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In this paper, we successfully establish a Courant-type nodal domain theorem
for both the Dirichlet eigenvalue problem and the closed eigenvalue problem
of the Witten-Laplacian. Moreover, we also characterize the properties of the
nodal lines of the eigenfunctions of the Witten-Laplacian on smooth Riemannian
2-manifolds. Besides, for a Riemann surface with genus g, an upper bound for
the multiplicity of closed eigenvalues of the Witten-Laplacian can be provided.
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1. INTRODUCTION

Let (M™,(-,-)) be an n-dimensional (n > 2) complete Riemannian mani-
fold with the metric (-,-). Let & C M™ be a domain in M", and ¢ € C°(M")
be a smoothﬂ real-valued function defined on M". In this setting, on 2, the
following elliptic operator

Ay=A—(V$, V)

can be well defined, where V, A are the gradient and the Laplace operators on
M™, respectively. The operator A, with respect to the metric (-, -) is called the
Wztten Laplacian (also called the drifting Laplacian or the weighted Laplacian).
The K-dimensional Bakry— Emery Ricci curvature RlCd) on M™ can be defined

as follows i d
Ricg := Ric 4+ Hess¢ — %

where Ric denotes the Ricci curvature tensor on M™, and Hess is the Hessian
operator on M™ associated to the metric (-,-). Here, K >nor K =n if ¢ is a

! In fact, one might see that ¢ € C? is suitable to derive our main conclusions in this
paper. However, in order to avoid putting too much attention on discussion for the regularity
of ¢ and follow the assumption on conformal factor e~ for the notion of smooth metric
measure spaces in many literatures (including, of course, those cited in this paper), without
specification, we prefer to assume that ¢ is smooth on the domain €.
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constant function. When K = oo, the so-called oco-dimensional Bakrnymery
Ricci curvature Ricy (simply, Bakry-Emery Ricci curvature or weighted Ricci
curvature), can be defined as follows:

Ricy := Ric + Hessg.

These notions were introduced by D. Bakry and M. Emery in [2]. Many in-
teresting results (under suitable assumptions on the Bakrnymery Ricci cur-
vature) have been obtained; see, e.g., [9,/11-13]. Besides, we refer readers to
[7, Section 1] for a nice introduction about the motivation, the meaning, and
the reason why people considered geometric problems under the assumption of
Bakrnymery Ricci curvature bounded.

For a bounded domain  (with boundary 02) in a given complete n-
manifold M™, n > 2, consider the Dirichlet eigenvalue problem of the Witten-
Laplacian as follows

(1) {A¢u+/\U—O inQcC M",

u=0 on 0},

and it is not hard to check that the operator Ay in is self-adjoint with
respect to the following inner product

(2) (71, ha) ::/hlhgdn:/h1h26_¢dv,
Q Q

hi,he € Wol 2(2), where dn := e~ ?dv with dv the Riemannian volume element
of M™, and /V[701 2(Q) stands for a Sobolev space, which is the completion of the
set of smooth functions (with compact support) C§°(€2) under the following
Sobolev norm:

- 1/2
3) Ml = ( [ s+ [ !Vf|2d77> .

Clearly, if ¢ = const is a constant function, then A, degenerates into the
Laplacian A, and becomes the classical fixed membrane problem (i.e., the
Dirichlet eigenvalue problem of the Laplacian). Since Ay in is self-adjoint

with respect to the inner product (-, ), it is natural to ask:

o Whether or not Ay in has some similar spectral properties as the
Dirichlet Laplacian defined in Q C M™?

The answer is affirmative. For instance, as we have pointed out in [7, Sec-
tion 1] or [10], using similar arguments? to those of the classical fixed mem-
brane problem of the Laplacian (i.e., the discussions about the existence of

2 In fact, as explained in [7}[10], if one wants to get similar spectral properties for the
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discrete spectrum, Rayleigh’s theorem, Max-min theorem, Domain monotonic-
ity of eigenvalues with vanishing Dirichlet data, etc. Those discussions are
standard, and for details, see, for instance, [5]), it is not hard to know:

e The self-adjoint elliptic operator —Ay in only has discrete spectrum,
and all the eigenvalues in this discrete spectrum can be listed non-decreasingly
as follows

(4) 0 < ALo(Q) < A2.p(2) < A3 () < --- T +00.

