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In this paper, we introduce a generalization of classical risk measures in which
the risk is represented by a step function taking two values, corresponding to two
endogenously determined market regimes. This extends the traditional frame-
work where risk measures map random variables to single real numbers. For the
quadratic loss function, we study the optimization problem of determining the
optimal regime threshold and corresponding values. In the case of log-concave
distributions, we give conditions for the uniqueness of the regime changing. We
treat the case of one dimension and also of multi-dimensions for elliptic distri-
butions. We demonstrate the necessity of convexity through counterexamples.
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1. INTRODUCTION

Risk measurement is a central topic in probability, optimization, and
mathematical finance, where the loss of a financial position is modeled by
a real-valued random variable and quantified via a real-valued functional.
A foundational axiomatic framework for such functionals was introduced by
Artzner et al. [5] through the notion of coherent risk measures, characterized
by monotonicity, translation invariance, positive homogeneity, and subaddi-
tivity. Subsequent work relaxed positive homogeneity and led to convex risk
measures (see, e.g., [10, 11]), establishing deep connections with convex anal-
ysis and optimization (cf. [10, 19]). For broader discussions and comparisons
of risk measures and for further perspectives (including dynamic aspects and
statistical considerations), see, e.g., [4, 7, 8, 12,16,18,23].

Classical risk measures such as Value-at-Risk (VaR) and Expected Short-
fall (ES) compress the distribution of losses into a single number [2]. While
such scalar summaries are useful in practice, they do not directly reflect the
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presence of different market states (e.g., calm versus stressed regimes) that
are commonly modeled via regime-switching dynamics [3,13–15] and motivate
state-dependent or dynamic risk measures [1].

In this paper, we propose and analyze a refinement of the classical setup
in which risk is represented not by a single scalar but by a simple function
with finitely many regimes. Concretely, given a loss function G : R → [0,∞)
and a class of measurable functions R̃, we consider the general approximation
problem

(1.1) f∗ = argmin
f∈R̃

E
[
G(X − f(X))

]
.

The class R̃ we consider here consists of two-regime (two-step) functions,

f(x) = α1(−∞,t](x) + β 1(t,∞)(x),

where the regime levels α, β ∈ R and the threshold t ∈ R are chosen optimally
and depend on the law of X.

Our primary focus is on the loss G(x) = x2 and the problem of finding
an optimal two-step approximation of X in an L2 sense.

This formulation is closely related to optimal partitioning and quanti-
zation, where one seeks a partition and representative values minimizing an
expected distortion; a central issue there is uniqueness of the optimal partition
(or of the corresponding Lloyd fixed point), which can fail without structural
assumptions. For log-concave (equivalently, ILR) densities, uniqueness and
convergence properties are well understood for broad classes of convex losses;
see Trushkin [21,22] and the statistical treatment of unique optimal partitions
by Mease and Nair [17] (see also Eubank’s survey [9]).

In the present paper, we focus on the two-regime case and obtain a more
explicit, quantitative description: for the quadratic loss the optimization re-
duces to maximizing an explicit one-parameter functional t 7→ fX(t), and under
log-concavity, we give conditions ensuring a unique maximizer; in the weakly-
symmetric log-concave case, we further identify this maximizer as the common
mean/median.

Our analysis focuses on log-concave distributions, a class that plays a
fundamental role in probability and analysis, and enjoys strong monotonicity
and stability properties (see [6, 20]). In this paper, we take a slightly different
perspective: we focus on the two-regime case, characterize when the optimal
threshold is unique, and identify cases where it is also explicit (namely, the
common mean/median) for weakly-symmetric log-concave laws.
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Description of the main results

� One dimension (Sections 2–2.2). We start from the general approxi-
mation problem (2.1) and show that, for convex losses, once the regime levels
α, β are fixed, the optimal regime set is a half-line (Proposition 2.1). For the
quadratic loss, this reduces the optimization to thresholds t ∈ R and yields the
one-parameter criterion

fX(t) :=
E[X, X ≤ t]2

P(X ≤ t)
+

E[X, X > t]2

P(X > t)

(see (2.5) and (2.7)). Theorem 2.3 then identifies conditions ensuring that fX
has a unique maximizer and, in the weakly-symmetric log-concave case, proves
that this maximizer is exactly the common mean/median t = µ. The treatment
here is rather elementary and completely self-contained.

� Higher dimensions (Section 3). We extend the framework to X ∈ Rd

and show that, for the quadratic loss, the optimal regime boundary is an affine
hyperplane, so it is natural to optimize over halfspaces (Proposition 3.1 and
(3.8)). For centered elliptical laws with log-concave one-dimensional projec-
tions, the halfspace optimization reduces to the one-dimensional problem along
projections, and the optimal direction is characterized via a Rayleigh quotient
(Theorem 3.7).

� Sharpness and counterexamples (Sections 3.2 and 3.3). We give ex-
plicit examples showing that without log-concavity/convexity the function fX
can have multiple global maximizers, and in dimension d ≥ 2, the halfspace
functional need not be maximized at the centered cut even when E[X] = 0.

2. THE ONE-DIMENSIONAL CASE

In this section, we introduce the main concept in the one-dimensional
case.

2.1. Problem setup

Let G : R → [0,∞) be a loss function and consider

(2.1) f∗ = argmin
f∈R̃

E
[
G(X − f(X))

]
.

where R̃ is a class of functions. Our main model in our case is the one in which
we have f = 1A for some Borel measurable A on the real line.
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The first result is about the structure of the set A which, in general, under
convexity assumptions on G must be essentially a half line.

