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1. INTRODUCTION

Let 2l and 93 be two algebras over a commutative ring SR and X a faithful
(2, B)-bimodule (see [1]). The R-algebra

Tri(m,ae,%):{( “ 27 > fae, x€X, beiB}
under the usual matrix addition and formal matrix multiplication will be called
a Triangular algebra. Let ¥ = Tri(2A, X,B) be a Triangular algebra. We set

- {(0 1) ueal
e f(05) e

(1) ves)

Then we can may write T = T1; @ T1o @ Too, and every element ¢ € T can
be written as ¢ = c11 + c12 + c22, where ¢;; € T;; (1 <@ < j < 2). Note that
ajjby = 0if j # k.

Ji in 1] studied the additivity of maps M : € — & and M* : & —
¥, where & is an arbitrary ring, acting on sums of double products of type
M*(x)a+ aM*(x) and M(a)x + xM(a), for all a € T and z € &, respectively.
He proved the following theorem.

and
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THEOREM 1.1. Let A and B be two algebras over a commutative ring R,
X a faithful (A,B)-bimodule and let T be the Triangular algebra Tri(2A, X, B)
satisfying the following conditions:
(i) If a € A is such that aay + ara =0 for all ay € A, then a = 0;
(ii) If b € B is such that bby + b1b = 0 for all by € B, then b = 0;
(i4i) If x € X is such that ax =0, for all a € A, or b =0, for all b € B, then
z =0.
Let & be an arbitrary ring. If M : € — & and M* : & — T are surjective maps
such that

M (M*(z)a + aM*(z)) = 2M(a) + M(a)z,
M*(M(a)z + zM(a) = aM*(z) + M*(z)a,
for all a,b € T and z,y € &, then both M and M* are additives.

In this paper, we investigate the additivity of maps M : € — & and
M*: 6 — %, where G is an arbitrary ring, acting on sums of triple products
of type M*(x)ab+ M*(x)ba + aM*(x)b+ bM™*(z)a + abM*(x) 4+ baM*(z) and
M(a)xy + M (a)yx + 2M(a)y + yM(a)z + xyM(a) + yxM(a), for all a,b € T
and z,y € G, respectively.

2. THE MAIN RESULT

Our main result is the following theorem.

THEOREM 2.1. Let 2 and B be two algebras over a commutative ring R,
X a faithful (A,B)-bimodule and let T be the Triangular algebra Tri(A, X, B)
satisfying the following conditions:
(i) If a € A is such that aayas + aaza; + ajaas + azaa; + ajasa + azaia = 0
for all ay,a9 € U, then a = 0;
(ii) If b € B is such that bbiby 4 bbaby + b1bba + babby + b1bab + bab1b = 0 for
all by,bs € B, then b =0;
(iii) If x € X is such that ax = 0, for all a € A, or xb =0, for all b € B, then
z =0.
Let & be an arbitrary ring. If M : T — & and M* : & — T are surjective maps
such that

M (M*(z)ab + M*(x)ba + aM*(z)b + bM*(x)a + abM*(z) + baM*(x))
=aM(a)M(b) + xM(b)M (a) + M(a)xM (b) + M (b)xM (a)
(1) +M(a)M )z + M(b)M(a)x,

M*(M(a)xy + M(a)yz + xM(a)y + yM(a)z + zyM(a) + yzM(a))
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=aM*(x)M*(y) + aM™*(y)M™* () + M*(x)aM™*(y) + M*(y)aM™(x)
(2)  +M (@)M*(y)a+ M*(y)M*(z)a,
for all a,b € ¥ and x,y € S, then both M and M* are additives.

Based on the techniques presented in [1] and [2], we shall organize the
proof of Theorem 2.1 in a series of lemmas. We begin with the following lemma

