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The new notion of strong amenability for a x-representation of a Lau x-algebra
A on a Hilbert space, was recently introduced and studied by the second author.
The strong amenability has several operator theoretic characterizations which
unify the notion of amenability and of inner amenability for locally compact
groups. In this work, we continue our study to give further properties of strongly
amenable x-representations of Lau *-algebras.
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1. INTRODUCTION

By a Lau *-algebra, we shall mean a Banach x-algebra which is also a Lau
algebra, a Banach algebra A whose dual space has a W*-algebra structure and
the identity element w4 of A* is a multiplicative linear functional on A. Such a
W*-algebra structure on A* is not necessarily unique; we will endow the dual
space A* of A with the structure of a fixed W*-algebra whose identity element
is a multiplicative linear functional on A.

The large family of Lau *-algebras include the group algebra, the measure
algebra and the Fourier algebra of a locally compact group; see Lau [9]. The
Fourier-Stieltjes algebra of a topological group is also a Lau x-algebra; see Lau
and Ludwig [13]. Finally, the predual of a Hopf von-Neumann algebra is another
example of Lau x-algebra.

The subject of Lau algebras originated with a paper published in 1983
by Lau [9] in which he referred to them as F-algebras. Later on, in his useful
monograph, Pier [19] introduced the name Lau algebra. Analysis on Lau al-
gebras have been widely studied by several authors; see for example |5, 7, 8,
10-12] and [16].
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The second author [15] has recently introduced and investigated a new no-
tion of amenability, called strong amenability, for an arbitrary *-representation
of a Lau *-algebra on a Hilbert space. The strong amenability is a strength-
ening of amenability of unitary representations of a locally compact group G
introduced by Bekka [1] as an answer to a question raised by Eymard |6]. For
a nice improvement of the subject of amenability for unitary representations of
G see Chou and Lau [3]; see also Buneci [2].

In the case of the left regular representation of G, amenability and strong
amenability are equivalent, and characterize amenability of G; moreover, in the
case of the inner regular representation of G, amenability and strong amenabil-
ity are equivalent, and characterize inner amenability of G; however, each
one dimensional representation is amenable but is, not in general, strongly
amenable; see [15] and [18].

The purpose of this paper is to give some further properties of strong
amenability for x-representations of a Lau *-algebra A on a Hilbert space. Af-
ter some elementary considerations, we consider the projective tensor products
A1® A5 of two Lau x-algebras A1 and As, to investigate the interaction between
strong amenability of x-representations 7 and me of Ay and As, respectively,
and the tensor product s-representation m ® mp of A;®As. We then inves-
tigate strong amenability of x-representations of the unitization A @& C of A
to show that a s-representation of A @ C is strongly amenable if and only if
its restriction to A is strongly amenable. We finally study strong amenability
of x-representations of subalgebras, ideals and the second dual of A and their
relationships with strong amenability of %-representations of A.

2. PRELIMINARIES

Let A be a Lau *-algebra and let us recall that a x-representation of A on
Hilbert space H is a *-homomorphism from A into B(H), the von Neumann
algebra of all bounded linear operators on H with identity Iy.

A state on B(H) is a linear functional 5 with S(Ig) = ||8|| = 1; the set
of all states on B(H) is denoted by S(B(H)). Also, for any subset E of B(H),
denote by C*(E) the C*-algebra generated by F in B(H).

We commence the section by the main concept of the work.

Definition 2.1. Let A be a Lau *-algebra and let m be a *-representation
of A on a Hilbert space H. We say that « is strongly amenable if there exists
a state $ on B(H) such that

B(m(a)) = ua(a)

for all a € A; that is, the following diagram commutes
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A ——— B(H)
|
C

we call 8 a m-stable state. We denote by S;(A) the set of all m-stable states in
S(B(H)).

Note that S;(A) is a weak™ closed and convex subset of S(B(H)). It
follows that if S;z(A) has at least two elements, then it has infinitely many.

It is easily seen that any s-representation of A which contains a strongly
amenable x-subrepresentation of A is strongly amenable. Moreover, any -
representation of A which is equivalent to a strongly amenable *-representation
of A is strongly amenable.

Recall that a positive functional p on A is called w-representable if there
is a vector h € H such that for each a € A,

p(a) = (w(a)h, h);
s0, each representable positive functional on A is self-adjoint. This implies that
the following assertions are equivalent.

(i) A has a strongly amenable x-representation.

(ii) u4 is a representable positive functional on A.

(iii) w4 is a x-representation of A on C.