Proposition 2.1. Assume that G : R → R is convex. Then for any fixed
α, β ∈ R, a minimizer of

A 7−→ E
[
G(X − α)1A(X) +G(X − β)1Ac(X)

]
over Borel sets A ⊂ R is given (up to P-null sets) by

Aα,β :=
{
x ∈ R : G(x− α) ≤ G(x− β)

}
.

Moreover, Aα,β is an interval (possibly empty or all of R). In particular, unless
α = β, Aα,β is a half-line.

Proof. Step 1: Pointwise minimization. Fix α, β and write the objective
as

E
[
G(X − β)

]
+ E

[
(G(X − α)−G(X − β))1A(X)

]
.

Thus, one minimizes by taking 1A(x) = 1 exactly when G(x−α)−G(x−β) ≤ 0,
i.e., by choosing A = Aα,β.

Step 2: Half-line structure under convexity. Assume α < β and set
δ := β−α > 0. For u ∈ R define H(u) := G(u+ δ)−G(u). By convexity of G,
the map H is nondecreasing. Hence {u : H(u) ≤ 0} is an interval of the form
(−∞, u0] (or empty/all), and translating back shows that Aα,β is a half-line.
The case α > β is analogous, and if α = β then every A is optimal.

This result justifies the fact that we can restrict our optimization to the
sets of the form A = (−∞, c] and thus, the class of functions is given by

f(x) = α1(−∞,c](x) + β 1(c,∞)(x).

In the rest of the paper, we restrict to the quadratic loss G(x) = x2, so
the optimization becomes

(2.2) argmin
α,β,c∈R

E
[
(X − α1(−∞,c](X)− β1(c,∞)(X))2

]
.

Before we move on, we use the following convention.

Convention. For any event A, we write

E[X,A] := E[X1A].

For fixed c (equivalently, fixed A), the optimal values are the conditional
means. Indeed, setting the partial derivatives with respect to α and β to zero
yields

(2.3) α =
E[X1(−∞,c](X)]

P(X ≤ c)
= E[X | X ≤ c],
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(2.4) β =
E[X1(c,∞)(X)]

P(X > c)
= E[X | X > c].

Plugging these back gives the reduced objective

h(c) = E[X2]− E[X,X ≤ c]2

P(X ≤ c)
− E[X,X > c]2

P(X > c)
.

Thus, minimizing (2.2) is equivalent to maximizing

(2.5) argmax
c

(
E[X,X ≤ c]2

P(X ≤ c)
+

E[X,X > c]2

P(X > c)

)
.

2.2. Continuous and log-concave distributions in one dimension

In this section, we treat a very special case of distribution for which the
structure of the optimization problem (2.1) has unique solutions and in some
particular cases is just the mean. The model we treat here is the case of random
variables X which have a log-concave density and are weakly-symmetric.

Definition 2.2. By definition, we call a density ϕ : R → R log-concave if
log(ϕ(x)) is concave. This translates into ϕ(x) = e−V (x) where V : R → R is a
convex function.

We say that the density ϕ is weakly-symmetric if the mean of ϕ is also a
median.

In other words, if µ =
∫
R xϕ(x)dx, then

∫
(−∞,µ] ϕ(x)dx = 1/2.

2.3. Examples

If we assume that ϕ(x) = 1
ZV

e−V (x) with ZV =
∫
e−V (x)dx, the normal-

izing constant, one such example of weakly-symmetric density is the case of
symmetric density about 0, i.e.,

(2.6) V (x) = V (−x), ∀x ∈ R.

In addition, if V is also convex this is an example of weakly and log-concave
density.

Particular examples of weakly-symmetric are:

U(a, b) : V (x) = log(b− a) for x ∈ [a, b], and ∞,

otherwise,

N(0, 1) : V (x) =
(x− µ)2

2σ2
Exp2(1) : V (x) = |x− µ|.
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The above examples are cases of symmetry around some real number µ,
i.e., they satisfy V (x+µ) = V (−x+µ) for all x ∈ R. In this case, it is obvious
that the median is also the mean.

However, there are log-concave distributions which are not symmetric. A
typical example is the Weibull distribution with cumulative function given by
k ≥ 0

F (x) = e−xk
for x ≥ 0

and, for a very specific k, we can show that the mean can be chosen to be equal
to the median. The point is that the mean of this distribution is Γ(1+1/k) and
the median is (ln 2)1/k. One can show that the mean is equal to the variance
for a certain value of k, because for k = 1, we have Γ(1 + 1) = 1 > ln(2) and
for k → ∞, we have Γ(1 + 1/k) ≈ 1 − γ/k ≈ 1 − 0.577/k, where γ ≈ −0.577
is Euler’s constant, and (ln(2))1/k ≈ 1− ln(ln(2))/k ≈ 1− 0.367/k which then
means that for large k, Γ(1+1/k) < (ln(2))1/k. Numerical approximation gives
that k ≈ 3.439.

2.4. Settings and the result

We consider the probability measure

µ(dx) =
1

ZV
e−V (x), where ZV =

∫
R
e−V (x)dx.

and we consider the variable X having the distribution µ. Without loss of
generality, we assume that ZV = 1, so

∫∞
−∞ e−V (x)dx = 1.

