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Let f and g be two distinct normalized primitive holomorphic cusp forms of even
integral weights 1 and k2 for the full modular group I' = SL(2,Z), and let A¢(n)
and Ag(n) denote the n-th normalized Fourier coefficients of f and g, respectively.
In this paper, we establish the asymptotic formulae for the summatory functions
associated to )\?fl (n))\gz2 (n), with 41,02 > 2 being any fixed integers, over two
sparse sequences of positive integers, which generalizes the existing results in the
literature in this direction.
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1. INTRODUCTION

The Fourier coefficients of automorphic forms are important and interest-
ing objects in modern analytic number theory, which has been the main concern
in the investigations of plenty of researches (see, e.g., [8,/12,(13]/15,[18//19,36}44]).
In this paper, we consider the holomorphic cusp form for the full modular group
I' = SL(2,Z), which are simultaneous eigenfunctions of all the Hecke opera-
tors T;,. Let H} denote the set of normalized primitive holomorphic Hecke
cusp forms of even integral weight x for I' = SL(2,Z). The f € H} admits
Fourier expansion at the cusp oo

F(z)= Y ApnnFenz), () >0,
n=1

This work was financially supported in part by National Natural Science Foundation of
China (Grant Nos. 12401011, 12201214), National Key Research and Development Program
of China (Grant No. 2021YFA1000700), Shaanxi Fundamental Science Research Project for
Mathematics and Physics (Grant No. 23JSQ053), Science and Technology Program for Youth
New Star of Shaanxi Province (2025ZC-KJXX-29), Natural Science Basic Research Program
of Shaanxi Province (Grant No. 2025JC-YBQN-091), and Scientific Research Foundation for
Young Talents of WNU (Grant No. 2024XJ-QNRC-01).

MATH. REPORTS 28(78) (2026), 1-2, 101-131
doi: [10.59277 /mrar.2026.28.78.1.2.101


http://dx.doi.org/10.59277/mrar.2026.28.78.1.2.101

102 G. Hua 2

where e(z) = €™ and A¢(n) denote the n-th normalized Fourier coefficient
(Hecke eigenvalue) of f. It is well known from the theory of Hecke operator
that A¢(n) is real and satisfies the multiplicative property

0 A = 30 ().

d|(m,n)

where m,n > 1 are integers. In 1974, Deligne [8] proved the celebrated
Ramanujan—Petersson conjecture

(2) [Ap(n)] < d(n),
where d(n) is the classical divisor function. By , Deligne’s result is equivalent

to the fact that there exist as(p), Bf(p) € C satisfying
(3) ay(p) + Br(p) = Ar(p), ar(p)Bs(p) = lay(p)| = [Bs(p)| = 1.

More generally, for all positive integers £ > 1 one has

Ar(0") = ap(p) + () Br(p) + - + ap(p)Br(p) T + By (p)".
For more details, the interested reader can refer to Lau and Wu (33| Section 1].
It is of significant importance to consider the average behavior of Hecke
eigenvalues of cusp forms in various aspects (see, e.g., [8,13,/14.|16}/17}/19,36]).
In 2013, Zhai [60] considered the average behavior of the power sum

Uj(f;x) = Z Af(a® +b?)
a24+b2<x
forx >1,2<j<8anda,b,j € Z. Indeed, he successfully proved that
Uj(f;x) = xpj(log z) + Of(z%979),
where ]5j with j = 2,...,8 are polynomials with degrees deg Py = 0, deg Py = 1,
deg Ps = 4, deg P’y = 13, and deg P; = 0 for j = 3,5,7. The exponents «; are
given by

8 17 43 83
OZQZH; 043:%; a4:£, 045:%7

o = 184 . an = 192

67 987 T 357 8~ 755

Afterwards, the results of Zhai were refined and generalized by Xu [59] and
Liu [38], by using the recent breakthrough of Newton and Thorne [41}42],
along with some nice analytic properties of the associated L-functions.

Let Agymif(n) denote the n-th normalized coefficient of the Dirichlet ex-
pansion of the j-th symmetric power L-function L(sym?f,s). Fomenko [9]
proved that )

Z Asym2 (1) < 22 (log z)2.

n<x
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Later, this sum was studied by many authors (see, e.g., [29,[35,52]). For more
delightful results, the readers can refer to [36},37,53,58] and the references
therein.

In [54], Sharma and Sankaranarayanan considered the asymptotic behav-
ior of the sum _

Sf,r(m) = Z gmef(n)
n=a?+b2+c2+d*<z
(a,b,c,d)€Z*

for r = 2 for x > =xy, where xq is sufficiently large. In fact, the authors

established the formula
Spa(x) = cpa? + Of (x5 79)

for any € > 0, where ¢y > 0 is some suitable constant depending on f. Very re-
cently, Sharma and Sankaranarayanan [56] established the asymptotic formulae
for S¢,(x) with r = 3,4. In fact, they proved that

Spa(r) = cra® + Op(a15),

and
§f74(:1;) = cpx?logx + Of@(:n%“),
where ¢y, co are suitable effective constants depending on f. Afterwards, the
author and his collaborators gave some refinements and generalizations con-
cerning the above results of Sharma and Sankaranarayanan, the interested
readers can refer to [14,/15,21]. In particular, for j > 2 any fixed integer, in
[15] the author established the asymptotic formula
@) S N 0) = () + Opela” RTTE ),
n=a?+b*+c?+d*<z
(a,b,c,d)eZ*

where cf(j) is some suitable constant which can be evaluated explicitly. Very
recently, Liu and Yang [39] gave further improvement with respect to the result
from , reducing the exponent in the error term with 0; := 2 — m.

