
5
+ε),

where c̃f,2 is an effective constant. Recently, Sharma and Sankaranarayanan [57]
considered the asymptotic formulae for Sf,j(x) for all j ≥ 2, by using the cel-
ebrated work of Newton and Thorne [41, 42], along with some individual and
averaged subconvexity bounds of associated L-functions. More precisely, for
j ≥ 2, they established that

(6) Sf,j(x) = c̃f,jx
3 +Of,ε(x

3− 6
3(j+1)2+1

+ε
),

where c̃f,j is some effective constant depending on f and associated L-functions.
In the same paper, Liu and Yang [39] also gave further refinement regarding
result (6), with the exponent in the error term replaced by

δ̃j := 3− 210

105(j + 1)2 − 103
.

More recently, the author [?] gave further generalizations of the above results.

As before, let f ∈ H∗
κ1

and g ∈ H∗
κ2

be two distinct Hecke eigenforms,
with λf (n) and λg(n) the corresponding n-th normalized Fourier coefficients
of f and g, respectively. Let

(7) S̃f,g(x; ℓ1, ℓ2) :=
∑

n=a21+a22+a23+a24+a25+a26≤x

(a1,a2,a3,a4,a5,a6)∈Z6

λ2ℓ1f (n)λ2ℓ2g (n),

where ℓ1, ℓ2 ≥ 2 are any given integers.

Theorem 1.2. Let S̃f,g(x; ℓ1, ℓ2) be defined as in (7), then

S̃f,g(x; ℓ1, ℓ2) = x3P ∗
Aℓ1

Aℓ2
−1(log x) +Of,g,ε(x

3−ϑℓ1,ℓ2
+ε),

where P ∗
Aℓ1

Aℓ2
−1(t) is a polynomial in t of degree Aℓ1Aℓ2 − 1, and

θℓ1,ℓ2 =
2

7θ̃ℓ1,ℓ2

with θ̃ℓ1,ℓ2 defined as in (45). The polynomial P ∗
Aℓ1

Aℓ2
−1(t) can be explicitly

evaluated as

P ∗
Aℓ1

Aℓ2
−1(t)

=
16

3 · (Aℓ1Aℓ2 − 1)!
L(3, χ)Aℓ1

Aℓ2

(
L(sym2ℓ1f, 1)L(sym2ℓ1f ⊗ χ, 3)

)Aℓ2

·
(
L(sym2ℓ2g, 1)L(sym2ℓ2g ⊗ χ, 3)

)Aℓ1
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·
∏

1≤i≤ℓ1−1

(
L(sym2if, 1)L(sym2if ⊗ χ, 3)

)Aℓ2
Cℓ1

(i)

·
∏

1≤j≤ℓ2−1

(
L(sym2jg, 1)L(sym2jg ⊗ χ, 3)

)Aℓ1
Cℓ2

(j)

·
∏

1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

(
L(sym2if × sym2jg, 1)

· L(sym2if × sym2jg ⊗ χ, 3)
)Cℓ1

(i)Cℓ2
(j)

·
∏

1≤j≤ℓ2−1

(
L(sym2ℓ1f × sym2jg, 1)L(sym2ℓ1f × sym2jg ⊗ χ, 3)

)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

(
L(sym2if × sym2ℓ2g, 1)L(sym2if × sym2ℓ2g ⊗ χ, 3)

)Cℓ1
(i)

·
(
L(sym2ℓ1f × sym2ℓ2g, 1)L(sym2ℓ1f × sym2ℓ2g ⊗ χ, 3)

)
H†

ℓ1,ℓ2
(3)

· tAℓ1
Aℓ2

−1 + · · ·+ C̃f,g,

where χ is the non-principal Dirichlet character modulo 4, and H†
ℓ1,ℓ2

(3) ̸= 0,

and C̃f,g is some suitable constant depending on f, g and various associated
L-functions.

Remark 1.3. For simplicity of exposition, in this paper, we are dealing
with the setting for the normalized Fourier coefficients of primitive holomorphic
cusp forms of level 1, but our method can be extended to the general case of
cuspidal Hecke newform for the Hecke group Γ0(N) with a bit extra effort.

The investigations of the average behavior of higher power moments of
cusp forms coefficients is an intriguing and significant topic in modern number
theory, which occupies the central status in automorphic forms. The research
concerning the asymptotic behavior of cusp forms over certain sparse sequences
may lead to the fascinating and hidden structure of automorphic forms, which
may unveil some unexpected properties. In Theorems 1.1 and 1.2, we estab-
lished the asymptotic estimates for the Fourier coefficients associated to two
distinct cuspidal Hecke eigenforms on certain quadratic forms of arithmetic
interests, which further generalizes the previous results to broad framework.
Furthermore, the author also provides an explicit expression for the main terms
of Theorems 1.1 and 1.2, which gives a clear and accessible description of the
asymptotic relations.

Let

(8) rk(n) := #{(a1, a2, . . . , ak) ∈ Zk : n = a21 + a22 + . . .+ a2k},

allowing zeros, distinguishing signs, and orders. The proofs of Theorems 1.1
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and 1.2 are mainly built upon the truncated Perron’s formula, with the appli-
cations of the Cauchy residue theorem, along with the individual and average
convexity/subconvexity bounds for the associated L-functions. The intrinsic
structure of rk(n) with k = 4, 6 are also closely related to the demonstra-
tion of the proofs for Theorems 1.1 and 1.2. The milestones of Newton and
Thorne [41,42] also play a crucial role in the proofs.

The organization of this paper is as follows. In Section 2, we review the
background of automorphic forms and relevant L-functions, and also give some
preliminary lemmas. Sections 3 and 4 are devoted to the proofs of Theorems 1.1
and 1.2, respectively.

Notations. Throughout the paper, we always assume that f ∈ H∗
κ1

and
g ∈ H∗

κ2
are two Hecke eigenforms.We also assume that x > 0 is sufficiently

large. The letter ε denotes a sufficiently small positive real number. Any
statement in which ε occurs holds for each fixed ε > 0, and any implied constant
in such a statement is allowed to depend on ε. We use ≪ and O to denote the
Vinogradov’s and Landau’s well-known notations, respectively, and the implied
constants depend at most on f, g and ε. The symbol p always denotes a prime
number.

2. PRELIMINARIES

In this section, we collect some facts concerning automorphic forms and
the associated L-functions, along with some useful lemmas, which play a promi-
nent role in the proof of the main results in this paper.

2.1. Automorphic forms and L-functions

We recall some fundamental facts concerning cuspidal forms; the inter-
ested reader is invited to consult the monograph of Iwaniec and Kowalski [25]
for more systematic descriptions. Let k ≥ 2 be an even integer and N > 0 be an
integer. Let χ be a primitive character to modulus q such that N |q, satisfying
χ(−1) = (−1)k. Denote by Sk(N,χ) the vector space of holomorphic cuspidal
forms on Γ0(N) with nebentypus χ and weight k. For any f ∈ Sk(N,χ), it
admits the Fourier expansion at the cusp ∞

f(z) =
∑
n≥1

ψf (n)n
k−1
2 e(nz), z ∈ H,

where H denotes the upper half-plane. The space Sk(N,χ) is a finite dimen-
sional Hilbert space which can be equipped with the Petersson inner products

⟨f1, f2⟩ =
∫
Γ0(N)\H

f1(z)f2(z)y
k−2dxdy,
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for any f1, f2 ∈ Sk(N,χ). Recall that the Hecke operators Tn with (n,N) = 1,
which satisfy the multiplicative relation

(9) TnTm =
∑

d|(n,m)

χ(d)Tnm
d2
.