2.5. Regularity assumptions

In Section 2.2, we assume that X admits a density of the form ϕ(x) =
e−V (x) on R with V convex (so ϕ is log-concave) and

∫
R ϕ(x) dx = 1. We also

assume E[X2] < ∞ (hence E[|X|] < ∞), so all quantities in (2.7) are finite.
In the proofs below, we differentiate functions of the form

t 7→
∫ t

−∞
h(x)ϕ(x) dx and t 7→

∫ ∞

t
h(x)ϕ(x) dx.

Since a log-concave density is locally bounded and locally integrable on the
interior of its support, these functions are absolutely continuous and their
derivatives are given by h(t)ϕ(t) for all t in the interior of the support. When
P(X ≤ t) ∈ {0, 1}, the expression (2.7) is interpreted by continuity and such t
are irrelevant for the maximization problem.

The main result is the following.
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Theorem 2.3. For a random variable X of mean µ, set

(2.7) fX(t) =
E[X,X ≤ t]2

P(X ≤ t)
+

E[X,X > t]2

P(X > t)
.

1. If X has a log-concave distribution, then fX has a unique maximizer.

2. If µ is a local maximum for fX , then X must be weakly-symmetric.

3. Assume that X is a weakly-symmetric and log-concave density with
mean µ. Then fX is decreasing on the interval [µ,∞) and increasing on
(−∞, µ].

In particular, f(t) < f(µ) for t ̸= µ, thus, the unique optimizer of (2.2)
is c = µ and the minima obtained is

β
(
−1(−∞,µ](X) + 1(µ,∞)(X)

)
with β = E[|X − µ|]/2.

2.6. Some integral inequalities for convex functions

Before we provide the proof of Theorem 2.3, we introduce the key result
here which is of independent interest.

Lemma 2.4. Let V : [0,∞) → R be convex and assume

(2.8)

∫ ∞

0
e−V (y) dy < ∞,

∫ ∞

0
y e−V (y) dy < ∞.

Then

(2.9) e−V (0)

∫ ∞

0
ye−V (y) dy ≤

(∫ ∞

0
e−V (y) dy

)2

.

Equality is attained for V (y) = V (0) + λy with λ > 0.

Proof. Set, for convenience,

w(y) := e−V (y), y ≥ 0.

Since V is convex, it is locally Lipschitz on (0,∞) and hence, absolutely con-
tinuous on every interval [0, R]. In particular, the right derivative

v(y) := V ′
+(y)

exists for every y ≥ 0, is nondecreasing, locally integrable, and satisfies

V (y) = V (0) +

∫ y

0
v(s) ds, y ≥ 0.

Consequently, w is absolutely continuous on each [0, R], and for a.e. y,

w′(y) = −v(y)w(y).
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Boundary terms needed for integration by parts. From
∫∞
0 w < ∞, we

have V (y) → ∞ as y → ∞ (otherwise w would not be integrable), so w(y) → 0.
Moreover, convexity implies that v is nondecreasing; hence there exists R0 such
that v(y) ≥ 0 for all y ≥ R0, so V is nondecreasing on [R0,∞) and thus, w is
nonincreasing there. For R ≥ 2R0, we then have∫ R

R/2
w(y) dy ≥ R

2
w(R), hence Rw(R) ≤ 2

∫ ∞

R/2
w(y) dy −−−−→

R→∞
0.

This justifies the vanishing of the boundary term Rw(R) in the integration by
parts identity below.

Two integration-by-parts identities. For any R > 0, using w′ = −vw a.e.
and absolute continuity,∫ R

0
v(y)w(y) dy =

∫ R

0
−w′(y) dy = w(0)− w(R).

Letting R → ∞ and using w(R) → 0 gives

(2.10)

∫ ∞

0
V ′
+(y) e

−V (y) dy = e−V (0).

Similarly,∫ R

0
w(y) dy =

[
yw(y)

]R
0
−
∫ R

0
yw′(y) dy = Rw(R) +

∫ R

0
yv(y)w(y) dy.

Letting R → ∞ and using Rw(R) → 0 yields

(2.11)

∫ ∞

0
e−V (y) dy =

∫ ∞

0
y V ′

+(y) e
−V (y) dy.

Proof of (2.9). Denote

I :=

∫ ∞

0
e−V (y) dy, J :=

∫ ∞

0
y e−V (y) dy.

Using (2.10) and (2.11), (2.9) is equivalent to(∫ ∞

0
y e−V (y) dy

)(∫ ∞

0
V ′
+(y) e

−V (y) dy

)
≤

(∫ ∞

0
e−V (y) dy

)(∫ ∞

0
y V ′

+(y) e
−V (y) dy

)
.

Expand both sides as double integrals and symmetrize:(∫ ∞

0
e−V

)(∫ ∞

0
y V ′

+(y) e
−V (y) dy

)
−
(∫ ∞

0
y e−V

)(∫ ∞

0
V ′
+(y) e

−V (y) dy

)
=

1

2

∫ ∞

0

∫ ∞

0
(y1 − y2)

(
V ′
+(y1)− V ′

+(y2)
)
e−V (y1)e−V (y2) dy1dy2.
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Since V ′
+ is nondecreasing, (y1 − y2)(V

′
+(y1)− V ′

+(y2)) ≥ 0 for all y1, y2, hence
(2.9) follows. Equality in (2.9) forces V ′

+ to be a.e. constant, i.e., V affine:
V (y) = V (0) + λy; integrability implies λ > 0.