Motivated by the above impressive results, in this paper the authors are
interested in the higher power moments of Fourier coefficients associated to two
distinct cusp forms. Let f € H and g € H}, be two distinct Hecke eigenforms,
and let Af(n) and Ag(n) denote the n-th normalized Fourier coefficients of f

and g, respectively. Let

(5) St g(w; by, la) = > A (A (n),
n=a2+b2+c?+d?<z
(a,b,c,d)€Z*

where £1,02 > 2 are any given integers. The first purpose in this paper is to
establish the following theorem.
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THEOREM 1.1. Let Sy 4(x;01,02) be defined as in (5)), then
Stg(x;ly, b)) = x2PAzlAe2—1(10g ) + O g (2?02
where PAelAfol(t) is a polynomial in t of degree Ay, Ag, — 1, and
2
700,05
with 5[1’g2 defined as in . The highest-degree term of PAelAéz—l(t) can be
explicitly evaluated as
PAelAzzfl(t)
A(=1/2)40de s 2 20 SEPIY.Y
= ——————((2)"% (L(sym~* f,2) L(sym“' f ® Xxo,1)) 2
(A, Ay, — 1)1 (2) (L( )L( )
) (L(sym%g7 2)L(sym?*2g @ Yo, 1))AZ1

[T (Z(sym®f,2)L(sym® f & Xo, 1)) 420 )
1<i<t -1

H (L(Smej.g’ 2)L(Sym2jg ® X0, 1))A¢1052 €)
1<j<tz—1

[T  TI (Leym®fxsym¥g,2)

1<i<t —11<<ty—1
- L(sym?' f x sym% g ® Yo, 1))
H (L(symﬂlf % smejg, Q)L(Sym%lf % sym2jg ® Xo, 1))01%2 ()
1<j<bo—1
H (L(Symzif X symzezg, 2)L(sym2if X symzezg ® Xo, 1))041 ®
1<i<t—1
. (L(sym%f x sym?*g, 2)L(sym%1f x sym?2g @ Xo, 1))H41’g2 (2)
CpAaAn -1 oo Ctys

here Xo s a character modulo 4 given by , and Hy, 0,(2) # 0, and Cy 4 is a
certain suitable constant depending on f, g and various associated L-functions.

001,00 =

Cey ()Cry (4)

It is also interesting to investigate the cusp form coefficients over the
sparse sequence of positive integers supported at sums of six squares. In [55],
Sharma and Sankaranarayanan investigated another type of summatory func-
tion related to the coefficients of the symmetric power L-function

Sf"j(x) - Z )\zymjf(a‘% + a’% + a% + ai + G% + a%),

n:a%—&-a% —i—a%—&-ai—i—ag—&-aéﬁx
(a1,a2,a3,a4,05,a6)EZ
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with 7 = 2. In fact, they proved the asymptotic formula
Sta(x) = Er0a® + Op (s ),

where ¢y o is an effective constant. Recently, Sharma and Sankaranarayanan [57]
considered the asymptotic formulae for Sy ;(x) for all j > 2, by using the cel-
ebrated work of Newton and Thorne [41,42], along with some individual and
averaged subconvexity bounds of associated L-functions. More precisely, for
J > 2, they established that

~ 3——F0,—
(6) Sf,j(eT) = Cf,j$3 + Of’g(x 3(j+1)2+1+€)’
where ¢y ; is some effective constant depending on f and associated L-functions.
In the same paper, Liu and Yang [39] also gave further refinement regarding
result @, with the exponent in the error term replaced by

< 210

§j =3 — :
I 105(5 + 1)2 — 103

More recently, the author [?] gave further generalizations of the above results.

As before, let f € H and g € H, be two distinct Hecke eigenforms,
with A¢(n) and Ag(n) the corresponding n-th normalized Fourier coefficients
of f and g, respectively. Let

(7) Stglx;ly, lo) = Z /\3(51 (n))\z&(n),
n=a2+a3+ai+a3+a2+ai<z
(a1,a2,a3,a4,a5,a6) €Z°

where ¢, ¢y > 2 are any given integers.
THEOREM 1.2. Let gﬁg(w;ﬁl,ﬁg) be defined as in (7)), then
Spo(@; i ) = 2°Pi, 4, _1(loga) + Opg (2 P02%e),
where PjélAlfl(t) s a polynomial in t of degree Ay, Ay, — 1, and
2
700, 1,

with ggh@ defined as in (45)). The polynomial P;‘;ZIAQ_l(t) can be explicitly
evaluated as

001,00 =

Py, (1)

16 o N y
- L(3,x) %4 (L(sym®* f, 1) L(sym®™ f © x, 3
3 (A Ay, — i B0 e Ly D L(sym ™ f @ x, 3))

(L(sym®2g, 1) L(sym®2g ® x, 3))*"

Ag,
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H (L(sym® f, 1) L(sym® f @ x, 3))A€2041(i)
1<i<t -1

H (L(sym* g,1)L(sym* g ® x, 3))A410f2 ()
1<j<b—1

I[I Il (Lym®fxsym¥g.1)
1<i<f—11<5<lr—1

-L(Sym%f % sym2jg 2, 3))Ce1 (1)Ce, (3)

[T (L(sym®f x sym¥ g, 1)Lsym® f x sym¥g @ y,3)) ="
1<j<t—1

[T (Zeym¥f x sym*2g, 1)L(sym® f x sym*2g @ x,3)) 1
1<i<t -1

. (L(symﬂlf % Sym%Qg, 1)L(sym2€1f % Sym%?g ® X, 3))H;1 t (3)
LA Aey—1 N 6}0797

where x is the non-principal Dirichlet character modulo 4, and Hgl £2(3) %0,

and 5]079 18 some suitable constant depending on f,g and various associated
L-functions.

Remark 1.3. For simplicity of exposition, in this paper, we are dealing
with the setting for the normalized Fourier coeflicients of primitive holomorphic
cusp forms of level 1, but our method can be extended to the general case of
cuspidal Hecke newform for the Hecke group I'g(N) with a bit extra effort.

The investigations of the average behavior of higher power moments of
cusp forms coefficients is an intriguing and significant topic in modern number
theory, which occupies the central status in automorphic forms. The research
concerning the asymptotic behavior of cusp forms over certain sparse sequences
may lead to the fascinating and hidden structure of automorphic forms, which
may unveil some unexpected properties. In Theorems and [I.2] we estab-
lished the asymptotic estimates for the Fourier coefficients associated to two
distinct cuspidal Hecke eigenforms on certain quadratic forms of arithmetic
interests, which further generalizes the previous results to broad framework.
Furthermore, the author also provides an explicit expression for the main terms
of Theorems [1.1| and which gives a clear and accessible description of the
asymptotic relations.

Let

(8) re(n) == #{(a1,a9,...,a1) €Z*¥ :n=a} + a3+ ... + a3},

allowing zeros, distinguishing signs, and orders. The proofs of Theorems [1.1
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and are mainly built upon the truncated Perron’s formula, with the appli-
cations of the Cauchy residue theorem, along with the individual and average
convexity /subconvexity bounds for the associated L-functions. The intrinsic
structure of ri(n) with £k = 4,6 are also closely related to the demonstra-
tion of the proofs for Theorems [I.1] and [I.2] The milestones of Newton and
Thorne [41,/42] also play a crucial role in the proofs.

