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INTRODUCTION

Solving equations is an old goal of mathematics. Isaac Newton devised an
algorithm to compute the terms of an y-root of a 2-variables equation f(x, y) =
0 up to any order. The y-root consists of a power series in the variable x with
fractional exponents; such a series is called a Puiseux series. It is a classical
result that the Puiseux series form an algebraically closed �eld.

Extending Newton's algorithm to systems of equations in larger dimen-
sions proved rather di�cult and was done as late as 1995 by J. McDonald in
[10] and [11]. It was a partial extension as it worked only for �general� systems.
One of the main di�culties was �nding a generalization for the �eld of Puiseux
power series for series of several variables. McDonald's idea was to consider
series with exponents in positive cones with respect to a convenient monomial
ordering (see Section 1).

In [2], Aroca, Ilardi and Lopez de Medrano give a di�erent algorithm
which applies to any system. While the classical Newton algorithm uses the
Newton polygon, a geometrical object determined by the equation's exponents,
and predictably, McDonald's algorithm uses Newton polyhedron, the algorithm
of [2] uses the tropical variety of the system − it replaces the Newton polyhedra
with their normal fans (for the de�nition of the normal fan see e.g. [5]).
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Another partial extension of the Newton algorithm producing Puiseux
series solutions for systems of equations of the form f(x, y1, . . . , yM ) = 0 (or
parametrizations for curves in the zero set of a general algebraic system) is
given in [8].

The present paper is a survey on [2] and is based on the author's master
thesis at the University of Kaiserslautern. We present the generalised Newton
algorithm as well as the necessary background material. Notably, we include,
following [1], a constructive proof of the fact that the �eld of ω-positive Puiseux
series is algebraically closed, (see Theorem 1.15).

We have �streamlined� the main algorithm of [2] by eliminating several
technical complications in the original paper (e.g. ω-sets). Moreover, we have
improved the algorithm's e�ciency via a more careful control of the liftings (see
Remark 3.11). Finally, in section 3.4, we have interpreted the proof of Theo-
rem 1.15 (which states that the �eld of ω-positive Puiseux series is algebraically
closed) via the link with the tropical variety − the conclusion is that the iter-
ative construction in the proof of the theorem coincides with the construction
given by the algorithm (see section 3.4).

The paper is divided into three Sections. In Section 1 we study the alge-
braical properties of Sω, the �eld of ω-positive Puiseux series. Here ω ∈ RN is
a vector whose components are linearly independent over Q. An N -variables
Puiseux series is said to be ω-positive if the exponents of its terms belong to a
translate of an ω-positive convex cone. One checks easily that Sω is a �eld.

The main result of Section 1 is that Sω is algebraically closed (Theorem 1
in [1]). The proof is hard, the main tools being a variation of the Newton
polygon, de�ned using the valuation map valω of Sω, and an extension to the
(N +1)-dimensional case of the notion of ω-positive cone, namely the ω-wedge.
The proof presented here is essentially that of [1].

In Section 2 one studies the properties of the polynomial ring Sω[y], where
y = (y1, . . . , yM ), and speci�cally the monomial orders given by the vectors
(ω, η) with η ∈ (R∪{∞})M . An order relation thus de�ned is not necessarily
total and consequently, the initial form with respect to this order of a polyno-
mial f ∈ Sω[y], inη(f), might consist of more than one term.

We study the initial ideals relative to di�erent �directions� η for ideals
I ⊂ Sω[y] with �nite zero sets. In particular, one checks that for any ϕ ∈ V (I),
the initial ideal inval(ϕ)(I) is monomial free (see Proposition 2.21). If I is the
extension of an ideal J ⊂ K[x, y], the previous property means that (ω, η)
belongs to the tropical variety of J .

We conclude the chapter by giving a procedure to construct inductively
the terms of a zero of an ideal I ⊂ Sω[y] having a �nite zero set. The con-
struction assumes that one can �nd at each step i a �good direction� η(i) ∈
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(R∪{∞})M and a zero of the η(i)-initial ideal of an inductively constructed
ideal.

Section 3 is devoted to describing the main algorithm. Given a system
of algebraic equations, or equivalently, an ideal I ⊂ K[x1, . . . , xN+M ] we can
suppose by Noether's Normalization Lemma, after renaming the variables that
I ⊂ K[x, y] with x = (x1, . . . , xN ), y = (y1, . . . , yM ), and the natural mapping
K[x] → K[x, y]/I is integral. This in turn implies that the extension of the
ideal I to Sω[y] has a �nite zero set. The algorithm consists in computing the
terms of a zero of this extended ideal. In order to do so, one combines the
construction at the end of Section 2 with determining points in the tropical
variety of an ideal in K[x, y]. The computation of points in the tropical variety
can be done using the program Gfan (see [7]) or the computer algebra system
Singular (see [4]).

I want to thank Professor Thomas Markwig for proposing me this theme
and for his help during the preparation of this paper.

1. THE FIELD Sω OF ω-POSITIVE PUISEUX SERIES

The material in this section, with the exception of the examples, fol-
lows [1].

1.1. The ω-order

Let ω be a vector in RN . Throughout this paper, we shall assume that the
components of ω are linearly independent over the �eld of rational numbers.
For α ∈ RN we de�ne the ω-order of α:

valω(α) = ω · α,

where ω · α represents the inner product, and for x ∈ R, we de�ne

Hω(x) =
{
α ∈ RN

∣∣ valω(α) = x
}
.

Since the components of ω are rationally independent, valω
∣∣
QN is an in-

jective mapping and consequently, it induces a total ordering on QN , and in
turn it produces a monomial ordering in the case of the fractional exponents of
Puiseux series.

Remark 1.1. Each hyperplane Hω(x) contains at most one element in QN .
In particular, the origin is the only rational vector in Hω(0) = ker(valω).

If ω is clear from the context, we shall simply write val(·) or H(·) instead
of valω(·) or Hω(·).
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1.2. Convex Rational Polyhedral Cones

A convex rational polyhedral cone is a subset of RN of the form

C = {λ1v1 + . . .+ λnvn | λi ∈ R, λi ≥ 0},

where v1, . . . , vn ∈ QN .

A cone is called strongly convex if it contains no non-trivial linear spaces.

Let ω ∈ RN be a vector with rationally independent coordinates. A
convex rational polyhedral cone, C, is said to be ω-positive if val(α) ≥ 0 for
every α in C.

For the sake of brevity, in the sequel, we shall shorten �convex rational
polyhedral ω-positive cone� to �ω-positive cone�.

We list now some properties of ω-positive cones that will be needed in the
sequel. Since the proofs are elementary and straightforward, we omit them.

Proposition 1.2. I. Let C be an ω-positive cone and δ ∈ RN . Then:
(1) C is strongly convex.

(2) If x ∈ R then (δ + C) ∩H(x) is a compact set and moreover,

(δ + C) ∩
{
α ∈ RN

∣∣ val(α) ≤ x
}

is a compact set. Consequently, the intersection of the lattice 1/cZN ,
where c ∈ N with

(δ + C) ∩
{
α ∈ RN

∣∣ val(α) ≤ x
}

is a �nite set.

(3) Let c ∈ N. Then val
(

1/cZN ∩(δ + C)
)
is a bounded below discrete set. In

particular, for any non-empty subset A ⊂ 1/cZN , the set

val (A ∩ (δ + C)) has a smallest element.

(4) Let c ∈ N, A ⊂ 1/cZN ∩(δ + C) and γ ∈ RN such that val(γ) ≤ val(α) for
all α ∈ A. Then there exists an ω-positive cone C̃ such that

A ⊆ γ + C̃. In particular, if v0 is the element of A of smallest ω-order,
one can take γ = v0.

(5) If C has a non-empty interior in RN , then for all δ1, δ2 ∈ RN there exists

δ ∈ RN such that

(δ1 + C) ∪ (δ2 + C) ⊆ δ + C.
II. Let C1 and C2 be two ω-positive cones. Then:

(1) There exists an ω-positive cone C such that for all δ1, δ2 ∈ RN there exists

δ in RN satisfying

(δ1 + C1) ∪ (δ2 + C2) ⊆ δ + C.
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(2) C1 + C2 is an ω-positive cone and for δ1, δ2 ∈ RN one has

(δ1 + C1) + (δ2 + C2) = (δ1 + δ2) + (C1 + C2).

Remark 1.3. Proposition 1.2 II.(1) implies that the set of translates of
ω-positive cones is directed with respect to the inclusion.

1.3. Puiseux Series

Throughout this paper, K will denote a �eld of characteristic 0. We shall
always assume that K is algebraically closed. Without this assumption, the
�eld Sω of ω-positive Puiseux series (see De�nition 1.5) is not algebraically
closed (i.e. Theorem 1.15 is not true) and the algorithm to compute a Puiseux
parametrization does not work. While the following de�nitions and many of
the results may hold for general �elds or even rings, the main result requires
the full hypothesis.

De�nition 1.4. An N -variable fractional power series ϕ over K is an ex-
pression of the form

ϕ =
∑
α∈QN

aαx
α

where aα ∈ K, α = (α1, . . . , αN ) ∈ QN and xα = xα1
1 . . . xαNN . Denote by

ε(ϕ) :=
{
α = (α1, . . . , αn) ∈ QN

∣∣ aα 6= 0
}

the set of exponents of ϕ.
For c ∈ N let

Sc =
{
ϕ fractional power series over K

∣∣ ε(ϕ) ⊆ 1/cZN
}

be the set of formal c-Puiseux series. If c′ is a multiple of c, then there is an
obvious inclusion

(1) Sc ↪→ Sc′ .
Let

S = lim−−→
c∈N
Sc.

be the set of all Puiseux series.

Remark that Sc and S are additive groups with the usual addition op-
eration. However, without supplementary conditions, multiplication may not
always be de�ned since computing coe�cients might imply in�nite sums in K.

For instance, if N = 1, and ϕ ∈ Sc,

ϕ =
∑
i∈Z

x
i/c,
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then ϕ2 does not make sense since, for example its term of degree 0 should be
the in�nite sum

1 + x
1/cx

−1/c + x
2/cx

−2/c + · · · = 1 + 1 + . . . .

In order to de�ne a multiplication and hence a ring structure, one has
to introduce some kind of �niteness condition. McDonald [10] had the idea to
construct Puiseux series with exponent sets included in ω-positive cones, where
ω has rationally independent coordinates.

We would also like that our ring contain all monomials (we need the
monomials with negative exponents in order that all monomials be invertible).
For this we also need to consider Puiseux series with exponents in translates of
ω-positive cones.

De�nition 1.5. Let C ⊂ RN be an ω-positive cone and c ∈ N. De�ne
SC,c =

{
ϕ ∈ Sc

∣∣ there exists δ ∈ QN such that ε(ϕ) ⊂ δ + C
}

the set of c-Puiseux series with exponents in translates of C.
The inclusion (1) in De�nition 1.4 induces an inclusion

SC,c ↪→ SC,c′
for all c′ multiple of c and let

SC = lim−−→
c∈N
SC,c

be the set of Puiseux series with exponents in translates of C.
If C ⊂ C′ are two ω-positive cones, then one has an obvious inclusion

SC ↪→ SC′
and denote

Sω = lim−→
C
SC

the set of Puiseux series with exponents in translates of ω-positive cones, where
the inductive limit is taken over all ω-positive cones.

An element ϕ ∈ Sω will be called an ω-positive Puiseux series.

Thus, a series ϕ is in Sω i� there exists an ω-positive cone C, δ ∈ QN and
c ∈ N such that ε(ϕ) ⊂ (δ + C) ∩ 1/cZN .

Remark 1.6. Note that Proposition 1.2 I.(5) implies that if the cone C has
non-empty interior, then the sum of two series in SC,c is again in SC,c. Note also
that Proposition 1.2 II.(1) implies that the inductive limit which de�nes Sω is
taken on a directed set. Consequently, the addition of Puiseux series induces
a structure of additive group on SC,c respectively SC and Sω. Proposition 1.2
I.(2) ensures that the product of two ω-positive Puiseux series can be de�ned,
while Proposition 1.2 II.(2) implies that the result is still in Sω.



7 Solutions of algebraic systems via Puiseux series 99

Thus, SC,c, SC and Sω have a commutative ring structure.

Remark 1.7. If N = 1 and ω is for instance the 1-dimensional vector (1),
then there exists only one ω-positive cone C, (C = {α | α ≥ 0}) and SC = Sω
consists of the series with exponents bounded from below.

Example 1.8. Let for instance ω be a vector in the �rst orthant (i.e. all
the components of ω are > 0). Then any usual N -variable power series

ϕ =
∑
α∈NN

aαx
α

is an ω-positive Puiseux series.
Similarly, if ω is a vector in the negative orthant (i.e. all the components

of ω are < 0), then any Laurent series with negative exponents

ϕ =
∑
−α∈NN

aαx
α

is an ω-positive Puiseux series.
Of course, many other situations can be treated as ω-positive Puiseux

series, and so the de�nition is rather comprehensive.

De�nition 1.9. If m = aαx
α ∈ Sω is a one-term series, then the ω-order

of m is
val(m) = val(α).

For a general ϕ ∈ Sω, ϕ 6= 0,

ϕ =
∑

α∈ε(ϕ)

aαx
α,

one de�nes
val(ϕ) = min

α∈ε(ϕ)
val(aαx

α).

Note that by Proposition 1.2 I.(3), the minimum is attained in a unique α ∈
ε(ϕ). By convention, val(0) =∞.

Denote by in(ϕ) the term of ϕ of minimal ω-order. By convention,
in(0) = 0.

Note that
val(in(ϕ)) = val(ϕ).