Each eigenvalue \; 4, i = 1,2,..., in sequence (4) was repeated according to
its multiplicity (which is finite and equals to the dimension of the eigenspace
of Ai¢). By applying the standard variational principles, one can obtain that
the k-th Dirichlet eigenvalue i 4(€2) can be characterized as f0110W5E|

A Jo |V fPe%dv 51,2 _
5) Apoe(Q) =infq =2———— Wy (22 0 e %dv =07,
( ) k,¢( ) m { fo2€_¢d’U f € 0 ( )7f7é 7/fo€ v
where f;, i = 1,2,...,k — 1, denotes an eigenfunction of \; 4(€2). Moreover,

the first Dirichlet eigenvalue A; 4(2) of the eigenvalue problem satisfies
f Q ‘Vf |2d77

Jo f2dn
If the bounded domain 2 C M™ does not have boundary, then the closed
eigenvalue problem of the Witten-Laplacian

(7) Apu+Au =0 in

(6) o) = nt{ ]f e W), £ 0},

can be considered. Similar to the Dirichlet case, it is not hard to know:

e The self-adjoint elliptic operator —Ay in only has discrete spectrum,
and all the eigenvalues in this discrete spectrum can be listed non-decreasingly
as follows

(8) 0= 254 < AT 4(Q) A5 4(Q) <AG4(Q) <+ 1 oo,

It is easy to see that the first closed eigenvalue Af ¢ = 0 is simple and its
eigenfunctions are nonzero constant functions. Each nonzero eigenvalue )\; &
1 =1,2,..., in sequence was repeated according to its multiplicity (which
is finite and equals to the dimension of the eigenspace of )\f, ¢). Applying the

Dirichlet Witten-Laplacian, the key point is using the weighted Riemannian volume element
dn = e~ ?dv to replace the usual one dv in proofs of those spectral properties of the eigenvalue
problem of the Dirichlet Laplacian. Of course, one needs to check carefully whether or not
every step still works for the weighted case.

3 For simplification and without specification, in the sequel, we prefer to write \;,4(Q) as
Xi,g. Similar things are done for the closed eigenvalues A{ ;(Q2) too.
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standard variational principles, one can obtain that the k-th nonzero closed
eigenvalue Af ;(€2) can be characterized as follows:

V f|2e~%d o~
(9) A e()) = inf{W fewh(Q), f # 0,/ ffie %dv = 0},
Q

where f;, i =1,2,...,k—1, denotes an eigenfunction of A ¢(Q) Moreover, the
first nonzero closed elgenvalue A 4(€) of the eigenvalue problem satisfies

[V f[2dn
10 (e nf{ Jo
( ) l,d)( ) J‘Q f2d
Here, WLQ(Q) is the admissible space of the eigenvalue problem (|7} , and is ac-
tually the completion of the set of smooth functions C*°(£2) under the Sobolev

norm .

Of course, for a bounded domain with boundary, similar to the Laplacian
case, one can also propose the Neumann eigenvalue problem and the mixed
eigenvalue problem for the Witten-Laplacian. One can see, e.g., [6}7], for
some interesting spectral properties of the Neumann eigenvalue problem of the
Witten-Laplacian.

Maybe one might find previous contents (i.e., the existence conclusion on
discrete spectrum and also the characterizations of eigenvalues of the eigenvalue
problems and of the Witten-Laplacian) in other literatures (not ours),
but for the completion of the structure of this paper and also for the convenience
of readers, here we prefer to write them down.

In order to state our main conclusions clearly, we need the following
concept, which can be found, e.g., in [5].

Definition 1.1. Let f : M™ — R € C°. Then the nodal set is the set
f7Y0], and a nodal domain of f is a component on M™\ f~1[0].