LeMMA 2.1. M(0) =0 and M*(0) = 0.
Proof. From a direct calculation we have
M(O)
M (M*(0)00 + M*(0)00 4+ 0M*(0)0 4+ 0M*(0)0 + 00M *(0)
+00M*(0))
= 0M(0)M(0) + 0M (0)M(0) + M (0)0M (0) + M (0)0M (0)
+M(0)M(0)0 + M(0)M(0)0
=0.
Similarly, we prove M*(0) =0. O
LEMMA 2.2. M and M* are bijective.
Proof. 1t suffices to prove that M and M™* are injective. First show that
M is injective. Let ¢; and ¢ be in ¥ and suppose that M(c;) = M(c2). From
the equality (2), we have
M* (M (c;)zy 4+ M(c;)yz + xM(c;)y + yM (c;)z + zyM (c;) + yzM (c;))
— M (@)M* () + M () M*(x) + M (@)es M (y) + M* ()i M* ()
+M*(z) M*(y)ci + M*(y) M*(z)c;i
for all ,y € G and ¢ = 1,2. Hence, we have
AM* (2) M*(y) + e M (y) M () + M* ()er M* () + M* (y)es M (z)
+M*(z)M* (y)er + M*(y)M*(z)c1 = caM ™ (z) M*(y) + caM™* (y) M* ()
+M*(z)eaM ™ (y) + M™(y)caM™ () + M* () M*(y)ca + M*(y) M* (x)c2
The above equality leads to the conclusion that
(c1 = ) M™(x)M*(y) + (c1 — c2) M (y) M* (z) + M*(x)(c1 — c2) M*(y)
+M*(y)(er = c2) M™ () + M*(2)M*(y)(c1 — c2) + M (y) M™(z)(c1 — c2)
=0.
From the surjectivity of M* we conclude that
(c1 — c2)ab + (c1 — c2)ba + a(c1 — c2)b
+b(c1 — co)a+ ab(cy — ¢c2) +ba(ey —c2) =0
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for all a,b € Z. Let us write ¢; — ¢a = c¢11 + c12 + 22, where ¢;; € T (1 <
i < j < 2). Then, for arbitrary elements aj1,b11 € T11 we have c11a11b11 +
ciibiiaiitaricinbii+biciiain+aiibiicii+biiaicrr = 0 which implies ¢1 = 0,
by condition (i) of the Theorem. Also, for arbitrary elements ags, bag € Ty we
have ca2a20b22+Co2b22a22+a22C22b22+boo 22022 +a22b22C22+bogazacos = 0 which
yields ca2 = 0, by condition (ii) of the Theorem. Yet, for arbitrary elements
a1 € T11 and bag € Ty we have cioa11bog + c12b22a11 + a11¢12b22 + bozci2arr +
ai1boacia + basajicio = 0 which results in ajicioboe = 0. Thus, ¢1o = 0, by
condition (iii) of the Theorem. It follows that ¢; —co = 0 and therefore ¢y = ¢3.
Now, to prove the injectivity of M* let x1 and x2 be in & and suppose
M*(x1) = M*(z2). From the equality (1), we have
M*M (M*(x;)ab + M*(x;)ba + aM*(x;)b + bM*(x;)a + abM* (x;)
+baM*(x;)) = M*(2;M (a)M (b) + z; M (b)M (a) + M (a)x; M (b)
+M (b)z; M (a) + M(a)M(b)z; + M(b)M (a)z;)
— M (MM () M(@)M(b) + MM~ () M (b) M (a)
(a)M M~ () M (b) + M (b)M M~ ( M (a)
(@) M(b) MM~ (z7) + M(B)M (a) MM~ (z)
= MY (a;)M*M(a)M*M(b) + M~ (mi)M*M(b)M*M(a)
+M*M (a) M~ (z;) M* M (b) + M*M ()M~ (z;) M* M (a)
+M*M (a) M* M (b)M ™ (x;) + M*M (b)M* M (a) M~ (z;
for all a,b € T and i = 1,2. It follows that
M~ (z) M* M (@) M* M (b) + M~ (21) M* M (b) M* M (a)
+M*M (a)M ™ (z) M* M (b) + M*M (b)M " (21) M* M (a)
+M* M (a) M*M(b)M ™ (1) + M*M (b)M* M (a) M~ (z1))
= M~Y(@y)M*M(a)M*M(b) + M~ (o) M* M (b)M* M (a)
+M* M (a) MY (z0) M* M (b) + M*M(b)M ™ (20) M* M (a
+M* M (a) M* M (b)M ™ (x2) + M* M (b) M* M (a) M~ (2
which results in

+M
+M

M
M

~— —

(M~ (z1) — M~ (22)) M* M (a) M* M (b)
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Noting that M*M is also surjective and using a similar argument as applied
in the previous case, we can show that M ~!(u1) = M~!(uz). Consequently
U = uy. O

LEMMA 2.3. The maps M* ™1 : T - & and M~': & — T satisfy:
(i)
Mt (M_l(x)ab + M~ Yz)ba + aM " (z)b + bM L(x)a
+abM () + baM Y (z)) = aM* " (a)M* 7 (b)
+aM* )M *Ha) + M a)aMF ) + M ()M a)
+M* Ha)M* ) + ML) M a)x,

