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In this paper, we study a quasistatic contact problem for viscoelastic materials
with long-term memory. The contact is modelled with a coupled system of a gen-
eral nonlocal friction law and an ordinary differential equation which describes
the adhesion effect. Under sufficient assumptions, we provide a weak formulation
of the mechanical problem and establish the existence and uniqueness of a weak
solution. The proof is based on arguments of elliptic variational inequalities, a
version of Cauchy-Lipschitz theorem and the Banach fixed point theorem. We
then introduce a fully discrete scheme based on the finite element method to
the case of Tresca’s friction law. The convergence of the scheme is established,
error estimates are derived and under suitable regularity assumptions a linear
convergence result is deduced.
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1. INTRODUCTION

Adhesive contact between bodies appears in many applications of solid
mechanics where parts, usually nonmetallic, are glued together. For this rea-
son, adhesive contact problems have recently received increased attention in
the mathematical literature. An early attempt to study models of contact with
adhesion, based on thermodynamical consideration, was done in [12, 13, 14].
Analysis and numerical simulations of adhesive contact with or without friction
can be found in [4, 5, 9, 18, 20, 25| and references therein. The main new idea
in these papers is the introduction of an internal variable 3, the bonding field,
defined on the contact surface, which has values between zero and one and
which describes the fractional density of active bonds on the contact surface.
When g = 0 all the bonds are severed and there are no active bonds; when
B = 1 all the bonds are active; when 0 < § < 1 partial adhesion takes place.
The unilateral quasistatic contact problem with local friction and adhesion was
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studied in [9]; an existence result, for a friction coefficient small enough, was
established. In [5] the dynamic frictionless adhesive contact problem, with
normal compliance condition, was modelled and analyzed when the material
is linearly viscoelastic. This paper is a continuation and an extension of [1]
and [25]. There, the constitutive law was assumed to be nonlinear viscoelastic
with short memory. In [1] the bilateral contact problem with a general nonlo-
cal friction law was studied and numerical analysis of the particular problem
with Tresca’s friction law was included. In [25], the quasistatic adhesive con-
tact problem with Tresca’s friction law was investigated when the rate of the
bonding field is assumed to be irreversible. The novelty of the present paper
consists in dealing with a quasistatic viscoelastic problem modeling the adhe-
sive frictional bilateral contact in which the evolution of the adhesion field is
described by a general function which may change sign and allows for rebond-
ing after debonding took place. Moreover, the viscoelastic constitutive law is
assumed to be nonlinear with long-term memory and the friction is described
by a nonlocal version of Coulomb’s law of dry friction. We derive a variational
formulation of the mechanical problem for which we prove the existence of a
unique weak solution, and obtain regularity results for the solution. The proof
is based on arguments of time-dependent elliptic variational inequalities, a ver-
sion of Cauchy-Lipschitz theorem and the Banach fixed point theorem. We
then propose a fully discrete numerical scheme for the model in the particular
case of Tresca’s friction law. We deduce error estimates and under suitable
regularity hypothesis we derive a linear convergence result.

The rest of this paper is organized as follows. In Section 2, we present the
notation and some preliminaries we shall use in our study. Section 3 is dedicated
to describe the mechanical problem and derive its variational formulation. The
main existence and uniqueness theorem is established in Section 4. Finally
in Section 5, we perform numerical analysis of the particular problem with
Tresca’s friction law.

2. NOTATION AND PRELIMINARIES

Here we introduce the notation and some preliminaries we shall use later.
Let @ ¢ R? (d=2,3) be a bounded domain with regular boundary I'. We
assume that I' is partitioned into three disjoint measurable parts I'1, I'o and I's
such that meas (I'y) > 0. Here and below R? = {z = (21,...,24), 2; € R,
1 <i<d}. We denote by S? the space of second order symmetric tensors on
R?. We define the inner products and the corresponding norms on R? and S¢ by

d
u- v:Zuivi, lu| = Yu-u,Yu, v € R
i=1
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o-&= Y 04k, lo| =a-0, Yo, €S

1<i4,j<d

We introduce the spaces
H=L*(Q,RY, Q=L*(Q,S%) = {0 = (045)| 0ij =05 € L*(Q)},
H) ={ue H|e(u) € O},
Q1 = {0 € Q| Divo € H}.
Here and below € : H; — Q and Div : Q1 — H are the linearized strain tensor

and the divergence operator, respectively, defined by

e(u) = % (Vu+ (VU)T> , Yu € Hy,

Divo = ((Divo);),cicq. (Divo), Zaaaw Vo € 9y,
Lj

where Vu is the gradient of u defined by

ax] <iaj<(1
8’&'