’feW” fyéO/fe ¢dv—0}

For the eigenvalue problems and , first we can get the following
Courant-type nodal domain theorem.

THEOREM 1.2 (Nodal domain theorem for the Witten-Laplacian). As-
sume that €2 is a regular domain on a given Riemannian n-manifold M™.
For the Dirichlet eigenvalue problem (1)), its eigenvalues consist of a non-
decreasing sequence (4)). Denote by f; an eigenfunction of the i-th eigenvalue
Nig, © = 1,2,3,..., and {f1, f2, f3,...} forms a complete orthogonal basis of
EQ(Q) Then for each k =1,2,3, ..., the number of nodal domains of fi is less
than or equal to k. Similar conclusion can be obtained for the closed eigenvalue
problem (7)) as well, that is, for each k =0,1,2,3, ..., the number of nodal do-
mains of an eigenfunction of the k-th closed ezgenvalue A% ko 1S less than or
equal to k + 1.
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Remark 1.3. (1) As the Laplacian case, one could also try to get Courant-
type nodal domain results for the Neumann eigenvalue problem and the mixed
eigenvalue problem of the Witten-Laplacian (by using a similar argument to
the one given in Section . However, in this paper, we just focus on the
Dirichlet eigenvalues and closed eigenvalues of the Witten-Laplacian.

(2) Maybe spectral geometers have already known the conclusion of The-
orem but for the completion of the structure of this paper, we still write
it down formally. Another reason is that in another recent work [6], we have
used the conclusion of Theorem[I.2)to get the Hong-Krahn-Szegd type isoperi-
metric inequalities for the second Dirichlet eigenvalue of the Witten-Laplacian
on bounded domains in both the Fuclidean spaces and the hyperbolic spaces.
By making necessary changes to the proof of Courant-type theorem for the
characterization of nodal domains to eigenfunctions of the Laplacian in the
Riemannian case given by Bérard—Meyer (3], one might get our proof of The-
orem [L.2 shown in Section 2

Second, we can get several interesting properties concerning the nodal set
and the multiplicity of eigenvalues.

THEOREM 1.4. Assume that M? is a smooth Riemannian 2-manifold
without boundary (not necessarily compact). If a smooth function f € C*°(M?)
satisfies (Ag+h(z))f =0, h € C®(M?), then except for a few isolated points,
the set of nodes of f forms a smooth curve.

COROLLARY 1.5. Assume that M? is a Riemannian 2-manifold. Then,
for any solution of the equation (Ay + h(x))f =0, h € C*°(M), one has:

o The critical points on the nodal lines are isolated.
o When the nodal lines meet, they form an equiangular system.

e The nodal lines consist of a number of C?-immersed closed smooth
curves. Therefore, when M? is compact, they are a number of C%-immersed
circles. A C?*-immersed circle means ®(S'), where ® : S — M? is a C?
1MmMersion.

THEOREM 1.6. Suppose that M? is a compact Riemann surface of genus g.
Then the multiplicity of the i-th closed eigenvalue )\ﬁd)(MQ) is less than or equal
to (2g+i+1)(29+i+2)/2.

This paper is organized as follows. The proof of Theorem is given in
Section [2 The proofs of Theorems [I.4] and and Corollary [I.5 are shown
in Section [3
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2. PROOF OF THEOREM

We divide the proof of Theorem into two cases:

Case 1. When fi’s nodal domains are normal domains;

Case I1. When there is no assumption made on the nodal domains, we only
discuss the closed and Dirichlet eigenvalue problems of the Witten-Laplacian,
i.e., the eigenvalue problems and .

