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INTRODUCTION

Solving equations is an old goal of mathematics. Isaac Newton devised an
algorithm to compute the terms of an y-root of a 2-variables equation f(z,y) =
0 up to any order. The y-root consists of a power series in the variable z with
fractional exponents; such a series is called a Puiseux series. It is a classical
result that the Puiseux series form an algebraically closed field.

Extending Newton’s algorithm to systems of equations in larger dimen-
sions proved rather difficult and was done as late as 1995 by J. McDonald in
[10] and [11]. It was a partial extension as it worked only for “general” systerms.
One of the main difficulties was finding a generalization for the field of Puiseux
power series for series of several variables. McDonald’s idea was to consider
series with exponents in positive cones with respect to a convenient monomial
ordering (see Section 1).

In [2], Aroca, Ilardi and Lopez de Medrano give a different algorithm
which applies to any system. While the classical Newton algorithm uses the
Newton polygon, a geometrical object determined by the equation’s exponents,
and predictably, McDonald’s algorithm uses Newton polyhedron, the algorithm
of [2] uses the tropical variety of the system — it replaces the Newton polyhedra
with their normal fans (for the definition of the normal fan see e.g. |5]).
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Another partial extension of the Newton algorithm producing Puiseux
series solutions for systems of equations of the form f(x,y1,...,ynm) = 0 (or
parametrizations for curves in the zero set of a general algebraic system) is
given in [8].

The present paper is a survey on [2] and is based on the author’s master
thesis at the University of Kaiserslautern. We present the generalised Newton
algorithm as well as the necessary background material. Notably, we include,
following [1], a constructive proof of the fact that the field of w-positive Puiseux
series is algebraically closed, (see Theorem 1.15).

We have “streamlined” the main algorithm of [2] by eliminating several
technical complications in the original paper (e.g. w-sets). Moreover, we have
improved the algorithm’s efficiency via a more careful control of the liftings (see
Remark 3.11). Finally, in section 3.4, we have interpreted the proof of Theo-
rem 1.15 (which states that the field of w-positive Puiseux series is algebraically
closed) via the link with the tropical variety — the conclusion is that the iter-
ative construction in the proof of the theorem coincides with the construction
given by the algorithm (see section 3.4).

The paper is divided into three Sections. In Section 1 we study the alge-
braical properties of S, the field of w-positive Puiseux series. Here w € RY is
a vector whose components are linearly independent over Q. An N-variables
Puiseux series is said to be w-positive if the exponents of its terms belong to a
translate of an w-positive convex cone. One checks easily that S, is a field.

The main result of Section 1 is that S, is algebraically closed (Theorem 1
in [1]). The proof is hard, the main tools being a variation of the Newton
polygon, defined using the valuation map val, of S,, and an extension to the
(N +1)-dimensional case of the notion of w-positive cone, namely the w-wedge.
The proof presented here is essentially that of [1].

In Section 2 one studies the properties of the polynomial ring S,[y], where
y = (y1,.-.,ym), and specifically the monomial orders given by the vectors
(w,n) with n € (RU{oo})™. An order relation thus defined is not necessarily
total and consequently, the initial form with respect to this order of a polyno-
mial f € Sylyl, in,(f), might consist of more than one term.

We study the initial ideals relative to different “directions” n for ideals
I C S, [y] with finite zero sets. In particular, one checks that for any ¢ € V(I),
the initial ideal iny,(,) (/) is monomial free (see Proposition 2.21). If [ is the
extension of an ideal J C Kl[z,y], the previous property means that (w,n)
belongs to the tropical variety of J.

We conclude the chapter by giving a procedure to construct inductively
the terms of a zero of an ideal I C S,[y] having a finite zero set. The con-
struction assumes that one can find at each step ¢ a “good direction” n(i) €
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(RU{oo})™ and a zero of the n(-initial ideal of an inductively constructed
ideal.

Section 3 is devoted to describing the main algorithm. Given a system
of algebraic equations, or equivalently, an ideal I C Klz1,...,zn4a] we can
suppose by Noether’s Normalization Lemma, after renaming the variables that
I C Klz,y] with x = (x1,...,2n), y = (y1,.--,Ynm), and the natural mapping
K[z] — K[z,y]/I is integral. This in turn implies that the extension of the
ideal I to Sy [y| has a finite zero set. The algorithm consists in computing the
terms of a zero of this extended ideal. In order to do so, one combines the
construction at the end of Section 2 with determining points in the tropical
variety of an ideal in K[z, y]. The computation of points in the tropical variety
can be done using the program Gfan (see [7]) or the computer algebra system
Singular (see [4]).

I want to thank Professor Thomas Markwig for proposing me this theme
and for his help during the preparation of this paper.

1. THE FIELD S, OF w-POSITIVE PUISEUX SERIES

The material in this section, with the exception of the examples, fol-
lows [1].

1.1. The w-order

Let w be a vector in RY. Throughout this paper, we shall assume that the
components of w are linearly independent over the field of rational numbers.
For o € RY we define the w-order of :

val,(a) =w - a,
where w - a represents the inner product, and for x € R, we define
Hy(z) = {a e RY | val,(a) = z}.

Since the components of w are rationally independent, val,, ’ oV is an in-
jective mapping and consequently, it induces a total ordering on QY, and in
turn it produces a monomial ordering in the case of the fractional exponents of

Puiseux series.

Remark 1.1. Each hyperplane H,(x) contains at most one element in QY.
In particular, the origin is the only rational vector in H,(0) = ker(valy).

If w is clear from the context, we shall simply write val(-) or H(-) instead
of val, () or Hy(+).



96 Natalia Baran 4

1.2. Convex Rational Polyhedral Cones

A convex rational polyhedral cone is a subset of RY of the form
C:{)\lvl—i—...—i—)\nvn ’ N €ERA; ZO},

where v1,...,v, € QV.

A cone is called strongly convex if it contains no non-trivial linear spaces.

Let w € RN be a vector with rationally independent coordinates. A
convex rational polyhedral cone, C, is said to be w-positive if val(a)) > 0 for
every « in C.

For the sake of brevity, in the sequel, we shall shorten “convex rational
polyhedral w-positive cone” to “w-positive cone”.

We list now some properties of w-positive cones that will be needed in the
sequel. Since the proofs are elementary and straightforward, we omit them.

PROPOSITION 1.2. 1. Let C be an w-positive cone and 6 € RY. Then:
(1) C is strongly conver.

2) If x € R then (60 +C) N H(x) is a compact set and moreover,
(2)
0+C)N {a e RY } val(a) < :c}

is a compact set. Consequently, the intersection of the lattice 1/cZN,
where ¢ € N with

(6+C)n{ac RY |val(a) < x}

is a finite set.

(3) Let c € N. Then val (1/c ZN (S + C)) is a bounded below discrete set. In
particular, for any mnon-empty subset A C  1/c 7N, the set
val (AN (0 4+ C)) has a smallest element.

(4) Letce€N, AC YeZN N +C) and v € RY such that val(y) < val(a) for
all « € A. Then there ezists an w-positive cone C such that
A C v+ C. In particular, if vo is the element of A of smallest w-order,
one can take v = vg.

(5) If C has a non-empty interior in RY | then for all 51,0, € RY there exists
5 € RY such that

(01+C)U(b2+C)Cd+C.
II. Let C1 and Co be two w-positive cones. Then:

(1) There exists an w-positive cone C such that for all 61,05 € RN there exists
§ in RN satisfying

((51 +C1)U((52+C2) Céd+C.
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(2) C1 + Cq is an w-positive cone and for 01,9 € RY one has
(61 +C1) + (62 + C2) = (61 + d2) + (C1 + Ca).

Remark 1.3. Proposition 1.2 T1.(1) implies that the set of translates of
w-positive cones is directed with respect to the inclusion.

1.3. Puiseux Series

Throughout this paper, K will denote a field of characteristic 0. We shall
always assume that K is algebraically closed. Without this assumption, the
field S, of w-positive Puiseux series (see Definition 1.5) is not algebraically
closed (i.e. Theorem 1.15 is not true) and the algorithm to compute a Puiseux
parametrization does not work. While the following definitions and many of
the results may hold for general fields or even rings, the main result requires
the full hypothesis.

Definition 1.4. An N-variable fractional power series ¢ over K is an ex-
pression of the form

acQN
where a, € K, a = (a1,...,ay) € QY and 2® = 2§ ... 23" Denote by

(p) = {a: (1,...,an) € QN ‘ Qo 7&0}
the set of exponents of .
For c € N let

S. = {¢ fractional power series over K | e(y) C 1/e zN}

be the set of formal c-Puiseuz series. If ¢ is a multiple of ¢, then there is an
obvious inclusion

(1) Se — S
Let
S =limS..
ceN

be the set of all Puiseux series.

Remark that S, and S are additive groups with the usual addition op-
eration. However, without supplementary conditions, multiplication may not
always be defined since computing coefficients might imply infinite sums in K.

For instance, if N =1, and ¢ € S,

o= al

1€EZ
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then ¢? does not make sense since, for example its term of degree 0 should be
the infinite sum

T4+a/a Ve ga ™ 4 =1+14... .

In order to define a multiplication and hence a ring structure, one has
to introduce some kind of finiteness condition. McDonald [10] had the idea to
construct Puiseux series with exponent sets included in w-positive cones, where
w has rationally independent coordinates.

We would also like that our ring contain all monomials (we need the
monormials with negative exponents in order that all monomials be invertible).
For this we also need to consider Puiseux series with exponents in translates of
w-positive cones.

Definition 1.5. Let C C RY be an w-positive cone and ¢ € N. Define
Sce = {ap e S, ‘ there exists § € QY such that e(p) Co+ C}

the set of c-Puiseux series with exponents in translates of C.
The inclusion (1) in Definition 1.4 induces an inclusion

SC,c — SC,c’
for all ¢ multiple of ¢ and let
Se = limSe e
ceN

be the set of Puiseux series with exponents in translates of C.
If C C C' are two w-positive cones, then one has an obvious inclusion

SC — SC’
and denote
S, = hAlSC
C

the set of Puiseux series with exponents in translates of w-positive cones, where
the inductive limit is taken over all w-positive cones.
An element ¢ € S, will be called an w-positive Puiseuz series.

Thus, a series ¢ is in S,, iff there exists an w-positive cone C, § € QY and
¢ € N such that e(p) C (6§ +C) N1 ZV.

Remark 1.6. Note that Proposition 1.2 1.(5) implies that if the cone C has
non-empty interior, then the sum of two series in S¢ . is again in S¢ .. Note also
that Proposition 1.2 II.(1) implies that the inductive limit which defines S, is
taken on a directed set. Consequently, the addition of Puiseux series induces
a structure of additive group on S¢ . respectively S¢ and S,,. Proposition 1.2
[.(2) ensures that the product of two w-positive Puiseux series can be defined,
while Proposition 1.2 I1.(2) implies that the result is still in S,,.
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Thus, S¢.c, S¢ and S, have a commutative ring structure.

Remark 1.7. If N =1 and w is for instance the 1-dimensional vector (1),
then there exists only one w-positive cone C, (C = {a | @ > 0}) and S¢ = S,
consists of the series with exponents bounded from below.

Ezample 1.8. Let for instance w be a vector in the first orthant (i.e. all
the components of w are > 0). Then any usual N-variable power series

is an w-positive Puiseux series.
Similarly, if w is a vector in the negative orthant (i.e. all the components
of w are < 0), then any Laurent series with negative exponents

is an w-positive Puiseux series.
Of course, many other situations can be treated as w-positive Puiseux
series, and so the definition is rather comprehensive.