(it)
Mﬁl(M*_l( Yoy + M*~ 1(a)yx+xM* 1( )y+yM*_1(a)x
oy M* ™ (a) + yo M 1<a>) )M (y)
+aM~Hy) M~ (x) + M~ (z)aM ( )+ M~ (y)aM~(x)
+M N (@) M (y)a+ M~ (y)M ™ (x)a,

forall a,b e ¥ and x,y € 6.
Proof. From the equality (2) we have
M* (M a)M*H(b) + xM* ()M a) + M*H(a)zM*(b)
MO M @) + M @) M (b)x + M) M (a)2)
= M* (MM (2)M* " (a)M* " (b) —i—MM_l(x)M* Yb)M* " (a)
+M* N a)MM Y &)M*Hb) + M O MM () M* a)
M Ha) M T ) MM (2) + M) M (@) MM (2)
= M~ Y(x)ab+ M~ (z)ba + aM " (z)b + bM Y (x)a + abM ~(x)
+baM~L(x)
for all a,b € T and = € &. Applying M*~! in the above equality, we obtain

the equality (i).
The second equality follows in a similar way. [

LEMMA 2.4. Let a,b,c € T such that M(c) = M(a) + M(b). Then
(1)
M(cst + cts + sct + tes + ste + tsc)
= M(ast + ats + sat + tas + sta + tsa)
+ M (bst + bts + sbt + tbs + stb + tsb)
for all s,t € X;
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(i)

M*! (cst + cts + sct + tes + ste + tsc)
= M+t (ast + ats + sat + tas + sta + tsa)
+ M*7"(bst + bts + sbt + tbs + stb + tsb)

for all s,t € %.
Proof. From the equality (1), for arbitrary elements s,t € T we have

M(cst+cts—|—sct+tcs+stc+tsc)

= M(cM*M*fl(s)t + ctM*M* 7 (s) + M*M* " (s)ct

+teM*M* 7 (s) + M*M*(s)te + tM*M*fl(s)c)

= M(c)M* ™ (s)M(t) + M(c)M(t)M**(s) + M* " (s) M (c)M(t)

+M ()M (e)M* 1 (s) + M* ()M (t)M(c) + M(t)M* ' (s)M(c)

= (M(a) + M (b)) M* ! (s)M(t) + (M (a) + M (b)) M (t)M*~"(s)

+M* (s )( (a) + M (b ))M()+ (t)(M(a)+M( ))M* H(s)

M (s) M () (M (a) + M (b)) + M(t)M*~ (s) (M M(b))

ZM(a)M* 1(s) M (t) + M (a) M () M* ™ (s) + M*~ 1() M(a)M(t)
M ()M (a)M* " (s) + M* " (s) M (t) M (a) + M(t)M* " (s)M(a)
M ()M (s)M(t) + M(D)M(t)M* ™" (s) + M~ (s) M (b) M (t)
M (£)M () M* " (s) + M~ (s) M (£) M (b) + M (£)M* ™ () M (b)

= M(aM*M*_l( )t 4 atM*M* " (s) + M*M*(s)at

+taM*M* 7 (s) + MM (s)ta + tM*M* " (s)a)

M (DM*M* 7 (s)t 4+ bEM* M~ (s) + M*M* " (s)bt

DM M* T (s) + MM (s)th + tM*M* ! (5)b)

= M (ast + ats + sat + tas + sta + tsa) + M (bst + bts + sbt + tbs

+stb + tsb).

M
M

By a similar argument, we prove the equality (ii), from the equality (i) in
the Lemma 2.3. [

LEMMA 2.5. Let a11 € %11 and bios € T19. Then
(i) M(a11 + bi2) = M(a11) + M(b12);
(ii) M* (a1 + b1a) = M* (ayr) + M* (b12).

Proof. From the surjectivity of M, there exists ¢ € ¥ such that M(c) =
M(a11) + M(b12), where ¢ = c¢11 + c12 + c22. Hence, for arbitrary elements
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s11 € T11 and tos € Ty we have

M (es11tag + ctagsin + si1cta + togcsii + s11taac + tasiic)
= M (a11s11t22 + ar1t22s11 + s11a11toe + tasarisin + si1tozann
+togsiiarr) + M (biasiitas + biataosin + s11biatas + taobiasii
+s11t22b12 + ta2511b12)
= M (s11b12t22),
by Lemma 2.4(i). It follows that sijctes + teocs1y = s11b12to2 which implies
s11c12tee = S11b12taa. Hence, c¢1o2 = bya, by condition (iii) of the Theorem.
Also, for arbitrary elements soo € Tos and too € Tog we have
M (csaatag + ctagsan + saactay + tagcsag + Saatanc + taasaac)
= M (a11822t22 + ar1taasae + sa2ai1tas + taaaiisa + saatasan
+tog592a11) + M (bi2saatas + biataasae + saabiatas + taobiasas
+522t22b12 + t22522b12)
= M (bi2s2ataz + biatansae),
by Lemma 2.4(i) again. This shows that csaatos + ctaases + Soactes + taacsas +
SoataaC + 22892 = b1asaatas + biatazsee which results in coasaoton + cooloosos +
S99Coates + t22Ca2899 + Sooteacas + taasaaces = 0. Thus coy = 0, by condition (ii)
of the Theorem. Yet, for arbitrary elements s12 € T19 and tos € Too we have
M (cs1atag + ctagsia + siacta + tagcsiz + S12taac + taas120)
= M (a11s12t22 + ar1taasiz + s12a11te2 + taoai1 sz + s1atazan
+togs12a11) + M (biasiatas + biataasia + s12biatas + taobiasiz
+512t22b12 + t22512b12)
= M (ar1512t22).
We can thus conclude that csiotos + S12ctas + taocsia + Siotoac = a11512t92

which yields c11812t20 = a11812t92. Therefore, ¢11 = aq1, by condition (iii) of
the Theorem and the hypothesis that X is a faithful module. [

Similarly, we prove the following lemma.