For Case I, let G1,Ga,...,Gk,Gg11, ... be the nodal domains of fi, and
define

vj = filg,, on G

and
; =0, on 2\ G
for each j = 1,2,...,k. It is not hard to know that there exists a nontrivial
function
k
(2.1) F = Zajgoj
j=1
satisfying
(Jrvfl) = (-F7f2> == (—F7fk—l) :01
which is equivalent with
k —_—
(2.2) > ailps f)=0, I=12... k-1
j=1
In fact, if one treats o, ..., oy as unknowns and (¢j, f;) as coefficients, then
system (2.2) has more unknowns than equations, which implies a nontrivial
solution (aq, 9, ...,ax) must exist. Then using a very similar argument to

the proof of Rayleigh’s theorem of the Laplacian (see, e.g., [5, Chapter I]), one
can obtain

< Jo IVF 12dn
= JqF?dn
On the other hand, by the definition of F (i.e., (2.1])), it is not hard to see that

(2.3) Ao (§2)

K Yo
Jo|VFPdy 35 Jo i VejaVadn 2ii=1(22 Ja, 05V @iV indn)
Jo F2dn et Jo jeiaupidn 3511 (O Jo, aieioupudn)

k
B D oie fGi O‘?’V@i‘Qd”
- k

Yic1 Jg, oieidn

(2.4)
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Since for each 7 = 1,2,...,k, by the divergence theorem and the definition of
©;, it follows that

—/ <PiA¢4Pid77:/ \V%"QdUZ/\k,cp/ pidn,

combining this fact with yields
JoIVF |2dn
Jo F2dn

Therefore, from and , one easily knows that F is an eigenfunction
corresponding to Ay 4, and F|g, ., = 0. Then using the maximum principle of
the second-order elliptic PDEs to system , it follows that F = 0 in 2. This
is a contradiction. So, this completes the proof of the assertion of Theorem
for Dirichlet eigenvalues of the Witten-Laplacian in Case 1.

Making suitable minor changes to the above argument, one can get the
nodal domain result for closed eigenvalues of the Witten-Laplacian directly.

In Case II, the divergence theorem cannot be directly used for calcula-
tions. Therefore, we first need to establish an integral formula for the nodal

(2.5) = Aho

domains of eigenfunctions.

LEMMA 2.1. Assume that v € C?, v € C', and D is a nodal domain of
the eigenfunction u. Then, we have

—/ UA¢udn:/ Vu - Vudn.
D D

Proof. We may assume that w is positive in D. For each € > 0, define
D, :={x € D|u(x) > €} and a function u, as follows:

U — €, in D,
(2.6) Ue = .
0, otherwise.

Assume that {¢;} is a non-increasing sequence of regular values of u, and ¢;
approaches 0 as i tends to infinity (by the way, the existence of this sequence
can be assured by Sard’s theorem). Let u; = ue,, D; = D,,, and 0D; be the
smooth boundary of D;. Applying Green’s formula to D;, we have

(2.7) —/ UA¢uid77:/ Vu; - Vodn.

k3

Using (2.6) and (2.7)), one can further obtain

—/ UA¢ud17—/ Vv-Vudn' = ‘/ ’UA¢Ud77—/ VA guidn—
D D D D;

/ Vu; - Vudn + / Vo - Vudn’
D; D

k3
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< ‘/ quwdn‘ + ’/ Vo - Vudn‘
D\D; D\D;

(2.8) < c|D\ Djg,

where ¢ is a positive constant, and |- |4 stands for the weighted volume of
a prescribed geometric object. Since D = |J;2, D;, it is easy to know that
|D \ D], tends to 0 as i tends to infinity. This fact, together with (2.8)),
implies the conclusion of Lemma directly. [

LEMMA 2.2. Assume that u is an eigenfunction of the eigenvalue prob-
lem . Let A be the eigenvalue corresponding to u, and D be a nodal domain
of u. Then, we have X = Aj 4(D), where, by the convention of the usage of
notations in Section M 6(D) naturally denotes the first Dirichlet eigenvalue
of the Witten-Laplacian on D.