2.7. The proof of Theorem 2.3

Proof. We structure the proof according to the three statements in the
theorem.

We first reduce the proof to the case µ = 0. Let Y := X − µ. A direct
check shows that for all t ∈ R,

fX(t) = fY (t− µ) + µ2.

In particular,
argmax

t∈R
fX(t) = µ+ argmax

s∈R
fY (s).

Therefore, it is enough to prove the theorem for centered variables. In the rest
of the proof, we assume

(2.12) E[X] = 0.

Then we can write

(2.13) fX(t) =
E[X,X ≤ t]2

P(X ≤ t)P(X > t)
.

1. Uniqueness of the maximizer under convexity of V . Assume that V is
convex (equivalently, X has a log-concave density e−V ) and E[X] = 0. Write
fX(t) in the centered form (2.13) and set g(t) := log fX(t). Differentiating
gives, for all t in the interior of the support,

g′(t) = e−V (t)

(
− 2t∫∞

t xe−V (x) dx
+

1∫∞
t e−V (x) dx

− 1∫ t
−∞ e−V (x) dx

)

=
e−V (t)∫∞

t xe−V (x) dx

(
−2t+

∫∞
t xe−V (x) dx∫∞
t e−V (x) dx

−
∫∞
t xe−V (x) dx∫ t
−∞ e−V (x) dx

)
.

(2.14)

We arrange this expression into

(2.15) g′(t) =
e−V (t)∫∞

t xe−V (x) dx

(∫∞
t (x− t)e−V (x) dx∫∞

t e−V (x) dx
−

∫ t
−∞(t− x)e−V (x) dx∫ t

−∞ e−V (x) dx

)
.

Indeed, using E[X] = 0, we have
∫ t
−∞ xe−V (x) dx = −

∫∞
t xe−V (x) dx, hence∫∞

t xe−V (x) dx∫∞
t e−V (x) dx

−
∫ t
−∞ xe−V (x) dx∫ t
−∞ e−V (x) dx

− 2t
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=

∫∞
t (x− t)e−V (x) dx∫∞

t e−V (x) dx
−

∫ t
−∞(t− x)e−V (x) dx∫ t

−∞ e−V (x) dx

which proves (2.15).

Next, define

m(t) :=

∫∞
t (x− t)e−V (x) dx∫∞

t e−V (x) dx
, k(t) :=

∫ t
−∞(t− x)e−V (x) dx∫ t

−∞ e−V (x) dx
.

Thus,

g′(t) =
e−V (t)∫∞

t xe−V (x) dx

(
m(t)− k(t)

)
.

In particular, g′(t) = 0 if and only if m(t) = k(t). Moreover, since E[X] = 0
we have ∫ ∞

t
xe−V (x) dx = −

∫ t

−∞
xe−V (x) dx,

so the denominator is strictly positive for every t in the interior of the support
(for t > 0 the first integral is positive, while for t < 0 the second is positive).

Consequently, the sign of g′ is determined bym(t)−k(t). Next, we analyze
separately these functions.

Step 1: m is decreasing. A direct computation shows that:

m′(t) =
e−V (t)

∫∞
t (x− t)e−V (x)dx− (

∫∞
t e−V (x)dx)2

(
∫∞
t e−V (x)dx)2

.

Set Vt(u) := V (t + u) − V (t), which is convex on [0,∞). Applying (2.9)
from Lemma 2.4 to Vt gives∫ ∞

0
ue−Vt(u) du ≤

(∫ ∞

0
e−Vt(u) du

)2

.

Rewriting back in the original variables yields

e−V (t)

∫ ∞

t
(x− t)e−V (x) dx ≤

(∫ ∞

t
e−V (x) dx

)2

,

which is exactly m′(t) ≤ 0, so m is decreasing.

Step 2: k is increasing. We can work out the same argument as for
Step 1. Alternatively, apply Step 1 to the log-concave random variable −X
(whose potential is y 7→ V (−y), still convex). The corresponding m function
for −X at level −t is exactly k(t), hence k is increasing.
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Step 3: Uniqueness of the zero of g′. Since m is decreasing and k is
increasing, m(t)− k(t) is strictly decreasing. Moreover,

lim
t→−∞

m(t) = +∞, lim
t→−∞

k(t) = 0, lim
t→+∞

m(t) = 0, lim
t→+∞

k(t) = +∞,

so m(t)− k(t) crosses 0 exactly once. Therefore, g′(t) has a unique zero, hence
g has a unique critical point; since fX(t) → 0 as t → ±∞, this critical point is
the unique maximizer of fX .

2. The mean is a maximizer ⇒ weak symmetry. Assume 0 is a maximizer
of fX . Then it is a critical point of g(t) = log fX(t), hence g′(0) = 0. Using
(2.14), we get the conclusion that∫ ∞

0
e−V (x) dx =

∫ 0

−∞
e−V (x) dx.

That is, 0 is a median. Since E[X] = 0, this is exactly the weak symmetry
condition.

3. Monotonicity under weak symmetry and log-concavity. Assume that
X is weakly symmetric and log-concave with mean 0. Then 0 is a median, i.e.,

(2.16)

∫ 0

−∞
e−V (x) dx =

∫ ∞

0
e−V (x) dx.

which combined with the expression of (2.14) shows that g′(0) = 0 and also
m(0) = k(0). Since we just proved that g′ has the same sign as m(t) − k(t)
which is decreasing, we get that g′(t) < 0 for t > 0 and g′(t) > 0 for t < 0
which definitely show that g attains the maximum at t = 0.