— represents the partial derivative of the function u; : Q — R with respect

8£Uj

to the component z; of the spatial variable and (VU)T is the transpose of the
matrix Vu. Note that H, O, Hy, Q1 are Hilbert spaces equipped with the
respective canonical inner products

(u,v)H:/u-vdaz, (U,T)Q:/U-Tda:,
Q Q

(u’ U)Hl = (ua U)H + (5(u),s(v))g, (0-77_)91 = (DZ.UO-7 DivT>H + (07 T)Qa

where the associated norms are denoted by |||z, [z, , Illgs [I-llg,-

Let Hp = H'/?(I;R%) and let 4 : H; — Hr be the trace map. For every
element v € H; we also use the notation v to denote the trace 7(v) of v on I' and
for all v € Hy we denote by v, and v, the normal and tangential components
of v on the boundary I':

vy, =0 -V, vy =v—vyronl.

Here and below v represents the unit outward normal vector to I'. In a
similar manner, the normal and tangential components of a regular (say C')
tensor field o are defined by

oy, =0V -V, 0 =0V — o,V on .
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Moreover, the following Green’s formula holds:

(2.1) (Divo,v)g + (0,e(v))g = / ov-vda, Vv e Hy,
r

where da is the surface measure element. Let V be the closed subspace of Hy
defined by
V={veH, v=00nTy, v,=0on I's}.

Since meas (I'1) > 0, the following Korn’s inequality holds:
(2.2) Crk [l g, < lle(@)llo, Vv eV,

where Ck is a positive constant depending only on Q and I'y. A proof of Korn’s
inequality can be found, for instance, in [17, page 79]. Over the space V', we
consider the inner product given by

(2.3) (u,v)y =(e(u),e(v))o, Yu, v eV,

and let [.||;, be the associated norm. It follows from Korn’s inequality (2.2)
that |||, and [.|[, are equivalent norms on V. Therefore (V, (.,.); ) is a real
Hilbert space. Moreover, by the Sobolev’s trace theorem, there exists a positive
constant ¢y depending only on the domain €, I'y and I's such that

(2.4) [0l L2 (pysray < collvllv, Yo € V.
Also, we will use the space of fourth-order tensor fields,
Qo = {€ = (Eijr) | Eijir = Ejirr = Erajs Eij € L7(Q),
Vi, j, k, 1€ {1,...d}},
which is a real Banach space with the norm,

(25 I€q, =, _max_ 1€l e -

Finally, for every real Banach space (X,|.||y) and T' > 0, we denote
by C([0,T]; X) and C*([0,T); X) the spaces of continuous and continuously
differentiable functions from [0,7] to X and we use the standard notation for
the spaces LP(0,T; X) and W*P(0,T; X), p € [1,00] and k > 1.

3. PROBLEM STATEMENT. ASSUMPTIONS.
VARIATIONAL FORMULATION

The physical setting is as follows. A deformable body occupies the ref-
erence configuration Q C R%=23 which is a bounded domain with Lipschitz
boundary I'. The body is assumed to have a viscoelastic law with long-term
memory and the process is quasistatic in the time interval of interest [0,7]. We
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assume that I' is partitioned into three disjoint measurable parts I'y, I's and
I's such that meas(I';) > 0. The body is clamped on I'y and therefore the
displacement field vanishes there, while volume forces of density fp act in 2
and surface tractions of density fo act on I'o. The contact is supposed to be
bilateral, adhesive and governed by a general nonlocal friction law. To simplify
the notation, we do not indicate explicitly the dependence of various functions
on the spatial variable x € Q UT'. Under the above assumptions, the classical
formulation of our problem is the following.

Problem 3.1. Find a displacement field u : Q x [0,7] — R?, a stress field
o :Qx[0,T] = S% and a bonding field 8 : T's x [0,T] — R such that

3.1) o(t)=Ae(u(t)) + Be(u /Q (t —s)e(u(s))ds, in Q x (0,T),

Dive + fo =0, in Q x (0,7,
u=0, onI'y x (0,7,
ov = fa, on I'y x (0,7T),
uy, =0, on I's x (0,7),
o+ 07 (B,ur)| < p (o)

R N N v g

(
(3.
(3.
(3.
(3.