LEMMA 2.6. Let age € o9 and b1y € T12. Then
(i) M(ag2 + b12) = M (az2) + M (b12);
(1) M* (agg + b1a) = M* (aga) + M* 1 (b13).

LEMMA 2.7. Let t11 € %11, a12,b12 € T12 and coo € Tog. Then
(i) M(ti1a12c22 + t11b12ca2) = M (t11a12¢22) + M (t11b12¢22);
(ii) M*~(t11a1acan + ti1biacas) = M* " H(t11a19c9) + M* " (t11b12¢02).
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Proof. First of all, we note that the following identity is valid
t11a12¢22 + t11b12¢22
= t11(a12 + c22)(b12 + c22) + t11(b12 + c22)(a12 + c22)
+(a12 + c22)t11(b12 + c22) + (b2 + c22)t11(a12 + c22)
+(a12 + c22)(b12 + ca2)t11 + (b12 + c22)(a12 + c22)t11.
Hence, from the equality (1) we compute
M (t11a12¢22 + t11b12¢22)
= M (t11(a12 + c22)(b12 + c22) + t11 (b2 + c22)(a12 + c22)
+(a12 + c22)t11(b12 + c22) + (b2 + c22)t11(a12 + c22)
+(a12 + c22)(b12 + c22)t11 + (b12 + c22)(a12 + c22)t11)
= M(M*M*_l(tn)(alz + c22)(b12 + c22)
FMEM* T (t11) (ba + c22)(a12 + c22)
a1z + c22) MM (t11) (biz + c22)
+(bra + con) M*M* " (t11) (a12 + c22)
+(a12 + caa)(bra + coo) M*M* " (tyy)
+(b12 + ca2)(a12 + co2) M*M* " (t11))
= M* 1 (t11) M (a12 + c22) M (b1a + ca2)
+M* 7 (t11) M (b12 + c22) M (a19 + c22)
M (arg + co2) M*(t11) M (b12 + c22)
+M (bia + ca2) M* " (t11) M (a12 + ca2)
+M(arz + c22) M (bra + coo) M* ™ (t1
(

+

M (bya + c22) M (a12 + c20) M* ™ (t11)

= M* " (t11) (M (ar2) + M(ca2)) M (bia + c20)

+ M (1) M (br2 + c22) (M (a12) + M(c22))

+ (M (a12) + M(C22))M*_1(t11) (b2 + c22)

F M (bio + c20) M* " (t11) (M (ar2) + M( 022

+(M(a12) + M (ca2)) M (biz + ca2) M**(t11)

+M (brg 4 c22) (M (a12) + M (c2)) M*~ l(tn))

= M* " (t11) M (a12) M (bia + c22) + M* 7' (t11) M (b1 + ca2) M (ar2)
+ M (a12) M* " (t11) M (bra + ca2) + M (brg + co2) M* ™! (t11) M (ay2)

+M (a12) M (bia + e20) M* 7 (t11) + M (bra + 022)M(a12)M*_1(t11))
FM* T (t11) M (caz) M (brg + c22) + M* 7 (t11) M (b12 + cag) M (c22)
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+ M (o) M*(t11) M (bia + c22) + M (biz + co2) M* ™! (t11) M (c22)
M (c2) M (b + cao) M* ™ (t11) + M (b1a + caz) M (coo) M** (t11))
= M (t11a12(b12 + c22) + t11(b12 + c22)arz + arztin (b1 + c22)

+(b12 + c22)t11a12 + ar2(bi2 + c22)t11 + (b1 + ca2)aiatin)

+M (t11022(b12 + €22) + t11 (b2 + c22)ca2 + coati1(bia + c22)

+(b12 + c22)t11¢22 + c22(br2 + c22)t11 + (br2 + c22)caatin)

= M (ti1a12¢22) + M (t11b12¢22).