It is easy to check the following properties:

Proposition 1.10. Let ϕ and ϕ′ be two elements in Sω. Then
(1) val(ϕ+ϕ′) ≥ min(valϕ, valϕ′) with strict inequality if and only if val(ϕ) =

val(ϕ′) and in(ϕ) + in(ϕ′) = 0,
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(2) val(ϕ · ϕ′) = val(ϕ) + val(ϕ′) and in(ϕ · ϕ′) = in(ϕ) · in(ϕ′).

(3) val
(
ϕ(xr1, . . . , x

r
N )
)

= r · val
(
ϕ(x1, . . . , xN )

)
for every r ∈ Q.

Thus, val is a valuation map on Sω.

Remark 1.11. Note that ϕ ∈ Sω can be written uniquely in the form

(2) ϕ =
∞∑
i=1

ϕi,

where each (ϕi)i is a one-term series and, for all i, val(ϕi) < val(ϕi+1).

Remark 1.12. For c ∈ N, let

∆(c) = {0, 1, . . . , c− 1}.
Any exponent α ∈ 1/cZN can be written uniquely as

α = δ + α′,

where δ ∈ 1/c∆(c)N and α′ ∈ ZN . Hence, any ϕ ∈ Sω with ε(ϕ) ⊂ 1/cZN can
be written uniquely as

(3) ϕ =
∑

δ∈(1/c∆(c))N

xδϕδ,

with each ϕδ a series with integer exponents. This means that each ϕ with
ε(ϕ) ⊂ 1/cZN is a linear combination of integer exponent series with �coe�-
cients� fractional monomials with positive exponents < 1.

Note that the family (ε(xδϕδ))δ forms a partition of ε(ϕ) and consequently

val(ϕ) = min
δ∈(1/c∆(c))N

(val(δ) + val(ϕδ))

and the minimum is attained for a unique exponent δ.

Example 1.13. For N = 2, c = 5 and ϕ = x
1/5
1 x2

2 + x
6/5
1 x7

2 + x
3/5
1 x

7/5
2 +

x
8/5
1 x9

2 + x
13/5
1 x3

2, we can write ϕ as

x
1/5
1 (x2

2 + x1x
7
2) + x

3/5
1 x

2/5
2 x2 + x

3/5
1 (x1x

9
2 + x2

1x
3
2).

We shall need a slight generalization of the formula (3).
Assume l ∈ N and c is a multiple of l. Then an exponent α ∈ 1/cZN can

be written uniquely as
α = δ + α′,

where δ ∈ l/c∆(c/l)N and α′ ∈ 1/lZN . If ϕ is a series with ε(ϕ) ⊂ 1/cZN then ϕ
can be written uniquely

(4) ϕ =
∑

δ∈l/c∆(c/l)N

xδϕδ,
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with ε(ϕδ) ⊂ 1/lZN for all δ. As above, the family (ε(xδϕδ))δ is a partition of
ε(ϕ) and

val(ϕ) = val(xδϕδ)

for a unique δ ∈ l/c∆(c/l)N .

Proposition 1.14. Let ω be a vector in RN of rationally independent

coordinates. Then Sω is a �eld.

Proof. We have already seen that Sω is a ring. All we have left to show is
that each 0 6= ϕ ∈ Sω is invertible.

First, we will show that for ϕ ∈ Sω with val(ϕ) > 0, the sum

1 + ϕ+ ϕ2 + . . .

de�nes a series in Sω.
Indeed, since ϕ ∈ Sω, there exists a cone C, such that ε(ϕ) ⊂ C. Then,

for all n > 0, ε(ϕn) ⊂ C.
Since val(ϕn) = n val(ϕ) it follows that each monomial appears in at most

�nitely many series ϕn, and consequently the in�nite sum 1 +ϕ+ϕ2 + . . . is a
series in Sω. This implies that if ϕ ∈ Sω with val(ϕ) > 0 then the series (1−ϕ)
is invertible in Sω.

For the general case, let ϕ ∈ Sω with ϕ 6= 0 and let in(ϕ) = cαx
α. Then

ϕ = cαx
α(1− ψ),

with valψ > 0 which ends the proof. �

1.4. The Newton Polygon

The main result that we shall prove until the end of the chapter is ([1]
Theorem 1):

Theorem 1.15. Let ω ∈ RN be a vector of rationally independent coordi-

nates. Then Sω is an algebraically closed �eld.

The main tools in the proof are a variation of the Newton polygon pro-
duced using the valuation valω of Sω and an extension to the 2-dimensional
case of the notion of ω-positive cone, the ω-wedge.

Throughout this section, f will be a polynomial in Sω[y]

f =

d∑
i=0

ϕi(x)yi,

with ϕi(x) ∈ Sω. Since our purpose is to show that f has a root in Sω, we will
assume that ϕ0(x) 6= 0 (i.e. y = 0 is not a root of f).
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There exists an ω-positive cone C, a vector δ ∈ QN and c ∈ N such that
ε(ϕi) ⊂ I(C, δ, c), for all i where

(5) I(C, δ, c) = (δ + C) ∩ 1/cZN .

Then f can be written as the sum

f =
∑

α∈I(C,δ,c)
i=0,...,d

aα,i · xα · yi,

where aα,i ∈ K.
The exponent set of f is

ε(f) =
{

(α, i)
∣∣ α ∈ I(C, δ, c), 0 ≤ i ≤ d, aα,i 6= 0

}
.

The mapping valω : RN → R (see Paragraph 1.1), induces the morphism

(6)
πω : RN ×R → R2

(α, i) 7→ (val(α), i)

Terminology 1.16. Let v ∈ RN ×R.
(1) We denote by Phor(v) ∈ RN the projection of v on the �rst factor, and

call it the horizontal part of v.

(2) We denote by Pvert(v) ∈ R the projection of v on the second factor, and
call it the height of v.

(3) A subset A ⊂ RN+1 will be said to be horizontal if it has constant height.

Remark 1.17. The preimage of a point P ∈ R2, P = (q, h) is the horizontal
linear variety of codimension 2 Hω(q)× {h}.

Proposition 1.18. Let ω ∈ RN be a vector of rationally independent

coordinates, let πω be the projection de�ned in (6) and let P = (q, h) be a point

in R2. Then the linear subvariety π−1
ω (P ) has at most one point in QN ×Q.

Moreover,

πω : ε(f)→ πω
(
ε(f)

)
is a bijection.

Proof. If h /∈ Q then π−1
ω (P ) has obviously no point in QN+1. If h ∈ Q

then the statement follows from the properties of the mapping val, see Re-
mark 1.1. �

Remark that the condition on the coe�cients ϕi of f implies:

πω(ε(f)) ⊂
{

(q, h) ∈ R2
∣∣ q ≥ val(δ), 0 ≤ h ≤ d

}
.
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De�nition 1.19. Let f ∈ Sω[y] be a polynomial. The ω-Newton polygon
of f is the convex hull of the set πω

(
ε(f)

)
+ (R≥0×{0}). In other words,

NPω(f) = conv

 ⋃
P∈ε(f)

πω(P ) +
(
R≥0×{0}

).
Example 1.20. Let f = (y − ϕ1(x)) · ... · (y − ϕn(x)), where ϕ1, . . . , ϕn ∈

Sω \ {0} and for each i,

in(ϕi) = aix
α(i)

,
with ai ∈ K, and α(i) ∈ QN . Then,

f = yn + S1(ϕ1, . . . , ϕn)yn−1 + · · ·+ (−1)nSn(ϕ1, . . . , ϕn),

where Si denotes the i-th elementary symmetric polynomial. Assume that
val(ϕ1) < · · · < val(ϕn). Our assumption implies that:

val(Si(ϕ1, . . . , ϕn)) = val(ϕ1) + · · ·+ val(ϕi).

The Newton polygon, NPω(f), for n = 4, can be seen in Fig. 1.

1

2

3

4

valϕ1 valϕ2 valϕ3 valϕ4

Fig. 1. NPω(f).

Remark 1.21. If

f =

d∑
i=0

ϕi(x)yi

then for each height h such that ϕh(x) 6= 0, the ω-Newton polygon contains
the half-line (val(ϕh), h) + (R≥0×{0}).

NPω(f) has a �nite number of edges, the uppermost and the lowermost
edges are horizontal half-lines, while the rest of the edges are bounded line
segments.
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In particular, the Newton polygon in Fig. 1, (see Example 1.20), has 5
vertices and 4 �nite length edges.

We introduce for further use the following notations:

Notation 1.22. Let f ∈ Sω[y],

f =
d∑
i=1

ϕi(x)yi

such that ϕ0(x) 6= 0. Denote by:

• v(0)(f) ∈ R×N denotes the vertex of height 0 of NPω(f).

• v(1)(f) ∈ R×N denotes the vertex of lowest positive height of NPω(f).

• Let q(0)(f) ∈ ε(f) be the point such that πω
(
q(0)(f)

)
= v(0)(f).

• Let q(1)(f) ∈ ε(f) be the point such that πω
(
q(1)(f)

)
= v(1)(f).

• Let ht(f) ∈ N be the height of q(1)(f).

• The line segment in RN ×R, segm(f) = [q(0)(f), q(1)(f)] will be called
the ω-segment of f .

• Let q(0)(f) and q(1)(f), as above. Then

(7) q(0)(f)− q(1)(f) = ht(f)

(
Phor(q

(0)(f))− Phor(q
(1)(f))

ht(f)
,−1

)
.

The quotient

slope (f) =
Phor(q

(0)(f))− Phor(q
(1)(f))

ht(f)

will be called the ω-slope of f .

• Let A ⊂ ε(f) and denote by f
∣∣
A
the sum of terms of f with exponents in

A. The ω-characteristic polynomial of f is the polynomial χ(f) ∈ K[y],

χ(f)(y) = f
∣∣
segm(f)

(1, . . . , 1, y).

Example 1.23. In the context of Example 1.20,

v(0)(f) =

(
n∑
i=1

val(ϕi), 0

)

v(1)(f) =

(
n−1∑
i=1

val(ϕi), 1

)

q(0)(f) =

(
n∑
i=1

α(i), 0

)

q(1)(f) =

(
n−1∑
i=1

α(i), 1

)
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slope(f) = α(n)

χ(f) = (−1)n−1a1·...·an−1y+(−1)na1·...·an = (−1)n−1a1·...·an−1(y−an).

Remark 1.24. Note that the ω-characteristic polynomial of f , χ(f)(y) has
degree equal to ht(f), the height of q(1)(f), and furthermore, since ϕ0(x) 6= 0 it
follows that y = 0 is not a root of χ(f)(y). Moreover, since K is an algebraically
closed �eld, χ(f)(y) has a root in K. This is the only place in the proof where
one uses the fact that K is an algebraically closed �eld.

Lemma 1.25. Let f ∈ Sω[y] such that f(0) 6= 0. The slope of the edge

[v(0)(f), v(1)(f)] of the Newton polygon NPω(f) is −1/ val(slope(f)).

Proof. Applying πω in (7), one gets

v(0)(f)− v(1)(f) = ht(f) · (val(slope(f)),−1),

where ht(f) is the height v(1)(f) and the Lemma is obvious. �

Remark 1.26. The proof of Lemma 1.25 shows that the vector (val(slope
(f)),−1) is parallel to the edge [v(0)(f), v(1)(f)]. In particular, in the case of
Example 1.20, the edge [v(0)(f), v(1)(f)] is parallel to (val(ϕn),−1) and its slope
is (−1)/ val(ϕn).

Remark 1.27. Since the Newton polygon NPω(f) is convex, it follows that
for all P = (q, h) ∈ NPω(f), the line segment

{P + λ(η,−1) | η = val(slope(f)), 0 ≤ λ ≤ h}

(i.e. the line segment parallel to the edge [v(0)(f), v(1)(f)] joining P to the
abscissa) is contained in NPω(f).

1.5. The Automorphisms Tϕ

In this section, we introduce a family of Sω-algebra automorphisms of
Sω[y] and study their e�ect on the exponent set and the Newton polygon. The
proof of the Theorem 1.15 consists in iteratively applying the transformation
to a polynomial of Sω[y].

For ϕ ∈ Sω let

(8)
Tϕ : Sω[y] → Sω[y]

y 7→ y + ϕ.

Note that Tϕ induces an action of Sω on Sω[y], and, in particular, if ϕ and
ψ ∈ Sω, one has that

(9) Tϕ ◦ Tψ = Tψ ◦ Tϕ = Tϕ+ψ.
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Remark 1.28. If f ∈ Sω[y], then Tϕ induces a one-to-one correspondence
between the roots of f and the roots of Tϕ(f). More precisely, ψ ∈ Sω is a root
of f i� ψ − ϕ is a root of Tϕ(f).

In general, we shall use lower case Greek letters, ϕ,ψ to denote series in
Sω and capital Greek letters, φ, Ψ to denote one-term series, axµ, with a ∈ K
and µ ∈ QN .

In the sequel, we shall mostly consider transformations Tφ relative to one-
term series. First, we estimate the exponent set of Tφ(f). The fundamental
fact we use is:

Lemma 1.29. Let µ, α ∈ QN , j ∈ N, a ∈ K and φ = axµ. Then

ε(Tφ(xαyj)) = {(α, j) + k(µ,−1) | k ∈ N and 0 ≤ k ≤ j}.

Proof. We have

Tφ(xαyj) = xα(y + axµ)j = xα
j∑

k=0

(
j
k

)
akxkµyj−k.

Thus

ε(Tφ(f)) = {(α, j) + k(µ,−1) | k = 0, . . . , j}. �

Lemma 1.29 implies that the exponents in ε(Tφ(xαyj)) consist of all the
points of integer positive heights in the line segment starting at (α, j), (the only
point in ε(xαyj)), parallel to the vector (µ,−1) and ending at (α+ jµ, 0).