3. THE MULTIDIMENSIONAL CASE

In this section, we extend the one-dimensional framework of Section 2
to random vectors X ∈ Rd. This amounts to constructing risk strategies in
the case of portfolios of risky assets. The guiding idea is the same: instead
of approximating X by a single constant (as in classical risk measures), we
allow two regimes determined intrinsically by a measurable set A ⊂ Rd, and
we approximate X by two (vector) constants on A and on Ac.

3.1. Problem definition and classes of regimes

Let G : Rd → [0,∞) be a given loss function and let R̃ be a class of
measurable functions f : Rd → Rd. We consider the optimization problem

(3.1) f∗ = argmin
f∈R̃

E
[
G(X − f(X))

]
.



222 M.-A. Nistor and I. Popescu 12

In the classical definition of risk measures, R̃ would be the set of constant
functions. Here, we focus on a two–regime class in which f takes only two
vector values depending on membership in a set A.

Standing integrability assumptions. For the quadratic loss G(x) = ∥x∥2
considered below, we assume E∥X∥2 < ∞ (hence E∥X∥ < ∞), so that all
conditional means in (3.5) exist and the objectives in (3.6)–(3.7) are finite.

When writing ratios such as ∥E[X1A]∥2
P(A) , we implicitly restrict to sets with

0 < P(A) < 1; the cases P(A) ∈ {0, 1} are trivial and can be ignored in
the maximization problem.

Standing integrability assumptions. For the quadratic loss G(x) = ∥x∥2
considered below, we assume E∥X∥2 < ∞ (hence E∥X∥ < ∞), so that all con-
ditional means in (3.5) exist and the objectives in (3.6)–(3.7) are finite. When

writing ratios such as ∥E[X1A]∥2
P(A) we implicitly restrict to sets with 0 < P(A) < 1;

the cases P(A) ∈ {0, 1} are trivial and can be ignored in the maximization
problem.

Two-regime class. For a family of measurable sets A ⊂ B(Rd) define

(3.2) R(d)
A =

{
f : Rd → Rd : f(x) = α1A(x) + β1Ac(x), A ∈ A, α, β ∈ Rd

}
.

Proposition 3.1. Assume that G : Rd → R is convex. Fix α, β ∈ Rd.
Then a minimizer of

A 7−→ E
[
G(X − α)1A(X) +G(X − β)1Ac(X)

]
over Borel sets A ⊂ Rd is given (up to P-null sets) by

Aα,β :=
{
x ∈ Rd : G(x− α) ≤ G(x− β)

}
.

Moreover, setting δ := β − α, the set Aα,β has the following directional one-
crossing property: for every z ∈ Rd, the intersection of Aα,β with the affine
line z + Rδ is either empty, all of z + Rδ, or a half-line in that line.

In particular, for the quadratic loss G(x) = ∥x∥2 one has

Aα,β =
{
x ∈ Rd : ⟨x, β − α⟩ ≤ 1

2
(∥β∥2 − ∥α∥2)

}
,

which is an affine halfspace.

Proof. Pointwise minimization (dimension-free). Fix α, β ∈ Rd and min-
imize over Borel sets A ⊂ Rd. Write

E
[
G(X − α)1A(X) +G(X − β)1Ac(X)

]
= E

[
G(X − β)

]
+ E

[
(G(X − α)−G(X − β))1A(X)

]
.

Thus, exactly as in one dimension, we minimize by choosing 1A(x) = 1 when-
ever G(x− α)−G(x− β) ≤ 0, i.e., by taking A = Aα,β.
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Halfspace structure for G(x) = ∥x∥2. In one dimension, convexity of G
implies a monotonicity property of u 7→ G(u+ δ)−G(u), which forces Aα,β to
be a half-line. In dimension d ≥ 2 there is no analogous total order, so for a
general convex G the set Aα,β = {G(·−α) ≤ G(·−β)} need not be a halfspace.

For the quadratic loss, however,

∥x− α∥2 ≤ ∥x− β∥2 ⇐⇒ 2⟨x, β − α⟩ ≤ ∥β∥2 − ∥α∥2,
which is precisely the affine halfspace stated in the proposition.

Example 3.2. In general, for a convex G the set Aα,β need not be a
halfspace. For instance, in R2 let

G(x, y) = (x− y)2 + x4, α = (0, 0), β = (1, 0).

Then Aα,β = {(x, y) : G(x, y) ≤ G(x− 1, y)} is given by

(x− y)2 + x4 ≤ (x− 1− y)2 + (x− 1)4 ⇐⇒ y ≥ 2x3 − 3x2 + 3x− 1.

Thus, Aα,β is the epigraph of a cubic curve, hence it is not an affine halfspace.

We work throughout with the quadratic loss

(3.3) G(x) = ∥x∥2, x ∈ Rd,

so that (3.1) becomes

(3.4) argmin
α,β∈Rd, A∈A

E
[
∥X − α1A(X)− β1Ac(X)∥2

]
.

Optimizing first in α and β. Define

h(α, β,A) := E
[
∥X − α1A(X)− β1Ac(X)∥2

]
, (α, β) ∈ (Rd)2, A ∈ A.