Definition 1.9. If m = a,x® € S, is a one-term series, then the w-order
of m is
val(m) = val(«).
For a general p € S, ¢ # 0,

a
Y = QT ,
ace(p)

one defines

val(p) = min val(agz®).
ace(p)

Note that by Proposition 1.2 1.(3), the minimum is attained in a unique « €
£(¢). By convention, val(0) = co.
Denote by in(p) the term of ¢ of minimal w-order. By convention,
in(0) = 0.
Note that
val(in(p)) = val(p).
It is easy to check the following properties:

PROPOSITION 1.10. Let ¢ and ¢’ be two elements in S,,. Then
(1) val(o+¢’) > min(val p, val ') with strict inequality if and only if val(p) =
val(’) and in(p) +in(¢’) =0,
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(2) val(p - ¢') = val(p) + val(¢) and in(p - ¢') = in(p) - in(¢).
(3) val (p(af,...,2%)) =7 val (¢(z1,...,2N)) for every r € Q.
Thus, val is a valuation map on S,,.

Remark 1.11. Note that ¢ € S, can be written uniquely in the form

o0
(2) o= i
i=1
where each (¢;); is a one-term series and, for all i, val(p;) < val(p;41).
Remark 1.12. For ¢ € N, let
A(c) ={0,1,...,c—1}.

Any exponent a € /¢ ZN can be written uniquely as

a=0+d,

where 6 € 1/eA(c)N and o € ZV. Hence, any ¢ € S, with £(p) C /e Z" can
be written uniquely as

(3) p= > a'ps,

S€(1/cA(e)N
with each ¢;s a series with integer exponents. This means that each ¢ with
e(p) € 1/eZ" is a linear combination of integer exponent series with “coeffi-
cients” fractional monomials with positive exponents < 1.

Note that the family (e(2°¢s))s forms a partition of £(¢) and consequently
val(p) =  min val(d) + val
(0) =, min () +wlles)

and the minimum is attained for a unique exponent J.

. Exar?sple 113. For N =2, ¢ =5 and ¢ = :ci/scl:% + :ci/sxg + xi/sx;/s +
xl/sxg + 1 /sxg, we can write ¢ as
xi/s(m% + x128) + IL'?I)/sz/SIEQ + a:i/s(xlmg + 2323).

We shall need a slight generalization of the formula (3).

Assume | € N and ¢ is a multiple of . Then an exponent a € Y/cZ" can
be written uniquely as

a=09+da,

where 6 € YeA(c/)N and o/ € ViZN. If ¢ is a series with e(¢) C /e ZY then ¢
can be written uniquely

(4) o= > s

S€l/eA(c/H)N
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with e(ps) C Y1 ZY for all §. As above, the family ((2%p5))s is a partition of
e(p) and

val(p) = val(z°p5)
for a unique & € YcA(¢/))N.

PROPOSITION 1.14. Let w be a vector in RN of rationally independent
coordinates. Then S, is a field.

Proof. We have already seen that S, is a ring. All we have left to show is
that each 0 # ¢ € S, is invertible.
First, we will show that for ¢ € S,, with val(p) > 0, the sum

l+p+¢*+...

defines a series in S,,.

Indeed, since ¢ € S, there exists a cone C, such that (¢) C C. Then,
for all n > 0, e(¢™) C C.

Since val(¢™) = nval(p) it follows that each monomial appears in at most
finitely many series ¢”, and consequently the infinite sum 1+ ¢+ @?+... isa
series in S,,. This implies that if ¢ € S, with val(¢) > 0 then the series (1 —¢)
is invertible in S,,.

For the general case, let ¢ € S,, with ¢ # 0 and let in(¢) = coz®. Then

© = cqx®(1 — 1),
with valiy > 0 which ends the proof. [

1.4. The Newton Polygon

The main result that we shall prove until the end of the chapter is ([1]
Theorem 1):

THEOREM 1.15. Let w € RY be a vector of rationally independent coordi-
nates. Then S, is an algebraically closed field.

The main tools in the proof are a variation of the Newton polygon pro-
duced using the valuation val, of S, and an extension to the 2-dimensional
case of the notion of w-positive cone, the w-wedge.

Throughout this section, f will be a polynomial in S, [y]

d
=0

with @;(x) € S,. Since our purpose is to show that f has a root in S,,, we will
assume that @o(z) # 0 (i.e. y = 0 is not a root of f).
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There exists an w-positive cone C, a vector § € QY and ¢ € N such that
e(pi) C Z(C,0d,c), for all i where

(5) I(C,58,¢) = (5 +C) N /e ZN .

Then f can be written as the sum

f= Z aa,i'xa'yia

a€Z(C,d,c)
i=0,...,d

where a,; € K.
The exponent set of f is

e(f) = {(a,i) ‘ ac€I(C,é,c), 0<i<d, an; # 0}.
The mapping val,, : RN — R (see Paragraph 1.1), induces the morphism

RVxR — R?

(6) . (a,i) = (val(a),i)

Terminology 1.16. Let v € RY x R.

(1) We denote by Puor(v) € RY the projection of v on the first factor, and
call it the horizontal part of v.

(2) We denote by Pyert(v) € R the projection of v on the second factor, and
call it the height of v.

(3) A subset A € RV*! will be said to be horizontal if it has constant height.

Remark 1.17. The preimage of a point P € R?, P = (¢, h) is the horizontal
linear variety of codimension 2 H,(q) x {h}.

PROPOSITION 1.18. Let w € RY be a vector of rationally independent
coordinates, let m, be the projection defined in (6) and let P = (q,h) be a point
in R2. Then the linear subvariety 7, (P) has at most one point in QY x Q.

Moreover,

Tw 1 e(f) = mu(e(f))

1s a bijection.

Proof. If h ¢ Q then 7, '(P) has obviously no point in QN If h € Q
then the statement follows from the properties of the mapping val, see Re-
mark 1.1. O

Remark that the condition on the coefficients ; of f implies:

mw(e(f)) € {(a.h) ER® | ¢ > val(5), 0 < h < d}.
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Definition 1.19. Let f € S,[y] be a polynomial. The w-Newton polygon
of f is the convex hull of the set m, (e(f)) + (R>o x{0}). In other words,

NP, (f) =conv [ | J mu(P)+ (Rxo x{0})
Pec(f)

FEzample 1.20. Let f = (y — v1(z)) - ... - (y — on(x)), where 1,...,p, €
Sw \ {0} and for each i,
. O
' in(g;) = a;x® ",
with @; € K, and a® € QY. Then,
= yn + 51(901’ SRR @n)yn_l +ot (_1)nSn(901’ SR @n))

where S; denotes the i-th elementary symmetric polynomial. Assume that
val(p1) < -+ < val(pp). Our assumption implies that:

val(S; (o1, .., pn)) = val(p1) + - -+ + val(p;).

The Newton polygon, NP, (f), for n = 4, can be seen in Fig. 1.

val 1  val g val ¢3 val g4

Fig. 1. NP,(f).

Remark 1.21. If .
F=> eil@)y
=0

then for each height h such that cph(x) # 0, the w-Newton polygon contains
the half-line (val(ep), h) + (R>o x{0}).

NP,(f) has a finite number of edges, the uppermost and the lowermost
edges are horizontal half-lines, while the rest of the edges are bounded line
segments.
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In particular, the Newton polygon in Fig. 1, (see Example 1.20), has 5
vertices and 4 finite length edges.
We introduce for further use the following notations:

Notation 1.22. Let f € S,[y],

d
F=Y i)y
=1

such that ¢o(x) # 0. Denote by:
e v(O(f) € R x N denotes the vertex of height 0 of NP, (f).
e v(U(f) € R x N denotes the vertex of lowest positive height of NP, (f).
o Let ¢O(f) € e(f) be the point such that (q(o)(f)) =0O(f).
o Let ¢V(f) € e(f) be the point such that 7, (¢ (f)) = oW (f).
e Let ht(f) € N be the height of ¢ (f).
e The line segment in RY x R, segm(f) = [¢©(f), ¢ (f)] will be called
the w-segment of f.
o Let ¢O(f) and ¢V (f), as above. Then

Phor(q(o) (f)) - Phor(q(l)(f)) 1
ht(f) )

(M) 4O — ¢ D(f) = ht(f) (

The quotient

(0) _ (1)
slope (f) = Therld (f)iit(fl)%or(q =

will be called the w-slope of f.
e Let A C e(f) and denote by f‘A the sum of terms of f with exponents in
A. The w-characteristic polynomial of f is the polynomial x(f) € Kly],

M) = gy Lo+ 10,
Ezample 1.23. In the context of Example 1.20,

vO(f) = (Z val(w)ﬂ)
i=1




13 Solutions of algebraic systems via Puiseux series 105

slope(f) = o™

X(f) = (D" tagcanay+(=D)"ar-.ran = (=1)" tag-..an_1(y—an).

Remark 1.24. Note that the w-characteristic polynomial of f, x(f)(y) has
degree equal to ht(f), the height of ¢V (f), and furthermore, since @ (z) # 0 it
follows that y = 0 is not a root of x(f)(y). Moreover, since K is an algebraically

closed field, x(f)(y) has a root in K. This is the only place in the proof where
one uses the fact that K is an algebraically closed field.

LEMMA 1.25. Let f € S,ly] such that f(0) # 0. The slope of the edge
WO (), oM (f)] of the Newton polygon NP, (f) is —1/ val(slope(f)).

Proof. Applying 7, in (7), one gets

0O(f) = (f) = ht(f) - (val(slope(f)), ~1).
where ht(f) is the height v(J(f) and the Lemma is obvious. [
Remark 1.26. The proof of Lemma 1.25 shows that the vector (val(slope

(f)), —1) is parallel to the edge [v©(f), v (f)]. In particular, in the case of
Example 1.20, the edge [v(9 (f), v (f)] is parallel to (val(ep,), —1) and its slope

is (—1)/val(pn).
Remark 1.27. Since the Newton polygon N B, (f) is convex, it follows that
for all P = (q,h) € NP,(f), the line segment
{P + An,—1) |n = val(slope(f)), 0 < A < h}
)

(i.e. the line segment parallel to the edge [v(@(f), v (f)] joining P to the
abscissa) is contained in NP, (f).

1.5. The Automorphisms T,

In this section, we introduce a family of S,-algebra automorphisms of
Suly] and study their effect on the exponent set and the Newton polygon. The
proof of the Theorem 1.15 consists in iteratively applying the transformation
to a polynomial of S, [y].

For o € S, let

(8) T, Swy[y] : ;ﬂi/j

Note that T, induces an action of S, on S,[y], and, in particular, if ¢ and
¥ € S, one has that

(9) T@OTw:TdJOT@: p+ap-



106 Natalia Baran 14

Remark 1.28. If f € S,[y], then T, induces a one-to-one correspondence
between the roots of f and the roots of T,,(f). More precisely, 1) € S, is a root
of fiff 1 — ¢ is a root of T, (f).

In general, we shall use lower case Greek letters, ¢, to denote series in
S, and capital Greek letters, ¢, ¥ to denote one-term series, ax”, with a € K
and p € QY.

In the sequel, we shall mostly consider transformations Ty relative to one-
term series. First, we estimate the exponent set of Ty(f). The fundamental
fact we use is:

LEMMA 1.29. Let p,a € QN, j€N, aecK and ¢ = axt. Then
e(Tp(z*y)) = {(, 7) + k(p,—1) | k€ N and 0 < k < j}.
Proof. We have

J
Ty(zy) = 2*(y + azt)! = z* Z ( )akxk“yj k
=0

Thus

e(Ty(f)) = {(e,j) + k(u, =1) [ k=0,....5}. O

Lemma 1.29 implies that the exponents in (T, (x*y’)) consist of all the

points of integer positive heights in the line segment starting at («, j), (the only
point in e(z%y’)), parallel to the vector (i, —1) and ending at (o + ju,0).