W W w w
TR W b

o7 + pr(B,ur)| < p(|Roy|) = 1y =0,
30 on 'y x (0,T),
lor + pr(8,ur)| = p(|Roy|) = I\ > 0 such that:

\OT +p7(67u7'> = _)\uT

(3.7) B = Huq (B, |R (ur)]), on T3 x (0,T),
(3.8) B(0) = By, on I's, u(0) = up, in £,

Equation (3.1) represents the viscoelastic constitutive law in which € de-
notes the linearized strain tensor, A is the viscosity operator, B is the elasticity
operator, G denotes the tensor of relaxation. Here and below the dot above a
variable denotes its first derivative with respect to the time variable. We note
that for G = 0 the constitutive law (3.1) reduces to the well-known Kelvin-Voigt
viscoelastic constitutive law

o= As(u) + Be(u), in Q x (0,7).

Equation (3.2) represents the equilibrium equation. Equations (3.3)-(3.4)
are the displacement-traction boundary conditions where v stands for the unit
outward normal vector to I and ov represents the Cauchy stress vector. Condi-
tions (3.5)—(3.6) represent the bilateral contact with nonlocal version of Coulomb’s
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law in which adhesion is taken into account. Here p is a nonnegative function,
R : H™'/2(I's) — L?(I'3), represents a normal regularization operator, i.e. a
linear continuous operator and satisfies

(3.9) 1Bl L2 (rs) < LrlCllg, » V¢ €

with Lr > 0. The introduction of the nonlocal smoothing operator R is used
for technical reasons, since the trace of the stress tensor on the boundary is too
rough (see, e.g., [11]). In the case where p is a constant function, (3.6) becomes
the well known Tresca’s friction law. In [10, 19|, the friction bound was used
with

p(|Roy|) = p|Roy|

where p is the coefficient of friction. From thermodynamic consideration, a
modified version for Coulomb’s law of friction was obtained in [22, 23|. It
consists of using the friction bound function

p(|Roy|) = (|Ro,| (1 — K |Roy|))

where £ is a small positive coefficient and [r]+ =max{r,0}. In (3.6), p; is a
general prescribed function. In particular, we may consider the case

qgr (B)vif 0 < |v] < L,
Dr ,3,’0 = v .
S PRGN
where L > 0 is a limit bound constant (see, e.g., [18]), and ¢, is nonnegative
tangential stiffness function. Equation (3.7) represents the evolution of the
bonding field described by a general function H,; may change sign. This con-
dition means that rebonding may take place after debonding. Here and below
R, : R?* - R is a truncation operator defined by

vif 0 < |v| <L,

3.10 R.(v) =
(310) W= L% i o> L.

[l

The introduction of the operator R, is motivated by the mathematical
arguments where L > 0 is a characteristic length of the bond, beyond which
there is no any additional traction (see, e.g., [18]). Clearly, R, satisfies

|R;(v)| < L, Yv € R",
[([Rr(w)] = |Rr(v)])] < Jw —v|, Vw, veR"
An example for the evolution rate function H,q4 is

Hgq (57T) = - (CT/BTQ - ea)+7 on I's X (OvT)a

(3.11)
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where c;, €, are given positive material parameters and since B < 0, the process
is irreversible, once debonding occurs bonding cannot be reestablished (see, e.g.,
[4, 20, 25]). Finally, (3.8) are the initial conditions.

In the study of the mechanical Problem (3.1)-(3.8) we consider the fol-
lowing assumptions. We assume that the viscosity operator A : Q x S¢ — ¢
satisfies

(i) There exists m_4 > 0 such that
(A(z,e1) = A(z,22)) - (61 — £2) = maler — &2,
Vei, e2 € S%, ae. z € Q;

(ii) There exists L 4 > 0 such that

(312) |A($,€1)—A($,52)| <L.A|€1_52|7

Vey, g9 € S%, ace. x €

(iii) The mapping = — A (z,¢) is Lebesgue measurable on (2
for any e € S%

(iv) The mapping = — A (z,0g4) belongs to Q.
We assume that the elasticity operator B : Q x S — S? satisfies

(i) There exists Lg > 0 such that
|B(J)>€1) - B(x752)’ < Lp |€1 - 52| )
Ve, e0 € S, ace. x €