The organization of this paper is as follows. In Section [2| we review the
background of automorphic forms and relevant L-functions, and also give some
preliminary lemmas. Sections[3|and []are devoted to the proofs of Theorems
and respectively.

Notations. Throughout the paper, we always assume that f € Hy and

€ H;, are two Hecke eigenforms.We also assume that = > 0 is sufficiently
large. The letter € denotes a sufficiently small positive real number. Any
statement in which € occurs holds for each fixed € > 0, and any implied constant
in such a statement is allowed to depend on €. We use < and O to denote the
Vinogradov’s and Landau’s well-known notations, respectively, and the implied
constants depend at most on f, g and €. The symbol p always denotes a prime
number.

2. PRELIMINARIES

In this section, we collect some facts concerning automorphic forms and
the associated L-functions, along with some useful lemmas, which play a promi-
nent role in the proof of the main results in this paper.

2.1. Automorphic forms and L-functions

We recall some fundamental facts concerning cuspidal forms; the inter-
ested reader is invited to consult the monograph of Iwaniec and Kowalski [25]
for more systematic descriptions. Let k > 2 be an even integer and N > 0 be an
integer. Let x be a primitive character to modulus ¢ such that N|q, satisfying
x(=1) = (=1)*. Denote by Si(N, x) the vector space of holomorphic cuspidal
forms on I'g(N) with nebentypus x and weight k. For any f € Si(V,x), it
admits the Fourier expansion at the Cusp o0

wa n)n'z enz) z € H,

n>1
where H denotes the upper half-plane. The space Si(IV, x) is a finite dimen-
sional Hilbert space which can be equipped with the Petersson inner products

(f1, fo) = / f1(2) f2(2)y" 2 dady,
To(N)\H
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for any fi, fo € Sk(N, x). Recall that the Hecke operators 1), with (n, N) =1,
which satisfy the multiplicative relation

©) TTn= 3 (AT

d2
d|(n,m)

Furthermore, for any fi, fo € Sk(N, x), one has

(Tof1, f2) = x(n)(f1, T fa)-

One might find an orthogonal basis By (N, x) of Si(IV, x) consisting of common
eigenfunctions of all the Hecke operators T;, with (n, N) = 1. For each cusp
form f € Bi(N, x), denote by A¢(n) the n-th Hecke eigenvalues which satisfies

Tof(2) = Ap(n)f(2)
for all (n, N) = 1. From (9), it can be shown that

srlmisto) = 3 oy (%)

d|(n,m)

for any m,n > 1 with (n, N) = 1. In particular, ¢;(1)Af(n) = 9(n) for
(n, N) = 1. Therefore,

MG, At = 3 (%),

d|(n,m)

provided that (mn, N) = 1.

Note that the Hecke eigenbasis By (N, x) also contains a subset of new-
forms Bj (N, x), forms which are simultaneous eigenfunctions of all Hecke op-
erators T, for any n > 1, and normalized to have first Fourier coefficient
1¢(1) = 1. The elements of B} (N, x) are commonly called primitive forms in
the sense of Atkin—Lehner [1], namely, each one is orthogonal to all oldforms,
and is an eigenfunction of all the Hecke and Atkin—Lehner operators. In this
paper, for the sake of brevity, we only consider the Hecke newforms with trivial
nebentypus and of level N = 1.

Let f € H;; be a Hecke eigenform. The j-th symmetric power L-function
associated to f is defined by

J

(10) L(sym’ f, s) H H 1—ayp(p) " Bs(p)™p _s) R(s) > 1,

» m=0

where af(p) and Sf(p) are the local parameters defined as in . We may
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expand it into a Dirichlet series

L(sym’ f, s) = i Auym (1)

nS

_H< symff()+.,_+)‘syrr;7{l§pm)+...>

for %(s) > 1. Obviously, Agyyif(n) is a real multiplicative function. In partic-
ular, for j = 1, we have L(sym'f,s) = L(f, s).

Let x be a Dirichlet character modulo ¢g. Similarly, for 5 > 1, the j-th
twisted symmetric L-function is defined as

(11)

Lsym’f @ x,s) = [ T] (1 - ar )8 ()" x(p)p™) "

p m=0
_ S domgl() g
ns ’ ’
n=1

Let f € H; and g € Hy be two distinct Hecke eigenforms. The Rankin-
Selberg L-function attached to sym’f and sym’g is defined by

L(sym'f x Sym”g, s)

=11 H H 1 —ap(p) 2 Mag(p)? "2 p=5) 7, R(s) > 1.

p m=0m/=0

(12)

For R(s) > 1, we may expand it into a Dirichlet series

L(sym'f x sym’g, s)

(13) _Z symzfXSyng( H <1+Z Sym’szmeg(pr)>7

r>1

where Agymi fxsymig(n) is a real and multlphcatlve function of n. In particular,
for i = j = 1, one has the next equalities: L(sym!'f x sym'g,s) = L(f x g, 5)
and L(sym!f x sym’g, s) = L(f x sym’g, s).

In a similar manner, for x being a Dirichlet character with modulus g¢,
we can also define the twisted Rankin—Selberg L-function

L(sym'f x sym”g ® X, 5)

=11 H H 1— s (p) "By (p) g ()™ By(0)™ X (0)p~*)

p m=0m’/=0

> Asomi j
_ Z sym? f X sym. g(n)X(n), SR(S) > 1.
ns
n=1
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It is standard to find that

(14) A7) = Ay p(0) = D ap(p)? " Br(p)™,

which can also be written as

(15) Ar(P7) = Ay p () = U (A (0)/2),

where Uj(x) is the j-th Chebyshev polynomial of the second kind. It is also
easily seen that

i
Asymipxesymig(0) = > Y ap(p)' > ay(p)/ "

m=0m'=0

(16) = /\symif(p))‘symjg(p)'
From , 7, it is not hard to find that
|/\symjf(n)| < dj+1 (’I’L), |)‘symif><symjg(n)| < d(i-l—l)(j—l—l)(n)

for any i,j > 1, where d,(n) denotes the v-dimensional divisor function, which
is defined as the number of ordered representations n = nj ...n, with integers
ny,...,Ny Z 1.