COROLLARY 1.30. Let ¢ = ca* be as in Lemma 1.29 and f € S,[y]. Then:
e S |J  {lah)+k(p,—1) | 0<k<h}.

(a,h)ee(f)
Notation 1.31. Let P be an “origin point” and v € RN*1 v = 0 a vector.
Let:
D™ (Pv) ={P+ v | A <0}
and

DY (P,v)={P+ M| >0}
denote the half-lines starting at P, parallel to v in the negative, respectively
positive direction relative to v.

Lemma 1.29 immediately provides sufficient conditions for P € QN x N
to be or not to be an exponent of Ty (f):

COROLLARY 1.32. Let ¢ = ax* be as in Lemma 1.29, P € QY x N and
f € Suly]. Then:
(1) Ife(f) N D™ (P, (u, 1)) =0, then P & e(Ty(f))-
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(2) Ife(f)ND=(P,(p, —1)) consists of one point, then P € e(Ty(f)).

For the proof of Theorem 1.15, we use a reformulation of the above
Corollary:

COROLLARY 1.33. Let ¢ = ax* be as in Lemma 1.29, P € QN x N and
feSulyl. Then:

(1) If P € e(Ty(f)), then e(f) N D™ (P, (p, —1)) #
(2) If P ¢ e(Ty(f)) then the cardinality of e(f) N ( . (p, —1)) is either O
or > 2.

Applying 7, to Corollary 1.32, one obtains:
COROLLARY 1.34. Let ¢ = ax* be as in Lemma 1.29, Q € QN x N and
f € Suly]. Denote by P = m,(Q) and n = val(u). Then:
(1) If mo(e(f) N D™(P, (0, —1)) = 0, then P ¢ m,(Ty(f))-
(2) If mo(f) N D™ (P, (1, —1)) consists of one element, then P € m,(T4(f)).
Proof. Since m, induces a bijection between the lines
P+ X(n,—1) and @ + A(p, —1),
the result follows. 0O
Notation 1.35. Let f € S,[y| such that y = 0 is not a zero of f. Let

o(f,a) = azt,
where p = slope(f) and a is a root of the w-characteristic polynomial of f.

Until the end of this paragraph, we shall restrict ourselves to the trans-
formation Ty (s q)-

Ezample 1.36. Let f =y + 22y — 2} and w = (1,1/2). Then :
e(f) =1(0,0,2),(0,2,1), (4,0,0)}.
10() = (4.0.0) (D) = (0,0,2), hi(f) = 2 and slope(f) = (2,0).
( )=y* - 1L
©(f) = (4,0) and vV (f) = (0,2).
The zeros of X(f) are 1 and —1. Hence, we can either consider ¢(f,1) = x? or
gb(fv _1) _1:1 And

Ty ) (f) = v + 22Ty + a3y + afa3

Tyr—1)(f) = y* = 223y + a3y — afas.

PROPOSITION 1.37. The lowest height vertez of the w-segment of f, ¢(0(f)
is never an exponent of Ty s.q)(f)-
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Proof. By Lemma 1.29 only the terms of f corresponding to the exponents
on segm(f) can have a “contribution” to the term of Ty q)(f) with exponent
q(o)(f). Moreover, one has:

T¢(fva) (f‘segm(f)) - T¢(f,a) (f) ‘segm(f)'

Recall that f |Segm( f) represents the sum of all the terms of f with the exponents

on segm(f). Note that the terms of Ty s ,) of exponent ¢ (f) coincides with
T¢(f7‘1) (f) ’segm(f) (:L" 0>

(10) T¢(fva) (f)‘segm(f) (.’L‘, 0) = Td’(fva)(f‘segm(f))(x’ O) = flsegm(f) (x’ ax“)

Let 8 = Puor(¢W(f)) and h = ht(f) . By the proof of Lemma 1.29, all the
terms in the right term side of (10) have the same degree in = and we have

f|segm(f)(x7 a.ﬂlﬁ'u) - xﬁf‘segm(f)(l, ceny 1,@) = 0

Thus, by choice of a,

T¢(fﬂ) (f)’segm(f) (:C’ 0) =0,
which ends the proof. 0O

Ezample 1.38. Returning to Example 1.36, let

9= Tyr)(f) =y + 2afy + a3y + afa3.
Then

e(g) = {(0,0,2),(2,0,1),(0,2,1),(2,2,0)}.
Remark that q(o)(f) = (0,0,4) is no longer an exponent of g.

We shall study the effect of the transformation Ty 4) on the w-Newton
polygon of f.

PROPOSITION 1.39. Let f € S, [y] be such that y = 0 is not a zero of f.
(1) All the positive height vertices of NP, (f) are vertices of NP, (Ty(t,q)(f))-
(2) NPu(Tyism(f)) € NP,
(3) vO(f) does not belong to NP,( Tyif,a)(f))-
(4) If y = 0 is not a root of Tysq)(f), then

val(Phor (¢ (f))) < val(Poor (4 (T .0 (1)))-

Proof. We set n = val(slope(f)).

(1) Each vertex of NP,(f) belongs to m,(e(f)). Moreover a vertex of
NP,(f) of positive height, P, is the only point in e(f) N D~ (P, (n,—1)). Then
(1) follows from Corollary 1.34 (2).
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(2) Applying 7, to Corollary 1.30, one obtains

TN S U {@h)+rmn,-1)[0<A<h}
(11) (@h)€ma(e(f))

TN S U {@h)+Mp.—1) | 0< A< h)
(¢,h)ENPL(f)

According to Remark 1.27, the right hand side term in (11) is N B, (f).

Since NP, (f) is convex and contains P + R>o x{0}, whenever P €
NP,(f), it follows that NP, (Tys.q)(f)) € NP,(f).

(3) If Ty(,q)(f) has y = 0 as a root, then NP, (Tyq)(f)) has no point
on the abscissa. If not,

U(O)(qu(f,a)(f)) = Ww(q(o)(T¢(f,a)(f))) € [vO(f), ) x {0}
and by Proposition 1.37 and (2),

v©® (Tyt,a)(f)) # O (f)
which ends the proof.
(4) Is obvious from (3). O

FErample 1.40. Returning to Examples 1.36 and 1.38
79(g) = (2,2,0), ¢M(g) = (2,0,1), ht(g) = 1 and slope(g) = (0, 2).
v0(g) = (2 +2v2,0) and vV (g) = (2,1).

Note that (0,0,2) € €(g) and hence (0,2) remains a vertex in NP, (g).

v®(g)

vO(f)  vO(g)

Fig. 2. NP,(f) and NP,(g).

In Fig. 2, one sees that NP, (g) C NP,(f) and v(9(f) ¢ NP,(g). More-
over, we have that

val(Poor (¢ (f))) = 4 < val(Poor(¢'9 (9) = 2 + 2v/2.
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Proposition 1.39 has several immediate consequences:

COROLLARY 1.41. Assume that y = 0 is not a zero of Ty(s.4)(f). Then:

(1) Either ¢V (f) = q(l)(TMf,a)(f)) or the height of ¢! (To(f,0)(f)) is strictly

smaller than the height of ¢ (f)

(2) The slope of the line vV (f), v (f)] is strictly smaller than the slope of
the segment [V (Ty( 1.0y (f)), v O (Ty(p.a) ()], ice.

1 1
“al(slope(f)) ~ val(slope(Tp( 1) ()))’

or equivalently,

val(slope(f)) < val(slope Ty(f,q)(f))-

Proof. (1) Since m,, preserves the height, it suffices to work on the corre-
sponding vertices on the Newton polygon.

Above the height of v (f), NP,(f) and NP,(Ty(;.(f)) are identical
(see Proposition 1.39 (1)).

Below the height of v(1)(f), one has the configuration in Fig. 3, (see
Proposition 1.39 (2) and (4)).

v (f)

NN

Fig. 3.

NTss0)(1))

Thus, if v(T, o(f) # v (f), then v(l)(qu(f,a)(f)) can only find itself
in the emphasized trlangle in Fig. 3.

(2) In both situations, of (1), U(l)(T¢(f7a)(f)) belongs to the triangle in
Fig. 3 and the statement is clear. 0

Ezample 1.42. Let f = y" + ¢(x), where ¢ € S,, has more than one term.
In the Figs. 4 and 5 are represented the Newton polygons of f and Tysq(f)
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oW(f)
v (f)
Fig. 4. NP, (f).
. v (Tyi1.0)(f))
VO (Tyi .00 (f))

Fig. 5. NPW (T¢(f7a)).

Note that by Proposition 1.39 and Corollary 1.41 it follows that v()(f) has
height n and v(l)(T¢(f7a)(f)) has height 1. Moreover, let g = Ty(s,q)(f) and a’ be
a zero of x(g), the characteristic polynomial of g. Then, using Proposition 1.39
again, one gets that U(1)<T¢(g’a/)(g)) = v (g) (see also Remark 1.43 below).

In particular, let f = y* — 2} — 42222 and w = (1,+/2). Then ht(f) = 4,
slope(f) = (1,0) and a = 1 is a root of the w-characteristic polynomial. Hence,
o(f,1) = x1 and

g="Ty(f) = yt + 4z + 623y + 4y — 42223 and ht(g) = 1.

Furthermore, slope(g) = (—1,1) and a = 1 is a root of x(f). Hence, ¢(g,1) =
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1‘1_11‘2 and
T¢(g,1)(g) = y4+4xf1x2y3+4x1y3+6x%x3y2+12x2y2+6x%y+4zf?’x%y+4x?y+
120323y + 122120y + xias + 4o 223 + 6223 and ht(Ty1,4))(g) = 1... etc .
Remark 1.43. In the context of Corollary 1.41 if v () has height 1, then
v (Ty.0) () = 0D (),

for in this case, the emphasized triangle in Fig. 3 is reduced to a point.

COROLLARY 1.44. Let f € S,[y| be such that y = 0 is not a zero of f
or of Ty(ra)(f). Let h be the height of ¢O(f) and let P € [¢W(f),q¢O(f)]
be the point of height h — 1. If ¢qV(f) = q(l)(TMf,a)(f)), then P € e(f) and
P ¢ e(Ty,a)(f))-

Proof. According to Proposition 1.39, the lowest finite edges of NP, (f)
and NP, (Ty(t,q)(f)) have only the point v (f) in common, and moreover,
the line segment [v(f), v (f)] is outside NP, (Ty(f,a)(f))- Hence, m,(P) ¢
7w (e(Ty(1,a)(f))) or equivalently, P ¢ e(Ty(s,q)(f)). Note that

e(f) N D™ (P, (slope(f),—1)) = {¢V(f), P}.

Indeed, the inclusion “ C ” is obvious, and according to Corollary 1.33
(2) the left hand side term has at least 2 points. Thus, P € (f). O

Finally, we want to establish a link between the lattice containing e(f)
and the lattice containing &(Ty(f.4)(f))-

PROPOSITION 1.45. Let f € S,[y] such that y = 0 is not a zero of f or
Ty(f,a)(f)-
(1) Ife(f) C 1/eZN xN andslope(f) € 1/ ZN, then e(Ty(s,q)(f)) C /e ZN xN.
(2) If ¢V (f) = q(l)(TMf’a)) and e(f) C Y/ ZN x N, then slope(f) € 1/cZV.

Proof. (1) Let P € e(Ty(s,0)(f))- By Corollary 1.30 there existe Q € &(f)

such that
Pe D+(Qv (,LL, _1))7

where p = slope(f).

This means that
for some k € N. Hence, P € 1/cZ" x N.