Furthermore, for any f1, f2 ∈ Sk(N,χ), one has

⟨Tnf1, f2⟩ = χ(n)⟨f1, Tnf2⟩.

One might find an orthogonal basis Bk(N,χ) of Sk(N,χ) consisting of common
eigenfunctions of all the Hecke operators Tn with (n,N) = 1. For each cusp
form f ∈ Bk(N,χ), denote by λf (n) the n-th Hecke eigenvalues which satisfies

Tnf(z) = λf (n)f(z)

for all (n,N) = 1. From (9), it can be shown that

ψf (m)λf (n) =
∑

d|(n,m)

χ(d)ψf

(
mn

d2

)
for any m,n ≥ 1 with (n,N) = 1. In particular, ψf (1)λf (n) = ψf (n) for
(n,N) = 1. Therefore,

λf (n)χ(n)λf (n), λf (m)λf (n) =
∑

d|(n,m)

χ(d)λf

(
mn

d2

)
,

provided that (mn,N) = 1.

Note that the Hecke eigenbasis Bk(N,χ) also contains a subset of new-
forms B∗

k(N,χ), forms which are simultaneous eigenfunctions of all Hecke op-
erators Tn for any n ≥ 1, and normalized to have first Fourier coefficient
ψf (1) = 1. The elements of B∗

k(N,χ) are commonly called primitive forms in
the sense of Atkin–Lehner [1], namely, each one is orthogonal to all oldforms,
and is an eigenfunction of all the Hecke and Atkin–Lehner operators. In this
paper, for the sake of brevity, we only consider the Hecke newforms with trivial
nebentypus and of level N = 1.

Let f ∈ H∗
k be a Hecke eigenform. The j-th symmetric power L-function

associated to f is defined by

(10) L(symjf, s) =
∏
p

j∏
m=0

(
1− αf (p)

j−mβf (p)
mp−s

)−1
, ℜ(s) > 1,

where αf (p) and βf (p) are the local parameters defined as in (3). We may
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expand it into a Dirichlet series

(11)

L(symjf, s) =
∞∑
n=1

λsymjf (n)

ns

=
∏
p

(
1 +

λsymjf (p)

ps
+ · · ·+

λsymjf (p
m)

pms
+ · · ·

)
for ℜ(s) > 1. Obviously, λsymjf (n) is a real multiplicative function. In partic-
ular, for j = 1, we have L(sym1f, s) = L(f, s).

Let χ be a Dirichlet character modulo q. Similarly, for j ≥ 1, the j-th
twisted symmetric L-function is defined as

L(symjf ⊗ χ, s) =
∏
p

j∏
m=0

(
1− αf (p)

j−mβf (p)
mχ(p)p−s

)−1

=
∞∑
n=1

λsymjf (n)χ(n)

ns
, ℜ(s) > 1.

Let f ∈ H∗
k1

and g ∈ H∗
k2

be two distinct Hecke eigenforms. The Rankin–

Selberg L-function attached to symif and symjg is defined by

(12)

L(symif × symjg, s)

=
∏
p

i∏
m=0

j∏
m′=0

(
1− αf (p)

i−2mαg(p)
j−2m′

p−s
)−1

, ℜ(s) > 1.

For ℜ(s) > 1, we may expand it into a Dirichlet series

(13)

L(symif × symjg, s)

=

∞∑
n=1

λsymif×symjg(n)

ns
=

∏
p

(
1 +

∑
r≥1

λsymif×symjg(p
r)

prs

)
,

where λsymif×symjg(n) is a real and multiplicative function of n. In particular,
for i = j = 1, one has the next equalities: L(sym1f × sym1g, s) = L(f × g, s)
and L(sym1f × symjg, s) = L(f × symjg, s).

In a similar manner, for χ being a Dirichlet character with modulus q,
we can also define the twisted Rankin–Selberg L-function

L(symif × symjg ⊗ χ, s)

=
∏
p

i∏
m=0

j∏
m′=0

(
1− αf (p)

i−mβf (p)
mαg(p)

j−m′
βg(p)

m′
χ(p)p−s

)−1

=

∞∑
n=1

λsymif×symjg(n)χ(n)

ns
, ℜ(s) > 1.
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It is standard to find that

(14) λf (p
j) = λsymjf (p) =

j∑
m=0

αf (p)
j−mβf (p)

m,

which can also be written as

(15) λf (p
j) = λsymjf (p) = Uj

(
λf (p)/2

)
,

where Uj(x) is the j-th Chebyshev polynomial of the second kind. It is also
easily seen that

λsymif×symjg(p) =
i∑

m=0

j∑
m′=0

αf (p)
i−2mαg(p)

j−2m′

= λsymif (p)λsymjg(p).(16)

From (3), (10)–(13), it is not hard to find that

|λsymjf (n)| ≤ dj+1(n), |λsymif×symjg(n)| ≤ d(i+1)(j+1)(n)

for any i, j ≥ 1, where dν(n) denotes the ν-dimensional divisor function, which
is defined as the number of ordered representations n = n1 . . . nν with integers
n1, . . . , nν ≥ 1.

As it is well known, to a primitive form f is associated an automorphic
cuspidal representation πf of GL2(AQ) and hence an automorphic L-function
L(πf , s) which coincides with L(f, s). For 1 ≤ j ≤ 8, the special Langlands
functoriality conjecture which states that symjf is automorphic cuspidal has
been established in a series of important works of Gelbart and Jacquet [10],
Kim [30], Kim and Shahidi [31, 32], Shahidi [50], Clozel and Thorne [3–5].
Very recently, Newton and Thorne [41, 42] proved that symjf corresponds
with a cuspidal automorphic representation of GLj+1(AQ) for all j ≥ 1 (with
f being a holomorphic cusp form). Furthermore, by combining the works
of Newton–Thorne and Cogdell–Michel [6], together with the Rankin–Selberg
theory associated with two cuspidal automorphic representations developed
by Jacquet, Piatetski-Shapiro and Shalika [26], Jacquet and Shalika [27, 28],
Shahidi [47–49,51], and the reformulation of Rudnick and Sarnak [46], we know
that the L-functions L(symjf, s) and L(symif×symjg, s) have an analytic con-
tinuation as an entire function (except for the case symjf ∼= symjg with simple
poles at s = 0, 1) in the whole complex plane and satisfies a certain functional
equation of Riemann zeta-type. For a more comprehensive investigation, the
interested readers can refer to [25, Chapter 5].
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2.2. Preliminary lemmas

Now, we need to interpret the two summatory functions Sf,g(x; ℓ1, ℓ2)
and Uf,g(x; ℓ1, ℓ2) in a more feasible manner. We tackle the sum Sf,g(x; ℓ1, ℓ2)
in the first place. Now, we specify (8) with k = 4. It is well known that
r4(n) = 8r(n) (see, e.g., [15, Section 2]), where

r(n) =
∑
d|n

χ̃0(d)d

is multiplicative, and χ̃0 is a character modulo 4 given by

(17) χ̃0(p
ν) =

{
χ0(p

ν), if p > 2,

3, if p = 2,

and χ0 is a principal character modulo 4. In particular, for any prime p, we
have

r(p) =
∑
d|p

χ̃0(d)d = 1 + pχ̃0(p).