As it is well known, to a primitive form f is associated an automorphic
cuspidal representation 7 of GL2(Ag) and hence an automorphic L-function
L(my,s) which coincides with L(f,s). For 1 < j < 8, the special Langlands
functoriality conjecture which states that sym’ f is automorphic cuspidal has
been established in a series of important works of Gelbart and Jacquet [10],
Kim [30], Kim and Shahidi [31,32], Shahidi [50], Clozel and Thorne [3-5].
Very recently, Newton and Thorne [41,/42] proved that sym’f corresponds
with a cuspidal automorphic representation of GL;j;1(Ag) for all j > 1 (with
f being a holomorphic cusp form). Furthermore, by combining the works
of Newton—Thorne and Cogdell-Michel [6], together with the Rankin—Selberg
theory associated with two cuspidal automorphic representations developed
by Jacquet, Piatetski-Shapiro and Shalika [26], Jacquet and Shalika [27,28],
Shahidi [47H4951], and the reformulation of Rudnick and Sarnak [46], we know
that the L-functions L(sym’ f, s) and L(sym®f xsym/g, s) have an analytic con-
tinuation as an entire function (except for the case sym’ f = sym/g with simple
poles at s = 0,1) in the whole complex plane and satisfies a certain functional
equation of Riemann zeta-type. For a more comprehensive investigation, the
interested readers can refer to |25, Chapter 5].
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2.2. Preliminary lemmas

Now, we need to interpret the two summatory functions Sy q(x;¢1,/2)
and Uy 4(x; 01, ¢2) in a more feasible manner. We tackle the sum Sy ,(x; €1, f2)
in the first place. Now, we specify with £ = 4. It is well known that
r4(n) = 8r(n) (see, e.g., [15, Section 2]), where

n) =Y Xo(d)d
din
is multiplicative, and Y is a character modulo 4 given by
<y Xo(P), ifp>2,
17 =
an) %) {37 N

and g is a principal character modulo 4. In particular, for any prime p, we

have
= Xo(d)d =1+ pXo(p)-

dlp
It is well known that r(n) < nlJrs for any € > 0 (cf. |11, (1.1)]).
Hence, for ¢1,/> > 2 being any fixed integers, we can rephrase the sum-
mation Sy g(x; 01, 02) as

Sralw; b1, 62) = > A (n)AY2(n) > 1

nlz n=a?+b%+c?+d?
(a,b,c,d)ezt
(18) — Z )\251 )\2@2 =8 Z )\2@1 AQZQ ) (n)?
n<x n<x

where St g(x;01,¢2) is defined as in ().
In order to obtain the asymptotic behavior for the summatory function
St.g(x; L1, 0o), we define the associated L-series as follows

oo A%I )\2@2
STAC Z 0 ()T(n), R(s) > 1,

where ¢1,¢> > 1 are any ﬁxed integers. From the multiplicative property of
Ar(n), Ag(n) and r(n), along with the upper bound r(n) < n'*¢, for R(s) > 2
we have the Euler product identity

N (p7 A% r(p/
(19) 3€1£2( '_H<1+Z f ) (P]) (P7)>

7>1

For simplicity, for 7,7 > 0 being any fixed integers, we set

HL(symif x sym’g, s) := L(sym'f x sym’g, s)L(sym'f x sym’g ® Xo,s — 1),
X0
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where the symbol H*;(O denotes that the L-functions L(sym’f x sym/g, s) and
L(sym'f x sym/g ® Xo,s — 1) occur in pairs.
For notational convenience, we also define

Dy, 4, (5) := ((s) 04 L(sym? £, 5) L(sym?2g, )4

(1 somg o)

1<i<t; —1
( 11 L(Smejgvs)A“%(j))
1<j<la—1
(20) . H H L(Sym%fxsym2jgjs)cf1(i)ciz(j)

1<i<li—11<5<l>—1

[T ZLsym®*f x sym¥g, )%=l
1<j<ts—1

[T Zsym¥f x sym®>g,s5)%a 0
1<i<ty—1

2ag s),

and the constants A;,C;(r) (1 <r < j —1) are given by

ey o@D+
@) TS VA (R PR )

Now, we are ready to give the lemma concerning the decomposition of §, ¢,(s).

- L(sym?“ f x sym

LEMMA 2.1. Let f € H and g € Hf, be distinct Hecke eigenforms. For
R(s) > 2, we have
Be105(8) = Fuy 0,($)Hey 05 (5),
where Fy, 4,(s) = H;%O Dy, 4, (8) with Dy, 4,(s) defined as in (20)), and the func-
tion Hy, 4,(s) admits a Dirichlet series which converges absolutely and uni-
formly in the half-plane R(s) > 3 + ¢ for any e > 0, and Hy, 4,(s) # 0 for
R(s) = 2.

Proof. By comparing the p-th coefficient in [36, Lemma 7.1], for £ = 27,
Af‘ (p) = Aj + Z Cj (T)Asym%"f(p) + /\smejf(p)a
1<r<j—1
where A;, Cj(r) are defined as in . Hence, by standard manipulations with

little extra efforts, we can derive that

M ENEP) = (Ao + Y Cu(DAgmip(p) + Agueer £ ()

1<i<ty —1



13 On the asymptotics of higher power moments of Hecke eigenvalues

113

’ (Afg + Z Cfg (j))‘smejg (p) + )‘sym2£2g (p))
1<j<tba—1

= A€1 AEQ + AZ2 )\sym%l f (p) + AZI Asy1112e2g (p)
+ Z AZQ C€1 (i)>\sym2¢f (p)

1<i<t1 -1

(22) + Z Ah Céz (j))‘symzjg(p)

1<j<tr—1

Y D Cu()Ch () Agme pxaymsg (P)

1<i<l1 -1 1<j<lr—1

+ Z C@Q (j))\sym%l fxsym2ig (p)

1<j<ty-1

+ Z Cél (i)Asym2if><sym2é2g (p) + )‘sym2el fxsym?‘2g (p) :

1<i<t1 -1

In the decomposition of the given L-function, the p-th coefficient of the
L-function determines the analytic properties of that L-function. To obtain
the required result for the decomposition of §y, ¢,(s), it is a key component
to determine the p-th coefficient in the decomposition. For R(s) > 2, the

L-function
*

Fu,(5) = [ ] (€)1 M2 L(sym®™ £, )M L(sym®2 g, )"
Xo

( 11 L(Symzif,S)Ae2Cf1(i))

1<i<ty—1

( 11 L(Smejg,S)A“C‘ZU))

1<j<tr—1

H H L(sym? f x sym¥g, S)Cel (9)Ce,y (3)
1<i<l —11<j<l>—1

H L(sym%f x sym™ g, S)CZQ @)
1<j<to—1
Il Z(sym¥f xsym®>g,s5)a®
1<i<t;—1
. L(sym%lf X sym%?g, s))
can be represented as

(24) Fu(s)=]] (1 +) lﬁ?).

p jz1
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By comparing the p-th coefficient of and , noting the relation (22)), it
is apparent that
(25) b(p) = NJ (DAL (p) (1 + pXo(p) = AT (0)A2> (p)r(p).