Corollary 1.30. Let φ = cxµ be as in Lemma 1.29 and f ∈ Sω[y]. Then:

ε(Tφ(f)) ⊆
⋃

(α,h)∈ε(f)

{
(α, h) + k(µ,−1)

∣∣ 0 ≤ k ≤ h
}
.

Notation 1.31. Let P be an �origin point� and v ∈ RN+1, v 6= 0 a vector.
Let:

D−(P, v) = {P + λv | λ ≤ 0}
and

D+(P, v) = {P + λv | λ ≥ 0}
denote the half-lines starting at P , parallel to v in the negative, respectively
positive direction relative to v.

Lemma 1.29 immediately provides su�cient conditions for P ∈ QN ×N
to be or not to be an exponent of Tφ(f):

Corollary 1.32. Let φ = axµ be as in Lemma 1.29, P ∈ QN ×N and

f ∈ Sω[y]. Then:

(1) If ε(f) ∩D−(P, (µ,−1)) = ∅, then P /∈ ε(Tφ(f)).



15 Solutions of algebraic systems via Puiseux series 107

(2) If ε(f) ∩D−(P, (µ,−1)) consists of one point, then P ∈ ε(Tφ(f)).

For the proof of Theorem 1.15, we use a reformulation of the above
Corollary:

Corollary 1.33. Let φ = axµ be as in Lemma 1.29, P ∈ QN ×N and

f ∈ Sω[y]. Then:

(1) If P ∈ ε(Tφ(f)), then ε(f) ∩D−(P, (µ,−1)) 6= ∅.
(2) If P /∈ ε(Tφ(f)) then the cardinality of ε(f) ∩D−(P, (µ,−1)) is either 0

or ≥ 2.

Applying πω to Corollary 1.32, one obtains:

Corollary 1.34. Let φ = axµ be as in Lemma 1.29, Q ∈ QN ×N and

f ∈ Sω[y]. Denote by P = πω(Q) and η = val(µ). Then:

(1) If πω(ε(f)) ∩D−(P, (η,−1)) = ∅, then P /∈ πω(Tφ(f)).

(2) If πω(f) ∩D−(P, (µ,−1)) consists of one element, then P ∈ πω(Tφ(f)).

Proof. Since πω induces a bijection between the lines

P + λ(η,−1) and Q+ λ(µ,−1),

the result follows. �

Notation 1.35. Let f ∈ Sω[y] such that y = 0 is not a zero of f . Let

φ(f, a) = axµ,

where µ = slope(f) and a is a root of the ω-characteristic polynomial of f .

Until the end of this paragraph, we shall restrict ourselves to the trans-
formation Tφ(f,a).

Example 1.36. Let f = y2 + x2
2y − x4

1 and ω = (1,
√

2). Then :

ε(f) = {(0, 0, 2), (0, 2, 1), (4, 0, 0)}.
q(0)(f) = (4, 0, 0), q(1)(f) = (0, 0, 2), ht(f) = 2 and slope(f) = (2, 0).

χ(f) = y2 − 1.

v(0)(f) = (4, 0) and v(1)(f) = (0, 2).

The zeros of χ(f) are 1 and −1. Hence, we can either consider φ(f, 1) = x2
1 or

φ(f,−1) = −x2
1. And

Tφ(f,1)(f) = y2 + 2x2
1y + x2

2y + x2
1x

2
2

Tφ(f,−1)(f) = y2 − 2x2
1y + x2

2y − x2
1x

2
2.

Proposition 1.37. The lowest height vertex of the ω-segment of f , q(0)(f)
is never an exponent of Tφ(f,a)(f).
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Proof. By Lemma 1.29 only the terms of f corresponding to the exponents
on segm(f) can have a �contribution� to the term of Tφ(f,a)(f) with exponent

q(0)(f). Moreover, one has:

Tφ(f,a)

(
f
∣∣
segm(f)

)
= Tφ(f,a)(f)

∣∣
segm(f)

.

Recall that f
∣∣
segm(f)

represents the sum of all the terms of f with the exponents

on segm(f). Note that the terms of Tφ(f,a) of exponent q
(0)(f) coincides with

Tφ(f,a)(f)
∣∣
segm(f)

(x, 0).

(10) Tφ(f,a)(f)
∣∣
segm(f)

(x, 0) = Tφ(f,a)(f
∣∣
segm(f)

)(x, 0) = f
∣∣
segm(f)

(x, axµ)

Let β = Phor(q
(0)(f)) and h = ht(f) . By the proof of Lemma 1.29, all the

terms in the right term side of (10) have the same degree in x and we have

f
∣∣
segm(f)

(x, axµ) = xβf
∣∣
segm(f)

(1, ..., 1, a) = 0.

Thus, by choice of a,

Tφ(f,a)(f)
∣∣
segm(f)

(x, 0) = 0,

which ends the proof. �

Example 1.38. Returning to Example 1.36, let

g = Tφ(f,1)(f) = y2 + 2x2
1y + x2

2y + x2
1x

2
2.

Then

ε(g) = {(0, 0, 2), (2, 0, 1), (0, 2, 1), (2, 2, 0)}.
Remark that q(0)(f) = (0, 0, 4) is no longer an exponent of g.

We shall study the e�ect of the transformation Tφ(f,a) on the ω-Newton
polygon of f .

Proposition 1.39. Let f ∈ Sω[y] be such that y = 0 is not a zero of f .

(1) All the positive height vertices of NPω(f) are vertices of NPω(Tφ(f,a)(f)).

(2) NPω(Tφ(f,a)(f)) ⊆ NPω(f).

(3) v(0)(f) does not belong to NPω(Tφ(f,a)(f)).

(4) If y = 0 is not a root of Tφ(f,a)(f), then

val(Phor(q
(0)(f))) < val(Phor(q

(0)(Tφ(f,a)(f))).

Proof. We set η = val(slope(f)).

(1) Each vertex of NPω(f) belongs to πω(ε(f)). Moreover, a vertex of
NPω(f) of positive height, P , is the only point in ε(f)∩D−(P, (η,−1)). Then
(1) follows from Corollary 1.34 (2).



17 Solutions of algebraic systems via Puiseux series 109

(2) Applying πω to Corollary 1.30, one obtains

(11)

πω(ε(Tφ(f,a)(f))) ⊆
⋃

(q,h)∈πω(ε(f))

{
(q, h) + λ(η,−1)

∣∣ 0 ≤ λ ≤ h
}

πω(ε(Tφ(f,a)(f))) ⊆
⋃

(q,h)∈NPω(f)

{
(q, h) + λ(µ,−1)

∣∣ 0 ≤ λ ≤ h
}

According to Remark 1.27, the right hand side term in (11) is NPω(f).
Since NPω(f) is convex and contains P + R≥0×{0}, whenever P ∈

NPω(f), it follows that NPω(Tφ(f,a)(f)) ⊆ NPω(f).
(3) If Tφ(f,a)(f) has y = 0 as a root, then NPω(Tφ(f,a)(f)) has no point

on the abscissa. If not,

v(0)(Tφ(f,a)(f)) = πω(q(0)(Tφ(f,a)(f))) ∈ [v(0)(f),∞)× {0}
and by Proposition 1.37 and (2),

v(0)(Tφ(f,a)(f)) 6= v(0)(f)

which ends the proof.
(4) Is obvious from (3). �

Example 1.40. Returning to Examples 1.36 and 1.38

q(0)(g) = (2, 2, 0), q(1)(g) = (2, 0, 1), ht(g) = 1 and slope(g) = (0, 2).

v(0)(g) = (2 + 2
√

2, 0) and v(1)(g) = (2, 1).

Note that (0, 0, 2) ∈ ε(g) and hence (0, 2) remains a vertex in NPω(g).

v(1)(g)

v(1)(f)

v(0)(g)v(0)(f)

1

Fig. 2. NPω(f) and NPω(g).

In Fig. 2, one sees that NPω(g) ⊂ NPω(f) and v(0)(f) /∈ NPω(g). More-
over, we have that

val(Phor(q
(0)(f))) = 4 < val(Phor(q

(0)(g) = 2 + 2
√

2.
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Proposition 1.39 has several immediate consequences:

Corollary 1.41. Assume that y = 0 is not a zero of Tφ(f,a)(f). Then:

(1) Either q(1)(f) = q(1)(Tφ(f,a)(f)) or the height of q(1)(Tφ(f,a)(f)) is strictly

smaller than the height of q(1)(f).

(2) The slope of the line [v(1)(f), v(0)(f)] is strictly smaller than the slope of

the segment [v(1)(Tφ(f,a)(f)), v(0)(Tφ(f,a)(f))], i.e.

− 1

val(slope(f))
< − 1

val(slope(Tφ(f,a)(f)))
,

or equivalently,

val(slope(f)) < val(slopeTφ(f,a)(f)).

Proof. (1) Since πω preserves the height, it su�ces to work on the corre-
sponding vertices on the Newton polygon.

Above the height of v(1)(f), NPω(f) and NPω(Tφ(f,a)(f)) are identical
(see Proposition 1.39 (1)).

Below the height of v(1)(f), one has the con�guration in Fig. 3, (see
Proposition 1.39 (2) and (4)).

v(0)(f)

v(1)(f)

v(0)(Tφ(f,c)(f))

1

Fig. 3.

Thus, if v(1)(Tφ(f,a)(f)) 6= v(1)(f), then v(1)(Tφ(f,a)(f)) can only �nd itself
in the emphasized triangle in Fig. 3.

(2) In both situations, of (1), v(1)(Tφ(f,a)(f)) belongs to the triangle in
Fig. 3 and the statement is clear. �

Example 1.42. Let f = yn +ϕ(x), where ϕ ∈ Sω has more than one term.
In the Figs. 4 and 5 are represented the Newton polygons of f and Tφ(f,a)(f).
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v(0)(f)

v(1)(f)

Fig. 4. NPω(f).

v(1)(Tφ(f,a)(f))

v(0)(Tφ(f,a)(f))

1

Fig. 5. NPω(Tφ(f,a)).

Note that by Proposition 1.39 and Corollary 1.41 it follows that v(1)(f) has
height n and v(1)(Tφ(f,a)(f)) has height 1. Moreover, let g = Tφ(f,a)(f) and a′ be
a zero of χ(g), the characteristic polynomial of g. Then, using Proposition 1.39
again, one gets that v(1)(Tφ(g,a′)(g)) = v(1)(g) (see also Remark 1.43 below).

In particular, let f = y4 − x4
1 − 4x2

1x
2
2 and ω = (1,

√
2). Then ht(f) = 4,

slope(f) = (1, 0) and a = 1 is a root of the ω-characteristic polynomial. Hence,
φ(f, 1) = x1 and

g = Tφ(f,1)(f) = y4 + 4x1y
3 + 6x2

1y
2 + 4x3

1y − 4x2
1x

2
2 and ht(g) = 1.

Furthermore, slope(g) = (−1, 1) and a = 1 is a root of χ(f). Hence, φ(g, 1) =
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x−1
1 x2 and

Tφ(g,1)(g) = y4+4x−1
1 x2y

3+4x1y
3+6x2

1x
2
2y

2+12x2y
2+6x2

1y+4x−3
1 x3

2y+4x3
1y+

12x3
1x

2
2y + 12x1x2y + x4

1x
4
2 + 4x−2

1 x3
2 + 6x4

1x
2
2 and ht(Tφ(1,g))(g) = 1... etc .

Remark 1.43. In the context of Corollary 1.41 if v(1)(f) has height 1, then

v(1)(Tφ(f,a)(f)) = v(1)(f),

for in this case, the emphasized triangle in Fig. 3 is reduced to a point.

Corollary 1.44. Let f ∈ Sω[y] be such that y = 0 is not a zero of f
or of Tφ(f,a)(f). Let h be the height of q(1)(f) and let P ∈ [q(1)(f), q(0)(f)]

be the point of height h − 1. If q(1)(f) = q(1)(Tφ(f,a)(f)), then P ∈ ε(f) and

P /∈ ε(Tφ(f,a)(f)).

Proof. According to Proposition 1.39, the lowest �nite edges of NPω(f)
and NPω(Tφ(f,a)(f)) have only the point v(1)(f) in common, and moreover,

the line segment [v(1)(f), v(0)(f)] is outside NPω(Tφ(f,a)(f)). Hence, πω(P ) /∈
πω(ε(Tφ(f,a)(f))) or equivalently, P /∈ ε(Tφ(f,a)(f)). Note that

ε(f) ∩D−(P, (slope(f),−1)) = {q(1)(f), P}.

Indeed, the inclusion “ ⊂ ” is obvious, and according to Corollary 1.33
(2) the left hand side term has at least 2 points. Thus, P ∈ ε(f). �

Finally, we want to establish a link between the lattice containing ε(f)
and the lattice containing ε(Tφ(f,a)(f)).

Proposition 1.45. Let f ∈ Sω[y] such that y = 0 is not a zero of f or

Tφ(f,a)(f).

(1) If ε(f) ⊂ 1/cZN×N and slope(f) ∈ 1/cZN , then ε(Tφ(f,a)(f)) ⊂ 1/cZN×N.
(2) If q(1)(f) = q(1)(Tφ(f,a)) and ε(f) ⊂ 1/cZN ×N, then slope(f) ∈ 1/cZN .

Proof. (1) Let P ∈ ε(Tφ(f,a)(f)). By Corollary 1.30 there existe Q ∈ ε(f)
such that

P ∈ D+(Q, (µ,−1)),
where µ = slope(f).