It is well known that r(n) ≪ n1+ε for any ε > 0 (cf. [11, (1.1)]).
Hence, for ℓ1, ℓ2 ≥ 2 being any fixed integers, we can rephrase the sum-

mation Sf,g(x; ℓ1, ℓ2) as

Sf,g(x; ℓ1, ℓ2) =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)
∑

n=a2+b2+c2+d2

(a,b,c,d)∈Z4

1

=
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)r4(n) = 8
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)r(n),(18)

where Sf,g(x; ℓ1, ℓ2) is defined as in (5).
In order to obtain the asymptotic behavior for the summatory function

Sf,g(x; ℓ1, ℓ2), we define the associated L-series as follows

Fℓ1,ℓ2(s) :=

∞∑
n=1

λ2ℓ1f (n)λ2ℓ2g (n)r(n)

ns
, ℜ(s) > 1,

where ℓ1, ℓ2 ≥ 1 are any fixed integers. From the multiplicative property of
λf (n), λg(n) and r(n), along with the upper bound r(n) ≪ n1+ε, for ℜ(s) > 2,
we have the Euler product identity

(19) Fℓ1,ℓ2(s) :=
∏
p

(
1 +

∑
j≥1

λ2ℓ1f (pj)λ2ℓ2g (pj)r(pj)

pjs

)
.

For simplicity, for i, j ≥ 0 being any fixed integers, we set
∗∏
χ̃0

L(symif × symjg, s) := L(symif × symjg, s)L(symif × symjg ⊗ χ̃0, s− 1),
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where the symbol
∏∗

χ̃0
denotes that the L-functions L(symif × symjg, s) and

L(symif × symjg ⊗ χ̃0, s− 1) occur in pairs.

For notational convenience, we also define

(20)

Dℓ1,ℓ2(s) := ζ(s)Aℓ1
Aℓ2L(sym2ℓ1f, s)Aℓ2L(sym2ℓ2g, s)Aℓ1

·
( ∏

1≤i≤ℓ1−1

L(sym2if, s)Aℓ2
Cℓ1

(i)

)

·
( ∏

1≤j≤ℓ2−1

L(sym2jg, s)Aℓ1
Cℓ2

(j)

)
·

∏
1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

L(sym2if × sym2jg, s)Cℓ1
(i)Cℓ2

(j)

·
∏

1≤j≤ℓ2−1

L(sym2ℓ1f × sym2jg, s)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

L(sym2if × sym2ℓ2g, s)Cℓ1
(i)

· L(sym2ℓ1f × sym2ℓ2g, s),

and the constants Aj , Cj(r) (1 ≤ r ≤ j − 1) are given by

(21) Aj =
(2j)!

j!(j + 1)!
, Cj(r) =

(2j)!(2r + 1)

(j − r)!(j + r + 1)!
.

Now, we are ready to give the lemma concerning the decomposition of Fℓ1,ℓ2(s).

Lemma 2.1. Let f ∈ H∗
κ1

and g ∈ H∗
κ2

be distinct Hecke eigenforms. For
ℜ(s) > 2, we have

Fℓ1,ℓ2(s) = Fℓ1,ℓ2(s)Hℓ1,ℓ2(s),

where Fℓ1,ℓ2(s) =
∏∗

χ̃0
Dℓ1,ℓ2(s) with Dℓ1,ℓ2(s) defined as in (20), and the func-

tion Hℓ1,ℓ2(s) admits a Dirichlet series which converges absolutely and uni-
formly in the half-plane ℜ(s) ≥ 3

2 + ε for any ε > 0, and Hℓ1,ℓ2(s) ̸= 0 for
ℜ(s) = 2.

Proof. By comparing the p-th coefficient in [36, Lemma 7.1], for ℓ = 2j,

λℓf (p) = Aj +
∑

1≤r≤j−1

Cj(r)λsym2rf (p) + λsym2jf (p),

where Aj , Cj(r) are defined as in (21). Hence, by standard manipulations with
little extra efforts, we can derive that

λ2ℓ1f (p)λ2ℓ2g (p) =
(
Aℓ1 +

∑
1≤i≤ℓ1−1

Cℓ1(i)λsym2if (p) + λsym2ℓ1f (p)
)
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·
(
Aℓ2 +

∑
1≤j≤ℓ2−1

Cℓ2(j)λsym2jg(p) + λsym2ℓ2g(p)
)

= Aℓ1Aℓ2 +Aℓ2λsym2ℓ1f (p) +Aℓ1λsym2ℓ2g(p)

+
∑

1≤i≤ℓ1−1

Aℓ2Cℓ1(i)λsym2if (p)

+
∑

1≤j≤ℓ2−1

Aℓ1Cℓ2(j)λsym2jg(p)(22)

+
∑

1≤i≤ℓ1−1

∑
1≤j≤ℓ2−1

Cℓ1(i)Cℓ2(j)λsym2if×sym2jg(p)

+
∑

1≤j≤ℓ2−1

Cℓ2(j)λsym2ℓ1f×sym2jg(p)

+
∑

1≤i≤ℓ1−1

Cℓ1(i)λsym2if×sym2ℓ2g(p) + λsym2ℓ1f×sym2ℓ2g(p).

In the decomposition of the given L-function, the p-th coefficient of the
L-function determines the analytic properties of that L-function. To obtain
the required result for the decomposition of Fℓ1,ℓ2(s), it is a key component
to determine the p-th coefficient in the decomposition. For ℜ(s) > 2, the
L-function

(23)

Fℓ1,ℓ2(s) =
∗∏
χ̃0

(
ζ(s)Aℓ1

Aℓ2L(sym2ℓ1f, s)Aℓ2L(sym2ℓ2g, s)Aℓ1

·
( ∏

1≤i≤ℓ1−1

L(sym2if, s)Aℓ2
Cℓ1

(i)

)

·
( ∏

1≤j≤ℓ2−1

L(sym2jg, s)Aℓ1
Cℓ2

(j)

)
·

∏
1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

L(sym2if × sym2jg, s)Cℓ1
(i)Cℓ2

(j)

·
∏

1≤j≤ℓ2−1

L(sym2ℓ1f × sym2jg, s)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

L(sym2if × sym2ℓ2g, s)Cℓ1
(i)

· L(sym2ℓ1f × sym2ℓ2g, s)
)

can be represented as

(24) Fℓ1,ℓ2(s) =
∏
p

(
1 +

∑
j≥1

b(pj)

pjs

)
.
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By comparing the p-th coefficient of (23) and (24), noting the relation (22), it
is apparent that

(25) b(p) = λ2ℓ1f (p)λ2ℓ2g (p)
(
1 + pχ̃0(p)

)
= λ2ℓ1f (p)λ2ℓ2g (p)r(p).