The following theorem is the main result of the work [15] by the second
author which provides a number of equivalent assertions characterizing strong
amenability of 7. First, let us denote by Ip(A) the maximal closed ideal u,*(0)
of A; that is,

Ip(A) ={a€ A: us(a) =0}
moreover, let P;(A) denote the set of all elements of A that induces a positive
functional on the dual W*-algebra A*; in fact,

Pi(A)={acA: |a|| =uala) =1}.
THEOREM 2.2. Let A be a Lau x-algebra and let m be a x-representation
of A on a Hilbert space H. Then the following assertions are equivalent.
(a) 7 is strongly amenable.
(b) g +7(ar+ -+ am)|| =1+m forall ai,...,ayn € Pi1(A).
(c) There is a net (hy) in H with ||h,|| =1 for all v such that
|m(a)hy — hy|| = 0 for all a € Py(A).

ere is a net (py) of m-representable positive functionals on A suc
d) Th ‘ ) of b tive | onal A "
that

py(a) = 1 for all a € Pi(A).
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(e) There is a state § € S(B(H)) such that B(m(ag)) = 1 for some ag €
Py(A) and
C*(n(Io(A))) = C*(m(A)) N ~(0).

Ezample 2.3. Let T be the circle group and let £}(T) be corresponding
group algebra endowed with the convolution product

(axb)(s) = 3 alt) b(s/t)

teT

for all a,b € ¢*(T) and s € T. Then ¢!(T) with the involution

a*(s) = a(1/s)
for all a € £1(T) and s € T is a Lau *-algebra. For each k € Z and each Hilbert
space H, the mappings
T« 01(T) — B(H)
defined by
a(s)
N
m(a) = ok H

seT
are *-representations of ¢!(T). Moreover, for any 8 € S(B(H)) and a € ¢*(T)

we have
Blma)) = 3 2

seT
whereas

up(ry(a) = Z a(s).

seT
It follows that

Sro(€1(T)) = S(B(H))
and

S (1(T)) =0

for all k € Z with k # 0; in particular, mg is strongly amenable, but 7 is not
strongly amenable when k € Z and k # 0.

3. REPRESENTATIONS OF TENSOR PRODUCTS
OF LAU «-ALGEBRAS

Let Hy and Hy be Hilbert spaces, and let Hi®Hy be their Hilbert space
tensor product. Moreover, let A7 and Ay be Lau x-algebras and let A1®A, be
their projective tensor product endowed with the multiplication

(a1 ® az)(by ® be) = (a1b1) ® (azbs)
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and the natural involution
(a1 ®az)* = aj ® a5
for all a1,b; € A; and ag, by € Az. For x-representations m : A1 — B(H;) and
7y : A9 — B(Hz3), the tensor product map
T @y Ai®Ay — B(HQHo)

defined by

(m ® m2)(a1 ® ag) = m(a1) ® ma(asz)
for all a; € A; and ag € Ay is a x-representation; for more details see [17],
Theorems 10.1.32 and 10.1.33. Finally, the formula

(uAl ® UAQ)(al ® aQ) = ua, (al)U’AQ (aQ)
for all a; € A; and ay € Ay defines a multiplicative linear functional w4, ® ua,

on A1(§>A2.

LEMMA 3.1. Let Ay and As be Lau x-algebras such that (A1<§A§>A2)* has a
W*-algebra structure with identity ua, @ ua, and let 1 and mo be x-represen-
tations of A1 and As on Hilbert spaces Hy and Ho, respectively. If m1 and mo
are strongly amenable, then T ® ma is strongly amenable.

Proof. First, note that for each 71 € B(H;) and T» € B(H3), the element
T} ® Ty of the tensor product B(H1)®B(Hsz) of B(Hy) and B(Hj) can be
considered as an element of B(H;®Hz) by the formula

(T1 ® T3)(h1 ® hg) := T1(h1) ® Ta(hs)
for all hy € Hy and hy € Hs; this defines an injective x-homomorphism of
B(H;) ® B(Hs) into B(H1®H3) satisfying
171 @ Toll o, mrz) = 1 T1 B 1121 B(12)

for all Th € B(H;) and Ty € B(Hs). Under this map, the image of B(H;) ®
B(H>3) is norm dense in B(H;®Hz), and the operator norm of B(H;®H>)
restricted on the image of B(H) ® B(Hz) is the unique C*-norm on it.

Now, let 81 be a mi-stable state and Py be a mo-stable state, and define
the functional 51 ® B2 on B(Hi) ® B(H2) by

(B1 @ Bo)(Th @ T3) = B1(Th) B2(T2)

for all Ty € B(H;) and Ty € B(H3). Then 51 ® P2 can be extended to a state
B on B(H1®H3); see for example [14], Theorem 6.4.6. Now, we have

B((m @ m)(a1 ®az)) = B(mi(ar) ® ma(az))
= (b1 ® B2)(m(a1) ® ma(az))
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Ar(mi(ar)) Pa(ma(az))
= wuq,(a1) ua,(a2)
= (ua, ®ua,)(a1 @ az).
for all a1 € A1 and ao € Ay. Thus, [ is a m ® mo-stable state. [

We now apply Lemma 3.1 to characterize strong amenability of the tensor
product x-representations under an additional hypothesis.