This means that
P = Q+ k(µ,−1),

for some k ∈ N. Hence, P ∈ 1/cZN ×N.
(2) Denote by P the point on segm(f) at height h−1, where h is the height

of q(1)(f). By Corollary 1.44, P ∈ ε(f). Since P = q(0)(f) + (slope(f),−1) ∈
1/cZN ×N, it follows that slope(f) ∈ 1/cZN . �

Combining (1) and (2) from the above Proposition, one obtains:
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Corollary 1.46. Let f ∈ Sω[y] such that y = 0 is not a zero of f and

T(φ(f,a)(f) and assume that q(1)(f) = q(1)(Tφ(f,a)). If ε(f) ⊂ 1/cZN ×N, then

ε(Tφ(f,a)(f)) ⊂ 1/cZN ×N .

1.6. Barrier Wedges

A barrier wedge is a convex �container� of the exponent sets of the coe�-
cients of a polynomial f ∈ Sω[y]. More importantly, it provides the link between
the ω-positive cones that contain the exponents of f and the �dynamic� of f in
the privileged direction slope(f).

De�nition 1.47. Let C ⊂ Rn be an ω-positive cone and l ⊂ RN ×R be a
non-horizontal line (i.e. a line non-parallel to the �rst factor, see Notation 1.16).
The wedge of opening C and of edge l is the set

W (C, l) =
⋃
P∈l
{P + (β, 0) | β ∈ C}.

Thus the horizontal sections of W (C, l) are cones �starting� in a point on
the line l.

Remark 1.48. Any point P ∈W (C, l) can be written uniquely

P = P1 + v,

where P1 ∈ l and v ∈ C ×{0}, (see Fig. 6). Moreover, P and P1 have the same
height.

Remark 1.49. If vl ∈ RN ×R is a vector parallel to l, then P ∈W (C, l) i�
P + vl ∈W (C, l).

If v ∈ C × {0} and P ∈W (C, l), then P + v ∈W (C, l) (see Fig. 7.)

P1 P
v

Fig. 6.
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vl
v

Fig. 7.

We shall need a linear algebra result:

Lemma 1.50. Let W (C, l) ⊂ RN ×R be the wedge of opening C and edge l.

(1) If P + v ∈W (C, l) with P ∈ l and v a vector in RN ×R, then for

Q ∈W (C, l), the half-line {Q+ λv | λ ∈ R≥0} is contained in W (C, l).
(2) Let P ∈ l and (δ,−1) ∈ RN ×R parallel to the edge l then

δ + C =
{
µ ∈ RN

∣∣ P + (µ,−1) ∈W (C, l)
}
.

Proof. (1) According to Remark 1.48

P + v = P1 + w,

with P1 ∈ l and w ∈ C × {0}. Hence

v = (P1 − P ) + w = vl + w,

where vl = P1 − P is a vector parallel to l.

Thus, for Q ∈W (C, l) and λ ≥ 0,

Q+ λv = Q+ λvl + λw.

Since λvl is a vector parallel to l and λw ∈ C, we are done by Remark 1.48.

(2) Let P0 ∈ l be the point of height 0 and P−1 ∈ l be the point of height
−1. Then,

P−1 = P0 + (δ,−1).
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P

v

Q

Fig. 8. Lemma 1.50 (1).

By Remark 1.48, one can take P = P0 and:

P0 + (µ,−1) ∈W (C, l) i� there exists v ∈ C × {0} such that

P0 + (µ,−1) = P−1 + v = P0 + (δ,−1) + v,

which ends the proof.

P−1

P0

δ

µ

(µ,−1)

Fig. 9. Lemma 1.50 (2). �

De�nition 1.51. Let f ∈ Sω[y]. A wedge W (C, l) is called an ω-barrier
wedge for f if:

(1) C is an ω-positive rational cone

(2) ε(f) ⊂W (C, l).
(3) The edge l contains a point in ε(f)

Example 1.52. Let f = yn + ϕ(x) with ϕ(x) ∈ Sω. There exists δ ∈ QN

and C ⊂ RN , an ω-positive cone such that ε(ϕ) ⊂ δ + C. Let l be the line
determined by (0, n) and (δ, 0), where 0 = (0, . . . , 0) ∈ RN . Then W (C, l) is an
ω-barrier wedge for f (see Fig. 10).
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(δ, 0)

(0, n)

Fig. 10.

Proposition 1.53. Let f ∈ Sω[y] and let Q be a point in ε(f) such that

πω(Q) is a vertex in NPω(f). Then there exists an ω-barrier wedge of f con-

taining Q in its edge.

Proof. Let

f =
d∑
i=1

ϕi(x)yi

and let l be a supporting line of NPω(f) passing through πω(Q). One checks
easily that there exists a line l̃ through Q ∈ RN ×R such that πω(l̃) = l, the
correspondence being one-to-one, and denote by Qi the point of height i on l̃
with 1 ≤ i ≤ d.

Since
NPω(f) ⊂ πω(l) + (R≥0×{0})

it follows that

val(Phor(Qi)) ≤ val(ϕi) for i = 0, 1, . . . , d.

According to Proposition 1.2 I.(4) for each i there exists an ω-positive rational
cone Ci such that

ε(ϕi) ⊂ Phor(Qi) + Ci.
If C is an ω-positive cone such that Ci ⊂ C for all i, then one checks easily that
W (C, l) is an ω-barrier wedge for f . �

Finally, we want to study the relation between ω-barrier wedges and the
transformation Tφ(f,a)(f).

Proposition 1.54. Let f ∈ Sω[y] such that y = 0 is not a zero of f . Then
there exists a non-horizontal line in RN ×R through q(1)(f) and an ω-positive
cone C ⊂ RN such that W (C, l) is an ω-barrier wedge for f . Moreover, if the

vector (δ,−1) is parallel to the line l, then:
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(1) slope(f) ∈ δ + C.
(2) ε(Tφ(f,a)(f)) ⊂W (C, l).
(3) If y = 0 is not a zero of Tφ(f,a)(f) and q(1)(f) = q(1)(Tφ(f,a)(f)), then

W (C, l) is also an ω-barrier wedge for Tφ(f,a)(f).

Proof. The existence of the ω-barrier wedge W (C, l) follows from Propo-
sition 1.53.

(1) Since W (C, l) is a convex set and q(1)(f), q(0)(f) ∈ W (C, l) it follows
that q(1)(f) + (slope(f),−1) ∈ W (C, l). By Lemma 1.50 (2), it follows that
slope(f) ∈ δ + C.

(2) According to Corollary 1.32 each exponent of Tφ(f,a)(f) is on the half-
line starting at an exponent parallel to (slope(f),−1) in the positive direction.
Since q(1)(f) + (slope(f),−1) ∈W (C, l), we get the result by Lemma 1.50 (1).

(3) Obvious since q(1)(f) = q(1)(Tφ(f,a)(f)) ∈ l. �

(0, 0, 4)

(4, 0, 0)

(2, 2, 0)

Fig. 11.

Example 1.55. Returning to Example 1.42 let f = y4 − x4
1 − 4x2

1x
2
2 and

ω = (1,
√

2). Then:

ε(f) = {(0, 0, 4), (4, 0, 0), (2, 2, 0)}
slope(f) = (1, 0)

g = Tφ(f,1)(f) = y4 + 4x1y
3 + 6x2

1y
2 + 4x3

1y − 4x2
1x

2
2

ε(g) = {(0, 0, 4), (1, 0, 3), (2, 0, 2), (3, 0, 1), (2, 2, 0)}
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Let l be a line of direction (δ,−1) where δ ∈ R2, δ = (0, 0) and C ⊂ R2,
be the ω-positive cone C = {x1 ≥ 0, x2 ≥ 0}.

One checks immediately that ε(f) ⊂ W (C, l) and since (0, 0, 4) ∈ l, it
follows that W (C, l) is an ω-barrier wedge for f . Moreover, slope(f) = (1, 0) ∈
δ + C = C.

One can also check that ε(g) ⊂W (C, l), and even though q(1)(f) 6= q(1)(g),
since (0, 0, 4) ∈ l ∩ ε(g) and (0, 0, 4) gives a vertex in NPω(g), W (C, l) is an
ω-barrier wedge for g.

1.7. The Proof of the Theorem

Let f ∈ Sω[y] be a polynomial of degree ≥ 1. We want to show that f
has a root in Sω. If y = 0 is a root of f , then we are done so from now on we
shall suppose that f(0) 6= 0.

De�ne inductively the following sequence of polynomials using the auto-
morphisms Tφ:

• f (0) = f

• f (i+1) = Tφ(f (i),a(i))(f
(i)),

if f (i)(0) 6= 0, where a(i) is any root of the characteristic polynomial of f (i). If
f (i) = 0, then we have found a root for f (see Step 1 below).

Recall that Tφ(f (i),a(i))(f
(i)) = f (i)(x, y+a(i)xslope(f (i))), see Notation 1.35.

Step 1: If f (d)(0) = 0, then

ψ(x) =

d−1∑
i=0

a(i)xslope(f (i))

is a root of f .

Indeed, since

f (d) = Tφ(f (d−1),a(d−1))(f
(d−1)) = · · · = Tψ(f (0))(y) = Tψ(f)(y),

if y = 0 is a root of f (d), then y + ψ is a root of f according to Remark 1.28.
Note that in this case, f has a root that is a polynomial in a ring K[x1/n, x−1/n]
for some n ∈ N.

From now on, we suppose that f (i) 6= 0 for all i ∈ N and set

ϕ =

∞∑
i=0

a(i)xslope(f (i)).

Since val(slope(f (i)))i∈N is a strictly increasing sequence, see Corollary 1.41 (2),
it follows that ϕ is a well de�ned fractional power series.



27 Solutions of algebraic systems via Puiseux series 119

We shall check that ϕ is a series in Sω and a root of f .

Step 2: The sequence of points (q(1)(f (i)))i∈N is constant for i large

enough.

By Corollary 1.41 (1), the heights of (q(1)(f (i)))i∈N form a decreasing
sequence of natural numbers, which yields the result.

De�nition 1.56. The constant value of the sequence (q(1)(f (i)))i∈N for i
large enough will be called the pivot of f ; it will be denoted pivot(f).

Remark that if q(1)(f (k)) = pivot(f) for a k ∈ N, then q(1)(f (i)) = pivot(f)
for all i ≥ k.

Step 3: Let k ∈ N be such that q(1)(f (k)) = pivot(f). There exists an

ω-positive cone C ∈ RN and a line l ∈ RN ×R with pivot(f) ∈ l such that

W (C, l) is an ω-barrier wedge of f (i) for all i ≥ k.
By Proposition 1.53, there exists an ω-barrier wedge W (C, l) for f (k) with

pivot(f) ∈ l and by Proposition 1.54 (3), W (C, l) is an ω-barrier wedge for f (i)

for all i ≥ k.
In the proof of Step 4, we shall need the following:

Corollary 1.57. Let k ∈ N be such that q(1)(f (k)) = pivot(f). Then

there exists an ω-positive cone C ⊂ RN and δ ∈ QN such that the sequence

(q(0)(f (i)))i≥k ⊂ δ + C.

Proof. Indeed, if W (C, l) is the ω-barrier wedge in Step 3, such that

ε(f (i)) ⊂W (C, l)

for all i ≥ k, then if (δ, 0) is the point of height 0 of the line l, then q(0)(f (i)) ⊂
δ + C for all i ≥ k. �

Step 4: There exists an ω-positive cone C ⊂ RN and a vector δ ∈ QN

such that

ε(ϕ) ⊂ δ + C.
Note that

ε(ϕ) = {(slope(f (i)))i∈N}.

Let k ∈ N such that q(1)(f (k)) = pivot(f). By Step 3, there exists an ω-barrier
wedgeW (C, l) for f (i) for all i ≥ k such that pivot(f (i)) ∈ l. Consider the vector
(δ,−1) ∈ RN ×R parallel to l. By Proposition 1.54 (1), slope(f (i)) ∈ δ + C for
all i ≥ k.

Consequently, possibly modifying the vector δ ∈ QN , one can ensure that
the slope(f (i)) ∈ δ + C for all i ∈ N, hence

ε(ϕ) ⊂ δ + C.
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Step 5: There exists c ∈ N such that

(12) ε(ϕ) ⊂ 1/cZn and ε(f (i)) ⊂ 1/cZn×N for all i ∈ N .

Indeed, let k ∈ N such that q(1)(f (k)) = pivot(f) and let c1 ∈ N be such that

ε(f (k)) ⊂ 1/c1 Zn×N .

By Corollary 1.46,
ε(f (i)) ⊂ 1/c1 Zn×N

for all i ≥ k. Moreover, Proposition 1.45 (2),

slope(f (i)) ∈ 1/c1 ∈ ZN

for all i ≥ k. Now for a convenient multiple c of c1, (12) is obvious.
Step 4 and Step 5 imply that ϕ ∈ Sω.
Step 6: lim

i
(val(f (i)(x, 0)) =∞.

Note that val(f (i)(x, 0)) represents the abscissa of p(0)(f (i))=πω(q(0)(f (i))).
By Proposition 1.39 (4), the sequence val(f (i)(x, 0)) is strictly increasing. Let
k ∈ N such that q(1)(f (k)) = pivot(f). By Corollary 1.57 and Step 5, there
exists an ω-positive cone C ⊂ RN , a vector δ ∈ QN and c ∈ N, such that

{(q(0)(f (i)))i>k} ⊂ (δ + C) ∩ 1/cZN

and according to Proposition 1.2 (2),

val((δ + C) ∩ 1/cZN )

is an in�nite discrete set.
Step 7: ϕ is a root of f .
We split ϕ as

ϕ = Tk(ϕ) +Rk(ϕ),
where

Tk(ϕ) =

k−1∑
i=0

a(i)xslope(f (i))

and

Rk(ϕ) =

∞∑
i=k

a(i)xslope(f (i)).