Similarly, we prove (ii), using the Lemma 2.3(1). O

LEMMA 2.8. Let a11,b11 € T11. Then
(i) M(ay1 + b11) = M(a11) + M(b11);
(’ii} M*fl(all + bll) = M*il(all) + M*il(bll),

Proof. Choose ¢ = ¢11+ 12+ co2 € T such that M(c) = M(a11)+ M (b11).
For arbitrary elements s11 € 11, tog € Too, we have

Mt (cs11tan + ctaasii + s1ictan + taacsiy + s11tasc + tazsiic)
= M*_l((111811t22 + a11ta2s11 + S11a11t22 + t22a11511 + S11t22011
+tags11a11) + Mt (brisiitae + biitazsit + si1bitos + tagbrisi
+s11ta2b11 + taas11bir) = 0.

Hence, sy1ctoo + taocsy; = 0 which results sjjciotee = 0. Therefore, ¢10 = 0, by

condition (iii) of the Theorem. Also, for arbitrary elements o2 € T99, tag € Too
we have

Mt (csaatas + claasag + s2actan + taacsan + s2atanc + tazsaac)
=M (a11822t22 + a11t22822 + S22a11t22 + ta2a11522 + Saatasary
+toasanary) + M* ! (brisastan + biitaasas + saabiiton + tasbiisao
+s22t22b11 + t22822b11) =0
which implies
Co2822t22 + CootaaS22 + S22ca2ta2 + taac22822 + S2atoacaz + taasoacar = 0.

Thus, cg2 = 0, by condition (ii) of the Theorem. Yet, for arbitrary elements
$12 € T19 and tog € Too, we have

*—1
M*™" (esiatan + clagsia + s1actay + taacsia + s1ataac + t22s12¢)
*—1
= M* 7" (a11512t22 + ar1ta2s12 + s12a11t22 + ta2a11512 + s12t22a11

+tag512a11) + Mt (br1siataos + biitazsia + si12bi1tos + tagbi1sia
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+s12t22b11 + t22512b11)

= M* " (ar1s12ta2) + M* 7 (brisiatan)

= M* " (ar1s12t22 + bi1s12tan),
by Lemma 2.7(ii). It follows that csiataa+siactaa+taacsia+siatooc = a11Si2taa+
bi1siatae which yields ci1s19t22 = ai1siatas + bi1s12te2. So c11 = air + b1y, by

condition (iii) of the Theorem and the hypothesis that X is a faithful mo-
dule. O

Similarly, we prove the following Lemma.
LEMMA 2.9. Let aso, bas € Tos. Then

(1) M(age + baz) = M (az2) + M (ba2);

(ii) M*~ (ags + baz) = M* " (aga) + M* " (ba2).
LEMMA 2.10. Let aj2,bi2 € T1o and so3,t20 € Too. Then

(1) M (a12522t22 +a12toasaa+bi2saatos+biatansae) = M(ai2s22ta2 +a12ta2522)
+ M (b12522t22 + biat22s22);

(ii) M*~(a1as9atan + a1atansan + brasaatan + biatassan) = M* ! (ajasaatan +
a12t22892) + M* 1 (br2saatas + biatansas).
Proof. First of all, we note that the following identity is valid

2539t90 + 2590199599 + 2t2255

+aiesoatan + aratonsas + biasaatos + bi2toosos

= (a12 + 822)(b12 + 892)ton + (a12 + 822)t2a(b12 + $22)

(b12 + s22) (@12 + S22)t22 + tao(a12 + s22)(bi2 + 522)

(b12 + s992)toa(a12 + s22) + taa(b12 + s22)(a12 + S22).
Hence, from the equality (1) and Lemmas 2.6(i) and 2.9(i), we compute

M (2835t + 2822t22522 + 2t22535)

+M (a12822t22 + a12t22522 + b1asaatas + biatoas)

= M (2825tan + 2509t99592 + 2tags5e + a12592t22
+a12t22822 + b12822t22 + biata2s22)

= M ((a12 + s22) (b2 + s22)taz + (a12 + s22)t22(b12 + s22)
(b12 + s22) (@12 + $22)t22 + taa(a12 + s22)(b12 + s22)

(br2 + s22)t22(a12 + S22) + t22(b12 + 522)(a12 + s22))

= M ((a12 + s22) (b2 + $22) M M* ™ (t20)

+(a12 + s02) M*M* " (ta2) (b12 + 522)

+(b12 4 s22) (a12 + s92) M* M* " (t29)
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+M*M* " (ta9)(ara + s22)(bra + 522)

(b12 4 s22) M* M* " (t92) (a1 + 522)

MM (ta2) (bra + s22)(a12 + 522))

= M(a12 + s92) M (b12 + s09) M* ! (t20)

+M a1z + s20)M* " (to2) M (b1 + s22)

M (b1g + s22) M (a1 + s92) M* *(t22)

+M* " (tan) M (a12 + s22) M (b1 + s22)

+ M (bra + s92) M* ™ (t20) M (a1 + s522)

+M* " (to2) M (byz + s92) M (a12 + s22)

= (M(a12) + M(s22)) M (b1a + s22) M* ™" (t22)