Putting all the equations (19), and (23)–(25) together, by standard argu-
ment (see, e.g., [23]), we are lead to

Fℓ1,ℓ2(s) =
∏
p

(
1 +

λ2ℓ1f (p)λ2ℓ2g (p)r(p)

ps
+
λ2ℓ1f (p2)λ2ℓ2g (p2)r(p2)

p2s
+ · · ·

)

= Fℓ1,ℓ2(s) ·
∏
p

(
1 +

λ2ℓ1f (p2)λ2ℓ2g (p2)r(p2)− b(p2)

p2s
+ · · ·

)
:= Fℓ1,ℓ2(s)Hℓ1,ℓ2(s),

where Fℓ1,ℓ2(s) is defined by (23), and Hℓ1,ℓ2(s) is a Dirichlet series which
converges absolutely and uniformly in the half-plane ℜ(s) ≥ 3

2 + ε.

Now, we turn to the summatory function Uf,g(x; ℓ1, ℓ2) using a different
approach. For k = 6 in (8), we learn from [57, Lemma 2.1] that

r6(n) = 16
∑
d|n

χ(d′)d2 − 4
∑
d|n

χ(d)d2,

where n = dd′, where χ is the non-principal Dirichlet character modulo 4, i.e.,

(26) χ(n) =


1, if n ≡ 1(mod4),

−1, if n ≡ −1(mod4),

0, if n ≡ 0(mod2).

We can also rewrite r6(n) as

r6(n) = 16
∑
d|n

χ(d)
n2

d2
− 4

∑
d|n

χ(d)d2

:= 16l(n)− 4v(n) := l1(n)− v1(n).

Clearly, the functions l(n) and v(n) are both multiplicative, due to the fact
that the non-principal character χ is multiplicative.

It is clear that

l(p) = p2 + χ(p),

l(p2) = p4 + p2χ(p) + χ(p2),

and

v(p) = 1 + p2χ(p),
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v(p2) = 1 + p2χ(p) + p4χ(p2),

respectively. By employing the similar argument as with Sf,g(x; ℓ1, ℓ2), we can
deduce that

S̃f,g(x; ℓ1, ℓ2) =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)
∑

n=a21+a22+a23+a24+a25+a26
(a1,a2,a3,a4,a5,a6)∈Z6

1

=
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)r6(n)

=
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)(l1(n)− v1(n))

= 16
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)l(n)− 4
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)v(n).(27)

Similarly, in order to get the asymptotic behavior of Uf,g(x; ℓ1, ℓ2), for
ℜ(s) > 3, we also need to define two associated L-series

Gℓ1,ℓ2(s) :=
∞∑
n=1

λ2ℓ1f (n)λ2ℓ2g (n)l(n)

ns
,

and

G̃ℓ1,ℓ2(s) :=
∞∑
n=1

λ2ℓ1f (n)λ2ℓ2g (n)v(n)

ns
.

For simplicity, for i, j ≥ 0 being any fixed integers, we set
′∏
χ

L(symif × symjg, s)

:= L(symif × symjg, s− 2)L(symif × symjg ⊗ χ, s),

and
♭∏
χ

L(symif × symjg, s)

:= L(symif × symjg, s)L(symif × symjg ⊗ χ, s− 2).

In a similar manner, we can also prove the following decompositions of Gℓ1,ℓ2(s)

and G̃ℓ1,ℓ2(s), respectively.

Lemma 2.2. Let f ∈ H∗
κ1

and g ∈ H∗
κ2

be distinct Hecke eigenforms. For
ℜ(s) > 3, we have

Gℓ1,ℓ2(s) = Gℓ1,ℓ2(s)H
†
ℓ1,ℓ2

(s),

where Gℓ1,ℓ2(s) =
∏′

χDℓ1,ℓ2(s) with Dℓ1,ℓ2(s) defined as in (20) and the con-

stants Aj , Cj(r) (1 ≤ r ≤ j−1) are defined as in (21), and the function H†
ℓ1,ℓ2

(s)
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admits a Dirichlet series which converges absolutely and uniformly in the half-
plane ℜ(s) ≥ 5

2 + ε for any ε > 0, and H†
ℓ1,ℓ2

(s) ̸= 0 for ℜ(s) = 3.

Proof. This follows the similar argument as that of Lemma 2.1, and the
interested readers are also invited to refer to [57, Lemma 2.2].

Lemma 2.3. Let f ∈ H∗
κ1

and g ∈ H∗
κ2

be distinct Hecke eigenforms. For
ℜ(s) > 3, we have

(28) G̃ℓ1,ℓ2(s) = G∗
ℓ1,ℓ2(s)H

∗
ℓ1,ℓ2(s),

where G∗
ℓ1,ℓ2

(s) =
∏♭

χDℓ1,ℓ2(s) with Dℓ1,ℓ2(s) defined as in (20), and the con-
stants Aj , Cj(r) (1 ≤ r ≤ j − 1) are defined as in (21), and the function
H∗

ℓ1,ℓ2
(s) admits a Dirichlet series which converges absolutely and uniformly in

the half-plane ℜ(s) ≥ 5
2 + ε for any ε > 0, and H∗

ℓ1,ℓ2
(s) ̸= 0 for ℜ(s) = 3.

Proof. This can be proved by following the similar argument as that of
Lemma 2.2.

To prove the main results, we also need the following individual or average
subconvexity bounds for the associated automorphic L-functions.

Lemma 2.4. For any ε > 0, one has

(29)

∫ T

1

∣∣∣∣ζ(5

7
+ it

)∣∣∣∣12dt≪ T 1+ε

uniformly for T ≥ 1, and

(30) ζ(σ + it) ≪ (1 + |t|)max{ 13
42

(1−σ),0}+ε

uniformly for 1
2 ≤ σ ≤ 2 and |t| ≥ 1.

Proof. The first result is established by Ivić [22], and the second result is
the recent breakthrough of Bourgain [2].

Lemma 2.5 ([45, Lemma 1]). For 1
2 ⩽ σ ⩽ 2, and T sufficiently large,

there exists a T ∗ ∈ [T, T + T 1/3] such that the bound

log ζ(σ + iT ∗) ≪ (log log T ∗)2 ≪ (log log T )2

holds uniformly for 1
2 ⩽ σ ⩽ 2, and hence

(31)
∣∣ζ(σ + iT ∗)

∣∣ ≪ exp
(
(log log T ∗)2

)
≪ T ε

on the horizontal line with t = T ∗ for 1
2 ⩽ σ ⩽ 2.



17 On the asymptotics of higher power moments of Hecke eigenvalues 117

Remark 2.6. Let χ′ = χ or χ̃0 as defined in (26) and (17), respectively.
By employing a similar argument as that of [39, Lemma 2.6], we know that (31)
also holds for Dirichlet L-functions L(σ + it, χ′) with respect to the variable t
(other parameters are fixed).

Lemma 2.7. For any ε > 0, we have

(32) L(sym2f, σ + iT ) ≪
(
1 + |T |

)max{ 8
7
(1−σ),0}+ε

uniformly for 1
2 ≤ σ ≤ 2 and |T | ≥ 1.

Proof. The estimate (32) follows from the recent remarkable work of Das-
gupta, Leung, and Young [7, Corollary 1.4] and Phragmén–Lindelöf convexity
principle for a strip.