THEOREM 3.2. Let Ay and As be Lau x-algebras with bounded left ap-
prozimate identities (eq)acn and (fy)yer respectively, and let (A1®A2)* has
a W*-algebra structure with identity ua, ® ua,. Suppose that m and mo are
x-representations of A1 and As on Hilbert spaces Hy and Hs respectively, with

mi(ea) = Ia, and mo(fy) = In,.
in the weak operator topology of B(H). Then m and my are strongly amenable
iof and only if T ® w2 is strongly amenable.

Proof. By Lemma 3.1, we only need to prove that m; and mo are strongly
amenable if m ® o is strongly amenable. For this end, let 5 be a m ® mo-stable
state and replace (fy)yer by

(f'y + f'y* - fﬂ/*f'y)vel‘
if necessary, to assume that (f,),cr is a self-adjoint bounded two-sided approx-
imate identity with
ma(fy) = Lm,-

For v € T, let 51,4 be the linear functional on B(H;) defined by
Bry(T) := B(T @ ma(f5))

for all T' € B(H;) and note that (/31) is a bounded net in B(H;)*. Then there
exists a subnet of (31,)yer convergent to an element 31 of B(H;)* in the weak*
topology. Without less of generality, we may assume that (; is the weak*-limit
of the net (B1,)~er. It follows that

Bi(Ig,) = 113151,7(11{1)
= liglﬁ(IHl @ m2(fy))

= /B(IH1 ® IHQ)

= BUuzmH,)
= 1.

Moreover, for each T € B(Hy),
BUTT?) = iy (TT")



7 Further studies of strongly amenable *-representations of Lau *-algebras 7

= lmB(TT" @ m(fy))

= lim B(TT* @ ma(fy)ma(f5))

= lim BUT @ ma(f))(T @ ma(f))7)
0.

Consequently, 51 € S(B(H)). Since

AV

timwa, () = 1.

we obtain that

Br(m(an) = lim B(m(ar) @ ma(fy)
= limS((m ® m)(a1 ® f3))
= 1131 (ua, ®@ua,)(ar ® fy)
= li};nuAl (a1) ua,(fy)

= ua (al)

for all a; € A;. That is, 1 is a mo-stable state; similarly, there is a mi-stable
state, and the proof is complete. [

Let Ay and As be Lau x-algebras with identities e; and es, respectively,
and let 7 be a x-representation of A;®As on a Hilbert space H. Then the maps

A, a1 — (a1 ®e2) and T4, : ag — w(e1 ® az)
are *-representations of A; and As on H, respectively.

COROLLARY 3.3. Let Ay and As be Lau *-algebras with identities e; and
ea, respectively, and let (A1®A2)* has a W*-algebra structure with identity
ug, @ ua,. Suppose that m is a x-representation of A1®As on a Hilbert space
H. If ma, and wa, are strongly amenable, then 7 is strongly amenable.

Proof. On the one hand, note that the tensor product *-representation
TA, @ T4, is strongly amenable by Theorem 3.2. On the other hand,

(7T,41 ® 7TA2)(CL1 ® az) = T4, (a1)7rA2 (az)

(a1 ® e2) @ m(er ® ag)
(r@7)((a1 ®e2) ® (61 ® as))
= (mem)(a ®az)

for all a; € Ay and ag € Ag. Therefore, m ® 7 is strongly amenable, and so 7
is strongly amenable by another application of Theorem 3.2. [
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4. REPRESENTATIONS OF SUBALGEBRAS

Let A be a Lau x-algebra and recall from Lau [9] that the unitization
A @ C of Ais a Lau algebra; we endow A @ C with the natural involution
(a, )" =a*+t

for all (a,t) € A@® C. Then A& C is a Lau *-algebra and the identity el-
ement ugqc of the W*-algebra (A @ C)* is the unique extension of uy to a
multiplicative linear functional on A @ C defined by

uA@(c(a,t) = uA(a) +t

for all (a,t) € A® C.

Every -representation of A®C on a Hilbert space H is of the form (7, uc)
for some *-representation 7 of A which (7, uc) is an extension of 7 from A into
A @ C defined by

(m,uc)(a,t) :=n(a) +tly
for all (a,t) € A C.