+ (M (a12) + M(szg))M*fl(tgg)M(bm + $92)

M (biz + s22) (M (a12) + M (s22)) M* ! (t22)

+M* " (tan) (M (ar2) + M (s22)) M (b12 + $22)

+M (b2 + 322)M**1(t22)(M(a12 ) + M(s22))

+M* " (tan) M (bia + s22) (M (a12) + M (s22))

= M(a12) M (b1a + s22) M* " (ta2) + M (a12) M* ™" (taz) M (b12 + $22)
M (b + s92) M (a19) M* " (tag) + M* ' (tag) M (a19) M (b + s92)
M (b1s + sa2)M* ' (ta2) M (a12) + M* " (tag) M (b1a + s22) M (a12)
+M (s92) M (bra + $29) M* ™ (tag) + M (s92) M* " (t22) M (by2 + 592)
M (bia 4 s92) M (s92) M* " (t2) + M* ™! (tag) M (s99) M (b12 + s22)
M (bya 4 s22) M* ™ (t22) M (s22) + M* ™! (tag) M (b1a + s22) M (s22)
= M (a12(bia + s02) M*M* " (ta2) + araM* M* " (ta2)(b12 + s22)
+(bra + s22)a1aM* M* " (taz) + M*M* " (taz)ar2(bra + s22)

+ (b + s22) M*M* " (ta2)ar + M*M* " (ta2) M (br2 + s92)ar2)
+ M (599(b12 + $20) M M* ™ () + 520 M* M* ™" (t22) (b1a + s22)
+(bra + s22) 800 M* M* ™ (t9) + M*M* ™ (t29)522(b12 + 522)
+(bra + s22) M*M* " (ta2) 00 + M*M* ™ (t22) (b12 + 522)522)

= M (a12522t22 + a1at2a822) + M (839t20 + Saatassas + brasaatan + s3tan
22555 + biatazsos + Saataosas + ta2s3,)

= M (a12822te2 + a12ta2s22) + M (b12522t22 + b1at2522)

+M (2839t20 + 2599t22592 + 2t22855).
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It follows that

M (a12522t22 + a1ateosaa + biasaatas + biatooses)

= M (a12522t22 + a12t22522) + M (b12s2atas + b1atas22).
Similarly, we prove (ii), using the Lemma 2.3(i). O

LEMMA 2.11. Let aj2,b12 € T12. Then
(i) M(ai2 +b12) = M(a12) + M (b12);
(ii) M*~(ag + b1a) = M* H(arz) + M* " (b12).

Proof. By the surjectivity of M, there exists ¢ € T such that M(c) =
M(a12) + M (b12), where ¢ = c11 + c12 + co2. Hence, for arbitrary elements
s11 € T11, tog € Too we have

Mt (0511t22 + ctoos11 + s11¢tan + to9csi1 + s11teac + t225116)
=M (ar2s11t22 + a12taas11 + s11a12tas + ta2a1zs11 + s1itazars
Ftagsiiarz) + M* ' (biasiitas + biatassin + si1biatan + taobiasiy
+s11t22b12 + t22511b12)
= M* " (s11a1ata2) + M* " (s11b1atan)
=Mt (s11@12t22 + s11b1atas),
by Lemma 2.7(ii). It follows that s11ctes +toocs11 = Ss11a12t22 + S11b12t22 Which
implies s11¢12ta2 = S11a12t22+S11b12t22. Therefore, ¢19 = ai12+b12, by condition
(iii) of the Theorem. Also, for arbitrary elements sg9o € Too and toy € Tog, we
have
M1 (6522t22 + ctoas29 + S92t + to2CS22 + Sootogc + t225226)
=M (a12822t22 + a12t22822 + S22a12t22 + ta2a12522 + S2atazars
Ftazsonarz) + M* " (biasaatan + biatassan + saobiatan + taobrasas
+899t20b12 + t22S22b12)
=Mt (a12899t20 + a1atansan) + M* " (biasastas + biotazsan)
=Mt (ar12522t22 + a12t22S22 + biasaatan + biatansas),
by Lemma 2.10(ii). It follows that csoates + ctassaa + Saactas +toacsos + Soatosc+
ta2822¢ = a12822t22 + a12t22522 + b12S22l92 + bi2loasae which implies coosoato +
Co2t22892 + S22Ca0ton + 2222822 + SaataaCos + t22822¢02 = 0. Thus co2 = 0, by
condition (ii) of the Theorem.
Now, for arbitrary elements s11,%11 € %11, we have
Mt (es11t1n + ctiisin + siictin + tiiesiy + suitiic + tisiic)

*—1
= M7 (a12s11t11 + arati1s11 + s11ai2tin + tiraizsin + sitiiane
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+tisiiarz) + M 7 (brasiitin + biatiisi1 + s11biatiy
+t11b12511 + S11t11012 + t11511512)

= Mt (S11t11a12 + t11811a12) + M (Slltllbu + t11511b12)
— Mt (sutiarz + tiisiiaiz + sitinbiz + tiisiibia).