Lemma 2.8. Let χ′ = χ or χ̃0 be defined in (26) and (17), respectively.
For ε > 0, we have

L(σ + it, χ′) ≪ (1 + |t|)max{ 13
42

(1−σ),0}+ε,

L(sym2f ⊗ χ′, σ + it) ≪ (1 + |t|)max{ 8
7
(1−σ),0}+ε,

uniformly for 1
2 ≤ σ ≤ 2 and |t| ≥ 1, and∫ T

1

∣∣∣∣L(5

7
+ it, χ′

)∣∣∣∣12dt≪ T 1+ε,

uniformly for T ≥ 1.

Proof. By adopting a similar argument as that of [39, Lemma 2.6], it can
be seen that L-functions twisting by character χ′ = χ or χ̃0 does not affect
the subconvexity bounds, convexity bounds and integral mean estimates of the
corresponding L-functions in the t-aspect.

Let d := (d1, . . . , dJ), m = (m1, . . . ,mJ) and n = (n1, . . . , nJ) with
dj ,mj , nj ∈ (N ∪ {0}), and set

A(d,m,n) =
1

2

J∑
j=1

dj(mj + 1)(nj + 1).

Let χ be a primitive character modulo q, and define

(33) Ld
m,n(f, g, χ, s) :=

J∏
j=1

L(symmjf × symnjg ⊗ χ, s)dj .

This general L-function is in the sense of Perelli [43] due to the recent deep
works of Newton and Thorne [41, 42]. The following lemma follows plainly
from Perelli [43, Theorem 4].



118 G. Hua 18

Lemma 2.9. Let Ld
m(f, g, χ, s) be defined as in (33), for any ε > 0, we

have

(34)

∫ 2T

T
|Ld

m,n(f, g, χ, σ+it)|2dt≪f,g,ε,d,m,n

(
q(1+T )

)2A(d,m,n)(1−σ)+ε

uniformly for 1
2 ≤ σ ≤ 1 + ε and T ≥ 1, and

(35) Ld
m,n(f, g, χ, σ + it) ≪f,g,ε,d,m,n

(
q(1 + |t|)

)A(d,m,n)(1−σ)+ε

uniformly for 1
2 ≤ σ ≤ 1 + ε and |t| ≥ 1.

Proof. In light of the recent groundbreaking works of Newton and Thorne,
see [41,42], we learn that symjf corresponds with a cuspidal automorphic rep-
resentation of GLj+1(AQ) for all j ≥ 1. Using the Rankin–Selberg convolution
theory associated to two automorphic cuspidal representations, we infer that
L(symif × symjg, s), (i, j ⩾ 0) can be regarded as the general L-function in
the sense of Perelli [43]. Henceforth, the results follow from [43, Theorem 4]
and [40, Proposition 1] in a straightforward nature.

3. PROOF OF THEOREM 1.1

In this section, we give the proof of Theorem 1.1, by following the similar
argument exhibited in [15, Section 3] with suitable modifications. Applying
Perron’s formula (see, e.g., [34, Theorem 2.1]) and invoking Lemma 2.1, along
with the reinterpretation for Sf,g(x; ℓ1, ℓ2) in (18), we have

Sf,g(x; ℓ1, ℓ2) =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)r4(n)

= 8
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)r(n)

=
8

2πi

∫ η+iT

η−iT
Fℓ1,ℓ2(s)

xs

s
ds+Of,g,ε

(
x2+ε

T

)
,(36)

where η = 2 + ε, and we make the special choice T = T ∗ which satisfies (31),
here 2 ≤ T ≤ x is some suitable parameter to be specified later.

By shifting the line of integration in equality (36) to the parallel line with
ℜ(s) = α := 12

7 , together with Cauchy’s residue theorem, we get

Sf,g(x; ℓ1, ℓ2) = 8Res
s=2

{
Fℓ1,ℓ2(s)

xs

s

}
+

8

2πi

{∫ α+iT

α−iT
+

∫ η+iT

α+iT
+

∫ α−iT

η−iT

}
Fℓ1,ℓ2(s)

xs

s
ds
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+Of,g,ε

(
x2+ε

T

)
:= x2PAℓ1

Aℓ2
−1(log x) + J1 + J2 + J3 +Of,g,ε

(
x2+ε

T

)
,(37)

where Pj(t) denotes the polynomial in t with degree j. In the region

α ≤ ℜ(s) ≤ η,−T ≤ ℑ(s) ≤ T,

we note that the L-series Fℓ1,ℓ2(s) is a meromorphic function having a pole at
s = 2 of order Aℓ1Aℓ2 coming from the factor L(s− 1, χ̃0)

Aℓ1
Aℓ2 .

From [15, Section 3], we learn that

(38) L(s− 1, χ̃0) =

(
1− 3

2s−1

)−1(
1− 1

2s−1

)2

ζ(s− 1),

and, for any j ≥ 1,

L(symjf ⊗ χ̃0, s− 1)

=

(
1−

3λsymjf (2)

2s−1

)−1(
1−

λsymjf (2)

2s−1

)2

L(symjf, s− 1).(39)

By following the similar approach as in [15, Section 3], for i, j ≥ 1 being any
fixed integers, we can also derive that

(40)

L(symif × symjg ⊗ χ̃0, s− 1)

=

(
1−

3λsymif×symjg(2)

2s−1

)−1(
1−

λsymif×symjg(2)

2s−1

)2

· L(symif × symjg, s− 1).

Indeed, we can evaluate the main term explicitly as follows. From [24,
(1.11)], we learn that ζ(s) has a Laurent expansion at the simple pole s = 1

ζ(s) =
1

s− 1
+ γ0 +

∞∑
n=1

γj(s− 1)j ,

where γj , j ≥ 0 are suitable constants. In particular, γ0 is the Euler–Mascheroni
constant. By the Leibniz’s rule and the Cauchy residue theorem, along with
(38), we obtain

x2PAℓ1
Aℓ2

−1(log x) = 8Res
s=2

{
Fℓ1,ℓ2(s)

xs

s

}
= 8Res

s=2

{
Fℓ1,ℓ2(s)Hℓ1,ℓ2(s)

xs

s

}
=

4(−1/2)Aℓ1
Aℓ2

(Aℓ1Aℓ2 − 1)!
ζ(2)Aℓ1

Aℓ2

(
L(sym2ℓ1f, 2)L(sym2ℓ1f ⊗ χ̃0, 1)

)Aℓ2
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·
(
L(sym2ℓ2g, 2)L(sym2ℓ2g ⊗ χ̃0, 1)

)Aℓ1

·
∏

1≤i≤ℓ1−1

(
L(sym2if, 2)L(sym2if ⊗ χ̃0, 1)

)Aℓ2
Cℓ1

(i)

·
∏

1≤j≤ℓ2−1

(
L(sym2jg, 2)L(sym2jg ⊗ χ̃0, 1)

)Aℓ1
Cℓ2

(j)

·
∏

1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

(
L(sym2if × sym2jg, 2)

· L(sym2if × sym2jg ⊗ χ̃0, 1)
)Cℓ1

(i)Cℓ2
(j)

·
∏

1≤j≤ℓ2−1

(
L(sym2ℓ1f × sym2jg, 2)L(sym2ℓ1f × sym2jg ⊗ χ̃0, 1)

)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

(
L(sym2if × sym2ℓ2g, 2)L(sym2if × sym2ℓ2g ⊗ χ̃0, 1)

)Cℓ1
(i)

·
(
L(sym2ℓ1f × sym2ℓ2g, 2)L(sym2ℓ1f × sym2ℓ2g ⊗ χ̃0, 1)

)
Hℓ1,ℓ2(2)

· x2(log x)Aℓ1
Aℓ2

−1 + · · ·+ Cf,gx
2,

and Cf,g is some suitable constant depending on f, g and various associated
L-functions.