Proof. Tt is not hard to see that the eigenfunction u is at least C2. By
applying Lemma [2.1] one has

3 [ty == [ usudy= [ [VuPdn = [ [VuPdyz 00 [
D D D D¢ D,

with the domain D, and the function u,. constructed as we see in the proof of
Lemma Due to the fact that D, C D, and using the Domain monotonicity
of Dirichlet eigenvalues of the Witten-Laplacian (see, e.g., [10, Lemma 1.5)),
one knows WOM(DE) C WOM(D) and A 4(De) > Aj 4(D). Therefore, it follows
that

)\/ u?dn > )\m(D)/ uldn.
D Jp.

Then, letting u. approach u in the sense of L?, one has
(2.9) A > A o(D).

On the other hand, define a positive function v, € /Wol 2(D,) which satis-
fies the equation Agve = —Aq ¢(De)ve. Using the fact that u is an eigenfunction
of A directly yields

(2.10) —/ UEA¢udn—)\/ veudn.
D, D.

Since the boundary 0D is smooth, applying the Green’s formula, it is not hard

to get
v,
— veAgudn = — uAyvedn + u——=dn
. D. op, OV

Ov,

(2.11) :)\1’¢(D6)/ uvgdn—k/ u—=dn,
D. op. OV
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where I/ denotes the outward unit normal vector field along 0De. Since %”Vf <0,
we have from equations (2.10]) and ( - ) that A\j 4(De) > A. For any positive
number a > 0, by using the characterization @ with = D, there should
exist p € C°°(D), which is compactly supported on D, such that

2
)‘1,¢>(D> > inf{W’} _
[ p?dn

Based on the choice of the function p, there must exist ¢ > 0 for which
supp(p) C D, and then by using the characterization @ with Q = D,, one

gets A1 g(De) < 1nf{fD IVP'
€ > 0 such that
(2.12) Mp(D) > M g(De) —a > X —a.

Combining equations (2.9)) and (2.12)), using the fact that A\; 4(D) is increasing
with respect to €, and the arbitrariness of a > 0, one can easily obtain that
Mo(D)=X 0O

77} directly. So, for a given a > 0, there exists

ulpp = 0, then u € WOM(D). So, using Lemmas and and a similar
argument to the proof of Case I, we can get the nodal domain theorem for the
Witten-Laplacian in Case II.

As one knows that if D is a bounded domain, u € Wl’ﬁ?) NC%D) and

3. NODAL LINES AND MULTIPLICITIES OF EIGENVALUES
OF THE WITTEN-LAPLACIAN

Assume that f satisfies the equation (Ay + h(z))f =0, h € C®°(M™"),
and assume that xq is a zero point of f(x), i.e., f(z¢) = 0. So, one can assume
that M™ locates within a small neighborhood of 3. We use normal coordinates
around zg and hence, we can assume we are working in a small open set of the
origin of R™. Using the results of N. Aronszajn [1], f can only vanish up to
finite order around the origin. Hence, by L. Bers’ main result in [4] (see also
[8, Theorem 2.1]), it follows that

(3.1) f(z) = Px(z) + O(Jz|*),

where Py is a homogenous polynomial of degree N and € € (0, 1). Besides, Py
also satisfies the osculating equation at the origin. Since the normal coordinates
around xg have been used, Py should be a spherical harmonic polynomial of
degree N. In other words, Py satisfies

<Z 66; )PN( ) =0.

i=1
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If N =1, Py(x) is a linear polynomial and df (0) # 0, the set of nodes around 0
is a smooth curve. Below, we discuss the case that N is strictly greater than 1.
First, we need the following result.

LEMMA 3.1 ([8, Lemma 2.3]). Assume that Py is a homogeneous har-
monic polynomial of degree N, N > 1. Then the set of nodes of Pn(x) around
the origin has a singularity at 0.

We also need the next lemma.

LEMMA 3.2 ([8, Lemma 2.4]). Suppose that f and p are smooth function
in R,

of(x)  Op(x) N—l+e
>
oz, oz, + O(|x| ), N>1, e€(0,1)
O 0)=0, 0<v<N -1
oz m

and

|Vp| > const|z| V1.