(2) Denote by P the point on segm(f) at height h—1, where h is the height
of ¢V (f). By Corollary 1.44, P € £(f). Since P = ¢O(f) + (slope(f), —1) €
1/cZN x N, it follows that slope(f) € 1/cZN. O

Combining (1) and (2) from the above Proposition, one obtains:
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COROLLARY 1.46. Let f € S,[y] such that y = 0 is not a zero of f and
Ti¢(f,a)(f) and assume that ¢V (f) = q(l)(T¢(f7a)). If e(f) € YeZN x N, then

E(T¢(f7a)(f)) - 1/CZN x N.

1.6. Barrier Wedges

A barrier wedge is a convex “container” of the exponent sets of the coeffi-
cients of a polynomial f € S,[y]. More importantly, it provides the link between
the w-positive cones that contain the exponents of f and the “dynamic” of f in
the privileged direction slope(f).

Definition 1.47. Let C C R™ be an w-positive cone and I € RY xR be a
non-horizontal line (i.e. aline non-parallel to the first factor, see Notation 1.16).
The wedge of opening C and of edge [ is the set

we,l) = J{P+(8,0)|Bec}
pel
Thus the horizontal sections of W(C,[) are cones “starting” in a point on
the line [.

Remark 1.48. Any point P € W(C, 1) can be written uniquely
P =P +v,

where Py € [ and v € C x {0}, (see Fig. 6). Moreover, P and P; have the same
height.

Remark 1.49. If vy € RY x R is a vector parallel to [, then P € W(C,1) iff
P+ e W(C,I).
If vel x {0} and P € W(C,I), then P+ v € W(C,I) (see Fig. 7.)

Py P

Fig. 6.
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)

Fig. 7.

We shall need a linear algebra result:

LEMMA 1.50. Let W(C,1) C RY xR be the wedge of opening C and edge 1.
(1) If P+v € W(C,1) with P €1 and v a vector in RN xR, then for

Q € W(C,1), the half-line {Q + Av | A € R>o} is contained in W (C,1).
(2) Let P €l and (5,—1) € RY xR parallel to the edge | then

§+C={peRY | P+ (u,-1)eW(C,D}
Proof. (1) According to Remark 1.48
P+v=P +w,
with P} € l and w € C x {0}. Hence
v=(PL—P)+w=uvy+w,

where v; = P — P is a vector parallel to [.
Thus, for @ € W(C,l) and A > 0,

Q+ M =Q+ M\ + \w.

Since Ay is a vector parallel to [ and Aw € C, we are done by Remark 1.48.

(2) Let Py € 1 be the point of height 0 and P_; € [ be the point of height
—1. Then,

P_1 = PO + (5, —1).
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[

Fig. 8. Lemma 1.50 (1).

By Remark 1.48, one can take P = Fy and:
Py + (1, —1) € W(C,1) iff there exists v € C x {0} such that

Po+ (u,=1) = Py +v= P+ (6,-1) + v,
which ends the proof.

Fig. 9. Lemma 1.50 (2). 0O

Definition 1.51. Let f € Suly]. A wedge W(C,!) is called an w-barrier
wedge for f if:

(1) C is an w-positive rational cone

(2) e(f) c W(C,I).

(3) The edge [ contains a point in (f)

Ezample 1.52. Let f = 3" + p(z) with ¢(z) € S,. There exists 6 € Q"
and C C RY, an w-positive cone such that e(p) C § + C. Let | be the line
determined by (0,7n) and (6,0), where 0 = (0,...,0) € RN, Then W(C,1) is an
w-barrier wedge for f (see Fig. 10).



116 Natalia Baran 24

(0,7)

(9,0) .
Fig. 10.

PROPOSITION 1.53. Let f € Syly| and let Q be a point in €(f) such that
7w (Q) is a vertex in NP,(f). Then there exists an w-barrier wedge of f con-
taining @ in its edge.

Proof. Let .
F=> eil@)y
i=1

and let [ be a supporting line of NP, (f) passing through m,(Q). One checks
casily that there exists a line [ through Q € RY x R such that m,(I) = [, the
correspondence being one-to-one, and denote by @); the point of height ¢ on [
with 1 <17 <d.

Since

, NP,(f) Cmu(l) + (R>o x{0})
it follows that

val(Phor(Q:)) < val(p;) for i =0,1,...,d.

According to Proposition 1.2 I.(4) for each i there exists an w-positive rational
cone C; such that

(i) C Phor(Qi) + Ci.
If C is an w-positive cone such that C; C C for all 4, then one checks easily that
W(C,1) is an w-barrier wedge for f. O

Finally, we want to study the relation between w-barrier wedges and the
transformation Ti(¢,q)(f)-

PROPOSITION 1.54. Let f € Sy [y| such that y = 0 is not a zero of f. Then
there ezists a non-horizontal line in RY xR through ¢ (f) and an w-positive
cone C C RY such that W(C,1) is an w-barrier wedge for f. Moreover, if the
vector (8, —1) is parallel to the line 1, then:
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(1) slope(f) e 6 +C.
(2) e(Ty(s.a)(f)) CWI(C, D).

(3) If y = 0 is not a zero of Tysq)(f) and qO(f) = q(l)(Td,(f’a)(f)), then
W (C,1) is also an w-barrier wedge for Ty sq)(f)-

Proof. The existence of the w-barrier wedge W (C,1) follows from Propo-
sition 1.53.

(1) Since W(C,1) is a convex set and ¢/ (f), ¢ (f)
that ¢(V(f) + (slope(f), —1) € W(C,1). By Lemma 1.50
slope(f) € 6 +C.

(2) According to Corollary 1.32 each exponent of Tys ,)(f) is on the half-
line starting at an exponent parallel to (slope(f),—1) in the positive direction.
Since ¢ (f) + (slope(f), —1) € W(C, 1), we get the result by Lemma 1.50 (1).

(3) Obvious since ¢V (f) = ¢M (Tyy0)(f)) €. O

e W(C,1) it follows
(2), it follows that

(0,0,4)

(2,2,0)
(4,0,0)

Fig. 11.

Ezample 1.55. Returning to Example 1.42 let f = y* — 21 — 42223 and
w = (1,/2). Then:

e(f) = {(O’ 0,4),(4,0,0), (2,2, 0)}

slope(f) = (1,0)

9 =Typ)(f) = y* + da1y® + 627y? + daly — 4xfa3

e(g) = {(0,0,4),(1,0,3),(2,0,2),(3,0,1),(2,2,0)}
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Let [ be a line of direction (8, —1) where § € R%, § = (0,0) and C C R?,
be the w-positive cone C = {z1 > 0,22 > 0}.

One checks immediately that e(f) € W(C,1) and since (0,0,4) € [, it
follows that W(C,1) is an w-barrier wedge for f. Moreover, slope(f) = (1,0) €
d+C=C.

One can also check that £(g) € W(C, 1), and even though ¢/ (f) # ¢™(g),
since (0,0,4) € INe(g) and (0,0,4) gives a vertex in NP, (g), W(C,I) is an
w-barrier wedge for g.

1.7. The Proof of the Theorem

Let f € S,]y] be a polynomial of degree > 1. We want to show that f
has a root in S,,. If y = 0 is a root of f, then we are done so from now on we
shall suppose that f(0) # 0.

Define inductively the following sequence of polynomials using the auto-
morphisms Tg:

o fO =7
o FUD =Ty 10 o (FD),
if £)(0) # 0, where a( is any root of the characteristic polynomial of f(). If
f@ =0, then we have found a root for f (see Step 1 bel_ow).
Recall that T¢(f(i)7a(i))(f(i)) = f0(z, y—i—a(i)xSlOpe(fm)), see Notation 1.35.
Step 1: If f(9(0) =0, then

d—1
Y(z) = Z () gslope(F 1)
=0

s a root of f.
Indeed, since

FD =Ty pa) gy (f9D) = = Tu(FO) () = Tu(f) (),

if y = 0is a root of f( then y + ¢ is a root of f according to Remark 1.28.
Note that in this case, f has a root that is a polynomial in a ring K[z"/", 2~ "/]
for some n € N.

From now on, we suppose that ) # 0 for all i € N and set

0= Za 7 slope f(’

Since val(slope( f()));en is a strictly increasing sequence, see Corollary 1.41 (2),
it follows that ¢ is a well defined fractional power series.
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We shall check that ¢ is a series in S, and a root of f.

Step 2: The sequence of points (¢ (f®))ien is constant for i large
enough.

By Corollary 1.41 (1), the heights of (¢ (f®))seny form a decreasing
sequence of natural numbers, which yields the result.

Definition 1.56. The constant value of the sequence (¢(M)(f®));ey for i
large enough will be called the pivot of f; it will be denoted pivot(f).

Remark that if ¢V () = pivot(f) for a k € N, then ¢/ (f) = pivot(f)
for all 7 > k.

Step 3: Let k € N be such that ¢V (f*)) = pivot(f). There exists an
w-positive cone C € RY and a line | € RY xR with pivot(f) € I such that
W(C,1) is an w-barrier wedge of O for all i > k.

By Proposition 1.53, there exists an w-barrier wedge W (C, 1) for f*) with
pivot(f) € I and by Proposition 1.54 (3), W(C,1) is an w-barrier wedge for f()
for all « > k.

In the proof of Step 4, we shall need the following:

COROLLARY 1.57. Let k € N be such that ¢V () = pivot(f). Then
there exists an w-positive cone C C RY and 6 € QN such that the sequence
(q(o) (f(l)))lzk Ccdi+C.

Proof. Indeed, if W(C,1) is the w-barrier wedge in Step 3, such that
e(fP) cwe

for all i > k, then if (8,0) is the point of height 0 of the line I, then ¢(?(f®)) c
0+Cfloralli>k. 0O

Step 4: There exists an w-positive cone C C RY and a vector § € QN
such that
e(p) Cd+C.
Note that

e() = {(slope(f))en}-

Let k € N such that ¢(M (f*)) = pivot(f). By Step 3, there exists an w-barrier
wedge W (C, 1) for f® for all i > k such that pivot(f*) € I. Consider the vector
(6,—1) € RN x R parallel to I. By Proposition 1.54 (1), slope(f®) € § + C for
all 7+ > k.

Consequently, possibly modifying the vector § € QV, one can ensure that
the slope(f®) € 6 4 C for all i € N, hence

e(p) Cd+C.
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Step 5: There exists ¢ € N such that
(12) () C YeZ™ and e(f) C Y/eZ" x N for all i € N.

Indeed, let k € N such that ¢V (f*)) = pivot(f) and let ¢; € N be such that
e(f*) €1/, Z" x N.
By Corollary 1.46,
e(f) C ey Z" x N
for all ¢ > k. Moreover, Proposition 1.45 (2),
slope(f®) € e, € ZN

for all i > k. Now for a convenient multiple ¢ of ¢1, (12) is obvious.

Step 4 and Step 5 imply that <p € S,

Step 6: lim (val( FO(z,0)) =

Note that Val(f( )(z,0)) represents the abscissa of p(0) (f)) =7, (¢ ().
By Proposition 1.39 (4), the sequence val(f(®)(z,0)) is strictly increasing. Let
k € N such that ¢/ (f®) = pivot(f). By Corollary 1.57 and Step 5, there
exists an w-positive cone C C R, a vector § € QY and ¢ € N, such that

{@V()ise} € (@ +C)n1jez
and according to Proposition 1.2 (2),
val((6 +C) N1/ ZN)
is an infinite discrete set.
Step 7: ¢ s a root of f.

We split ¢ as
¢ = Ti(p) + Ri(e),

where

Ti(p) = kil () gslope(F4)
and l:o

Ri(p) = Z () slope(F))
Then o

[, (@) = f(x, Te(e)(x) + Ri(p) (@) = (2, Te(p)(x)) + ().