The map h is differentiable in α and β, and setting the gradients to zero yields

(3.5) α =
E[X1A(X)]

P(A)
= E[X | X ∈ A], β =

E[X1Ac(X)]

P(Ac)
= E[X | X /∈ A].

Plugging (3.5) back into h gives, after elementary rearrangements,

(3.6) h(A) = E∥X∥2 −
∥∥E[X1A(X)]

∥∥2
P(A)

−
∥∥E[X1Ac(X)]

∥∥2
P(Ac)

.

Therefore, the minimization problem (3.4) is equivalent to the maximization
problem

(3.7) argmax
A∈A

(∥∥E[X1A(X)]
∥∥2

P(A)
+

∥∥E[X1Ac(X)]
∥∥2

P(Ac)

)
.

Halfspaces as the natural class. Fix the mean µ := E[X]. In view of
Proposition 3.1, for the quadratic loss the regime boundary is an affine hyper-
plane, hence it is natural to restrict the maximization in (3.7) to halfspaces.
We therefore consider the mean-centered halfspace class

(3.8) Hµ := {Au,t : u ∈ Sd−1, t ∈ R}, Au,t := {x ∈ Rd : ⟨x− µ, u⟩ ≤ t}.
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Remark 3.3. The uncentered halfspace {x : ⟨x, u⟩ ≤ τ} is the same as
Au,t with τ = ⟨µ, u⟩+ t. Thus, centering at µ is only a re-parameterization.

If the sets A are of the form A = Au,t, we define the objective

(3.9) F (u, t) :=
∥E[X1Au,t(X)]∥2

P(Au,t)
+

∥E[X1Ac
u,t
(X)]∥2

P(Ac
u,t)

, ∥u∥ = 1, t ∈ R.

In contrast with the one-dimensional case, even for weakly symmetric distribu-
tions it is not automatic that the maximizing halfspace is determined solely by
the mean. The next subsections discuss structural conditions (e.g., ellipticity)
under which the optimizer can nevertheless be characterized.

The optimization problem in the multidimensional case is much more
delicate and we consider here only a special class of random variables for which
we can argue about the identification of the maximum point as in the case of
one-dimensional case.

Before we introduce some results, we define the class of densities for which
we can really prove some positive results about the identification of the mean
as the optimal point for the separation space.

Definition 3.4 (Elliptical distribution). A random vector X ∈ Rd is said
to have a centered elliptical distribution with positive-definite scatter matrix
Σ ∈ Rd×d if its probability density function (PDF) exists and is of the form

fX(x) = Cd det(Σ)
−1/2g(xTΣ−1x),

where g : [0,∞) → [0,∞) is a non-negative density generator function satisfy-
ing

∫∞
0 sd/2−1g(s) ds < ∞, and Cd is the normalization constant.

A convenient sufficient condition for log-concavity is that g is log-concave
and nonincreasing on [0,∞). Equivalently, one may write g(s) = e−φ(s) with
φ : [0,∞) → R convex and nondecreasing, so that

fX(x) ∝ exp
(
−φ((x− µ)TΣ−1(x− µ))

)
is log-concave. Examples are densities of the form exp(−∥Σ−1/2(x−µ)∥p) with
p ≥ 1 which include the Gaussians as particular cases.

Lemma 3.5 (Linearity of conditional expectation for elliptical distribu-
tions). Let X ∈ Rd be a centered random vector with an elliptical distribution
and scatter matrix Σ. For any two linearly independent vectors u, v ∈ Rd, the
conditional expectation of the projection ⟨X,u⟩ given ⟨X, v⟩ = t is linear in t:

E
[
⟨X,u⟩ | ⟨X, v⟩ = t

]
= ρu,vt,

where ρu,v = uTΣv
vTΣv

. Consequently, the function ϕu,v(t) = E[⟨X,u⟩ | ⟨X, v⟩ = t]
satisfies ϕ(0) = 0 and the ratio ϕ(t)/t is constant (and thus, nonincreasing) on
(0,∞).
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Proof. Consider the bivariate random vector

Y = (Y1, Y2)
T =

(
⟨X, v⟩, ⟨X,u⟩

)T
.

Since the class of elliptical distributions is closed under linear transformations,
Y follows a centered bivariate elliptical distribution with scatter matrix

ΣY =
(
vTΣv vTΣu uTΣv uTΣu

)
=

(
σ11 σ12 σ21 σ22

)
.

The conditional density of Y2 given Y1 = t is proportional to the slice of the
joint density:

fY2|Y1
(y2 | t) ∝ g

((
t y2

)T
Σ−1
Y

(
t y2

))
.

Using the formula for the inverse of a block matrix, the quadratic form Q(y2) =
(t, y2)Σ

−1
Y (t, y2)

T can be rewritten by completing the square with respect to
y2:

Q(y2) = c1

(
y2 −

σ12
σ11

t

)2

+ c2(t),

where c1 = (detΣY )
−1σ11 > 0 and c2(t) is independent of y2.

The conditional density is therefore of the form h((y2 − µ(t))2), where
µ(t) = σ12

σ11
t. Since this density is symmetric about µ(t), the conditional expec-

tation corresponds to the center of symmetry:

E[Y2 | Y1 = t] =
σ12
σ11

t =
uTΣv

vTΣv
t.

This confirms the linearity of the regression function ϕu,v(t).