Now, we need to estimate the integrals J1, J2 and J3. For simplicity, we
rephrase Dℓ1,ℓ2(s) defined by (20) as

(41)
Dℓ1,ℓ2(s) = ζ(s)Aℓ1

Aℓ2L(sym2f, s)Aℓ2
Cℓ1

(1)L(sym2g, s)Aℓ1
Cℓ2

(1)

· L(sym2ℓ1f × sym2ℓ2g, s)Fℓ1,ℓ2(s),

where Fℓ1,ℓ2(s) is explicitly defined by

Fℓ1,ℓ2(s) := L(sym2ℓ1f, s)Aℓ2L(sym2ℓ2g, s)Aℓ1

·
( ∏

2≤i≤ℓ1−1

L(sym2if, s)Aℓ2
Cℓ1

(i)

)

·
( ∏

2≤j≤ℓ2−1

L(sym2jg, s)Aℓ1
Cℓ2

(j)

)
·

∏
1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

L(sym2if × sym2jg, s)Cℓ1
(i)Cℓ2

(j)

·
∏

1≤j≤ℓ2−1

L(sym2ℓ1f × sym2jg, s)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

L(sym2if × sym2ℓ2g, s)Cℓ1
(i).
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It is not hard to find that Fℓ1,ℓ2(s) is an L-function of degree

(42)
gℓ1,ℓ2 := 2ℓ1+ℓ2 −Aℓ1Aℓ2 − 3

(
Aℓ2Cℓ1(1) +Aℓ1Cℓ2(1)

)
− (2ℓ1 + 1)(2ℓ2 + 1),

where Aj , Cj(r) (1 ≤ r ≤ j − 1) are constants defined as in (21).

For the integral over the vertical segment J1, by Lemma 2.1 and Hölder’s
inequality, on noting (38)–(40), we have

J1 =
8

2πi

∫ α+iT

α−iT
Fℓ1,ℓ2(s)

xs

s
dt

≪ x
12
7
+ε

∫ T

1

∣∣∣∣Dℓ1,ℓ2

(
5

7
+ it

)
t−1

∣∣∣∣dt+ x
12
7
+ε

≪ x
12
7
+ε sup

1≤T1≤T/2
sup

T1≤t≤2T1

∣∣∣∣ζ(5

7
+ it

)∣∣∣∣Aℓ1
Aℓ2

−4

·
∣∣∣∣L(sym2f,

5

7
+ it

)∣∣∣∣Aℓ2
Cℓ1

(1)∣∣∣∣L(sym2g,
5

7
+ it

)∣∣∣∣Aℓ1
Cℓ2

(1)

· I1(T1)
1
3 I2(T1)

1
2 I3(T1)

1
6T−1

1 + x
12
7
+ε,

where

I1(T1) :=

∫ 2T1

T1

∣∣∣∣ζ(5

7
+ it

)∣∣∣∣12dt,
I2(T1) :=

∫ 2T1

T1

∣∣∣∣Fℓ1,ℓ2

(
5

7
+ it

)∣∣∣∣2dt,
I3(T1) :=

∫ 2T1

T1

∣∣∣∣L(sym2ℓ1f × sym2ℓ2g,
5

7
+ it

)∣∣∣∣6dt.(43)

By virtue of (29) and (34), we have

I1(T1) ≪ε T
1+ε
1 ,

I2(T2) ≪f,g,ε T
2
7
gℓ1,ℓ2+ε

1 ,

and

I3(T1) =

∫ 2T1

T1

∣∣∣∣L(sym2ℓ1f × sym2ℓ2g,
5

7
+ it

)3∣∣∣∣2dt
≪ T

(2ℓ1+1)(2ℓ2+1)×3× 2
7
+ε

1

≪ T
6
7
(2ℓ1+1)(2ℓ2+1)+ε

1 ,
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where gℓ1,ℓ2 is defined as in (42). Therefore, by invoking (30), (32) and the
above estimates, we obtain

(44)

J1 ≪ x
12
7
+ε sup

1≤T1≤T/2
sup

T1≤t≤2T1

∣∣∣∣ζ(5

7
+ it

)∣∣∣∣Aℓ1
Aℓ2

−4

·
∣∣∣∣L(sym2f,

5

7
+ it

)∣∣∣∣Aℓ2
Cℓ1

(1)∣∣∣∣L(sym2g,
5

7
+ it

)∣∣∣∣Aℓ1
Cℓ2

(1)

· I1(T1)
1
3 I2(T1)

1
2 I3(T1)

1
6T−1

1 + x
12
7
+ε

≪ x
12
7
+εT θ̃ℓ1,ℓ2−1+ε.

Here, θ̃ℓ1,ℓ2 is the exponent defined as

(45)
θ̃ℓ1,ℓ2 :=

13

147
Aℓ1Aℓ2 +

16

49

(
Aℓ2Cℓ1(1) +Aℓ1Cℓ2(1)

)
+

1

7
gℓ1,ℓ2

+
1

7
(2ℓ1 + 1)(2ℓ2 + 1)− 1

49
.

For the integrals J2 and J3, by using Lemma 2.1, (31), (32) and (35),
along with (38)–(40), we have

J2 + J3 ≪
∫ 2+ε

12
7

∣∣Fℓ1,ℓ2(σ + iT )xσT−1
∣∣dσ

≪ sup
5
7
≤σ≤1+ε

x1+σ
∣∣ζ(σ + iT )

∣∣Aℓ1
Aℓ2

·
∣∣L(sym2f, σ + iT )

∣∣Aℓ2
Cℓ1

(1)∣∣L(sym2g, σ + iT )
∣∣Aℓ1

Cℓ2
(1)

·
∣∣L(sym2ℓ1f × sym2ℓ2g, σ + iT )Fℓ1,ℓ2(σ + iT )

∣∣T−1

≪ x2+ε

T
+ x

12
7
+εT ρℓ1,ℓ2−1+ε,(46)

where ρℓ1,ℓ2 is given by

(47)
ρℓ1,ℓ2 :=

16

49

(
Aℓ2Cℓ1(1) +Aℓ1Cℓ2(1)

)
+

1

7
gℓ1,ℓ2

+
1

7
(2ℓ1 + 1)(2ℓ2 + 1).

Putting all equations (37), (44) and (46) together, we obtain

(48)

Sf,g(x; ℓ1, ℓ2) = x2PAℓ1
Aℓ2

−1(log x)

+Of,g,ε

(
x2+ε

T
+ x

12
7
+εT θ̃ℓ1,ℓ2−1+ε

)
.

Taking T = x
2

7θ̃ℓ1,ℓ2 in (48), it leads to

Sf,g(x; ℓ1, ℓ2) = x2PAℓ1
Aℓ2

−1(log x) +Of,g,ε(x
2−θℓ1,ℓ2+ε),
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where θℓ1,ℓ2 = 2

7θ̃ℓ1,ℓ2
.