Let n € N. We shall show that for k large enough, val(f(z,Tk(¢)(z))) and
val(¢(x)) are both > n, and this implies that

val(f(x,¢(x))) = oo equivalently f(z,p(x)) = 0.
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Write f as
d
fla,y) = wil@)y,
=0
with ; € S, '
Asin Step 1,

f (2, Te(p)(2)) = f®)(,0)

and by step 6, for k large enough, val(f(z, Ti(¢)(x))) > n.
On the other hand, the terms of ¢(z) are of the form

m = api(z)z® 2",

where a € K, z* is a monomial coming from Tj(p) and z*" is a monomial
coming from Ry(p), i.e. o/, o’ € e(yp) and:

val(o) < val(slope(f*))),
val(o") > val(slope(f*))).

Thus
val(m) > di + dg + val(slope(f*))),
where
dy = Oréliléld val(p;)
and

dy = val(slope(f())).

Hence, if val(slope(f*))) > n — d; — do, then for any term of m, one has
that val(m) > n.
Consequently, for k large enough,

val(y)) > n
and we are done.

Remark 1.58. The construction of the polynomials (f*);en depends at
every step 7 on the choice of a root of the w-characteristic polynomial of f=1),
and each choice produces a different root of f. Since f has finitely many roots,
it follows that for i large enough, the w-characteristic polynomial of f() has
only one root with multiplicity equal to the degree of x(f®).

2. THE RING S, [y]

Most of the material in Section 2 and Section 3 comes from [2]. The ex-
amples, the second proof of Lemma 2.18, the proof of Proposition 3.1 (Propo-
sition 9.1 in [2]) and section 3.4 are original. The algorithm in section 3.3 has
been reformulated and modified to improve efficiency.
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2.1. The n-order in S, [y]

Let y = (y1,...,yn) be a family of variables. In this Section, we study
some of the algebraic properties of the M-variable polynomial ring S,[y1,

e
Note that S, [y] contains the polynomial ring K[z, y], where x = (z1,...,
ry) and y = (y1,...,yn). It also contains the polynomial rings K[z, 27!,y

and even K[z, 27" y] for all [ € N.

Let
F=> es)y’

BEB

be an element of S,[y], where B € N™ is a finite set. Then, there exists
an w-positive convex cone, C C RY, a vector 6 € QY and ¢ € N such that
e(pp(z)) C Z(C,6,c¢) for all g € B, (for the definition of Z(C, 4, c) see 5) and f

can be written:
F= > aapz™y’

BeB
a€Z(C,0,c)

where each a, 5 € K.
As in the previous Section, the exponent set of f is

e(f) = {(a. B) € Q¥ xNM | a € Z(C,4,¢), B € B, anp #0}.

We are interested in monomial orderings on the set of (z, y)-monomials in S,,[y]
that coincide with the w-weighted ordering on the z-monomials of S,,.

For this, we shall “complete” the vector w € RY with a vector n =
(m1,...,nn) and define the (w, n)-order for a monomial m = 2%y® as:

val(y ) (m) = val(e) +n - 5,

where 7 - 8 is the inner product.

The key point of the construction of the Puiseux series parametrization
is that we do not fix an 7, but choose it such that (w,n) is a point in the
tropical variety of certain ideals. The price to pay is that the ordering on
the monomials of S,[y] may no longer be a total ordering. In fact, we need
vectors 1 such that the initial ideal in “direction” n (see definition below) is
monomial free, which means that the ordering is essentially not total. Moreover,
sometimes the variety that we want to parametrize is in a subvariety given
by {yiy = -+ = yi, = 0}. For technical reasons, we want to exclude these
coordinates. In order to do that, we assign the value oo to 7;,,...,7;,, and set

Fin(n) = {i | n; < oo}.
Thus, we can consider n € (RU{oco})M.
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To make everything compatible, the following conventions will be needed:

00 - @ = 00,
for all @ € R+g and
o00-0=0.
There is an obvious order relation on (RU{cc})M. If n = (n1,...,70),

n =, ny) € RU{oc})M, then n < o iff n; < ! for all i. We shall say
that 7 is strictly smaller that ' iff n <#’ and n; < n; for all i € Fin(n).

Definition 2.1. Let n € (RU{cc})M, and f € S, [y,
F=> psx)y’,

BeB
the n-order of f is
1 = inf (val ).
val(f) = inf (val(es) +1 - 5)
If A = val(, ) (f), A < oo, the n-initial part of f is
in(z,u,'r]) (f) = Z in(g@g)yﬁ,

{Blval(¢s)+n-B}=A
As usual, we will write val, and in;, instead of val, ) respectively in, ;) if no
confusion is likely.
Erample 22. Let N =1, M =2, w=(1),n=(1,1) and f = (1+2?)y; —
(14 22)ya. Then val,(f) =1 and in,(f) = y1 — o
Remark 2.3. If f # 0, then val, (f) = oo iff f belongs to the ideal gener-
ated by {y; | 7 € Fin(n)}.

Remark 2.4. Since in(pg) is a one-term series depending on the variable
x, in,(f) is a polynomial in the ring K[z, 27", y] for a suitable [ € N. Fur-
thermore, in,(f) is a partial sum of the sum of initial parts of all terms in f,

> in(pp)y”.

BeB

In particular, we have

valy(f) = val, [ 3 in(ps)y”

BeB

and

ing(f) =ing, | Y in(ps)y”

BeB
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Remark 2.5. If n; = oo, then no term containing y; appears in in,(f).

In analogy with formula (2) in Remark 1.11, any f € S, [y] can be written

(13) F=>Y_ 9@,y +h,

1€N

where h belongs to the ideal ({y; | i ¢ Fin(n)}), each f is a polynomial in
y whose coefficients are terms in K[xl/l,x_l/’,y], for a suitable I € N, where
terms have the same n-order and such that the sequence (val,(f®))); is strictly
increasing.

In analogy with Proposition 1.10 one shows easily that the n-order and
the n-initial part have the following properties:

PROPOSITION 2.6. Let f and g be two elements in S,[y]. Then

(1) val,(f +g) > min(val,(f), val,(g))

(2) valy(f + g) # min(val,(f), valy(g)) iff valy(f) = valy(g) and iny(f) +
in,(g9) =0,

(3) valy(f - g) = val,(f) + valy(g)

(4) iny(f - g) = iny(f) - iny(g)

(5) iny(f) = iny(ing, (f))-

In the sequel, we shall have to consider M-tuples of series in S,,. As in
Section 1, we shall use lower case Greek letters like ¢ = (¢1,. .., @ar) for general
M-tuples and capital Greek letters like ¢ = (¢1,...,én) to denote M-tuples
where each component is either a one-term series or 0.

We can extend the w-order and the w-initial term for M-tuples of Puiseux
series.

Definition 2.7. If ¢ = (p1,...,pm) € Sy, then
Val(‘P) = (Va‘l(@l)v s ,Val((pM»

and
in(p) = (in(e1), - .-, in(oar)).

Consider the mapping S,[y] — S, given by substituting y = (y1,...,Ym)
with the M-tuple of series ¢ = (¢1,...,9r). We study now the link between
the order, respectively the initial term of f(¢) and n-order, respectively the
n-initial part of f, where n = val(yp).

PROPOSITION 2.8. Let f € S,[y] and ¢ = (p1,...,0nm). Then

(1) valyayp)(f) = val(f(¥))
(2) invaye) () (In(p)) = in(f ().



33 Solutions of algebraic systems via Puiseux series 125

Proof. Assume first that f = 1y?, with 1) € S,,. Then, one has immediatly
that

valyaiip) (6y°) = val(3) + Bval())
and

val(p?) = val() + Bval()),
hence, the formula holds for f.
For f general, f = Z 1/153/8 , the equality holds term by term, and conse-

quently, holds for f.
To prove the second formula, assume again that f = ¢y”. Then:

inyai(p) (V) (in()) = (in(4)y”)(in()) = in(¥) - (in())”
and
in(y in(p)”) = in(y) - (in())”
hence, the formula holds for f.
For f general, f = Z wgyﬁ , the results follows from the particular case
and the fact that the terms that contribute to in(f(¢)) and iny.y(,)(f) are the

same. [

COROLLARY 2.9. Under the hypothesis of Proposition 2.8, if @ is a zero
of f, then in(yp) is a zero of Ny, (f).

Note that all the terms of the form iny,(,)(f) have the same val(y)-order.
Consequently, all the terms that appear when we replace y with in(y) have the
same exponent in z = (z1,...,2zy). Thus Proposition 2.8 implies :

COROLLARY 2.10. Under the hypothesis of Proposition 2.8,

inval(c,a) (f)(ln(@» =0 iff 1H<(p) (l) is a zero of inval(cp) (f(l7 y))a
where 1 is the vector (1,...,1) € RY.

2.2. Initial Ideals in S, [y]

In this paragraph, we define the initial ideal of an ideal in S, [y] relative
to an n-order. The same definitions carry over to the subrings of S, [y].
If I C S,y is an ideal, then the n-initial ideal of I is the ideal in S, [y]:

ing (I) = ({ing (f) | f € I, valy(f) < oo} U{yi | yi & Fin(n)})s,1y)-

We define in the same way the 7-initial ideal in I € K[z"/*, 2", y] of an ideal
I C K[z, 27" y], for some | € N.
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As an example, we compute the 7-initial ideal of a maximal ideal of S, [y]
for all possible values n € (RU{oo})M. This example is a fundamental fact in
the construction of the Puiseux parametrization and makes the link with the
tropical variety. Note that since S, is an algebraically closed field, any maximal
ideal I C S,[y] is of the form :

‘[80: <y1_9017"'7/yM_80]W>7
where ¢ = (¢1,..., ) € SM.

Notation 2.11. Let ¢ € SM and n € (RU{oo})M such that n < val(p)
componentwise, (recall that we use small case Greek letters to denote series or
M-tuples of series and capital Greek letters to denote M-tuples of one-term

series), we set ¢(1, 0) = (¢1(n, ), ..., dnm(n, ), where

| | ing; if valy; =,
@(77,@)—{ 0 if valy; >n;.

PROPOSITION 2.12. Let ¢ = (¢1,...,om) € S¥, n € (RU {oo})M and
let 1, be the mazimal ideal associated to . Then:
(1) If there existsi € {1,..., M} such that val(y;) < n; then in,(I,) = S, [yl
(2) If n < val(p) componentwise, then iny(l,) = Iy, ), the mazimal ideal
associated to ¢(n, ).

Proof. Since

valy(y; — i) = min (m, val(gpl-))
it follows that
Vi if ;< val(p;),
ing(yi — i) = yi —in(y;), if n = val(y;),
in ¢, if ;> valep;.

It follows that if val(y;) < n;, then in,(y; — ¢;) = ing; is an invertible
element in S, [y] which implies statement (1) of the Proposition.

Let P € I,. Then P can be written as follows:
P = (y1—o1)Pi(y1, ..., ym) + (y2 —2) Pa(y2, -, yar) + ... 4+ (ynr — onr) Par (yar ).

Hence, in,(P) is a partial sum of

M
in?? Z 1n77 901 iny, (Pi(yia X yM Z ®i(n 1n77 P;(yi, - 73/M))7

=1

and s0, iny(I,) C Iy(y,e)- Since the other inclusion is obvious, we are done. [
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Remark 2.13. Under the hypothesis in Proposition 2.12, if n < val(yp),
then the 7 initial ideal of I, is the maximal ideal associated to the M-tuple
of one-term series ¢(n,¢). Moreover, n = val(y), is the only value n €
(RU {oo})M such that

inn(Lp) = Iin((p)'

PROPOSITION 2.14. Let I and J be two ideals in S, [y]. Then the following
hold:

(1) in,(I N J) Cin, (L) Nin,(J),
(2) if I C J, then in,(I) C in,(J),
(3) in,(I-J) Cin,(INJ),

(4) iny,(I) - in,(J) C in, (I - J).