Then there exists a local C* diffeomorphism ® fizing the origin such that
f(z) = p(2(x)).

Proof of Theorem[L.4] The nodal set at the origin for Py is equal to
{tx : t > 0,Pn|si(z) = 0}. Assume that 7 is a set consisting of single points,
and then Py (0)\ 7 = 7o is a smooth curve. Therefore, by Lemma we can
obtain that

“10)\ & (m) = B (70)

and ®~1(vp) is C! curve. Assume y € ®~1(vp), and then we have f(y) = 0 and
®(y) € 70- So, by L. Bers’ main result in [4] (see also [8, Theorem 2.1]), we
have f(x) ~ Py (x) around the point y for some N > 0. Assume that N > 1.
Because ®!(7g) is a C! diffeomorphism in a small neighborhood near y and
the nodal set of Py near the origin is C" diffeomorphic, but Lemma shows
that if N > 1, then Py should have singularity at 0, which contradicts with the
fact that @1 (70) is a C* smooth curve. This means our assumption cannot
be true, and so N =1. Summing up, ®~!(7p) can only be a smooth curve,
which completes the proof of Theorem [I.4 [

The assertions of Corollary [I.5] can be obtained by directly applying The-
orem [L.41
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At the end, we would like to give a characterization to multiplicities to
the closed eigenvalues of the Witten-Laplacian on compact Riemann surface
with genus g. However, first we need the following proposition, which is a
direct consequence of Theorem

PROPOSITION 3.3. Assume that M? is a compact 2-dimensional smooth
manifold with or without boundary. We have:

(1) If the boundary OM? # 0 is non-empty, then the number of nodal
domains of the i-th Dirichlet eigenvalue \; 4 is less than or equal to i;

(2) If OM? = (), then the number of nodal domains of the i-th closed
ergenvalue )‘?,aﬁ 1s less than or equal to i + 1.

We also need the following lemma.

LEMMA 3.4 (|8, Lemma 3.1]). Assume that M? is a compact Riemann
surface with genus g, and v; : S — M? is a closed C' curve on M?. If
i (SY) Np(SY), i # k, consists of only a finite number of points, then

M2\ 1(SH) U+ Uthge(S)
is at least (t 4 1)-connected.

Assume that v is an eigenfunction of )\2 & If ¢ is a zero point of u (i.e.,
u(xo) = 0), and the zero order of xq is k, then by Corollary we know that
there are k nodal lines starting from x¢. So, if k > 2¢g + 7, then by Lemma [3.4]
one has that M? is at least (i + 1)-connected. However, by Proposition
M? should be at most i-connected. This is a contradiction, and then we have
k <2g+1.

Proof of Theorem [1.6] We first prove the case g = 0 and i = 1. Based on
the previous argument about the order of the zeros of eigenfunctions, the order
of vanishing on the nodal lines is less than or equal to 1. If the multiplicity
of the first eigenvalue Af ,(M 2) is 4, then we can find 4 linearly independent
eigenfunctions 1; satisfying

A(ﬁdjz + )‘{i,qb(MQ)d}Z = 07 i = 17 2a 3a 4.
One can find a;, b; € R, 1 <7 < 3, such that
a? + b? #0

and

(aithiz1 — biyp1)(xo) = 0.
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Notice that a;1;+1 — by, @ = 1,2, 3, are again linearly independent. Because
the tangent space is 2-dimensional, we can find 3 real numbers ¢y, ca, c3, which
are not all zero, such that

3
Z cid(ahip1 — bipr) (o) =0
i=1

and

3
> eilaitpivn — bin)(wo) = 0.
i—1

This contradicts the fact that the order of the zero point of the first non-trivial
eigenfunction at xg must be less than or equal to 1. Therefore, in the case g =0
and 7 = 1, the multiplicity of AT, ¢(M 2) is less than or equal to 3. The other
cases can be proven almost the same. This is because on R? the dimension of
the space of constant coeflicient partial differential operator of order less than
or equal to k is equal to Zfill i. The proof of Theorem is finished. [
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