4. PROOF OF THEOREM 1.2

From (27), we know that

S̃f,g(x; ℓ1, ℓ2) =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)(l1(n)− v1(n))

= 16
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)l(n)− 4
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)v(n)

:= S1 + S2.(49)

First, we treat the sum S1. By applying Perron’s formula and Lemma 2.2, we
get

S1 =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)l1(n)

=
16

2πi

∫ η̃+iT

η̃−iT
Gℓ1,ℓ2(s)

xs

s
ds+Of,g,ε

(
x3+ε

T

)
,(50)

where η̃ = 3 + ε, and 6 ≤ T = T ∗ ≤ x is some parameter satisfying (31) to
be determined later. We note that the utilization of Lemma 2.5 in handling
the integrals over the horizontal segments can be ensured by the choice of the
parameter T , which is taken as a positive power of sufficiently large x.

By shifting the line of integration in equation (50) to the parallel line
with ℜ(s) = β := 19

7 , and appealing to Cauchy’s residue theorem, we obtain

S1 = 16Res
s=3

{
Gℓ1,ℓ2(s)

xs

s

}
+

16

2πi

{∫ β+iT

β−iT
+

∫ η̃+iT

β+iT
+

∫ β−iT

η̃−iT

}
Gℓ1,ℓ2(s)

xs

s
ds

+Of,g,ε

(
x3+ε

T

)
:= x3P ∗

Aℓ1
Aℓ2

−1(log x) + I1 + I2 + I3 +Of,g,ε

(
x3+ε

T

)
,(51)

where P ∗
j (t) denotes the polynomial in t with degree j. Here, the only pole at

s = 3 of order Aℓ1Aℓ2 coming from the factor ζ(s − 3)Aℓ1
Aℓ2 , contributes the

main term x3P ∗
Aℓ1

Aℓ2
−1(log x). To be more precise,

x3P ∗
Aℓ1

Aℓ2
−1(log x) = 16Res

s=3

{
Gℓ1,ℓ2(s)

xs

s

}
= 16Res

s=3

{
Gℓ1,ℓ2(s)H

†
ℓ1,ℓ2

(s)
xs

s

}
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=
16

3 · (Aℓ1Aℓ2 − 1)!
L(3, χ)Aℓ1

Aℓ2

(
L(sym2ℓ1f, 1)L(sym2ℓ1f ⊗ χ, 3)

)Aℓ2

·
(
L(sym2ℓ2g, 1)L(sym2ℓ2g ⊗ χ, 3)

)Aℓ1

·
∏

1≤i≤ℓ1−1

(
L(sym2if, 1)L(sym2if ⊗ χ, 3)

)Aℓ2
Cℓ1

(i)

·
∏

1≤j≤ℓ2−1

(
L(sym2jg, 1)L(sym2jg ⊗ χ, 3)

)Aℓ1
Cℓ2

(j)

·
∏

1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

(
L(sym2if × sym2jg, 1)

· L(sym2if × sym2jg ⊗ χ, 3)
)Cℓ1

(i)Cℓ2
(j)

·
∏

1≤j≤ℓ2−1

(
L(sym2ℓ1f × sym2jg, 1)L(sym2ℓ1f × sym2jg ⊗ χ, 3)

)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

(
L(sym2if × sym2ℓ2g, 1)L(sym2if × sym2ℓ2g ⊗ χ, 3)

)Cℓ1
(i)

·
(
L(sym2ℓ1f × sym2ℓ2g, 1)L(sym2ℓ1f × sym2ℓ2g ⊗ χ, 3)

)
H†

ℓ1,ℓ2
(3)

· x3(log x)Aℓ1
Aℓ2

−1 + · · ·+ C̃f,gx
3,

and C̃f,g is some suitable constant depending on f, g and various associated
L-functions.

For the contribution of vertical line integral I1, by Lemma 2.2 and Hölder’s
inequality, together with (30), (32), with I1(T1), I2(T1) and I3(T1) defined the
same as in (43), we have

I1 =
16

2πi

∫ β+iT

β−iT
Gℓ1,ℓ2(s)

xs

s
dt

≪ x
19
7
+ε

∫ T

1

∣∣∣∣Dℓ1,ℓ2

(
5

7
+ it

)
t−1

∣∣∣∣dt+ x
19
7
+ε

≪ x
19
7
+ε sup

1≤T1≤T/2
sup

T1≤t≤2T1

∣∣∣∣ζ(5

7
+ it

)∣∣∣∣Aℓ1
Aℓ2

−4

·
∣∣∣∣L(sym2f,

5

7
+ it

)∣∣∣∣Aℓ2
Cℓ1

(1)∣∣∣∣L(sym2g,
5

7
+ it

)∣∣∣∣Aℓ1
Cℓ2

(1)

· I1(T1)
1
3 I2(T1)

1
2 I3(T1)

1
6T−1

1 + x
19
7
+ε

≪ x
19
7
+εT θ̃ℓ1,ℓ2−1+ε,(52)

where θ̃ℓ1,ℓ2 is the exponent defined as (45).
For the integrals over the horizontal segments I2 and I3, using Lemma 2.2,
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(31), (32) and (35), with Fℓ1,ℓ2(s) defined as in (41), we have

I2 + I3 ≪
∫ 3+ε

19
7

∣∣Gℓ1,ℓ2(σ + iT )xσT−1
∣∣dσ

≪ sup
5
7
≤σ≤1+ε

x2+σ
∣∣ζ(σ + iT )

∣∣Aℓ1
Aℓ2

∣∣L(sym2f, σ + iT )
∣∣Aℓ2

Cℓ1
(1)

·
∣∣L(sym2g, σ + iT )

∣∣Aℓ1
Cℓ2

(1)

·
∣∣L(sym2ℓ1f × sym2ℓ2g, σ + iT )Fℓ1,ℓ2(σ + iT )

∣∣T−1

≪ x3+ε

T
+ x

19
7
+εT ρℓ1,ℓ2−1+ε,(53)

where ρℓ1,ℓ2 is determined by (47).
Therefore, inserting the estimates (52) and (53) into (50), we obtain

(54) S1 = x3P ∗
Aℓ1

Aℓ2
−1(log x) +Of,g,ε

(
x

19
7
+εT θ̃ℓ1,ℓ2−1+ε +

x3+ε

T

)
,

where θ̃ℓ1,ℓ2 is defined as in (45).
Similarly, we can also handle the sum S2. By applying Perron’s formula

to G̃ℓ1,ℓ2(s) given by (28), shifting the line of integration to the parallel line
with ℜ(s) = β := 19

7 , and invoking Cauchy’s residue theorem, we are led to

S2 =
∑
n≤x

λ2ℓ1f (n)λ2ℓ2g (n)v1(n)