Proof. The first two properties are obvious. For the third one, we know
that I -J C INJ and we apply (2). For the forth property we use that
in, (f - g) = in,(f) - in,(g), which proves our result. [

Proposition 2.12 describes in particular the zero set of a maximal ideal
I,, namely,

Viin(r)) = { ok R

otherwise.

Using Hilbert’s Nullstellensatz, this result can be extended to ideals in Sy[y]
with a finite number of zeros.

PROPOSITION 2.15. Let I be an ideal in S,[y], such that V(I) C SM is a
finite set. Then we have

11r177 U V(i 11r177
peV(I)

where 1, is the mazimal ideal associated to ¢ € SM.

Proof. Since I C ﬂ I, Hilbert’s Nullstellensatz, implies that there

peV(I)
exists k € N such that
k

M L] cIc ﬂ

eV (I) ev(l

By applying to this Proposition 2.14(1) and ( , one gets that
k

iny, ﬂ I, C in, - 111,] ) C iny, ﬂ I,
peV(I) soEV(I) peV(I)
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and from Proposition 2.14(3) and (4) it follows that

H in, (1) C in, H I, | Cin, ﬂ I, | C ﬂ in, (1,).

peV (I) peV(I) peV(I) peV(I)
Since
1% H I, | = ﬂ in, (1)
eV (I peV(I)

and these are the zero sets of the extreme terms of the above inclusions, hence
it follows that all the zero sets of the ideals in the inclusions coincide. In
particular,

Viing | () L || =V| [] i)

peV(I) peV(I)
But since
|4 ﬂ in, (1 U V (iny, (I,
peV(I) peV(I)
one gets
1nn U V( 11r177 U
peV (1)

Remark 2.16. Proposition 2.15 implies in particular that all the zeros of
V (in,(I)) are one-term series in SM.
PROPOSITION 2.17. Let I be an ideal in K[z, 2 ' y] and let n €
(RU {oo})M. Then
iny (ing, (1)) = iny(I).
Proof. Since in,(in,(f)) = in,(f) for any f € K[z, 27" y] it follows
that the inclusion in,(in, (1)) 2 in, (1) holds.

The other inclusion, follows immediately from the Lemma below. [

LEMMA 2.18. Under the hypothesis of Proposition 2.17, if f € in,(I), then
there exists g € I such that in,(f) = in,(g).

Proof. First, remark that if P € K[z, 2™"" y] and h € I, then Pin,(h)
is a sum of n-initial parts of elements in 1.

Indeed, if
P =Y anpz™y’,
a?lB
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then

Pin,(h) = Z o, 52y ing (R) = z:in77 (aaﬁxo‘yﬁh).
a,fB a,B

Thus, if f € in,(I), then
f= Z Py iny (hy)
i
with P; € K[z, """, y] and h; € I. With the remark above,
f = Z inn(fj),
Jj€J
where each f; € I.
One can obviously suppose, that for any subset J' in J, the partial sum

> ing(f) # 0.

jeJ’
This, in turn implies that in,(f) is a partial sum of Zinn(fj) (the sum of

jeJ
n-initial parts in,(f;) with minimal n-order). Consequently,

g= ij el
JjeJ
and in,(f) =in,(g9). O

We also give an alternative proof for Lemma 2.18.
Proof. Let

f = Z 9i inn(hz)
=1

with ¢; € K[z"/', 277, y] and h; € 1.
Let d = val, (f) and d; = val, (h;) and denote by gfu) the sum of the terms
of g; having the n-order u, if any.

Then
. d—d; . d—d;
in, (f E g( i n,(hi) = E : mn(Qi( )hi)

which ends the proof. D

Remark 2.19. The second proof also holds for ideals in S, [y].
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2.3. The constructive solution in S, [y]

In this paragraph, we construct inductively the terms of a zero of an ideal
I C S,[y] having a finite zero set. The construction is done modulo finding at
cach step of a good direction () € (RU{o0})™ and of a zero of the n()-initial
ideal of an inductively constructed ideal. In the next Section, we shall see that
if I is the extension of a suitable ideal in the polynomial ring K[z, z =1, y] this
good direction is a point in the tropical variety of this polynomial ideal.

We return to the case of a maximal ideal.

PROPOSITION 2.20. Let I = I, be a mazimal ideal in S,[y] and n €
(RU {oo})M such that iny(I) is a proper ideal of S,[y]. The following state-
ments are equivalent:

(1) n=val(¢(n,¢)).
(2) ¢(n,¢) =in(p),
(3) ¢i(n, ) =0 if and only if n; = oo for alli € {1,..., M},
(4) iny(1,) NSy [(¥i)ieFingy)] is monomial free.
For the definition of ¢(n,¢) see Notation 2.11.

Proof. The equivalence of the first three statements follows almost imme-
diately from Proposition 2.12.
“l = 27 It can be easily deduced from Proposition 2.12 since
in((pi), if val(api) =1,
Gim, ) = { 0, it val(p;) > n;.
and if ¢; is 0 for some 4, this would imply that n; = val(¢;(n, I)) = occ.
“2=1", “2= 3" and “3 = 1” are direct consequences of Proposition 2.12.
“3 = 47 Assume the opposite. Let 2%y’ be a monomial in in,(I) such
that n; = 0 for all ¢ ¢ Fin(n). Since ¢;(n,¢) # 0 for every i € Fin(n),
z%(p(n, )P # 0 but ¢(n,p) is a solution for iny (I(y,0)) Which leads
to a contradiction, hence we have that in, (/40 ,)) N Sw f(yi)iepin(n)] is
monomial free.
“4 = 37 Since in, (1) # Suly], n < val(p). Assume (3) is false. Then there
exists i € Fin(n) such that ¢;(n, ) = 0. Let v € RM the vector,
v { 0, ¢ Fin(n),
‘1 1, i€Fin(n).
Then ¢(n, ¢) is a zero of y*. Since I is a maximal ideal, y¥ € in, (1), which
contradicts our hypothesis that we have no monomials in
in,(I) NS, [(yi>i€Fin(n)] is monomial free. [J

Proposition 2.20 implies in the case of an ideal with finitely many zeros
the following Proposition:
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PROPOSITION 2.21. Let I be an ideal in S,[y| such that V(I) is a finite
set and n € (RU{co})M. Then the following statements are equivalent:
(1) there exists ¢ € V (in,(I)) such that val(¢) = n,
(2) there exists p € V(I) with n < val(y) componentwise such that ¢(n, ) =
in(¢p)
(3) there exists ¢ € V(iny(I)) such that ¢; = 0 iff i ¢ Fin(n),
(4) in,(I) NS, [(yi)iGFin(n)} is monomial free.

Proof.
“l & 2”7 and “2 < 3” are clear from Proposition 2.20 and Proposition 2.15,
since for ¢ € V(in, (1)), there exists ¢ € V(I) such that ¢ € V (in,(1,)).
“3 = 4”Same as in the proof of Proposition 2.20.
“4 = 3”7 We know that in, (/) # Su[y]. Assume (3) is false. Then any zero
¢ € V(in,(I)) is not in the set {val(y) | ¢ € V(I)} and hence, there exists
i € Fin(n) such that ¢; # 0 . Consider the vector v € RM,
v { 0, ¢ Fin(n),
‘1 1, i€Fin(n).
Then ¢ is a zero for y¥ and Nullstellensatz implies there exists k& € N such
that y*¥ € in, () which contradicts the hypothesis. O

Let ¢ € SM be an M-tuple of series. As in Paragraph 1.5, consider the
S,-algebra morphism

Ty : Soly] — Suly]
y——y+o
Remark 2.22. Let I C S,[y] be an ideal. As in Remark 1.28, T, induces a

one-to-one correspondence between the zeros of I, V(I) and the zeros of T,,(I),
V(T,(I)). More precisely, v € V(1) iff v — ¢ € V(T,,(1)).

We have the following Lemma:

LEMMA 2.23. Let ¢ € SM and ¢ an M-tuple of one-term series. Then:
> val(¢), if inp =0,
val(p — ) { (®) =20

<wval(¢), otherwise.

Ezample 2.24. Lemma 2.23 allows us to see how a transformation T acts
on V(I), where I is an ideal in S,[y]. To get some intuition in what happens,
let us suppose M = 2.

Let ¢ = (¢1,¢2) = in(yp) for some ¢ € V(I) and assume ¢; # 0 for
i = 1,2. Assume moreover that ¢; # ¢; for all p € V(I), i = 1,2. This means
that no component of a zero ¢ is a one-term-series equal to ¢;. This assumption
ensures that we do not get oo values in val(V (T,(1))).
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II I
val(¢)
II7 1A%
Fig. 12.

If val(¢) = val(¢) and in(¢;) = in(¢;), then val(Ty(p)) is in the interior
of quadrant 1.

If val(¢) = val(¢) and in(y;) # in(¢;) for i = 1,2, (meaning in(p;) and ¢
differ by a coefficient), then val(Ty(y)) = val(yp).

If val(¢y) is in quadrant I, then val(Ty(p)) = val(¢).

If val(p) is in quadrant 11, then val(Ty(p)) is the projection of val(yp)
onto the abscissa.

If val(yp) is in quadrant 111, then val(Ty(yp)) = val(¢).

If val(p) is in quadrant IV, then val(Ty(y)) is the projection of val(yp)
onto the ordinate.

In conclusion, val(Ty(¢)) belongs to the interior of quadrant I iff in(p) = ¢.

Definition 2.25. Let I C S,[y] be an ideal and (gf)(i))ieN a sequence of
M-tuples of one-term series . Consider the following sequence of ideals

7O =T

I+ — T¢<¢) (I(i)).

The sequence ((b(i))i N 18 called an w-sequence for the ideal I if:
(1) The sequence val (qb(i)) is coordinatewise strictly increasing,

(2) ¢ is a zero for inval(¢(i)) (10).

A finite sequence of one-term series (qf)(i))izo , satisfying (1) and (2) above
will be called a (k,w)-sequence for I.
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PROPOSITION 2.26. Let I be an ideal in S,[y] and p € V(I). If

p=> ¢

€N

where ¢V € SM is an M-tuple of one-term series and val (qﬁ(i)) is coordinate-
wise strictly increasing, then ¢\ is an w-sequence for I.

The proof is obvious.

PROPOSITION 2.27. Let I C Sy,[y] be an ideal such that V(I) is a finite
set.
(1) If (d)(i))ieN is an w-sequence for I, then (gb(i))
of 1.
(2) If (qb(i))i:l’k is a (k,w)-sequence for I, then there exists ¢*+D)  an M-
tuple of one-term series such that (qb(i))
for I.

e are the terms of zero

i—l g1 1S 0 (k + 1,w)-sequence

Proof. (1) ¢(9 is a zero for in_ (6©) (I(O)). According to Proposition 2.21,

there exists ¢ € V(1) such that ¢(®) = in¢. The only zeros of I(°) with w-order
greater than val ((25(0)) are of the form p—¢(), with ¢ € {p e V(I)in(y) = G },
see Lemma 2.23 and Example 2.24.

Iterating this reasoning, since V(I) is finite, it follows that ((b(i)) are the
terms of a zero of ¢ € V(I).