This shows that csiit11 + cti1s11 + stictit + ti1es11 + siitiic + tiisiic =
s1itiiai2 +t11511a12 +s11t11b12 + 211811012 Wwhich results in cy11511t11 +c11t11511
+ s1iciitin + ticiisn + sutiicnn + tnsienn = 0. So ep = 0, by condition (i)
of the Theorem.

The proof of (ii) is similar. O

LEMMA 2.12. Let a11 € T11 and bog € Too. Then
(i) M(a11 + b22) = M(all) + M(bgg),‘
(i1) M*“Y(a1y + b)) = M* " H(ayr) + M*~(by2).

Proof. Choose ¢ = c¢11 + 12+ c22 € T such that M(c) = M(a11)+ M (be2).
For arbitrary elements s11 € T11 and too € %99, we have
Mt (cs11tan + cbaasiy + s1ictag + taacsiy + si1tazc + ta2s11€)
=M (ar1811t22 + aritoasii + si1anites + ta2ai1si1 + siitaoars + ta2s11a11)
+ M7 (baasi1tao+baotansii +s11baatan +asbaasii +s11tasbas +taasi1ban) = 0.
It follows that s1ictos+toocsy; = 0 which implies s11¢12t20 = 0. Hence, c19 = 0,
by condition (iii) of the Theorem. Also, for arbitrary elements sgo € Tos and
to2 € Ta2, we have
M* ™ (csgatan + claasan + soactan + taacsay + Saatasc + tazsaac)
= M* " (ar1saatan + a11tazsas + sp2a11tas + t22a11822 + saatarair + tazs22a11)
+ M* ! (baasaatas + bastazsan + Saabastan + taobaosan + sotasban + taasasbas)
= M* " (bazsaatan + baotaosas + s22bastan + toobaasos + saatanbas + taosaaban).
We can then conclude that csootoo+ctaosoo+s2acton+t22cs22+520t20c+t22592¢ =
baasaaton + baztassan + s22boatas + taoboosaa + S22t22b2a + 22822092 Which yields
(€22 — baa)saatan + (ca2 — bao)taasas + s22(c22 — baz)tos + taa(cao — bao)sao +
SQQtQQ(CQQ — b22) + tQQSQQ(CQQ — bgg) = 0. Thus, co2 = bey, by condition (ii) of
the Theorem. Yet, for arbitrary elements s11 € T11 and t1; € T11, we have
Mt (cs1itin + ctirsin + stictin + tiiesin + sitiic + tiisiic)
=M (ar1s11t11 + artiisi + suanitin + tiian st + sutian + tisiian)
+ Mt (bagsiitin + baoti1si1 + si1baatn + ti1bazsin + s11ti1bog + t11511b22)

*—1
= M*" " (a1rs11tin + a1t + st +tian s + sutian +tisian).
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This allows us to conclude again that csijiti1 + cti1s11 + s11¢tin + tiiesin +
s11ti1c + ti1s11¢ = ars11tin + a11ti1s11 + s11a11tin + tira1s + sutienn +
ti11811a11 which results in ¢17 = a11, by condition (i) of the Theorem. [

LEMMA 2.13. Let a11 € %11, bio € T12 and caz € Tog. Then
(1) M(ai1 + b1z + c22) = M(a11) + M (b12) + M(ca2);
(1) M* (a1 + bia + o) = M* Hayy) + M*H(b1a) + M*(ean).
Proof. Choose d = dy1 + dia + dog € ¥ such that M(d) = M(a11) +
M (b12) + M(cg2) and write M(d) = M(a11 + bi2) + M(c22). For arbitrary
elements s11 € %11, t11 € %11, we have
MY (fsitan + ftusi + st fti + i fsin + st f + tisif)
= M*_l((an + bi2)s11t11 + (arn + bi2)tr1s11 + s11(air + bi2)tin
+t11(a11 + biz)si1 + siitii(anr + biz) + tirsii(ann + biz))
Mt (cazsi1tin + caati1s11 + s11022t11 + t11c22811 + S11t11622
+t11511022) = Mt (ar1s11t11 + arrtiisi + suanitin + tai s
+suitiian + tirsiiai + siitiibiz + tirsiibia).
It follows that fsi1t11 + ftiisin + siiftin + tiifsit + sutinf + tusuf =
a11s11tin +arti1s11 +s11aritin +tiiaiisi + sitiian +tiisiian + s1tibie +
t11511b12 which implies f11s11t11 + fritiisi1 +s11fuitin Htfiisi + st fu +
t11511.f11 = a11s11tin +artiisi + s1iartin +tiiaisi + sutian +tiisan.
Hence, f11 = a11, by condition (i) of the Theorem. Also, for arbitrary elements
s11 € T11 and tog € Too, we have