Then

f(x, ϕ(x)) = f(x, Tk(ϕ)(x) +Rk(ϕ)(x)) = f(x, Tk(ϕ)(x)) + ψ(x).

Let n ∈ N. We shall show that for k large enough, val(f(x, Tk(ϕ)(x))) and
val(ψ(x)) are both ≥ n, and this implies that

val(f(x, ϕ(x))) =∞ equivalently f(x, ϕ(x)) = 0.
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Write f as

f(x, y) =
d∑
i=0

ϕi(x)yi,

with ϕi ∈ Sω.
As in Step 1,

f(x, Tk(ϕ)(x)) = f (k)(x, 0)

and by step 6, for k large enough, val(f(x, Tk(ϕ)(x))) > n.
On the other hand, the terms of ψ(x) are of the form

m = aϕi(x)xα
′
xα
′′
,

where a ∈ K, xα′ is a monomial coming from Tk(ϕ) and xα
′′
is a monomial

coming from Rk(ϕ), i.e. α′, α′′ ∈ ε(ϕ) and:

val(α′) < val(slope(f (k))),

val(α′′) ≥ val(slope(f (k))).
Thus

val(m) ≥ d1 + d2 + val(slope(f (k))),
where

d1 = min
0≤i≤d

val(ϕi)

and
d2 = val(slope(f (0))).

Hence, if val(slope(f (k))) > n− d1 − d2, then for any term of m, one has
that val(m) > n.

Consequently, for k large enough,

val(ψ) > n

and we are done.

Remark 1.58. The construction of the polynomials (f (i))i∈N depends at
every step i on the choice of a root of the ω-characteristic polynomial of f (i−1),
and each choice produces a di�erent root of f . Since f has �nitely many roots,
it follows that for i large enough, the ω-characteristic polynomial of f (i) has
only one root with multiplicity equal to the degree of χ(f (i)).

2. THE RING Sω[y]

Most of the material in Section 2 and Section 3 comes from [2]. The ex-
amples, the second proof of Lemma 2.18, the proof of Proposition 3.1 (Propo-
sition 9.1 in [2]) and section 3.4 are original. The algorithm in section 3.3 has
been reformulated and modi�ed to improve e�ciency.
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2.1. The η-order in Sω[y]

Let y = (y1, . . . , yM ) be a family of variables. In this Section, we study
some of the algebraic properties of the M -variable polynomial ring Sω[y1,
. . . , yM ].

Note that Sω[y] contains the polynomial ring K[x, y], where x = (x1, . . . ,
xN ) and y = (y1, . . . , yM ). It also contains the polynomial rings K[x, x−1, y]
and even K[x1/l, x−1/l, y] for all l ∈ N.

Let

f =
∑
β∈B

ϕβ(x)yβ

be an element of Sω[y], where B ⊂ NM is a �nite set. Then, there exists
an ω-positive convex cone, C ⊂ RN , a vector δ ∈ QN and c ∈ N such that
ε(ϕβ(x)) ⊂ I(C, δ, c) for all β ∈ B, (for the de�nition of I(C, δ, c) see 5) and f
can be written:

f =
∑
β∈B

α∈I(C,δ,c)

aα,βx
αyβ,

where each aα,β ∈ K.
As in the previous Section, the exponent set of f is

ε(f) =
{

(α, β) ∈ QN ×NM
∣∣ α ∈ I(C, δ, c), β ∈ B, aα,β 6= 0

}
.

We are interested in monomial orderings on the set of (x, y)-monomials in Sω[y]
that coincide with the ω-weighted ordering on the x-monomials of Sω.

For this, we shall �complete� the vector ω ∈ RN with a vector η =
(η1, . . . , ηM ) and de�ne the (ω, η)-order for a monomial m = xαyβ as:

val(ω,η)(m) = val(α) + η · β,

where η · β is the inner product.
The key point of the construction of the Puiseux series parametrization

is that we do not �x an η, but choose it such that (ω, η) is a point in the
tropical variety of certain ideals. The price to pay is that the ordering on
the monomials of Sω[y] may no longer be a total ordering. In fact, we need
vectors η such that the initial ideal in �direction� η (see de�nition below) is
monomial free, which means that the ordering is essentially not total. Moreover,
sometimes the variety that we want to parametrize is in a subvariety given
by {yi1 = · · · = yik = 0}. For technical reasons, we want to exclude these
coordinates. In order to do that, we assign the value ∞ to ηi1 , . . . , ηik , and set

Fin(η) = {i | ηi <∞}.

Thus, we can consider η ∈ (R∪{∞})M .
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To make everything compatible, the following conventions will be needed:

∞ · a =∞,
for all a ∈ R>0 and

∞ · 0 = 0.

There is an obvious order relation on (R∪{∞})M . If η = (η1, . . . , ηM ),
η′ = (η′1, . . . , η

′
M ) ∈ (R∪{∞})M , then η ≤ η′ i� ηi ≤ η′i for all i. We shall say

that η is strictly smaller that η′ i� η ≤ η′ and ηi < η′i for all i ∈ Fin(η).

De�nition 2.1. Let η ∈ (R∪{∞})M , and f ∈ Sω[y],

f =
∑
β∈B

ϕβ(x)yβ,

the η-order of f is

val(ω,η)(f) = inf
β∈B

(val(ϕβ) + η · β).

If λ = val(ω,η)(f), λ <∞, the η-initial part of f is

in(ω,η)(f) =
∑

{β| val(ϕβ)+η·β}=λ

in(ϕβ)yβ.

As usual, we will write valη and inη instead of val(ω,η) respectively in(ω,η) if no
confusion is likely.

Example 2.2. Let N = 1, M = 2, ω = (1), η = (1, 1) and f = (1+x2)y1−
(1 + x1/2)y2. Then valη(f) = 1 and inη(f) = y1 − y2.

Remark 2.3. If f 6= 0, then valη(f) = ∞ i� f belongs to the ideal gener-
ated by {yi | i /∈ Fin(η)}.

Remark 2.4. Since in(ϕβ) is a one-term series depending on the variable
x, inη(f) is a polynomial in the ring K[x1/l, x−1/l, y] for a suitable l ∈ N. Fur-
thermore, inη(f) is a partial sum of the sum of initial parts of all terms in f ,∑

β∈B
in(ϕβ)yβ.

In particular, we have

valη(f) = valη

∑
β∈B

in (ϕβ)yβ


and

inη(f) = inη

∑
β∈B

in (ϕβ)yβ

.
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Remark 2.5. If ηi =∞, then no term containing yi appears in inη(f).

In analogy with formula (2) in Remark 1.11, any f ∈ Sω[y] can be written

(13) f =
∑
�∈N

f (i)(x, y) + h,

where h belongs to the ideal 〈{yi | i /∈ Fin(η)}〉, each f (i) is a polynomial in
y whose coe�cients are terms in K[x1/l, x−1/l, y], for a suitable l ∈ N, where
terms have the same η-order and such that the sequence (valη(f

(i)))i is strictly
increasing.

In analogy with Proposition 1.10 one shows easily that the η-order and
the η-initial part have the following properties:

Proposition 2.6. Let f and g be two elements in Sω[y]. Then

(1) valη(f + g) ≥ min(valη(f), valη(g))

(2) valη(f + g) 6= min(valη(f), valη(g)) i� valη(f) = valη(g) and inη(f) +
inη(g) = 0,

(3) valη(f · g) = valη(f) + valη(g)

(4) inη(f · g) = inη(f) · inη(g)

(5) inη(f) = inη(inη(f)).

In the sequel, we shall have to consider M -tuples of series in Sω. As in
Section 1, we shall use lower case Greek letters like ϕ = (ϕ1, . . . , ϕM ) for general
M -tuples and capital Greek letters like φ = (φ1, . . . , φM ) to denote M -tuples
where each component is either a one-term series or 0.

We can extend the ω-order and the ω-initial term forM -tuples of Puiseux
series.

De�nition 2.7. If ϕ = (ϕ1, . . . , ϕM ) ∈ Sω, then

val(ϕ) = (val(ϕ1), . . . , val(ϕM ))

and

in(ϕ) = (in(ϕ1), . . . , in(ϕM )).

Consider the mapping Sω[y]→ Sω given by substituting y = (y1, . . . , ym)
with the M -tuple of series ϕ = (ϕ1, . . . , ϕM ). We study now the link between
the order, respectively the initial term of f(ϕ) and η-order, respectively the
η-initial part of f , where η = val(ϕ).

Proposition 2.8. Let f ∈ Sω[y] and ϕ = (ϕ1, . . . , ϕM ). Then

(1) valval(ϕ)(f) = val(f(ϕ))

(2) inval(ϕ)(f)(in(ϕ)) = in(f(ϕ)).
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Proof. Assume �rst that f = ψyβ , with ψ ∈ Sω. Then, one has immediatly
that

valval(ϕ)(ψy
β) = val(ψ) + β val(ϕ))

and
val(ψϕβ) = val(ψ) + β val(ϕ)),

hence, the formula holds for f .

For f general, f =
∑

ψβy
β , the equality holds term by term, and conse-

quently, holds for f .
To prove the second formula, assume again that f = ψyβ . Then:

inval(ϕ)(ψy
β)(in(ϕ)) = (in(ψ)yβ)(in(ϕ)) = in(ψ) · (in(ϕ))β

and
in(ψ in(ϕ)β) = in(ψ) · (in(ϕ))β

hence, the formula holds for f .

For f general, f =
∑

ψβy
β , the results follows from the particular case

and the fact that the terms that contribute to in(f(ϕ)) and inval(ϕ)(f) are the
same. �

Corollary 2.9. Under the hypothesis of Proposition 2.8, if ϕ is a zero

of f , then in(ϕ) is a zero of inval(ϕ)(f).

Note that all the terms of the form inval(ϕ)(f) have the same val(ϕ)-order.
Consequently, all the terms that appear when we replace y with in(ϕ) have the
same exponent in x = (x1, . . . , xN ). Thus Proposition 2.8 implies :

Corollary 2.10. Under the hypothesis of Proposition 2.8,

inval(ϕ)(f)(in(ϕ)) = 0 i� in(ϕ)(1) is a zero of inval(ϕ)(f(1, y)),

where 1 is the vector (1, . . . , 1) ∈ RN .

2.2. Initial Ideals in Sω[y]

In this paragraph, we de�ne the initial ideal of an ideal in Sω[y] relative
to an η-order. The same de�nitions carry over to the subrings of Sω[y].

If I ⊂ Sω[y] is an ideal, then the η-initial ideal of I is the ideal in Sω[y]:

inη(I) = 〈{inη(f) | f ∈ I, valη(f) <∞} ∪ {yi | yi /∈ Fin(η)}〉Sω [y].

We de�ne in the same way the η-initial ideal in I ⊂ K[x1/l, x−1/l, y] of an ideal
I ⊂ K[x1/l, x−1/l, y], for some l ∈ N.
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As an example, we compute the η-initial ideal of a maximal ideal of Sω[y]
for all possible values η ∈ (R∪{∞})M . This example is a fundamental fact in
the construction of the Puiseux parametrization and makes the link with the
tropical variety. Note that since Sω is an algebraically closed �eld, any maximal
ideal I ⊂ Sω[y] is of the form :

Iϕ = 〈y1 − ϕ1, . . . , yM − ϕM 〉,

where ϕ = (ϕ1, . . . , ϕM ) ∈ SMω .

Notation 2.11. Let ϕ ∈ SMω and η ∈ (R∪{∞})M such that η ≤ val(ϕ)
componentwise, (recall that we use small case Greek letters to denote series or
M -tuples of series and capital Greek letters to denote M -tuples of one-term
series), we set φ(η, ϕ) = (φ1(η, ϕ), . . . , φM (η, ϕ)), where

φi(η, ϕ) =

{
inϕi if valϕi = ηi,

0 if valϕi > ηi.

Proposition 2.12. Let ϕ = (ϕ1, . . . , ϕM ) ∈ SMω , η ∈
(
R ∪ {∞}

)M
and

let Iϕ be the maximal ideal associated to ϕ. Then:

(1) If there exists i ∈ {1, . . . ,M} such that val(ϕi) < ηi then inη(Iϕ) = Sω[y].

(2) If η ≤ val(ϕ) componentwise, then inη(Iϕ) = Iφ(η,ϕ), the maximal ideal

associated to φ(η, ϕ).

Proof. Since

valη(yi − ϕi) = min
(
ηi, val(ϕi)

)
it follows that

inη(yi − ϕi) =


yi, if ηi < val(ϕi),

yi − in(ϕi), if ηi = val(ϕi),
inϕi, if ηi > valϕi.

It follows that if val(ϕi) < ηi, then inη(yi − ϕi) = inϕi is an invertible
element in Sω[y] which implies statement (1) of the Proposition.

Let P ∈ Iϕ. Then P can be written as follows:

P = (y1−ϕ1)P1(y1, ..., yM )+(y2−ϕ2)P2(y2, ..., yM )+ ...+(yM −ϕM )PM (yM ).

Hence, inη(P ) is a partial sum of

inη(P ) =

M∑
i=1

inη(yi − ϕi) inη
(
Pi(yi, .., yM )

)
=

M∑
i=1

φi(η, ϕ) inη
(
Pi(yi, .., yM )

)
,

and so, inη(Iϕ) ⊂ Iφ(η,ϕ). Since the other inclusion is obvious, we are done. �
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Remark 2.13. Under the hypothesis in Proposition 2.12, if η ≤ val(ϕ),
then the η initial ideal of Iϕ is the maximal ideal associated to the M -tuple
of one-term series φ(η, ϕ). Moreover, η = val(ϕ), is the only value η ∈(
R ∪ {∞}

)M
such that

inη(Iϕ) = Iin(ϕ).