(2) By the proof of (1), there exists a zero ¢ € V(I) such that (qﬁ(i))i:l
are the first k + 1 (with respect to the w-order) of ¢. Hence,

oD = in (‘P _ ZZ:% ¢(i)>
k

completes ((;5(1'))2.:1  toa (k+1,w)-series. [

k

Proposition 2.27 (1) immediately implies:

COROLLARY 2.28. Let (¢D);en be an w-sequence for I C S,ly]. Then

there exists an w-positive cone C C RN, a vector § € QN and ¢ € N such that
e(6l) C (64+C)NYeZN, for alli € N and 1 < j < M.

Remark 2.29. The proof of Proposition 2.27 describes an algorithm to
construct the terms of a solution of I.
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3. 8,-SOLUTIONS TO POLYNOMIAL EQUATIONS
3.1. Extended Ideals

Let Pp,..., Py be polynomials in K[z1,...,z,] and I be the ideal gener-
ated by Py,..., P,. If N = dim(7), denote M = n — N. Using Noether’s Nor-
malization Lemma, there exists a coordinate change in K[z1, ..., z,] such that
after renaming the variables as (z,y), ¢ = (z1,...,zn) and y = (y1,.--,Ynm),
the natural morphism

Kz] — K[z, y]/I
is integral. This means that the natural projection morphism

T V(I) = KN

is dominant and of finite generic fiber.

Following [2], we shall say that with this choice of coordinates the ideal I
is N-admissible.

Extending the scalars, to Sy [y], we get the commutative diagram

K ] — % K[z, 4] /I

Su *g>8w[y]/fe

where, I¢ denotes the extension of the ideal I to Sy[y|. Since f is integral, it
follows that g is integral and, hence, V' (I€) is a finite set.

We shall produce parametrizations of the zeros of I by studying the finite
set of zeros of the extended ideal ¢, which are M-tuples of Puiseux series in
Su-

Since when constructing inductively the terms of an element of V(I¢),
one may obtain negative or fractional exponents, we shall work with extensions
of the ideal I to the intermediary rings K[z,z~!, 5] or even K[z"/*, 2~ "/, 4] for
some [ € N.

An ideal J C K[z, 2" "/*,y] for | € N is said to be N-admissible if J N
K[z, y] is N-admissible.

As above, if I C K[xl/l,:r_l/l, y| is an ideal, I¢ denotes the extension of I
to Su[y]. The extension of ideals commutes with taking the n-initial ideal.

PROPOSITION 3.1. Let I be an ideal in K[z, 2™/, y] and ne (R U {oo})M
Then

(ing (1)° = i, (I°).
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Proof. The inclusion (in, (1)) C in,(I¢) is clear since every f € in,(f)
also belongs to in, (1¢).

To prove in,(I¢) C (in,(I))¢, consider f € I¢, f # 0. We can assume that
val,(f) < co. Indeed, if val,(f) = oo, then f is in the ideal generated by
{yi | i ¢ Fin(n)} (see Remark 2.3), and by definition, {y; | i ¢ Fin(n)} C in, ().

Let r
f=>Y 9P,
=1
where g; € S,y] and P; € 1. '
First assume that e(g;) C 1/1Z for all i. Let m be a term of g;. If

val,(m) > val, (f) — val,(P;),

then
val, (mP;) > val,(f).
Consequently, no term of mP; appears in in,(f) and we can truncate the series
g; such that the n-initial part of f remains the same.
Thus if '
9= 9 (x,y) + hi,
JEN
with h; in the ideal generated by {y; | 7 ¢ Fin(n)}, see (13), we set
() ()

¢ =valy(g;”) < oo,
and
¢; = valy(f) — val, (F).
Set '
(G| P <ei}
and

=GP

Since in, (f') = in,(f) and g € Kz/', 2~ y] for all i, it follows that f' € I
and consequently, in, (f’) € in,(I).

Now we remove the supplementary assumption and let ¢ € N such that
(gi) C YeZN. We can assume that ¢ is a multiple of I. Then

gi = Z $6gi75,
Sel/eA(c/)N
and £(g; 5) C Y1ZN. Consequently, f can be written

F= > 2%

s€lfeA(c/N
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where

T
fs= ngpi-

=1
Note that if 61 # 2, then e(fs,) Ne(fs,) = 0 since the fractional exponents of
x are different.
Hence, in,(f) is a partial sum of

Z m,7 T f5 Zaz in,, (fs)

se€l/eA(c/H)N

and since for each 4, in,(f5) € in, (1), according to the particular case, we are
done. 0O

3.2. Link with the Tropical Variety

PROPOSITION 3.2. Let | € N and I C K[z, 2~ y] an ideal and denote
by I¢ the extended ideal in Syly]. If n € (RU{OO})M, then the following
statements are equivalent:

(1) in,(I)NK [a;l/l, z (yi)ieFin(n)} is monomial free.
(2) iny(I°) NSy [(Yi)ierin(y ] is monomial free.
Proof.
“2 =17 Is clear since in, (1) C in,(1°).
“1 = 2”7 Assume there exists a monomial m € in, (1) NS, [(¥i)ierin(y)]- Since
r is invertible in Su[(¥i)ierin(y)], We may assume that m = y? with the

property that if ¢ ¢ Fin(n) then 8; = 0.
Choose fi,...,frx € I such that in,(f1),...,in,(fx) generate
inn(I) N K[‘rl/lv z_l/la (yi)iEFin(n)] and let
d; = val,(f;), fori=1,....k, and d = val,(27).
Since by Proposition 3.1
iy, (I%) = (in, (1))*,
it follows that in,(f1),...,in,(fr) generate in,(I¢) N Sylz!,x="

(yi)ieFin(n)]-
Hence

k
(14) y? =" giing(fi),
i=1

with g; € Su[y]. Since on the left hand side of the above equality one has
a monomial of n-order d, one can consider that val,(¢g;) = d—d; for each i.
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Let s be a multiple of [ such that gi,...,g; € K[z"/*, 27"/ y]. By
formula (4) in Section 1.3, each g; can be written uniquely as
9i = Z ﬂfégz‘a
Sel/sA (/)N
with gis € K[z"/', 2=, y]. Thus formula (14) becomes
k
(15) y? = 2" gising(f).
5 i=1

Since x does not appear on the left hand side of formula (15), all the sums
>~ gis iny (f;) with § # (0,...,0) must be null and hence

’8 = Zgz ,0) 1y (fi) € iny(1) N K[wl/la Uﬁ_l/lv (yz‘)ieFin(n)]

which contradicts statement 1.

We also include another argument for “1 = 2”7 that uses the version
of Hilbert’s Nullstellensatz stated in Matsumura, [9], Theorem 5.4. We
are grateful to the reviewer for indicating us the reference.

With the above notations, assume that there exists

y’B c inn([e) N Sw[(yi)iEFin(n)]'

Let K(z'/') be the field of fractions of K[z"/']. Note that K(z"") is
not, in general, algebraically closed, but, obviously, its algebraic closure
belongs to S,,. One has the inclusions

Kl 2™, y) S K(z)y) € Saly].
Denote by I the extension of the ideal in,(I) to K(z"")[y]. Then
V(I) = V(iny (1)) = V(in,(I°)) = V((in,())°)

and hence, the monomial m is null on V(I). By Nullstellensatz, there
exists k € N such that mF e in, (I). Consequently, there exist fi,..., fn €
in,(I) and hy, ..., h, € K[z/]\ {0} such that

It follows that
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Finally, since iny, (in,(I)) = in,(I) by Proposition 2.17, one has that

iny, ((H hi) 'm’“> = [T iny hi - " € iny (1)
=1

i=1
which contradicts statement 1 of the Proposition. [
We need the following definition.

Definition 3.3. Let I be an ideal in K[z, 27!, %], the tropical variety of I
is defined as

T(I) = {(w,n) e RY x (RU {oo})M ‘ in, (1) is monomial free}.
In particular, for [ = 1, we have the following corollary.

COROLLARY 3.4. Let I C K[z, 21, y] be an ideal and let I be the extended
ideal in Sy[y]. Then the following statements are equivalent:

(1) (w,n) € 7(I),

(2) iny(I°) NSy [(Yi)ierin(y ] is monomial free.
For [ € N, consider the K-algebra isomorphism
up - K[xl/l7x71/lay] K[.’L’,$_1,y] :

'/t T

Remark that for each monomial m in K[z, 277", ]

val(,, ) (m) = val(, i) (ui(m)).
Thus, if I € K[z"/', 2" y] is an ideal, then
() (1) = o1 (i (1),
and moreover, one checks immediately:
PROPOSITION 3.5. Let I C K[z, 27" y] be an ideal. Then the following

statements are equivalent:

(1) ing,m,) N K[z, ™, (Yi)icrin(y)] is monomial free.

(2) (w,In) € T(w(I)).

3.3. The Algorithm

Let I C K[z,77%,y] be an N-admissible ideal. We shall construct an w-
sequence (¢());en for the extended ideal I¢ C S,[y] using the tropical variety.
The idea is to see each transformed ideal (I()) = T¢(i)(I("*1)) (see Defini-
tion 2.25) as an extended ideal of an ideal in a polynomial ring K[z"/*, ™", 4]
and to construct the next ¢+ using a point in the tropical variety of this
polynomial ideal.
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Definition 3.6. If ¢ is an M-tuple of one term series, we set
den(¢) = min{k € N | ¢(z*) € K[z, 271, y]}.

PROPOSITION 3.7. Let I be an ideal in K[z/', 27" y] and ¢ € SM be an
M -tuple of one-term series. If s = lem (l, den(¢)), then Ty (1) is the extension
of an ideal in K[z"/*, 7" y].

Proof. Since the exponents of ¢ might not belong to 1/ ZN | one cannot
lift T, to K[z, 2!, y]. Tt is easy to see that s is the smallest integer such
that K[z"/*, 2~ "/*, ] contains the generators of I and all the components of ¢.

Then one has the following commutative diagram:

K [:rl/l,xfl/‘,y]

K[xys’zﬂ/s’y] Ty K[$1/5,$71/5,y}

| |

Suly] Sl

Let I be the extension of I to K [xl/s, z e, y] From this we get

(1a(D)" = 1,((0)) = Tu1%). O

Description of the Algorithm. The algorithm unfolds on three levels:

Level 1: The level of the polynomial ring K[z, 27!, 4]; this is the level
where the computations in the tropical variety take place. Ideals at this level
will be denoted 10, 1V . .

Level 2: The level of polynomial rings K[z, 2™, y]. It is at this level
that one lifts the automorphisms Ty defined at Level 3, (see Proposition 3.7).
The ideals at this level will be denoted I, 1 . .

One goes from Level 2 to Level 1 and vice-versa via the isomorphisms wuy,
u1y, see Corollary 3.4.

Lebel 3: The level of Sy,[y]; at this level “live” the zeros we want to
approximate. Also, at this level, we define initially the transformations 7.
The ideals at this level are extended ideals of the ideals at level 2. They will
be denoted by J@ JU . with

JO = (10)ye,

One starts with an ideal I = I(©) ¢ K[z, 27!, y] and computes a point 77(0)
in the tropical variety. Using this point, one determines the first term O of a
zero of J(© = ¢ where I° denotes the extension of I to S,[y].
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Consider the transformation 7o) on Sy[y] and lift it to Level 2, (rings of
polynomials with fractional exponents); move to Level 1 via an isomorphism v
and find a point in the tropical variety of I(!) such that n > n(®  and one
iterates the reasoning.

If the point in the tropical variety has components equal to oo, then this
implies that the corresponding components of the solution consist of finitely
many terms and we have already found all these terms; we simply eliminate
the y variables corresponding to the oo values and continue to work with poly-
nomials with less variables.