Putting all the equations , and f together, by standard argu-

ment (see, e.g., [23]), we are lead to

)\251 2262 () p AQZI 2) 2262 (2 (2
So0(s) :H<1+ ;@) ;s )rp) A7) ;28(19 )r(®?) +>

p

201 (2V\262 (121 (02) _ b(p2
:Fﬁl,@@)n(lﬁf ") “;22 @) b<p’+...)

p
= Flez (S)Hfl,b (3)7

where Fy, 4,(s) is defined by (23), and Hy, 4,(s) is a Dirichlet series which

converges absolutely and uniformly in the half-plane R(s) > % +e. O

Now, we turn to the summatory function Uy g(x; 1, ¢2) using a different
approach. For k =6 in , we learn from [57, Lemma 2.1] that

ro(n) =16y x(d)d® -4 x(d)d?,
dn dn

where n = dd’, where x is the non-principal Dirichlet character modulo 4, i.e.,

1, if n = 1(mod4),
(26) x(n) =< -1, if n = —1(mod4),
0, if n = 0(mod2).
We can also rewrite rg(n) as
2
n
re(n) =16 x(d) 5 —4) _x(d)d®
dln din

= 16l(n) — 4v(n) :=l1(n) — vi(n).

Clearly, the functions /(n) and v(n) are both multiplicative, due to the fact
that the non-principal character y is multiplicative.
It is clear that

(p) = p* + x(p),
1(p*) =p* + p*x(p) + x(»*),
and

v(p) =1+ p*x(p),
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v(p?) = 1+ p°x(p) + p*x(¥?),
respectively. By employing the similar argument as with Sy (x; 41, £2), we can
deduce that

Spal@;t, ba) =Y A1 n)AZ (n) > 1

n<x n:a%—i—a%-}—a%—i—aiﬂ-a%—i—a%
(a1,a2,a3,a4,a5,a6) L5

_Z)\%l )\262 ) (n)

n<x
= > A M)A () (1 (n) — vi(n))
n<x
(27) =16 Y _ A ()AL (n)l(n) — 4> AT (n)AZ2 (n)v(n).
n<zx n<x

Similarly, in order to get the asymptotic behavior of Uy (x;¢1,/2), for
R(s) > 3, we also need to define two associated L-series

A2 (n >A%< )i(n)

Gy, (8 Z ! ;

= A1 >A%< mo(n)

®£1,52 Z :

For simplicity, for 4,7 > 0 being any ﬁxed mtegers, we set
/

H L(sym'f x sym’g, s)
X

and

= L(sym'f x sym?g, s — 2)L(sym"f x sym’g ® ¥, s),
and
b

HL(symif x sym’g, s)
X
= L(sym'f x sym’g, s)L(sym’f x sym’g ® x,s — 2).
In a similar manner, we can also prove the following decompositions of &, 4, (s)
and égl’b (s), respectively.
LEMMA 2.2. Let f € H} and g € Hy, be distinct Hecke eigenforms. For
R(s) > 3, we have
651,52 (S) = G€1,52 <3>Hg1,€2 (3)7

where Gy, ¢,(s) = H; Dy, ,(s) with Dy, ,(s) defined as in and the con-
stants A;,C;(r) (1 < r < j—1) are defined as in (21)), and the function thb (s)
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admits a Dirichlet series which converges absolutely and uniformly in the half-
plane R(s) > 3 +¢ for any e > 0, and H;l 0, (8) # 0 for R(s) = 3.

Proof. This follows the similar argument as that of Lemma and the
interested readers are also invited to refer to [57, Lemma 2.2]. [

LEMMA 2.3. Let f € H; and g € H, be distinct Hecke eigenforms. For
R(s) > 3, we have
(28) 6Zl7é2 (S) = GZ,EQ (S)Hgl,ZQ (8)7

where G, ,,(s) = Hi Dy, 4,(s) with Dy, 4,(s) defined as in (20), and the con-
stants Aj,Cj(r) (1 < r < j — 1) are defined as in (21)), and the function
Hj 52(5) admits a Dirichlet series which converges absolutely and uniformly in

the half-plane R(s) > 3 + ¢ for any e > 0, and Hj ,,(s) # 0 for R(s) = 3.

Proof. This can be proved by following the similar argument as that of
Lemma22 [

To prove the main results, we also need the following individual or average
subconvexity bounds for the associated automorphic L-functions.

LEMMA 2.4. For any e > 0, one has

T 5 12

(29) / c<7 + z't) dt < T
1

uniformly for T > 1, and

(30) (o +it) < (14 [¢])mctiz(1-0)0k+e

uniformly for % <o<2and|t| >1.

Proof. The first result is established by Ivié¢ [22], and the second result is
the recent breakthrough of Bourgain [2]. [

LEMMA 2.5 ([45, Lemma 1]). For % < o <2, and T sufficiently large,

there exists a T* € [T, T + T3] such that the bound

log ¢(o +iT*) < (loglog T*)? < (loglog T')*
holds uniformly for % < o <2, and hence
(31) |¢(o +4T%)| < exp ((loglog T < T¢

on the horizontal line with t =T* for % <o <2
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Remark 2.6. Let x' = x or Xo as defined in and , respectively.
By employing a similar argument as that of [39, Lemma 2.6], we know that
also holds for Dirichlet L-functions L(o + it, x’) with respect to the variable ¢
(other parameters are fixed).

LEMMA 2.7. For any € > 0, we have
(32) L(sym®f,0 +iT) < (1 + |T)|
uniformly for % <o<2and|T|>1.

)ma.x{%(l—o),(]}%e

Proof. The estimate follows from the recent remarkable work of Das-
gupta, Leung, and Young |7, Corollary 1.4] and Phragmén-Lindel6f convexity
principle for a strip. [

LEMMA 2.8. Let X' = x or Xo be defined in and , respectively.
For e > 0, we have
L(o +it, X) < (1 + [¢]ymax{az(1-0).0 +e
L(sym?f @ ¥, 0 +it) < (1 + [t])maxt7(1=0) 0 +e,
uniformly for % <o<2and|t| >1, and

T 5 ,
Ll = it
/1 <7+”X>

Proof. By adopting a similar argument as that of [39, Lemma 2.6], it can
be seen that L-functions twisting by character Y’ = x or X does not affect
the subconvexity bounds, convexity bounds and integral mean estimates of the
corresponding L-functions in the t-aspect. [

12
dt < T,

uniformly for T > 1.