Proposition 2.14. Let I and J be two ideals in Sω[y]. Then the following

hold:

(1) inη(I ∩ J) ⊆ inη(I) ∩ inη(J),

(2) if I ⊆ J , then inη(I) ⊆ inη(J),

(3) inη(I · J) ⊆ inη(I ∩ J),

(4) inη(I) · inη(J) ⊆ inη(I · J).

Proof. The �rst two properties are obvious. For the third one, we know
that I · J ⊂ I ∩ J and we apply (2). For the forth property we use that
inη(f · g) = inη(f) · inη(g), which proves our result. �

Proposition 2.12 describes in particular the zero set of a maximal ideal
Iϕ, namely,

V (inη(Iϕ)) =

{
{φ(η, ϕ)}, if valϕ ≤ η,
∅, otherwise.

Using Hilbert's Nullstellensatz, this result can be extended to ideals in Sω[y]
with a �nite number of zeros.

Proposition 2.15. Let I be an ideal in Sω[y], such that V (I) ⊆ SMω is a

�nite set. Then we have

V (inη(I)) =
⋃

ϕ∈V (I)

V (inη(Iϕ)),

where Iϕ is the maximal ideal associated to ϕ ∈ SMω .

Proof. Since I ⊆
⋂

ϕ∈V (I)

Iϕ Hilbert's Nullstellensatz, implies that there

exists k ∈ N such that  ⋂
ϕ∈V (I)

Iϕ

k ⊆ I ⊆ ⋂
ϕ∈V (I)

Iϕ.

By applying to this Proposition 2.14(1) and (2), one gets thatinη

 ⋂
ϕ∈V (I)

Iϕ

k ⊆ inη


 ⋂
ϕ∈V (I)

Iϕ

k
 ⊆ inη(I) ⊆ inη

 ⋂
ϕ∈V (I)

Iϕ


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and from Proposition 2.14(3) and (4) it follows that

∏
ϕ∈V (I)

inη(Iϕ) ⊆ inη

 ∏
ϕ∈V (I)

Iϕ

 ⊆ inη

 ⋂
ϕ∈V (I)

Iϕ

 ⊆ ⋂
ϕ∈V (I)

inη(Iϕ).

Since

V

 ∏
ϕ∈V (I)

Iϕ

 = V

 ⋂
ϕ∈V (I)

inη(Iϕ)


and these are the zero sets of the extreme terms of the above inclusions, hence
it follows that all the zero sets of the ideals in the inclusions coincide. In
particular,

V

inη

 ⋂
ϕ∈V (I)

Iϕ

 = V

 ⋂
ϕ∈V (I)

inη(Iϕ)

.
But since

V

 ⋂
ϕ∈V (I)

inη(Iϕ)

 =
⋃

ϕ∈V (I)

V (inη(Iϕ)),

one gets

V (inη(I)) =
⋃

ϕ∈V (I)

V (inη(Iϕ)). �

Remark 2.16. Proposition 2.15 implies in particular that all the zeros of
V (inη(I)) are one-term series in SMω .

Proposition 2.17. Let I be an ideal in K[x1/l, x−1/l, y] and let η ∈(
R ∪ {∞}

)M
. Then

inη(inη(I)) = inη(I).

Proof. Since inη(inη(f)) = inη(f) for any f ∈ K[x1/l, x−1/l, y] it follows
that the inclusion inη(inη(I)) ⊇ inη(I) holds.

The other inclusion, follows immediately from the Lemma below. �

Lemma 2.18. Under the hypothesis of Proposition 2.17, if f ∈ inη(I), then
there exists g ∈ I such that inη(f) = inη(g).

Proof. First, remark that if P ∈ K[x1/l, x−1/l, y] and h ∈ I, then P inη(h)
is a sum of η-initial parts of elements in I.

Indeed, if

P =
∑
α,β

aα,βx
αyβ,
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then

P inη(h) =
∑
α,β

aα,βx
αyβ inη(h) =

∑
α,β

inη

(
aα,βx

αyβh
)
.

Thus, if f ∈ inη(I), then

f =
∑
i

Pi inη(hi),

with Pi ∈ K[x1/l, x−1/l, y] and hi ∈ I. With the remark above,

f =
∑
j∈J

inη(fj),

where each fj ∈ I.
One can obviously suppose, that for any subset J ′ in J , the partial sum∑

j∈J ′
inη(fj) 6= 0.

This, in turn implies that inη(f) is a partial sum of
∑
j∈J

inη(fj) (the sum of

η-initial parts inη(fj) with minimal η-order). Consequently,

g =
∑
j∈J

fj ∈ I

and inη(f) = inη(g). �

We also give an alternative proof for Lemma 2.18.

Proof. Let

f =
r∑
i=1

gi inη(hi),

with gi ∈ K[x1/l, x−1/l, y] and hi ∈ I.
Let d = valη(f) and di = valη(hi) and denote by g

(u)
i the sum of the terms

of gi having the η-order u, if any.

Then

inη(f) =
∑
i

g
(d−di)
i inη(hi) =

∑
i

inη(g
(d−di)
i hi)

which ends the proof. �

Remark 2.19. The second proof also holds for ideals in Sω[y].
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2.3. The constructive solution in Sω[y]

In this paragraph, we construct inductively the terms of a zero of an ideal
I ⊂ Sω[y] having a �nite zero set. The construction is done modulo �nding at
each step of a good direction η(i) ∈ (R∪{∞})M and of a zero of the η(i)-initial
ideal of an inductively constructed ideal. In the next Section, we shall see that
if I is the extension of a suitable ideal in the polynomial ring K[x, x−1, y] this
good direction is a point in the tropical variety of this polynomial ideal.

We return to the case of a maximal ideal.

Proposition 2.20. Let I = Iϕ be a maximal ideal in Sω[y] and η ∈(
R ∪ {∞}

)M
such that inη(I) is a proper ideal of Sω[y]. The following state-

ments are equivalent:

(1) η = val(φ(η, ϕ)).

(2) φ(η, ϕ) = in(ϕ),

(3) φi(η, ϕ) = 0 if and only if ηi =∞ for all i ∈ {1, . . . ,M},
(4) inη(Iϕ) ∩ Sω

[
(yi)i∈Fin(η)

]
is monomial free.

For the de�nition of φ(η, ϕ) see Notation 2.11.

Proof. The equivalence of the �rst three statements follows almost imme-
diately from Proposition 2.12.

“1⇒ 2” It can be easily deduced from Proposition 2.12 since

φi(η, ϕ) =

{
in(ϕi), if val(ϕi) = ηi,

0, if val(ϕi) > ηi.

and if φi is 0 for some i, this would imply that ηi = val(φi(η, I)) =∞.
“2⇒ 1”, “2⇒ 3” and “3⇒ 1” are direct consequences of Proposition 2.12.
“3 ⇒ 4” Assume the opposite. Let xαyβ be a monomial in inη(I) such

that ηi = 0 for all i /∈ Fin(η). Since φi(η, ϕ) 6= 0 for every i ∈ Fin(η),
xα(φ(η, ϕ))β 6= 0 but φ(η, ϕ) is a solution for inη(Iφ(η,ϕ)) which leads
to a contradiction, hence we have that inη(Iφ(η,ϕ)) ∩ Sω

[
(yi)i∈Fin(η)

]
is

monomial free.
“4 ⇒ 3” Since inη(I) 6= Sω[y], η ≤ val(ϕ). Assume (3) is false. Then there

exists i ∈ Fin(η) such that φi(η, ϕ) = 0. Let v ∈ RM the vector,

vi =

{
0, i 6∈ Fin(η),
1, i ∈ Fin(η).

Then φ(η, ϕ) is a zero of yv. Since I is a maximal ideal, yv ∈ inη(I), which
contradicts our hypothesis that we have no monomials in
inη(I) ∩ Sω

[
(yi)i∈Fin(η)

]
is monomial free. �

Proposition 2.20 implies in the case of an ideal with �nitely many zeros
the following Proposition:
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Proposition 2.21. Let I be an ideal in Sω[y] such that V (I) is a �nite

set and η ∈ (R∪{∞})M . Then the following statements are equivalent:

(1) there exists φ ∈ V (inη(I)) such that val(φ) = η,

(2) there exists ϕ ∈ V (I) with η ≤ val(ϕ) componentwise such that φ(η, ϕ) =
in(ϕ)

(3) there exists φ ∈ V (inη(I)) such that φi = 0 i� i /∈ Fin(η),

(4) inη(I) ∩ Sω
[
(yi)i∈Fin(η)

]
is monomial free.

Proof.

“1 ⇔ 2” and “2 ⇔ 3” are clear from Proposition 2.20 and Proposition 2.15,
since for φ ∈ V (inη(I)), there exists ϕ ∈ V (I) such that φ ∈ V (inη(Iϕ)).

“3⇒ 4”Same as in the proof of Proposition 2.20.
“4 ⇒ 3” We know that inη(I) 6= Sω[y]. Assume (3) is false. Then any zero

ϕ ∈ V (inη(I)) is not in the set {val(ϕ) | ϕ ∈ V (I)} and hence, there exists
i ∈ Fin(η) such that φi 6= 0 . Consider the vector v ∈ RM ,

vi =

{
0, i 6∈ Fin(η),
1, i ∈ Fin(η).

Then φ is a zero for yv and Nullstellensatz implies there exists k ∈ N such
that ykv ∈ inη(I) which contradicts the hypothesis. �

Let ϕ ∈ SMω be an M -tuple of series. As in Paragraph 1.5, consider the
Sω-algebra morphism

Tϕ : Sω[y] // Sω[y]

y � // y + ϕ

Remark 2.22. Let I ⊂ Sω[y] be an ideal. As in Remark 1.28, Tϕ induces a
one-to-one correspondence between the zeros of I, V (I) and the zeros of Tϕ(I),
V (Tϕ(I)). More precisely, ψ ∈ V (I) i� ψ − ϕ ∈ V (Tϕ(I)).

We have the following Lemma:

Lemma 2.23. Let ϕ ∈ SMω and φ an M -tuple of one-term series. Then:

val(ϕ− φ)

{
> val(φ), if inϕ = φ,
≤ val(φ), otherwise.

Example 2.24. Lemma 2.23 allows us to see how a transformation Tφ acts
on V (I), where I is an ideal in Sω[y]. To get some intuition in what happens,
let us suppose M = 2.

Let φ = (φ1, φ2) = in(ψ) for some ψ ∈ V (I) and assume φi 6= 0 for
i = 1, 2. Assume moreover that φi 6= ϕi for all ϕ ∈ V (I), i = 1, 2. This means
that no component of a zero ϕ is a one-term-series equal to φi. This assumption
ensures that we do not get ∞ values in val(V (Tφ(I))).
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val(φ)

III

III IV

Fig. 12.

If val(ϕ) = val(φ) and in(ϕi) = in(φi), then val(Tφ(ϕ)) is in the interior
of quadrant I.

If val(ϕ) = val(φ) and in(ϕi) 6= in(φi) for i = 1, 2, (meaning in(ϕi) and φ
di�er by a coe�cient), then val(Tφ(ϕ)) = val(ϕ).

If val(ϕ) is in quadrant I, then val(Tφ(ϕ)) = val(φ).

If val(ϕ) is in quadrant II, then val(Tφ(ϕ)) is the projection of val(ϕ)
onto the abscissa.

If val(ϕ) is in quadrant III, then val(Tφ(ϕ)) = val(φ).

If val(ϕ) is in quadrant IV , then val(Tφ(ϕ)) is the projection of val(ϕ)
onto the ordinate.

In conclusion, val(Tφ(ϕ)) belongs to the interior of quadrant I i� in(ϕ)= φ.

De�nition 2.25. Let I ⊂ Sω[y] be an ideal and
(
φ(i)
)
i∈N a sequence of

M -tuples of one-term series . Consider the following sequence of ideals

I(0) = I

I(i+1) = Tφ(i)
(
I(i)
)
.

The sequence
(
φ(i)
)
i∈N is called an ω-sequence for the ideal I if:

(1) The sequence val
(
φ(i)
)
is coordinatewise strictly increasing,

(2) φ(i) is a zero for inval (φ(i))
(
I(i)
)
.

A �nite sequence of one-term series
(
φ(i)
)
i=0,k

satisfying (1) and (2) above

will be called a (k, ω)-sequence for I.
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Proposition 2.26. Let I be an ideal in Sω[y] and ϕ ∈ V (I). If

ϕ =
∑
i∈N

φ(i)

where φ(i) ∈ SMω is an M -tuple of one-term series and val
(
φ(i)
)
is coordinate-

wise strictly increasing, then φ(i) is an ω-sequence for I.

The proof is obvious.

Proposition 2.27. Let I ⊂ Sω[y] be an ideal such that V (I) is a �nite

set.

(1) If
(
φ(i)
)
i∈N is an ω-sequence for I, then

(
φ(i)
)
i∈N are the terms of zero

of I.

(2) If
(
φ(i)
)
i=1,k

is a (k, ω)-sequence for I, then there exists φ(k+1), an M -

tuple of one-term series such that
(
φ(i)
)
i=1,k+1

is a (k + 1, ω)-sequence
for I.

Proof. (1) φ(0) is a zero for inval (φ(0))
(
I(0)
)
. According to Proposition 2.21,

there exists ϕ ∈ V (I) such that φ(0) = inϕ. The only zeros of I(0) with ω-order
greater than val

(
φ(0)

)
are of the form ϕ−φ(0), with ϕ∈{ψ ∈ V (I) in(ψ) =φ(0)

}
,

see Lemma 2.23 and Example 2.24.

Iterating this reasoning, since V (I) is �nite, it follows that
(
φ(i)
)
are the

terms of a zero of ϕ ∈ V (I).