Definition 3.6 (Weak symmetry). A random vector X ∈ Rd with mean µ
is called weakly symmetric if for every halfspace H whose boundary hyperplane
contains µ, one has P(X ∈ H) = 1/2. Equivalently, for every unit u ∈ Sd−1,

P
(
⟨X − µ, u⟩ ≤ 0

)
=

1

2
.

Theorem 3.7. Let X ∈ Rd have an elliptical density with mean µ and
positive definite scatter matrix Σ. Assume, moreover, that for every unit u ∈
Sd−1, the one-dimensional projection Zu := ⟨X−µ, u⟩ has a weakly symmetric
log-concave density on R (e.g., this holds if X has a log-concave density). Then:

(i) For every fixed unit u, the map t 7→ F (u, t) is maximized at t = 0.

(ii) The map u 7→ F (u, 0) is maximized when u is an eigenvector of Σ
corresponding to the largest eigenvalue λmax(Σ).
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Proof. Step 0: reduction to the centered case. Let Y := X − µ. For
Au,t = {⟨Y, u⟩ ≤ t}, we have

E[X1Au,t ] = µP(Au,t) + E[Y 1Au,t ], E[X1Ac
u,t
] = µP(Ac

u,t) + E[Y 1Ac
u,t
].

Since E[Y ] = 0, we have E[Y 1Ac
u,t
] = −E[Y 1Au,t ], and a direct expansion shows

(3.10) F (u, t) = ∥µ∥2 + F̃ (u, t),

where

F̃ (u, t) :=
∥E[Y 1{⟨Y,u⟩≤t}]∥2

P(⟨Y, u⟩ ≤ t)
+

∥E[Y 1{⟨Y,u⟩>t}]∥2

P(⟨Y, u⟩ > t)
.

Hence, maximizing F (u, t) over t is equivalent to maximizing F̃ (u, t), so from
now on, we assume µ = 0.

Step 1: reduce F̃ (u, t) to a one-dimensional functional. Fix unit u and set
Z := ⟨Y, u⟩. For centered elliptical Y with scatter matrix Σ, the linear regres-
sion property gives (take v = u in the standard bivariate elliptical regression
formula)

(3.11) E[Y | Z = s] =
Σu

uTΣu
s.

Therefore,

E[Y 1{Z≤t}] = E[E[Y | Z]1{Z≤t}] =
Σu

uTΣu
E[Z 1{Z≤t}].

Since E[Y ] = 0, we also have E[Y 1{Z>t}] = −E[Y 1{Z≤t}]. Hence

(3.12) F̃ (u, t) =
∥Σu∥2

(uTΣu)2
E[Z 1{Z≤t}]

2

P(Z ≤ t)P(Z > t)
.

The u-dependent prefactor is constant in t, so maximizing F̃ (u, t) over t is
equivalent to maximizing the one-dimensional quantity

t 7−→
E[Z 1{Z≤t}]

2

P(Z ≤ t)P(Z > t)
.

Step 2: maximize in t (fixed u). By assumption, Z has a weakly symmet-
ric log-concave density on R, with mean 0. Applying Theorem 2.3 (the one-
dimensional monotonicity theorem) to Z shows that the above one-dimensional
functional is maximized at t = 0. By (3.12), the same holds for F̃ (u, t) and
hence for F (u, t). This proves (i).

Step 3: maximize in u at t = 0. At t = 0, weak symmetry gives P(Z ≤
0) = P(Z > 0) = 1/2, and symmetry yields E[Z1{Z≤0}] = −E[Z+], where
Z+ = max{Z, 0}. Moreover, for elliptical Y one has the scaling property

Z = ⟨Y, u⟩ d
=

√
uTΣuZ0,
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where Z0 is the projection in a fixed direction for the standardized scatter
Σ = I (its law does not depend on u). Thus, E[Z+] = c0

√
uTΣu for the

constant c0 := E[(Z0)+] > 0. Plugging into (3.12) at t = 0 gives

F̃ (u, 0) =
∥Σu∥2

(uTΣu)2
· (c

2
0(u

TΣu))

(1/2)(1/2)
= 4c20

uTΣ2u

uTΣu
.

Therefore, maximizing u 7→ F̃ (u, 0) over u ̸= 0 is equivalent to maximizing

R(u) :=
uTΣ2u

uTΣu
=

(Σ1/2u)TΣ(Σ1/2u)

∥Σ1/2u∥2
,

which is exactly the Rayleigh quotient of Σ evaluated at the vector Σ1/2u.
Hence, supu̸=0R(u) = λmax(Σ) and the maximizers are precisely the eigenvec-
tors associated to λmax(Σ). This proves (ii).

3.2. Considerations on convexity

In this section, we show that the convexity assumed in Theorem 2.3 is
a key condition. To do so, we proceed by providing an example of density of
the form e−V (x) with V (x) continuous and symmetric, but not convex and we
prove that for this case c = 0 does not provide the maximum of the function f
defined in the Theorem 2.3.

Example 3.8 (A symmetric non-log-concave law with two maximizers of
fX). Let X have the (even) density

p(x) =


21
8 , |x| ≤ 1

10
1
8 ,

1
10 < |x| ≤ 2,

0, |x| > 2.

Then p integrates to 1 and, by symmetry, E[X] = 0.
Failure of log-concavity. For x = 0, y = 0.3 one has p(0) = 21

8 and

p(0.3) = 1
8 , but p(0.15) =

1
8 <

√
p(0)p(0.3) =

√
21
8 , so p is not log-concave.