Let d := (dy,...,dy), m = (mi1,...,my) and n = (ny,...,ny) with
dj,mj,n; € (NU{0}), and set

A(d,m,n) =

[\D\'—‘

J
Zd] mj +1)(n; +1).
7=1

Let x be a primitive character modulo ¢, and define
J
(33) e n(f,9.x8) =[] Llsym™ f x sym™ g & x, 5)%
j=1
This general L-function is in the sense of Perelli [43] due to the recent deep
works of Newton and Thorne [41,|42]. The following lemma follows plainly
from Perelli [43, Theorem 4].



118 G. Hua 18

LEMMA 2.9. Let £ (f,g,x,s) be defined as in , for any € > 0, we
have

2T
; 2A(d;mm)(1—o
(34) / 18 (9, 0+it)Pdt g ge gmm (g(14T))> A Emmmo)Fe
T

uniformly for % <oc<l4ecandT >1, and

] A(dmmn)(1—o
(35) L (10,000 + i) s gedmm (a(1+[¢])) AT

uniformly for % <o<l+4+eand|t|>1.

Proof. In light of the recent groundbreaking works of Newton and Thorne,
see |41,{42], we learn that sym/ f corresponds with a cuspidal automorphic rep-
resentation of GL;1(Ag) for all j > 1. Using the Rankin-Selberg convolution
theory associated to two automorphic cuspidal representations, we infer that
L(sym'f x sym/g,s),(i,7 > 0) can be regarded as the general L-function in
the sense of Perelli [43]. Henceforth, the results follow from [43, Theorem 4]
and [40, Proposition 1] in a straightforward nature. [

3. PROOF OF THEOREM

In this section, we give the proof of Theorem by following the similar
argument exhibited in |15 Section 3] with suitable modifications. Applying
Perron’s formula (see, e.g., [34, Theorem 2.1]) and invoking Lemma along
with the reinterpretation for Sy 4(x;/q,¢2) in , we have

ng x,; 61,62 Z)\Qél /\QZ2 ) 4(71)

n<x
—8 Z )\2[1 )\2@2 ) (n)
n<x
8 n+iT $2+€
(36) =95 i Sey,00(8)— d3+0fgs< T >=

where 1 = 2 + £, and we make the special choice T' = T™ which satisfies ,
here 2 < T < z is some suitable parameter to be specified later.

By shifting the line of integration in equality to the parallel line with
R(s) =a:= %, together with Cauchy’s residue theorem, we get

Spg(w; 1, 62) = 8 Res {&1,42( )m }

a+iT n+iT a—iT s
{/ / / }3517@2(3)d5
a+iT —iT S
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2+e
T
O T
+ f,g,e< T >
x

2+e
(37) = HCQPAelAzQ—l(lOg ZL‘) +J1+ Jo+ J3+ Of,g,<€ <>,

T
where Pj(t) denotes the polynomial in ¢ with degree j. In the region
a <R(s)<n,-T<Y(s) <T,
we note that the L-series §y, ¢,(s) is a meromorphic function having a pole at

s = 2 of order Ay, Ay, coming from the factor L(s — 1, Xo)AaAe,
From [15, Section 3], we learn that

(38) L(s —1,5%) = <1 - 231> - (1 - 2511)24“(5 _1),

and, for any j > 1,
L(Symjf X 2078 - 1)
3Asymi (2) - Asymi (2) 2 i
(39) = (1 — ;Si{) (1 — SyQSJ_f1> L(sym’ f,s — 1).

By following the similar approach as in [15, Section 3], for 7,5 > 1 being any
fixed integers, we can also derive that

L(sym'f x sym’g ® Xo,s — 1)

—1 2
(40) _ (1 . 3)‘symif><symjg(2)> (1 _ )‘symifxsymjg(z))
92s—1 92s—1

- L(sym'f x sym’g, s — 1).

Indeed, we can evaluate the main term explicitly as follows. From [24]
(1.11)], we learn that ((s) has a Laurent expansion at the simple pole s =1

C(s) = 5 + 0+ D (s — 1))

n=1
where 7;, 7 > 0 are suitable constants. In particular, g is the Euler-Mascheroni
constant. By the Leibniz’s rule and the Cauchy residue theorem, along with

, we obtain
$8
" Pa,, a,,-1(log ) = 8 Res {$el,e2(8)s}

‘,ES
= 8 Res {Fgl,eg (8)Hey 0,(5) }
s=2 S

B 4(—1/2)A0 e
— (Ap Ay, - 1)

C(Q)Ael Ay, (L(Symﬂl 1 2)L(Sym2€1f ® %07 1))14182
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. (L(Sym%Qg, 2)L(Sym2€2g ® 5507 1))‘4@1

[T (Elsym®f,2)L(sym® f @ Xo, 1)) 42

1<i<ty—1

H (L(Smejg, 2) L(sym* g @ Xo, 1))‘4’51022 ()
1<j<br—1

H H (L(sym%f x sym? g, 2)
1<i<t —1 1<j<lz—1
- L(sym® f x sym* g © Xo, 1))
H (L(Sym2€1f % Syrn2jg, 2)L(Sym2€1f % sym2jg ® %0? 1))022 (4)
1<j<to—1
[T (Lsym?f x sym2g,2) Lisym® f x sym*2g & %o,1)) "
1<i<t,—1
- (L{sym™ f x sym*2g,2) L(sym®* f x sym*2g @ Xo,1)) Hy, 1, (2)
. x2(10g x)A51A5271 _|_ e + Cf7gx2,

Cley () Coy (4)

and Cy 4 is some suitable constant depending on f,g and various associated
L-functions.