=
4

2πi

∫ η̃+iT

η̃−iT
G̃ℓ1,ℓ2(s)

xs

s
ds+Of,g,ε

(
x3+ε

T

)
=

4

2πi

{∫ β+iT

β−iT
+

∫ η̃+iT

β+iT
+

∫ β−iT

η̃−iT

}
G̃ℓ1,ℓ2(s)

xs

s
ds+Of,g,ε

(
x3+ε

T

)
:= E1 + E2 + E3 +Of,g,ε

(
x3+ε

T

)
,(55)

where η̃ = 3 + ε, and 6 ≤ T = T ∗ ≤ x is some parameter satisfying (31) to be
chosen later. In this case, the integrand G̃ℓ1,ℓ2(s)

xs

s has no singularity in the

region −β ≤ σ ≤ η̃,−T ≤ t ≤ T , since G̃ℓ1,ℓ2(s) is analytic in this occurrence.
Now, we are ready to handle the three integrals E1, E2 and E3. For

simplicity, we define

D∗
ℓ1,ℓ2(s, χ) := L(s, χ)Aℓ1

Aℓ2L(sym2ℓ1f ⊗ χ, s)Aℓ2L(sym2ℓ2g ⊗ χ, s)Aℓ1

·
∏

1≤i≤ℓ1−1

L(sym2if ⊗ χ, s)Aℓ2
Cℓ1

(i)

·
∏

1≤j≤ℓ2−1

L(sym2jg ⊗ χ, s)Aℓ1
Cℓ2

(j)
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·
∏

1≤i≤ℓ1−1

∏
1≤j≤ℓ2−1

L(sym2if × sym2jg ⊗ χ, s)Cℓ1
(i)Cℓ2

(j)

·
∏

1≤j≤ℓ2−1

L(sym2ℓ1f × sym2jg ⊗ χ, s)Cℓ2
(j)

·
∏

1≤i≤ℓ1−1

L(sym2if × sym2ℓ2g ⊗ χ, s)Cℓ1
(i)

· L(sym2ℓ1f × sym2ℓ2g ⊗ χ, s)

:= L(s, χ)Aℓ1
Aℓ2L(sym2f ⊗ χ, s)Aℓ2

Cℓ1
(1)

· L(sym2g ⊗ χ, s)Aℓ1
Cℓ2

(1)L(sym2ℓ1f × sym2ℓ2g ⊗ χ, s)

· Gℓ1,ℓ2(s, χ).

where χ is the non-principal Dirichlet character modulo 4, and the constants
Aj , Cj(r) (1 ≤ r ≤ j − 1) are given by (21). Clearly, the L-function Gℓ1,ℓ2(s, χ)
is of degree gℓ1,ℓ2 defined as in (42).

For simplicity, we define

E1(T1) :=

∫ 2T1

T1

∣∣∣∣L(5

7
+ it, χ

)∣∣∣∣12dt,
E2(T1) :=

∫ 2T1

T1

∣∣∣∣Gℓ1,ℓ2

(
5

7
+ it, χ

)∣∣∣∣2dt,
E3(T1) :=

∫ 2T1

T1

∣∣∣∣L(sym2ℓ1f × sym2ℓ2g ⊗ χ,
5

7
+ it

)∣∣∣∣6dt,
and in view of Lemma 2.8 and (34), we get

E1(T1) ≪ T 1+ε
1 ,

E2(T1) ≪ T
2
7
gℓ1,ℓ2+ε

1 ,

E3(T1) ≪ T
6
7
(2ℓ1+1)(2ℓ2+1)+ε

1 ,

From Lemma 2.3, applying Hölder’s inequality, together with Lemma 2.8,
the contribution of the vertical line integral E1 can be bounded by

E1 =
4

2πi

∫ β+iT

β−iT
G̃ℓ1,ℓ2(s)

xs

s
dt

≪ x
19
7
+ε

∫ T

1

∣∣∣∣D∗
ℓ1,ℓ2

(
5

7
+ it, χ

)
t−1

∣∣∣∣dt+ x
19
7
+ε

≪ x
19
7
+ε sup

1≤T1≤T/2
sup

T1≤t≤2T1

∣∣∣∣L(5

7
+ it, χ

)∣∣∣∣Aℓ1
Aℓ2

−4
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·
∣∣∣∣L(sym2f ⊗ χ,

5

7
+ it

)∣∣∣∣Aℓ2
Cℓ1

(1)∣∣∣∣L(sym2g ⊗ χ,
5

7
+ it

)∣∣∣∣Aℓ1
Cℓ2

(1)

· E1(T1)
1
3E2(T1)

1
2E3(T1)

1
6T−1

1 + x
19
7
+ε

≪ x
19
7
+εT θ̃ℓ1,ℓ2−1+ε,(56)

where θ̃ℓ1,ℓ2 is defined by (45).
From Lemma 2.3, by appealing to Lemma 2.8 and (35), the integrals over

the horizontal segments I2 and I3 can be dominated by

E2 + E3 ≪
∫ 3+ε

19
7

∣∣G∗
ℓ1,ℓ2(σ + iT )xσT−1

∣∣dσ
≪ sup

5
7
≤σ≤1+ε

x2+σ
∣∣L(σ + iT, χ)

∣∣Aℓ1
Aℓ2

·
∣∣L(sym2f ⊗ χ, σ + iT )

∣∣Aℓ2
Cℓ1

(1)∣∣L(sym2g ⊗ χ, σ + iT )
∣∣Aℓ1

Cℓ2
(1)

·
∣∣L(sym2ℓ1f × sym2ℓ2g ⊗ χ, σ + iT )Gℓ1,ℓ2(σ + iT, χ)

∣∣T−1

≪ x3+ε

T
+ x

19
7
+εT ρℓ1,ℓ2−1+ε,(57)

where ρℓ1,ℓ2 is exactly the same as given by (47). Hence, by inserting (56) and
(57) into (55), we obtain

(58) S2 = Of,g,ε

(
x

19
7
+εT θ̃ℓ1,ℓ2−1+ε +

x3+ε

T

)
,

where θ̃ℓ1,ℓ2 is defined as in (45).
On combining (49), (54) and (58), we can get the asymptotic formula

(59)

S̃f,g(x; ℓ1, ℓ2) = x3P ∗
Aℓ1

Aℓ2
−1(log x)

+Of,g,ε

(
x

19
7
+εT θ̃ℓ1,ℓ2−1+ε +

x3+ε

T

)
,

where θ̃ℓ1,ℓ2 is given by (45). On taking T = xϑℓ1,ℓ2 with ϑℓ1,ℓ2 = 2

7θ̃ℓ1,ℓ2
in (59),

we can obtain the desirable asymptotic formula

S̃f,g(x; ℓ1, ℓ2) = x3P ∗
Aℓ1

Aℓ2
−1(log x) +Of,g,ε(x

3−ϑℓ1,ℓ2
+ε).

This completes the proof of Theorem 1.2.
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[24] A. Ivić, The Riemann Zeta-Function. Theory and Applications. Dover Publications,
Inc., Mineola, NY, 2003.

[25] H. Iwaniec and E. Kowalski, Analytic Number Theory. Amer. Math. Soc. Colloq. Publ.
53, Amer. Math. Soc, Providence, RI, 2004.

[26] H. Jacquet, I.I. Piatetski, and J.A. Shalika, Rankin–Selberg convolutions. Amer. J.
Math. 105 (1983), 2, 367–464.

[27] H. Jacquet and J.A. Shalika, On Euler products and the classification of automorphic
representations, I. Amer. J. Math. 103 (1981), 3, 499–558.

[28] H. Jacquet and J.A. Shalika, On Euler products and the classification of automorphic
representations, II. Amer. J. Math. 103 (1981), 4, 777–815.
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