Two global maximizers of fX . For t ∈ (−2, 2) define

fX(t) =
E[X1{X≤t}]

2

P(X ≤ t)
+

E[X1{X>t}]
2

P(X > t)
.

We have E[X] = 0 and fX admits the explicit form

(3.13) fX(t) = fX(−t) =


(− 21

80
+ 21

16
t2)2

( 1
2
+ 21

8
t)( 1

2
− 21

8
t)
, 0 ≤ t ≤ 1

10 ,

(2−t)(t+2)2

4(6+t) , 1
10 ≤ t ≤ 2.
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By symmetry it suffices to consider t ≥ 0. Differentiating yields the following
simplified expressions:

f ′
X(t) =

{
441 t (1−5t2)(2205t2+281)

50 (4−21t)2(4+21t)2
, 0 < t < 1

10 ,

− (t+2)(t2+8t−4)
2(6+t)2

, 1
10 < t < 2.

In particular, on (0, 1
10) one has f ′

X(t) > 0, and on ( 1
10 , 2) the only critical

point is the root of t2 + 8t − 4 = 0. Therefore, fX has a unique critical point
on (0, 2) at

t⋆ = 2
√
5− 4 ∈

( 1

10
, 2
)
,

and fX increases on [ 110 , t
⋆] and decreases on [t⋆, 2]. Comparing values shows

fX(t⋆) > fX( 1
10), hence the global maximizers are exactly ±t⋆.

−2 0 2

0

1

2

x

p
(x
)

Density p

−2 0 2
0

0.1

0.2

0.3

0.4

t

f X
(t
)

fX (two global maxima)

Figure 1 – Example 3.8: a symmetric, non-log-concave density with global
maximizers of fX at ±t⋆, where t⋆ = 2

√
5− 4 ≈ 0.4721.

3.3. Counterexample for the halfspace functional (integer vertices)

Let X = (X1, X2) ∼ Unif(K) where K ⊂ R2 is the convex hexagon with
integer vertices (listed counterclockwise)

A=(−3, 0), B=(−1,−12), C=(3,−8), D=(3, 0), E=(1, 12), F =(−3, 8).

This hexagon is visibly non-degenerate: the vertical edges FA and CD have
lengths 8 and 8.

Define

R(t) :=
∥E[X 1{X1>t}]∥2

P(X1 > t)P(X1 < t)
.



19 Two-step approximations of random variables 229

For a uniform law on K, constants cancel and

R(t) =
∥
∫∫

K∩{x>t}(x, y) dA∥
2

Area(K ∩ {x > t})Area(K ∩ {x < t})
.

Centering. A shoelace/Green computation gives

Area(K) = 104,

∫∫
K
x dA = 0,

∫∫
K
y dA = 0,

hence E[X] = (0, 0).
The cut t = 0. The line x = 0 intersects BC at (0,−11) and EF at

(0, 11), so

K ∩ {x > 0} = conv
{
(0,−11), C, D, E, (0, 11)

}
=: P0.

One finds

Area(P0) = 52,

∫∫
P0

(x, y) dA =

(
199

3
,−67

3

)
, Area(K ∩ {x < 0}) = 52,

hence

R(0) =
(1993 )2 + (673 )

2

52 · 52
=

22045

12168
≈ 1.8117.

The cut t = 1. The line x = 1 intersects BC at (1,−10) and meets
E = (1, 12), so

K ∩ {x > 1} = conv
{
(1,−10), C, D, (1, 12)

}
=: P1.

One finds

Area(P1) = 30,

∫∫
P1

(x, y) dA =

(
166

3
,−100

3

)
, Area(K ∩ {x < 1}) = 74,

hence

R(1) =
(1663 )2 + (1003 )2

30 · 74
=

9389

4995
≈ 1.8797.

Therefore, R(1) > R(0), so even for a centered law (EX = 0) the halfspace
functional in direction e1 need not be maximized at the centered cut t = 0 (nor
decreasing for t ≥ 0) without additional structure.

Since R(1) > R(0), the halfspace objective in direction e1 need not be
maximized at the centered cut t = 0 which does not agree with the case of
elliptic case discussed in Theorem 3.7.

Remark 3.9. Throughout the paper, we primarily worked with laws ad-
mitting a density on the whole space Rd (e.g., log-concave densities of the form
e−V ). Nevertheless, in our counterexamples and geometric computations, we
consider uniform laws on bounded convex sets. These can be viewed as densi-
ties supported on a convex body (with respect to Lebesgue measure), and the
associated halfspace functionals are still well defined.
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x = 1x = 0

x

y

Figure 2 – Integer-vertex hexagon K and slices x = 0 (dotted), x = 1 (dashed).

Moreover, such bounded-support examples can be approximated by fully
supported laws: for instance, one may convolve Unif(K) with a small centered
Gaussian noise N (0, ε2I). Then the resulting law has a smooth, everywhere
positive density on Rd and its associated halfspace functionals converge (as
ε ↓ 0) to those of Unif(K). In particular, any counterexample exhibited on
a bounded convex domain yields (by approximation) counterexamples within
the class of fully supported densities.
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[10] H. Föllmer and A. Schied, Convex measures of risk and trading constraints. Finance and
Stochastics 6 (2002), 4, 429–447.
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