Now, we need to estimate the integrals Ji, Jo and Js. For simplicity, we

rephrase Dy, ¢4,(s) defined by as

(41)

Dy, 4,(s) = ¢(s) 02 L(sym? f, 5) 42 C1 D [ (sym?g, 5) 0“2 (1)

- L(sym®* f x sym®2 g, s)Fy, 4, (5),

where Fy, ¢,(s) is explicitly defined by

Foy 05 (5) = L(Symyl /5 S)AZ2L(Sym2€297 S)Aél

(I tomtrne)

2<i<f—1

( I1 L(Syijg,S)A‘IC@(")>

2<j<br-1

H H L(Sym%f X symzjg, 3)021(1')022 )
1<i<b—11<j<br~1

[T ZLsym®*f x sym™g,s)%0)
1<j<t—1

H L(sym? f x sym??2g, 5)¢00),
1<i<t;—1
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It is not hard to find that Fy, ¢,(s) is an L-function of degree

. oli1+4
9oy 65 1= 20+6 A51A52

(42)
— (201 +1)(265 + 1),

—3(40,Cr, (1) + A, Cpy (1))

where Aj, Cj(r) (1 <r < j— 1) are constants defined as in (21)).
For the integral over the vertical segment Ji, by Lemma [2.T] and Holder’s

inequality, on noting 7, we have

8 a+1T xs
J=— —dt
1 27TZ /Q{_ZT SZMEQ(S) s
12 T 51 1 12
< x7+5/ ’DM? <7 +z‘t>t dt +x7 1
1
w, 5\ [AaAn—d
L x7T  sup sup |C| = +it
1<Ty<T/2 Ty <t<2T} 7
,. 5 Apy Coy (1) , 5 Apy Coy (1)
-|L symf,?—i—zt L symg,?—i—zt
1 1 14 12,
'Il(T1)3IQ<T1)213(T1)6T1 +x7 s
where
2Ty 5 12
Il(Tl) ZZ/ <<+Zt> dt,
T 7
2Ty 5 2
IQ(Tl) = / ‘7:@1,(2 ( + Zt) dt,
T 7
2Ty 5 6
(43) I3(T) = / L(sym%f x sym2“2g, - + it) dt.
T
By virtue of and , we have
L(Th) <. T,
2
I(Ty) g T2,
and
2Ty 5 312
Is(T) = / L(sym%lf x sym>‘2g, - + it) dt
Ty

< T1(2£1+1)(2£2+1)x3x%+5

S (20 2y+1
< Tf( 1+1)(202+1)+¢

9
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where gy, ¢, is defined as in . Therefore, by invoking , and the
above estimates, we obtain
5
4<7 " it>

AgyCo, (1)

2,9 , . 2 O .

(44) -|L{ sym f,?—{—zt L{ sym g,?+zt
. Il(Tl)%IQ(Tl)%Ig(Tl)%Tl_I +£L'1772+£

< x%JFETng’eQ —1+£.

Agy Agy—4

L2
S <7 sup sup
1ST1ST/2 Ty <t<2Ty

Ag, Co, (1)

Here, ggl ¢, 1s the exponent defined as

~ 13 16 1
efl,ég = EA&AEQ + Zg(Af2CK1(1) + Aflcez(l)) =+ ?gZLeQ
(45) 1 1
—(2 1)(2 1) — —.
+-20+1)26+1) - &

For the integrals Jo and Js, by using Lemma , and ,
along with 7, we have

2+e
Jo+ J3 < / |Epy 0, (0 +4T)2° T~ do

12
7

< sup a:H"‘C(a—HT)‘A“A"'Q
<o<l+e

. ‘L(smef,a—i—z‘T)‘ )‘L(smeg,ajLiT

. ‘L(sym%f X smebg, o+ iT)Fo, 0,(0 +1iT) ‘Tﬁl
1:2—&-5

5
7

Ay Cpy (1 )‘Azl Cry(1)

(46) < + J;%+€Tp41752—1+5’

where py, ¢, is given by
16 1
per bz = 79 (AuCn (1) + An Ci (1) + =90 65
1
+ ?(261 +1)(20 4+ 1).
Putting all equations , and together, we obtain
Spg(w;ly, la) = x2PAe1Ag2—1(IOg x)

.’L‘2+E L2400, —1+e
+ Of7975 T + T T 12 :

(47)

(48)

2

Taking T = 1‘7541’[2 in 7 it leads to
Spg(w; b1, b2) = xQPAzlAez—l(log T) + Of,975($2_951’42+6)7
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2

where 9(17£2 = m
1,2

4. PROOF OF THEOREM

From , we know that
Spg(ws 1, 6a) = > AT (n)A22 (n) (I (n) — v1(n))

n<lz
=16 _ A (n)AZZ(n)l(n) — 4 AT ()A22 (n)v(n)
n<lx n<x
(49) =81 + Se.

First, we treat the sum S;. By applying Perron’s formula and Lemma we
get

S =Y A1 ()N ()l (n)

n<x

16 n+iT e p3te
50 = (5] —d 0] —_—
(50 o [ e D+ 0p, (1),

where 7 = 3+ ¢, and 6 S T = T* < x is some parameter satisfying (31)) to
be determined later. We note that the utilization of Lemma [2.5] in handling
the integrals over the horizontal segments can be ensured by the choice of the
parameter T', which is taken as a positive power of sufficiently large x.

By shifting the line of integration in equation to the parallel line

with R(s) = 3 := %, and appealing to Cauchy’s residue theorem, we obtain

S = 16Re§{®€1 22( )x }

B+iT n+iT s
& —d
27”{/ /ﬂ+zT /ﬁz } fata(5) s
3+5
JrOfga( T )

. p3te
(51) = x3PA21A£2_1(log x)+ L+ I+ 134+ Of 4, (T)’

where Pj* (t) denotes the polynomial in ¢ with degree j. Here, the only pole at

s = 3 of order Ay, Ay, coming from the factor (s — 3)*a 4% contributes the
main term 23P% , _,(logz). To be more precise,
21 Ay

. x® i
PPy 2llog) = 168es 00,1, b = 10Res { Gy (9], ()7 }
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16 o 5 }
= L(3, x) 4% (L(sym?* f,1)L(sym?*" f @ x, 3
3- (AelAfz - 1)' ( ) ( ( ) ( ))
' (L(Sym%g, I)L(Sym%?g X, 3))‘451
[I (Clym®f)Lsym? f o x.3)) "0
1<i<t1 -1

H (L(Syijg, 1)L(sym2jg ® X, 3))’4510‘52 ()
1<j<la—1

I1 I (Z(sym™f x sym¥g,1)

1<i<t—11<j<lr—1

Agg

. L(Sym27,f X Sym2jg ® s 3))021 (’L)CZQ(j)

[T (Eeym®fxsym¥g, 1) L(sym® f x sym¥g ® x,3)) ="
1<j<t-1

[T (LGsym®f x sym*2g, 1)L(sym® f x sym*g  x,3)) ")
1<i<é1 -1

(L(sym™ f x sym®™2g, 1) L(sym™ f x sym*g ® x,3)) H}, 1, (3)
2P (logz)Aadne =l 44 6f’g$37

and C~’f,g is some suitable constant depending on f, g and various associated

L-functions.