(2) By the proof of (1), there exists a zero ϕ ∈ V (I) such that
(
φ(i)
)
i=1,k

are the �rst k + 1 (with respect to the ω-order) of ϕ. Hence,

φ(k+1) = in

(
ϕ−

i=0∑
k

φ(i)

)

completes
(
φ(i)
)
i=1,k

to a (k + 1, ω)-series. �

Proposition 2.27 (1) immediately implies:

Corollary 2.28. Let (φ(i))i∈N be an ω-sequence for I ⊂ Sω[y]. Then

there exists an ω-positive cone C ⊂ RN , a vector δ ∈ QN and c ∈ N such that

ε(φ
(i)
j ) ⊂ (δ + C) ∩ 1/cZN , for all i ∈ N and 1 ≤ j ≤M .

Remark 2.29. The proof of Proposition 2.27 describes an algorithm to
construct the terms of a solution of I.
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3. Sω-SOLUTIONS TO POLYNOMIAL EQUATIONS

3.1. Extended Ideals

Let P1, . . . , Pk be polynomials in K[x1, . . . , xn] and I be the ideal gener-
ated by P1, . . . , Pk. If N = dim(I), denote M = n−N . Using Noether's Nor-
malization Lemma, there exists a coordinate change in K[x1, . . . , xn] such that
after renaming the variables as (x, y), x = (x1, . . . , xN ) and y = (y1, . . . , yM ),
the natural morphism

K[x]→ K[x, y]/I

is integral. This means that the natural projection morphism

π : V (I)→ KN

is dominant and of �nite generic �ber.

Following [2], we shall say that with this choice of coordinates the ideal I
is N -admissible.

Extending the scalars, to Sω[y], we get the commutative diagram

K [x]
f //

� _

��

K [x, y] /I� _

��
Sω

g // Sω[y]/Ie

where, Ie denotes the extension of the ideal I to Sω[y]. Since f is integral, it
follows that g is integral and, hence, V (Ie) is a �nite set.

We shall produce parametrizations of the zeros of I by studying the �nite
set of zeros of the extended ideal Ie, which are M -tuples of Puiseux series in
Sω.

Since when constructing inductively the terms of an element of V (Ie),
one may obtain negative or fractional exponents, we shall work with extensions
of the ideal I to the intermediary rings K[x, x−1, y] or even K[x1/l, x−1/l, y] for
some l ∈ N.

An ideal J ⊂ K[x1/l, x−1/l, y] for l ∈ N is said to be N -admissible if J ∩
K[x, y] is N -admissible.

As above, if I ⊂ K[x1/l, x−1/l, y] is an ideal, Ie denotes the extension of I
to Sω[y]. The extension of ideals commutes with taking the η-initial ideal.

Proposition 3.1. Let I be an ideal in K[x1/l, x−1/l, y] and η∈
(
R ∪ {∞}

)M
.

Then

(inη(I))e = inη(I
e).
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Proof. The inclusion (inη(I))e ⊆ inη(I
e) is clear since every f ∈ inη(f)

also belongs to inη(I
e).

To prove inη(I
e) ⊆ (inη(I))e, consider f ∈ Ie, f 6= 0. We can assume that

valη(f) <∞. Indeed, if valη(f) =∞, then f is in the ideal generated by
{yi | i /∈ Fin(η)} (see Remark 2.3), and by de�nition, {yi | i /∈ Fin(η)} ⊂ inη(I).

Let

f =
r∑
i=1

giPi,

where gi ∈ Sω[y] and Pi ∈ I.
First assume that ε(gi) ⊂ 1/lZ for all i. Let m be a term of gi. If

valη(m) > valη(f)− valη(Pi),

then
valη(mPi) > valη(f).

Consequently, no term of mPi appears in inη(f) and we can truncate the series
gi such that the η-initial part of f remains the same.

Thus if

gi =
∑
j∈N

g
(j)
i (x, y) + hi,

with hi in the ideal generated by {yi | i /∈ Fin(η)}, see (13), we set

c
(j)
i = valη(g

(j)
i ) <∞,

and
ci = valη(f)− valη(Pi).

Set

g̃i =
∑

{j | c(j)i ≤ci}

g
(j)
i (x, y)

and

f ′ =
∑
i

g̃iPi.

Since inη(f
′) = inη(f) and g̃i ∈ K[x1/l, x−1/l, y] for all i, it follows that f ′ ∈ I

and consequently, inη(f
′) ∈ inη(I).

Now we remove the supplementary assumption and let c ∈ N such that
ε(gi) ⊂ 1/cZN . We can assume that c is a multiple of l. Then

gi =
∑

δ∈l/c∆(c/l)N

xδgi,δ,

and ε(gi,δ) ⊂ 1/lZN . Consequently, f can be written

f =
∑

δ∈l/c∆(c/l)N

xδfδ,
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where

fδ =
r∑
i=1

gi,δPi.

Note that if δ1 6= δ2, then ε(fδ1) ∩ ε(fδ2) = ∅ since the fractional exponents of
x are di�erent.

Hence, inη(f) is a partial sum of∑
δ∈l/c∆(c/l)N

inη(x
δfδ) =

∑
xδ inη(fδ)

and since for each δ, inη(fδ) ∈ inη(I), according to the particular case, we are
done. �

3.2. Link with the Tropical Variety

Proposition 3.2. Let l ∈ N and I ⊆ K[x1/l, x−1/l, y] an ideal and denote

by Ie the extended ideal in Sω[y]. If η ∈
(
R ∪ {∞}

)M
, then the following

statements are equivalent:

(1) inη(I) ∩K
[
x1/l, x−1/l, (yi)i∈Fin(η)

]
is monomial free.

(2) inη(I
e) ∩ Sω

[
(yi)i∈Fin(η)

]
is monomial free.

Proof.

“2⇒ 1” Is clear since inη(I) ⊆ inη(I
e).

“1⇒ 2” Assume there exists a monomial m ∈ inη(I
e)∩Sω[(yi)i∈Fin(η)]. Since

x is invertible in Sω[(yi)i∈Fin(η)], we may assume that m = yβ with the
property that if i /∈ Fin(η) then βi = 0.

Choose f1, . . . , fk ∈ I such that inη(f1), . . . , inη(fk) generate
inη(I) ∩K[x1/l, x−1/l, (yi)i∈Fin(η)] and let

di = valη(fi), for i = 1, . . . , k, and d = valη(x
β).

Since by Proposition 3.1

inη(I
e) = (inη(I))e,

it follows that inη(f1), . . . , inη(fk) generate inη(I
e) ∩ Sω[x1/l, x−1/l,

(yi)i∈Fin(η)].
Hence

(14) yβ =
k∑
i=1

gi inη(fi),

with gi ∈ Sω[y]. Since on the left hand side of the above equality one has
a monomial of η-order d, one can consider that valη(gi) = d−di for each i.
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Let s be a multiple of l such that g1, . . . , gk ∈ K[x1/s, x−1/s, y]. By
formula (4) in Section 1.3, each gi can be written uniquely as

gi =
∑

δ∈l/s∆(s/l)N

xδgiδ

with giδ ∈ K[x1/l, x−1/l, y]. Thus formula (14) becomes

(15) yβ =
∑
δ

xδ
k∑
i=1

giδ inη(fi).

Since x does not appear on the left hand side of formula (15), all the sums∑
giδ inη(fi) with δ 6= (0, . . . , 0) must be null and hence

yβ =
k∑
i=1

gi(0,...,0) inη(fi) ∈ inη(I) ∩K[x
1/l, x−

1/l, (yi)i∈Fin(η)]

which contradicts statement 1.

We also include another argument for “1⇒ 2” that uses the version
of Hilbert's Nullstellensatz stated in Matsumura, [9], Theorem 5.4. We
are grateful to the reviewer for indicating us the reference.

With the above notations, assume that there exists

yβ ∈ inη(I
e) ∩ Sω[(yi)i∈Fin(η)].

Let K(x1/l) be the �eld of fractions of K[x1/l]. Note that K(x1/l) is
not, in general, algebraically closed, but, obviously, its algebraic closure
belongs to Sω. One has the inclusions

K[x
1/l, x

−1/l, y] ⊆ K(x
1/l)[y] ⊆ Sω[y].

Denote by Ĩ the extension of the ideal inη(I) to K(x1/l)[y]. Then

V (Ĩ) = V (inη(I)) = V (inη(I
e)) = V

(
(inη(I))e

)
and hence, the monomial m is null on V (Ĩ). By Nullstellensatz, there
exists k ∈ N such thatmk ∈ inη(Ĩ). Consequently, there exist f1, . . . , fn ∈
inη(I) and h1, . . . , hn ∈ K[x1/l] \ {0} such that

mk =

n∑
i=1

1

hi
fi.

It follows that (
n∏
i=1

hi

)
·mk ⊆ inη(I).
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Finally, since inη
(

inη(I)
)

= inη(I) by Proposition 2.17, one has that

inη

((
n∏
i=1

hi

)
·mk

)
=

n∏
i=1

inη hi ·mk ∈ inη(I)

which contradicts statement 1 of the Proposition. �

We need the following de�nition.

De�nition 3.3. Let I be an ideal in K[x, x−1, y], the tropical variety of I
is de�ned as

τ(I) =
{

(ω, η) ∈ RN ×
(
R ∪ {∞}

)M ∣∣∣ inη(I) is monomial free
}
.

In particular, for l = 1, we have the following corollary.

Corollary 3.4. Let I ⊆ K[x, x−1, y] be an ideal and let Ie be the extended
ideal in Sω[y]. Then the following statements are equivalent:

(1) (ω, η) ∈ τ(I),

(2) inη(I
e) ∩ Sω

[
(yi)i∈Fin(η)

]
is monomial free.

For l ∈ N, consider the K-algebra isomorphism

ul : K[x1/l, x−1/l, y] // K[x, x−1, y]

x1/l � // x

.

Remark that for each monomial m in K[x1/l, x−1/l, y],

val(ω,η)(m) = val(ω,lη)(ul(m)).

Thus, if I ⊂ K[x1/l, x−1/l, y] is an ideal, then

in(ω,η)(I) = in(ω,lη)(ul(I)),

and moreover, one checks immediately:

Proposition 3.5. Let I ⊂ K[x1/l, x−1/l, y] be an ideal. Then the following

statements are equivalent:

(1) in(ω,η)(I) ∩K[x1/l, x−1/l, (yi)i∈Fin(η)] is monomial free.

(2) (ω, lη) ∈ τ(ul(I)).

3.3. The Algorithm

Let I ⊂ K[x, x−1, y] be an N -admissible ideal. We shall construct an ω-
sequence (φ(i))i∈N for the extended ideal Ie ⊆ Sω[y] using the tropical variety.
The idea is to see each transformed ideal (I(i)) = Tφ(i)(I

(i−1)) (see De�ni-

tion 2.25) as an extended ideal of an ideal in a polynomial ring K[x1/l, x−1/l, y]
and to construct the next φ(i+1) using a point in the tropical variety of this
polynomial ideal.
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De�nition 3.6. If φ is an M -tuple of one term series, we set

den(φ) = min{k ∈ N | φ(xk) ∈ K[x, x−1, y]}.

Proposition 3.7. Let I be an ideal in K[x1/l, x−1/l, y] and φ ∈ SMω be an

M -tuple of one-term series. If s = lcm
(
l,den(φ)

)
, then Tφ(Ie) is the extension

of an ideal in K[x1/s, x−1/s, y].

Proof. Since the exponents of φ might not belong to 1/lZN , one cannot
lift Tφ to K[x1/l, x−1/l, y]. It is easy to see that s is the smallest integer such
that K[x1/s, x−1/s, y] contains the generators of I and all the components of φ.

Then one has the following commutative diagram:

K
[
x1/l, x−1/l, y

]
� _

��
K
[
x1/s, x−1/s, y

] Tφ //
� _

��

K
[
x1/s, x−1/s, y

]
� _

��
Sω[y]

Tφ // Sω[y]

Let Ĩ be the extension of I to K
[
x1/s, x−1/s, y

]
. From this we get(

Tφ(Ĩ)
)e

= Tφ

(
(Ĩ)

e
)

= Tφ(Ie). �

Description of the Algorithm. The algorithm unfolds on three levels:
Level 1: The level of the polynomial ring K[x, x−1, y]; this is the level

where the computations in the tropical variety take place. Ideals at this level
will be denoted I(0), I(1), . . . .

Level 2: The level of polynomial rings K[x1/l, x−1/l, y]. It is at this level
that one lifts the automorphisms Tφ de�ned at Level 3, (see Proposition 3.7).
The ideals at this level will be denoted Ĩ(0), Ĩ(1), . . . .

One goes from Level 2 to Level 1 and vice-versa via the isomorphisms ul,
u1/l, see Corollary 3.4.

Lebel 3: The level of Sω[y]; at this level �live� the zeros we want to
approximate. Also, at this level, we de�ne initially the transformations Tφ.
The ideals at this level are extended ideals of the ideals at level 2. They will
be denoted by J (0), J (1), . . . , with

J (i) = (Ĩ(i))e.

One starts with an ideal I = I(0) ⊂ K[x, x−1, y] and computes a point η(0)

in the tropical variety. Using this point, one determines the �rst term φ(0) of a
zero of J (0) = Ie, where Ie denotes the extension of I to Sω[y].



140 Natalia Baran 48

Consider the transformation Tφ(0) on Sω[y] and lift it to Level 2, (rings of
polynomials with fractional exponents); move to Level 1 via an isomorphism ul
and �nd a point in the tropical variety of I(1) such that η(1) > η(0), and one
iterates the reasoning.