I(i)C—>K [ﬂf,x_l,y] K [m,x_l,y} <—)I(i+1)
Y1(2) Uy (i)

T ..
i) K {xm(i)’xq/l(i)’y} (%) K {xm(i)’xq/l(i)’y} Fli+1)

Jc Sulyl Sulyl 5 J L)

The details of the algorithm
Input data: Pl(o) (z,y),... ,Péo) (z,y) € K[z,271,y] a system of genera-
tors for the N-admissible ideal I = I(©).
Inductive construction:
Assume we have constructed:
o (¢™)o<icn_1 an (n — 1,w)-sequence for JO) = 1€,

o The families of polynomials (Pl(i) (z,9),... ,Pk(i) (z,9))o<i<n C K[z, 271, 9]
o The integers (I1));—¢., such that I | 1(+1) for 0 <7 <n—1and I(®) = 1.
Let [® - Klz,z71,9] be the ideal generated by
Pl(i) (x,y),... ,Péi) (z,y) € K[z,z~",y] and [?) = 'Uq/l(i)(.[(i)) C K[z 71,
yl, i-e. the ideal generated by u, ) (Pl(i)), e U (P,gi)).
Then
(1)@ = (TD)e,
Recall that the hypothesis on ((b(i))i means that:
o ¢l e V(inval (¢<i>)(J(i))>
o val(¢®) < val(¢("t1)) coordinatewise for all 0 < i < n — 2.
Step 1. Find n™ € (RU{co})M such that (w,1™n™) € 7(I™) and
n™ > pn=1),
If n = 0 there is no order condition on 7(?); one just computes a point
in the tropical variety 7(I). Note that by Proposition 2.27 (2) there exists an
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M-tuple of one-term series ¢(™ such that

Val(¢(n)) > Val(gi)(”*l)) componentwise and

6 € V(i (40 (T™) ) = V(i (g (1))
Hence by Proposition 2.21 (4), 3.2 and 3.5, a solution (™ exists.
Step 2. Find the unique vectors oY) € QN such that val(a®) = nl(n) for
i € Fin(n™).
The argument that ensures the existence of (™) (see Step 1), shows that
its components “lift” to rational coordinate vectors.
Step 3. Compute a standard basis Q1(z,y), ..., Qs(z,y) for I™ relative
to the monomial order (w,1™n(™),
Step 4. Find a common zero ¢ € KM of (iﬂun)n(n)(Qi(L Y)))i<i<s, where
1=(1,...,1) (recall that K is algebraically closed).
¢(n) _ { ciz®”, if i € Fin(n™),
! 0, otherwise.

By Proposition 2.8 and Corollary 2.10, we have that
6 v (inval (500) (J(n))) .

Hence, (¢(i))1<i<n is an (n,w)-sequence for J.

Note that the ideal generated by (inym),m (Qi(1,¥)))1<i<s is similar to
the ideal t-in(1™) in [8].
Step 5. Let 1™t =1lem(I™, den(¢™)) and
Pi(n+1) — Pz(n) (lil(nJrl)/l(")’y + ¢(n) (x(l("+l>)))
fori=1,...,k.
By choice of 11 it is clear that Pi(nﬂ) € K[z,27!, %] and Proposition

3.7 ensures that .
(f(m-l)) _ (J)(n+1)7

and thus we can restart Step 1 and compute the term ¢+,

Ezample 3.8. Let M = N =1, w = (1) and f = y*—223y? —4ady+25—2".
Let I C C[z,z !, y] be the ideal generated by f. Set:

IO =7, and 1 =1.
We can choose (%) = 3/2 € 7(1(?)), and hence
oM =3/2 and ing/o(Q1) = y* — 2232 + b,

Thus, we have ¢ = 1 and ¢ = —1 the zeros of ing/»(Q1(1,y)). Let us choose
¢ = 1. Thus, we get the first term of the parametrization ¢(© = 23/2.
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By iterating, we obtain the ideal
I = (=2t — 4213 — 421%) 1 42592 + 42393 + %) and 1M =2

We choose the point 7/2 € 7(I(M)), and hence, n) = 7/4 = a(V). Note that
7/4 > 3/2 and in7/4(Q1) = —4x'? + 42%)%. Again 1 is a zero of ing/5(Q1(L,y))
and hence, we have ¢(t) = z7/4.

Remark that ¢ = 23/2 4+ 27/4 is already a parametrization.

Ezample 3.9. Let M = N =2, w = (1,V/7) and f = y?ys + 2392 + 23y; +
wixd — 223, Let I C Cla,271,y| be the ideal generated by f. Set:

IO =7 and 1 =1.
We can choose (%) = (2,1) € 7(I(9)), and hence
a(l) = (QaO)v a(2) = (1’0)a in(2,1)(Q1) = y%y2 + Q:E?y% - 21‘57

and ¢ = (1,1) is a zero of ingy1)(Q1(L,y)). Thus, we get the first term of the
parametrization ¢(0) = (22, ;).

Remark 3.10. The algorithm allows for the computation of the terms of
any zero of I¢ by making different choices in Step 1 and Step 4.

Remark 3.11. According to Corollary 2.28 the sequence [V is constant
for i large enough. Hence, for ¢ large enough, T}, lifts to the same fractional

exponent polynomial ring K[xl/ L y]. The “economical” approach presented
here (i.e. considering at each step the lem between the denominators of the
previous exponents of the step and the exponents of the latest term ¢(i)) is
equivalent to the approach in [2| Section 15 formula (15.1). However, our
approach is more advantageous for a computer implementation than the huge
product in [2].

3.4. The Case M =1

There is a striking resemblance between the construction of a root in the
proof of Theorem 1.15 (see Section 1.7) and the algorithm in Section 3.3. In
this section we look at the algorithm in the particular case of polynomials in
one variable y (i.e. M =1).

First, we link the w-Newton polygon defined in Section 1 with the results
in Sections 2 and 3.

Let n € R and consider the linear mapping

A R? R
(z,y) ——x +ny
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LEMMA 3.12. The restriction of A, to any parallel to the abscissa is a
strictly increasing function.

The proof of the Lemma, is obvious.

Let f be a one variable polynomial in S,[y]. Lemma 3.12 immediately
implies that the minimum of A, on the set 7, (e(f)) is attained on the vertices
of the Newton polygon NP,(f) (see Fig. 13).

Fig. 13.

LEMMA 3.13. Let f € Sulyl, (a,i) € e(f) and n € RU{oco}. Then
val(wm)(a, Z) = )\77 o 7Tw(0(, ’L)
Proof. Both terms evaluate tow-a+mn-i. 0O

Let f € Su[y]. Using the Newton Polygon, NP, (f), one can compute the
form in, (f) for all n € R. The following completes Notation 1.22:

Notation 3.14. Let f € S,[y] such that deg(f) > 1.

o Let Li(f),...,Lr(f) be the bounded edges of NP,(f). The edges are
numbered from the abscissa upward so that

Ly(f) = mu(segm(f)).
o Let vO(f),..., 0% (f) be the vertices of NP, (f); thus
Li(f) = [0V (f), v ()], for 1< i < k.

o Let ¢O(f),...,q"™(f) € e(f) be the exponents that correspond to
WO (f),. o (f).

o Let s1(f),...,sk(f) be the slopes of the line segments Li(f),..., Lk(f).
Consider the usual tangent function restricted to the interval [0, 7):

tg: [0,7) — RU{oo}

with tg(m/2) = oo. Note that it is a one-to one correspondence.
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o Let t1(f),....tx(f) € [0,m) be such that s;(f) = tg(t:(f)) for 1 <i <k,
and set to(f) = 7 and tx1(f) = 0.

Si+1

t;

tit1

Si

Fig. 14.

o Let n(t) = —1/tg(t) for t € (0,00) and set
mi(f) = n(ti(f)) = “et(r) = ~Ysih)
for 1 <i<k.
Note that the function n(t) : (0,7) — RU{oco} is one-to-one and that
m(f) >na(f) > >m(f)-

We shall write L;, v, ¢ s;, t; instead of L;(f), v (f), ¢ (f), s:(f),
t;(f) whenever f is clear from the context.

LEMMA 3.15. Let f € Suly| of degree > 1. With the above notations, we
have:

(1) Ift € (tix1,ti) with 0 <i <k, then
inn(t) (f) =f

(i.e. the term of f corresponding to the uppermost vertex of L;).

q(i+1)a
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(2) Ift =t;, with 1 <i <k then
ing, (f) = f’[q(i71)7q(i)]-

Proof. Recall that f|A with A C e(f) is the sum of terms of f with
exponents in A (see Notation 1.22).

(1) If for instance @ = k, then for any t € (tx11,%x), the direction of the
slope tg(t) is “between” the slope tg(tx+1) = 0 and the slope of Ly, tg(tx) = sk
(here between means tg(t) € (tg(tr+1), tg(tx)) — see Figs. 14 and 15).

Fig. 15. NP, (f).

One sees immediately that ), has its minimum on 7, (e(f)) at pkHL),
Hence in, ) (f) is the term of f with exponent gkt

Note that x(f), the w-characteristic polynomial of f, coincides with
in,4)(f) (for the definition of x(f) see Notation 1.22).

(2) Let t = t;, where 1 < < k. The line ), ;) = 0 is parallel to the edge
L;. Consequently, Ay, = A, has its minimum on m,(e(f)) at all the points on
L;. By Lemma 3.13

inm(f) = f‘[q(i+1)7q(i)]- U
Lemma 3.15 immediately implies:

COROLLARY 3.16. Let f € S,[y| be a polynomial of degree > 1 and let
I C S,[y] be the ideal generated by f. The following statements are equivalent:
(1) iny,(I) is monomial free.
(2) —Yn € {s1,...,8k}, where s; is the slope of L;, the i-th bounded edge of
NP,(f)-

Proof. Since I is a principal ideal, in, (f) is monomial free iff in, (f) consists
of more than one term and the equivalence follows from Lemma 3.15. [

COROLLARY 3.17. Let f € Klz,y] be a polynomial of degree > 1 in y
and let I C Klz,y| be the ideal generated by f. The following statements are
equivalent:
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(1) (wym) € 7(I).
(2) —Vn € {s1,...,8k}, where s; is the slope of L;, the i-th bounded edge of
NP,(f).

Proof. Follows immediately from Corollary 3.16. [
Thus for a fixed w € RV, the set:

{neRY | (w,n) €7(i)}
is in a one-to-one correspondence with the set of bounded edges of NP, (f).

Note also that since M = 1, the coordinatewise order relation between
“directions” n coincides with the usual order relation on R.

The iterative construction of a zero of the polynomial f € S,[y| in the
proof of Theorem 1.15 (see Section 1.7), coincides with the construction given
by the algorithm in Section 3.3. Namely, in Step 1 of the algorithm we always
choose 71 (f(®), the direction corresponding to the edge m,(segm(f(®)) i.e. the
largest 1 such that (w,n) € 7(I®), where I”) denotes the ideal generated
by f@,

Remark 3.18. One checks easily the following small variation of the con-
struction in the proof of Theorem 1.15, allowing one to compute any root of
the polynomial f € S,[y] (again assume f(0) # 0).

e We initially choose any bounded edge L;,(f(?)) of NP,(f) = NP,(f©).
By Corollary 3.16 and Proposition 2.20 the w-orders of the roots of f
are in one-to-one correspondence with the bounded edges of NP, (f©).
Thus we start computing the terms of one of the roots with w-order equal
to njo(f(o))'

e Assume that at iteration i we have chosen the bounded edge L;,(f).
Then at iteration ¢ + 1 we may choose any edge LjiH(f(i“)) below the
vertex v\ ().

Of course, for i large enough, j; = 1 and the only edge below v(ji)(f(i)) =

v (@) is Ly (fEHD).
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