For the contribution of vertical line integral I;, by Lemma[2.2]and Holder’s
inequality, together with (30)), (32)), with I (1), Io(T1) and I3(T}) defined the
same as in , we have

16 B+iT 8
L =_— ® Zdt
1 o7 6T 41,82 (S) s

T
5 .\,
< CC179+5/ ‘Deh@ < +Zt>t 1
1 7
19 5 .
<Lz7T  sup sup | < + zt)
1<T1<T/2 Ty <t<2T) 7

5 Az2Cgl (1) 5
oot )

(T3 I(T1) 2 I3(Ty) ST + 27+

dt + ;c179+5

Agy Agy—4

Apy Coy (1)

(52) < aTrerln e

where 5,51752 is the exponent defined as ([45).
For the integrals over the horizontal segments Io and I3, using Lemma|2.2
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. and (35)), with F, s, (s) defined as in , we have

3+e
L+ 13K [9 }Gelb((f + iT)xGT_l‘do-
T
< s a|c(o i) | L(symi g 4 i) 20D
S<o<l+e

: ‘L(sym2g, o+1iT) ‘Allcﬁ?(l)

: ‘L(sym%lf x sym*2g, o +iT)Fy, 4, (0 +iT) ‘T‘l
x3+€

(53) < T Tt

where py, ¢, is determined by .
Therefore, inserting the estimates (52)) and (53 into ( ., we obtain

3+e
% 19 _ T
(54) S = $3PAe1Aez—1(log 2)+ Ofge <5U P e e —Tte + T> )

where 541752 is defined as in ({45]).

_ Similarly, we can also handle the sum Sz. By applying Perron’s formula
to &y, 4,(s) given by (28)), shifting the line of integration to the parallel line
with R(s) = 5 := %, and invoking Cauchy’s residue theorem, we are led to

Sy = Z )\?fl (n))\zg2 (n)vi(n)
n<x
4 n+iT

p3te
= 27_(_2 ®£17‘€2( ) d8+0f795< T )

BJ"ZT 77—‘,—1T S $3+€
(G ds+ O —
27_(_2{/ /ﬁ+lT /77‘ } £1£2 ) s 8+ f7975< T )

3+E
(55) =F1+Ey+E3+ 044, <T>’

where  =3+¢,and 6 <T =T* < z is some parameter satisfying (31) to be
chosen later. In this case, the integrand (’541,@2( )~ has no s1ngu1ar1ty in the

region —8 <o <7,-T <t <T, since éeth(S) is analytic in this occurrence.
Now, we are ready to handle the three integrals Fq, Fo and FE3. For
simplicity, we define
A
D}, 4, (s,x) = L(s, x)*1 2 L(sym® f ® x, s)*2 L(sym®? g ® x, s)*0
H L(SmeZf ® X, S)Aézoél (%)
1<i<f;—1

I[I ZLeym¥gex,s)taced)
1<j<t-1
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26

H H L(sym? f x sym¥ g @ x, s)Ct (0Ce0)

1<i<l—11<5<Ul>—1

[T ZLeym®f xsym¥g@x,s)“:0)

1<j<tr—1

H L(sym? f x sym*2g @ y, )¢

1<i<t—1

- L(sym?“ f x sym

209

gRX,s)

= L(s, X)AﬁAé’z L(symzf R X, S)Aezcél (1)

- L(sym?g ® x, s)A1 %2 L(sym?“ f x sym®?2g ® x, 5)

: gfhez (37 X)'

where x is the non-principal Dirichlet character modulo 4, and the constants
A;,Cji(r) (1 <r <j—1) are given by . Clearly, the L-function Gy, 4, (s, X)

is of degree gg, ¢, defined as in ([42).
For simplicity, we define

2T1 5
El(Tl) = / L( + it,X)
T 7

2Ty 5
EQ(Tl) = / gfl,ﬁg <7 + Zt? X)
Ty

h 20, 205 5 .
Es(Ty) := L sym“' f x sym“2g ® x, = + it

T

12
dt,

2
dt,

6
dt,

7

and in view of Lemma and , we get

Ei(Th) < T},

2
Ey(Ty) < Ty '™,

[¢]

E3(Ty) < Ty

(2€1+1)(2£2+1)+6

)

From Lemma [2.3] applying Holder’s inequality, together with Lemma[2.8]
the contribution of the vertical line integral F; can be bounded by

4 B+iT _ 8
b= — (o] s)—dt
1 27TZ B_iT 61762( ) s
T
)
<7 / Dy, 1, (7 +1t, X> ¢ dt + 27t
1

" 5 Agy Agy—4

Lx7 sup sup |L| -+t x
1<Ty<T/2 Ty <t<2T) 7
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Ap, Cpy (1) Agy Co, (1)
7
1 1 10 19,
. El(T1)3E2(T1)2E3(T1)6T1 +ax7
(56) < $L$+€T§[1’22_1+€,
where 5@1752 is defined by (45).

From Lemma by appealing to Lemma and , the integrals over
the horizontal segments I5 and I3 can be dominated by

7

5 5
-‘L<sym2f®x,+it> L<sym2g®x,+it>

3+e
Ey+ B3 < ﬁg |G}, 4, (0 +iT)2" T~ do
T
< sup 2°V7|L(o +4T, X)‘A“AZ?
S<o<l+e

’ ’L(Symzf X X,0+ ’L'T)’Abczl(l) }L(Sym2g X, 0 + Z»T)|Aelcz2 (1)
. ‘L(sym%lf x sym?*2g @ x, 0 + iT)Go, 4, (0 + 4T, X)‘T_l
3+e

(57) < T faPrerram e

where py, 4, is exactly the same as given by . Hence, by inserting and
(57) into (55)), we obtain

~ 3+e
(58) S2=0Ojy, <l’l7g+{':T€el’é21+E + xT)’

where 5@1752 is defined as in (45).
On combining , and , we can get the asymptotic formula

§f7g(x7 »617 62) = xgpxzﬁlAfg_l (log x)

(59) ., 5 x3te
9] 7+€T6£1’e2_1+6 <
+ f7g7E <ZB + T )
where ggh@ is given by (A5)). On taking T = 2”412 with Vo, 0y = _2__in (59),

79@1’42
we can obtain the desirable asymptotic formula

Spola; by, b) = xSPZelAe2—1(10g ) + Of,97a($3_ﬁel’€2+€)-
This completes the proof of Theorem
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