PROPOSITION 4.1. Let A be a Lau x-algebra and let 7w be a x-representation
of A on a Hilbert space H. Then (m,uc) is strongly amenable if and only if =
is strongly amenable. In particular, (0,uc) is never strongly amenable.

Proof. Suppose that (7, uc) is strongly amenable and let 5y be a (7, uc)-
stable state. Then

Bo(m(a)) = PBo((m,uc)(a,0))
= UAEB(C(@’ O)
= wua(a)

for all a € A. Therefore, By is a m-stable state and hence 7 is strongly amenable.
Conversely, suppose that m is strongly amenable and let § is a w-stable
state. Then

B(m,uc)(a,t)) = B(r(a)) +t8(In)
= wug(a)+t
= uaec(a,t)

for all (a,t) € A®C. Hence (3 is a (7, uc)-stable state and so (7, uc) is strongly
amenable. [0

Recall that a closed subspace S of a Lau #-algebra A is said to be topo-
logical complemented if there exists a continuous projection Qg on A with

Qs(A) = 5.
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In this case, there is a closed subspace Vg of A such that
A=S P1 Vs,

the ¢'-direct sum of the spaces S and Vg.

Following [4], by an admissible x-subalgebra of A, we shall mean a topo-
logical complemented non-trivial #-subalgebra B of A for which both B* and
Vp* are W*-algebras such that

the ¢°°-direct sum of the W*-algebras B* and Vp™.
Note that for any admissible x-subalgebra B of A, the restriction of the

identity element uy of A* to B is the identity of B*, and hence B is a Lau
x-algebra.

THEOREM 4.2. Let A be a Lau x-algebra and let m be a x-representation
of A on a Hilbert space H. Suppose that (A )yer is a net of admissible closed
x-subalgebras of A such that

(a) Ay, C A, whenever v < yo;

(b) U,er 4y is dense in A.

Then 7 is strongly amenable if and only if 7|4, is strongly amenable for
all veT.

Proof. Suppose that 7|4, is strongly amenable for all v € T', and let f3,
be a 7|4, -stable state. Then there is a subnet (8s)sea of (B8y),er which is
convergent to an element § of S(B(H)). For each a € A and any € > 0, there
exists ag € (J,er Ay such that

lla — aol| < e.
So, there exists 79 € I' and 01 € A such that ap € A, and
|Bs(m(ao)) — B(m(ao))| < e

for all 6 > ;. Now, choose d € A with d2 > ;1 and d2 > 9. Then ag € As,,
and hence

Bs,(m(ao)) = ualao).
If follows that

B(n(a)) —ua(a)] = [B(w(a)) — B(m(ao))]
+ |B(m(ao)) — Bs, (7 (ao))|
+ |ua(ao) —ua(a)l
which shows that
B(7(a)) —uala)] <3¢
for all € > 0; that is, § is a w-stable state. So, 7 is strongly amenable. The
converse in trivial. [
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PROPOSITION 4.3. Let Ay and As be Lau x-algebras. Suppose that 7 is
a x-representation of As on o Hilbert space H and ¥ : Ay — Ao is a *-
homomorphism with dense range such that ua, o9 = ua,. Then 7 is strongly
amenable if and only if ™ o} is strongly amenable.

Proof. Let B be a w-stable state. Then

B (0(ar1))) = uay(9(a1)) = ua, (ar)

for all a; € Ay, and therefore 3 is a m o {J-stable state.
Conversely, if 3 is a 7w o ¥-stable state, then for ay € As, there exists a
sequence (a1,) C A; such that

li7rln Y aryn) = as,
and so
Bm(az)) = B(r(limd(ain)))
= lim A(m(9(a1 1))
= limua,(9(ar,n))
= ua,(a2).
This shows that § is a m-stable state. [

Before we give our next result, let us recall the following key lemma from
[15], Lemma 2.3.

LEMMA 4.4. Let A be o Lau x-algebra and let I be an ideal of A which is
not contained in In(A). Suppose that p is a representable positive functional on
A such that p=wus on I. Then p =wuy on A.

We end the work the following result which investigates the interaction
between strong amenability of x-representations of a Lau *-algebra A and its
restrictions to certain x-ideals of A.

PROPOSITION 4.5. Let A be a Lau x-algebra and let I be an admissible
closed x-ideal of A with
I ¢ Iy(A).
Suppose that m is a *-representation of A on a Hilbert space H. Then 7 is
strongly amenable if and only if 7| is strongly amenable.

Proof. The “only if” part follows from the definition. To prove the con-
verse, suppose that 3 is a 7|-stable state. Then Som is a representable positive
functional on A such that

ﬁo7r|[:u,4|1.
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So, it follows from Lemma 4.4 that

fom=ua;

that is, 7 is strongly amenable. [
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