M*~Y(fsiiton + ftaosin + s11ftor + taafs11 + suitoaf + tossiif)
= M ((a11 + brz)si1taz + (@11 + bi2)taesi1 + si1(a1n + bi2)tao
+t22(a11 + bi2)s11 + siitaz(ar1 4 biz) + tazsii(arr + b))
Mt (022811t22 + Coot92511 + S11C22t22 + T22C22511 + S11t22C22
+t22511¢22)

= M*_1(811b12t22)-

This shows that 811ft22 +t22f811 = 8115127522 which yields 811f12t22 = Sublgtgz
Therefore, fi2 = bjg, by condition (iii) of the Theorem. Yet, for arbitrary
elements S99 € T9g and t9o € Ty, we have

M1 (fsoatan + ftonsan + s ftos + taa fs2a + saotoaf + tassaa f)
=Mt ((a11 + br2)saatas + (@11 + br2)tazsas + s22(a1n + bia)tas
+t22(a11 + bi2)s2s + soataz(arn + biz) + tozsaz(arr + bia))

*—1
+M* " (cazs92t20+Contansan + Saacaatan + taacaasas + soatascar + toasaacon)
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Mt (br2sastas + biatossas) + Mt (co2822t22 + Contozsan + s22c20t00
+t29022522 + S20t22C02 + 122522€22)
-1

= M* 7" (biasaatas + biotaosas + caasaatas + Caotansas + Sa2caatan

+t22022592 + S22t22C22 + t22522C22),
by Lemma 2.6(ii). This allows us to conclude that fsoatos + ftaasaa + S22 ftos +
toofsa2 + saotonf + t22522f = bi2S22tas + biatoosss + coaszaton + cootonsao +
820C2ot22 4 t22C22822 + S2atoacon + to2sgacoy which results in  fonsooton
+ footoosoo + 822 faoton +122 foa 522 + S29t22 foo +122522 foo = c22822t20 +Coota2822 +
$22Coat29 + 12222522 + Saataacan + taasaacas. Thus, fag = c22, by condition (ii)
of the Theorem.

Now we are able to prove the Theorem 2.1. Our proof is similar to those
presented by Ji [1].

Proof of Theorem. Let a = a11 + a12 + aze and b = by + bio + by be
arbitrary elements of €. From lemmas 2.8, 2.9, 2.11 and 2.13, we compute
M(a+0b)
M ((a11 + b11) + (a12 + bi2) + (az2 + b22))
(@11 + b11) + M (a12 + bi2) + M (a2 + ba2)
(a11) + M (b11) + M(a12) + M (bi2) + M(az2) + M(b22)
(
(
(a

I
iiiii

a11) + M(a12) + M(age) + M (b11) + M (b12) + M (ba2)
a11 + a2 + ag) + M (b11 + bia + b22)

)+ M(b).

This shows that the map M is additive.

Now, we prove that M* is additive. For any x,y € &, there exist elements
¢ and d in ¥ such that ¢ = M*(z + y) and d = M*(x) + M*(y). Hence, for
arbitrary s,t € T, by the additivity of M, we have

M (est + cts + sct + tes + ste + tsc)

=M (M*(z +y)st + M*(z + y)ts + sM*(z + y)t + tM*(z + y)s
+stM*(z + y) + tsM*(z +y))

= (& + ) M(s)M(E) + (2 + y) MM (5) + M(s) (& + ) M (1)

+M(t)(z + y)M(s) + M(s)M(t)(z +y) + M(t)M(s)(x +y)
=aM(s)M(t) + M ()M (s) + M(s)xM(t) + M (t)xM(s)

M (s)M(8)2 + MM (s)z + yM()M(£) + yM ()M (s)

M (s)yM(t) + M)y M(s) + M(s)M(t)y + M()M(s)y

= M (M*(x)st + M*(z)ts + sM*(x)t + tM*(x)s + stM*(z) + tsM*(z))
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+M (M*(y)st + M*(y)ts + sM*(y)t + tM*(y)s + stM*(y) + tsM*(y))
= M((M*(z) + M*(y))st + (M*(x) + M*(y))ts + s(M*(z) + M*(y))t
+t(M*(z) + M*(y))s + st(M*(z) + M*(y)) + ts(M*(z) + M*(y)))

= M (dst + dts + sdt + tds + std + tsd).

Therefore, cst + cts + sct + tes + ste + tsc = dst + dts + sdt + tds + std + tsd
and by a similar argument used in the proof of Lemma 2.2 we can conclude
that ¢ = d. Thus, M*(z +y) = M*(z) + M*(y). The Theorem is proved. 0O
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