If the point in the tropical variety has components equal to ∞, then this
implies that the corresponding components of the solution consist of �nitely
many terms and we have already found all these terms; we simply eliminate
the y variables corresponding to the ∞ values and continue to work with poly-
nomials with less variables.

I(i) � � // K
[
x, x−1, y

]
� _

u1/l(i)
��

K
[
x, x−1, y

]
I(i+1)_?

oo

Ĩ(i) � � // K
[
x1/l(i) , x−1/l(i) , y

] T
φ(i) //

� _

��

K
[
x1/l(i) , x−1/l(i) , y

]
� _

��

u
l(i)

OO

Ĩ(i+1)_?
oo

J (i) � � // Sω[y]
T
φ(i) // Sω[y] J (i+1)_?

oo

The details of the algorithm

Input data: P
(0)
1 (x, y), . . . , P

(0)
k (x, y) ∈ K[x, x−1, y] a system of genera-

tors for the N -admissible ideal I = I(0).
Inductive construction:

Assume we have constructed:

◦ (φ(i))0≤i≤n−1 an (n− 1, ω)-sequence for J (0) = Ie.

◦ The families of polynomials (P
(i)
1 (x, y), . . . , P

(i)
k (x, y))0≤i≤n ⊂ K[x, x−1, y].

◦ The integers (l(i))i=0,n such that l(i) | l(i+1) for 0 ≤ i ≤ n−1 and l(0) = 1.

Let I(i) ⊂ K[x, x−1, y] be the ideal generated by

P
(i)
1 (x, y), . . . , P

(i)
k (x, y) ∈ K[x, x−1, y] and Ĩ(i) = u1/l(i)(I

(i)) ⊂ K[x1/l(i) , x−1/l(i) ,

y], i.e. the ideal generated by u1/l(i)(P
(i)
1 ), . . . , u1/l(i)(P

(i)
k ).

Then
(J)(i) = (Ĩ(i))e.

Recall that the hypothesis on
(
φ(i)
)
i
means that:

◦ φ(i) ∈ V
(

inval (φ(i))(J (i))
)

◦ val(φ(i)) < val(φ(i+1)) coordinatewise for all 0 ≤ i ≤ n− 2.

Step 1. Find η(n) ∈ (R∪{∞})M such that (ω, l(n)η(n)) ∈ τ(I(n)) and

η(n) > η(n−1).

If n = 0 there is no order condition on η(0); one just computes a point
in the tropical variety τ(I). Note that by Proposition 2.27 (2) there exists an
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M -tuple of one-term series φ(n) such that

val(φ(n)) > val(φ(n−1)) componentwise and

φ(n) ∈ V
(

inval (φ(n))(J (n))
)

= V
(

inval (φ(n))((Ĩ)(n))
)
.

Hence by Proposition 2.21 (4), 3.2 and 3.5, a solution η(n) exists.

Step 2. Find the unique vectors α(i) ∈ QN such that val(α(i)) = η
(n)
i for

i ∈ Fin(η(n)).
The argument that ensures the existence of η(n) (see Step 1), shows that

its components �lift� to rational coordinate vectors.
Step 3. Compute a standard basis Q1(x, y), . . . , Qs(x, y) for I(n) relative

to the monomial order (ω, l(n)η(n)).
Step 4. Find a common zero c ∈ KM of (inl(n)η(n)(Qi(1, y)))1≤i≤s, where

1 = (1, . . . , 1) (recall that K is algebraically closed).

Set

φ
(n)
i =

{
cix

α(i)
, if i ∈ Fin(η(n)),

0, otherwise.

By Proposition 2.8 and Corollary 2.10, we have that

φ(n) ∈ V
(

inval (φ(n))(J (n))
)
.

Hence,
(
φ(i)
)

1≤i≤n is an (n, ω)-sequence for J .

Note that the ideal generated by (inl(n)η(n)(Qi(1, y)))1≤i≤s is similar to

the ideal t-in(I(n)) in [8].
Step 5. Let l(n+1) = lcm(l(n), den(φ(n))) and

P
(n+1)
i = P

(n)
i (x

l(n+1)/l(n) , y + φ(n)(x(l(n+1))))

for i = 1, . . . , k.

By choice of l(n+1) it is clear that P
(n+1)
i ∈ K[x, x−1, y] and Proposition

3.7 ensures that (
Ĩ(n+1)

)e
= (J)(n+1),

and thus we can restart Step 1 and compute the term φ(n+1).

Example 3.8. LetM = N = 1, ω = (1) and f = y4−2x3y2−4x5y+x6−x7.
Let I ⊂ C[x, x−1, y] be the ideal generated by f . Set:

I(0) = I, and l(0) = 1.

We can choose η(0) = 3/2 ∈ τ(I(0)), and hence

α(1) = 3/2 and in3/2(Q1) = y4 − 2x3y2 + x6.

Thus, we have c = 1 and c = −1 the zeros of in3/2(Q1(1, y)). Let us choose

c = 1. Thus, we get the �rst term of the parametrization φ(0) = x3/2.
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By iterating, we obtain the ideal

I(1) = 〈−x14 − 4x13 − 4x10y + 4x6y2 + 4x3y3 + y4〉 and l(1) = 2.

We choose the point 7/2 ∈ τ(I(1)), and hence, η(1) = 7/4 = α(1). Note that
7/4 > 3/2 and in7/4(Q1) = −4x13 + 4x6y2. Again 1 is a zero of in7/2(Q1(1, y))

and hence, we have φ(1) = x7/4.
Remark that ϕ = x3/2 + x7/4 is already a parametrization.

Example 3.9. Let M = N = 2, ω = (1,
√

7) and f = y2
1y2 + x3

1y
2
2 + x2

2y1 +
x4

1x
3
2 − 2x5

1. Let I ⊂ C[x, x−1, y] be the ideal generated by f . Set:

I(0) = I, and l(0) = 1.

We can choose η(0) = (2, 1) ∈ τ(I(0)), and hence

α(1) = (2, 0), α(2) = (1, 0), in(2,1)(Q1) = y2
1y2 + 2x3

1y
2
2 − 2x5,

and c = (1, 1) is a zero of in(2,1)(Q1(1, y)). Thus, we get the �rst term of the

parametrization φ(0) = (x2
1, x1).

Remark 3.10. The algorithm allows for the computation of the terms of
any zero of Ie by making di�erent choices in Step 1 and Step 4.

Remark 3.11. According to Corollary 2.28 the sequence l(i) is constant
for i large enough. Hence, for i large enough, Tφ(i) lifts to the same fractional

exponent polynomial ring K[x1/l, x−1/l, y]. The �economical� approach presented
here (i.e. considering at each step the lcm between the denominators of the
previous exponents of the step and the exponents of the latest term φ(i)) is
equivalent to the approach in [2] Section 15 formula (15.1). However, our
approach is more advantageous for a computer implementation than the huge
product in [2].

3.4. The Case M = 1

There is a striking resemblance between the construction of a root in the
proof of Theorem 1.15 (see Section 1.7) and the algorithm in Section 3.3. In
this section we look at the algorithm in the particular case of polynomials in
one variable y (i.e. M = 1).

First, we link the ω-Newton polygon de�ned in Section 1 with the results
in Sections 2 and 3.

Let η ∈ R and consider the linear mapping

λη : R2 // R
(x, y) � // x+ ηy

.
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Lemma 3.12. The restriction of λη to any parallel to the abscissa is a

strictly increasing function.

The proof of the Lemma is obvious.

Let f be a one variable polynomial in Sω[y]. Lemma 3.12 immediately
implies that the minimum of λη on the set πω(ε(f)) is attained on the vertices
of the Newton polygon NPω(f) (see Fig. 13).

Fig. 13.

Lemma 3.13. Let f ∈ Sω[y], (α, i) ∈ ε(f) and η ∈ R∪{∞}. Then

val(ω,η)(α, i) = λη ◦ πω(α, i).

Proof. Both terms evaluate to ω · α+ η · i. �

Let f ∈ Sω[y]. Using the Newton Polygon, NPω(f), one can compute the
form inη(f) for all η ∈ R. The following completes Notation 1.22:

Notation 3.14. Let f ∈ Sω[y] such that deg(f) ≥ 1.

• Let L1(f), . . . , Lk(f) be the bounded edges of NPω(f). The edges are
numbered from the abscissa upward so that

L1(f) = πω(segm(f)).

• Let v(0)(f), . . . , v(k)(f) be the vertices of NPω(f); thus

Li(f) = [v(i−1)(f), v(i)(f)], for 1 ≤ i ≤ k.

• Let q(0)(f), . . . , q(k)(f) ∈ ε(f) be the exponents that correspond to
v(0)(f), . . . , v(k)(f).

• Let s1(f), . . . , sk(f) be the slopes of the line segments L1(f), . . . , Lk(f).

Consider the usual tangent function restricted to the interval [0, π):

tg : [0, π) −→ R∪{∞}

with tg(π/2) =∞. Note that it is a one-to one correspondence.
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• Let t1(f), . . . , tk(f) ∈ [0, π) be such that si(f) = tg(ti(f)) for 1 ≤ i ≤ k,
and set t0(f) = π and tk+1(f) = 0.

ti+1

si+1

ti

si

Fig. 14.

• Let η(t) = −1/tg(t) for t ∈ (0,∞) and set

ηi(f) = η(ti(f)) = −1/tg(ti(f)) = −1/si(f)

for 1 ≤ i ≤ k.
Note that the function η(t) : (0, π) −→ R∪{∞} is one-to-one and that

η1(f) > η2(f) > · · · > ηk(f).

We shall write Li, v
(i), q(i), si, ti instead of Li(f), v(i)(f), q(i)(f), si(f),

ti(f) whenever f is clear from the context.

Lemma 3.15. Let f ∈ Sω[y] of degree ≥ 1. With the above notations, we

have:

(1) If t ∈ (ti+1, ti) with 0 ≤ i ≤ k, then

inη(t)(f) = f
∣∣
q(i+1) ,

(i.e. the term of f corresponding to the uppermost vertex of Li).
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(2) If t = ti, with 1 ≤ i ≤ k then

inηi(f) = f
∣∣
[q(i−1),q(i)]

.

Proof. Recall that f
∣∣
A

with A ⊆ ε(f) is the sum of terms of f with
exponents in A (see Notation 1.22).

(1) If for instance i = k, then for any t ∈ (tk+1, tk), the direction of the
slope tg(t) is �between� the slope tg(tk+1) = 0 and the slope of Lk, tg(tk) = sk
(here between means tg(t) ∈ (tg(tk+1), tg(tk)) − see Figs. 14 and 15).

Fig. 15. NPω(f).

One sees immediately that λη(t) has its minimum on πω(ε(f)) at v(k+1).

Hence inη(t)(f) is the term of f with exponent q(k+1).
Note that χ(f), the ω-characteristic polynomial of f , coincides with

inη(t)(f) (for the de�nition of χ(f) see Notation 1.22).
(2) Let t = ti, where 1 ≤ i ≤ k. The line λη(t) = 0 is parallel to the edge

Li. Consequently, ληi = λη(t) has its minimum on πω(ε(f)) at all the points on
Li. By Lemma 3.13

inηi(f) = f
∣∣
[q(i+1),q(i)]

. �

Lemma 3.15 immediately implies:

Corollary 3.16. Let f ∈ Sω[y] be a polynomial of degree ≥ 1 and let

I ⊂ Sω[y] be the ideal generated by f . The following statements are equivalent:

(1) inη(I) is monomial free.

(2) −1/η ∈ {s1, . . . , sk}, where si is the slope of Li, the i-th bounded edge of

NPω(f).

Proof. Since I is a principal ideal, inη(f) is monomial free i� inη(f) consists
of more than one term and the equivalence follows from Lemma 3.15. �

Corollary 3.17. Let f ∈ K[x, y] be a polynomial of degree ≥ 1 in y
and let I ⊂ K[x, y] be the ideal generated by f . The following statements are

equivalent:
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(1) (ω, η) ∈ τ(I).

(2) −1/η ∈ {s1, . . . , sk}, where si is the slope of Li, the i-th bounded edge of

NPω(f).

Proof. Follows immediately from Corollary 3.16. �

Thus for a �xed ω ∈ RN , the set:

{η ∈ RN | (ω, η) ∈ τ(i)}
is in a one-to-one correspondence with the set of bounded edges of NPω(f).

Note also that since M = 1, the coordinatewise order relation between
�directions� η coincides with the usual order relation on R.

The iterative construction of a zero of the polynomial f ∈ Sω[y] in the
proof of Theorem 1.15 (see Section 1.7), coincides with the construction given
by the algorithm in Section 3.3. Namely, in Step 1 of the algorithm we always
choose η1(f (i)), the direction corresponding to the edge πω(segm(f (i))) i.e. the
largest η such that (ω, η) ∈ τ(I(i)), where I(i) denotes the ideal generated
by f (i).

Remark 3.18. One checks easily the following small variation of the con-
struction in the proof of Theorem 1.15, allowing one to compute any root of
the polynomial f ∈ Sω[y] (again assume f(0) 6= 0).

• We initially choose any bounded edge Lj0(f (0)) of NPω(f) = NPω(f (0)).
By Corollary 3.16 and Proposition 2.20 the ω-orders of the roots of f
are in one-to-one correspondence with the bounded edges of NPω(f (0)).
Thus we start computing the terms of one of the roots with ω-order equal
to ηj0(f (0)).

• Assume that at iteration i we have chosen the bounded edge Lji(f
(i)).

Then at iteration i + 1 we may choose any edge Lji+1(f (i+1)) below the

vertex v(ji)(f (i)).
Of course, for i large enough, ji = 1 and the only edge below v(ji)(f (i)) =
v(1)(f (i)) is L1(f (i+1)).
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