(3.13) (ii) The mapping « — B(x,¢) is Lebesgue measurable on €

for any e € S%

| (iii) The mapping x — B (z,0ga) belongs to Q.
The operator G satisfies
(3.14) GeL®0,T;Qu)-
We assume that the tangential contact function pr : I's X R x R?— R?

satisfies

(i) There exists L; > 0 such that
|p7' (wvﬁhrl) — Pr (1'76277'2” g LT (|61 - 62| + ‘Tl - 7"2’),
vﬁl) 52 € R? \V/'I"]_, To € Rd, a.e. r € F3 ;

(ii) r-v(z) =0= p; (x,8,r) - v(zx) =0,

(3.15) VB eR, Vr e R aqe. z €Ty

(iii) The mapping = — p, (z, B,r) is Lebesgue measurable on I's
for any 8 € R, Vr € R

(iv ) The mapping = + p; (z,0r, Oga) belongs to L2(T'3, RY).
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The adhesion rate function Hyy : I's x Rx [0, L] — R satisfies
(3.16)
(i) There exists Lg,, > 0 such that

|Hoq (z, B1,7) — Hoq (z, B2,7)| < La,, |B1 — B2l
VB1, P2 €R, Vr€[0,L], ae. x €'}

(i) |Haq (x, B1,71) — Haq (z, B2, r2)| < L, (|81 — B2| + |r1 —r2),
VB1, B2 €[0,1], ¥ry, r2 €[0,L], a.e. z €T3

(iii) The mapping « +— Hgyq (z, B,7) is Lebesgue measurable on I's ,
VB eR, Vrel0,L];
(iv) The mapping (8,7) +— Haq (z,8,7) is continuous on Rx [0, L],
aezx€ls;
(v) Hyq (2,0,7) =0, Vr € [0,L], a.e. x € T's;
(Vi) Hoq (x,8,7) 20, V8 <0, Vr € [0,L], a.e. x € T'sand
Huq(z,B,7) <0, V8 >21, Vrel0,L], aex €Ts.
We also assume that the friction bound function p : I's xR — R™ satisfies:

(i) There exists L, > 0 such that

Ip (z,71) = p(z,7m2)| < Lp|r1 —raf,
Vry, 19 € R, a.e. x €'y ;

(3.17) (ii) The mapping = — p(z,r) is Lebesgue measurable on I's

for any r € R;

(iii) The mapping = — p (x,0) belongs to L?(T3).
The densities of forces satisfy

(318) () fo € C(0,T): H), (ii) f2 € C(0,T); L*(Do, RY).
Finally, we assume that the initial data satisfy

(3.19) Bo € L*(T3), 0< fp <1, ae. x € Ts.

(3.20) ug €V,

Now, using (3.18), we find that the function f : [0,7] — V defined by
(3.21)  (f(t),w), = / fo(t) -wdz + [ fa(t) - wda, Yw € V, Vt €]0,T],
Q Iz

has the regulariy
(3.22) feco,1);Vv).

In the sequel, we use the functionals j, : Q1 x V. — R | jaq : L?(T'3) x
V x V — R defined by

(3.23) 52 (Cow) = / p(1RG) wr| da, ¥(C,w) € Q1 x V.

T's
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320 Ju(Bovw) = [ po(Bun) wida, ¥(Bvw) € LA(Ty) x V x V.
I's

Thanks to (2.4) and (3.15), the functional j,q satisfies
There exists L,q > 0 such that

|Jad(Brs w1, w) = jad(B2, uz, w)|
(3.25)
< Laa (181 = Ball oy + e = wally ) el Yo, wa, w €V,
Vp1, B2 € L*(T3).
Also, using (2.4), (3.9) and (3.17), we have
(3.26) 37 (C1,02) = gr (C1y01) + G (Cosv1) — Jir (C2502)
. < LpLpeo |G = Cllg, % [lv1 —vally, YGi, G2 € Q1, Vi, v2 € V.

Now, assume u, o and  are smooth functions satisfying Problem (3.1)-
(3.8) and use Green’s formula (2.1) to obtain the following variational formu-
lation for this mechanical problem.

Problem 3.2. Find a displacement field w : [0,T] — V, a stress field o :
[0,7] — Q; and a bonding field 8 : [0,T] — L (') such that

(3.27) o () = A(e(i(£) + / G (t — ) (u(s))ds,
(o (t),e(w—ul(t)g + Jaa(B(t), u(t), w —u(t))

(3.28) +jr(o (), w) = jr (o (t),a(t)) > (f(t), w —0u(t))y,
forall w € V, for a.e. t € (0,T),

(3.29) u(0) = wo,

(3.30) B(t) = Haa (B(),|Rr (ur (t))]), for a.e. t € (0,T),

(3.31) B(0) = Bo.

4. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

Our main existence and uniqueness result in this section is the following.

THEOREM 4.1. Assume that (3.12)—(3.20) are fulfilled. Then, there exists
Ly > 0 such that for L, < Ly, Problem (3.27)—(3.31) has a unique solution
{u,0,B}. Moreover, the solution satisfies

(4.1) (i) w et ([0,T];V), (ii) o€ C([0,T];Q1).

(42)  BeCH([0,T];L>®(T3)), 0<B(t) <1, ae z €T3, Vt€[0,T].
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The proof of Theorem 4.1 will be carried out in several steps.
First step. Consider the following problem.

Problem 4.2. Let n € C([0,T];V), find a function 3, : [0,7] — L*>(I's),
such that

(4.3) By(t) = Haa (By(1), | Ry (nr ())]), for a.e.t € (0,T),
(4.4) By(0) = Bo.

LEMMA 4.3. Assume that (3.16) and (3.19) are fulfilled. Then, for each
n € C([0,T];V), Problem (4.3)-(4.4) has a unique solution (3, which satisfies

{ (i) By € CH([0,T]; L=(T)),
(i)

4.5
(4:5) 0<B,(t) <1,Vtel0,T], for ae.x €.

Moreover, there exists a constant ¢ > 0 such that for all ny, no € C([0,T];V),
t
(4.6) 1By () = Bra (D 2(rg) < C/O Im1.(s) —n2(s)lvds, ¥Vt €0,T].

Proof. Let n € C([0,T];V), consider the following operator ¥ : [0, 7] x
L>®(I'3) — L*>(I'3), such that

(4.7) U(t,B) = Haa (B, |Rr (n- (1))]), ¥V t € [0, T].
Let 51, B2 € L*™(T'3). From (4.7) and (3.16), we obtain

(W (t, B1) — U(t, B2)| < [Haa (B |Rr (0 (8))]) — Haa (B2, |Rr (0 (£))])]
< LHad|Bl - 52|a Vite [OvT]a

which implies that

H\Ij(t?Bl) - \Il(taBQ)HLOO(I‘g) < LHa.d Hﬁl - BQHLOO(F;;) ,Vie [O7T]'

Hence ¥ is Lipschitz continuous with respect to the second argument, uni-
formly in time. Moreover, the mapping ¢t — W(t, ) belongs to L>°(0,T; L>(T'3)),
VB € L*>(I'3). Thus, using a version of Cauchy-Lipschitz theorem (see e.g.,
24, page 60]), we obtain the existence of a unique solution 8, € W1>(0, T}
L>(I'3)) to system (4.3)-(4.4) and keeping in mind (3.16), (4.3) and using
the fact that 8, € C([0,T];L>(T3)), n € C([0,T];V) we get 8, € C*([0,T];
L*>(I'3)). Now, from (4.3)-(4.4), (3.16), (3.19) and using arguments similar to
those used in [5, Proposition 4.1], we deduce ((ii) 4.5). To continue, let 3,, be
two solutions for n = n € C([0,T];V), k = 1,2 and let s € [0,T]. It follows
from (4.3)—(4.4), (3.16) and (3.11) that



11 Analysis and numerical approximation of a frictional contact problem 487

t
1801 (8) = Bz ()| L2(rs) < C/O 1801 (8) = B () L2(r5)ds

e / 171(5) = 72(5) | 20 ety ds.

Using Gronwall’s lemma in the last inequality and keeping in mind (2.4)
we obtain (4.6). O

Here and in the rest of this Section, the same letter ¢ will be used to
denote different positive constants independent of ¢ € (0,7, and whose values
may change from place to place.

Second step. To continue, for each n € C([0,T];V), let 8, be the unique
solution of Problem (4.3)—(4.4) and let f, : [0,7] — V be the function defined
by
(4.8)

(fnt),w)y, = (f(t),w)y — ( / G(t—s) (s))ds, 5(w)>

_jad<ﬂn(t)v77(t)vw)> vt € [O7T] ) Vwe Va

Q

which satisfies
(49) f € C0,T): V).
We consider the following problem.

Problem 4.4 (Py¢). Let (n,¢) € C([0,T];V)xC([0,77];Q1). Find a func-
tion vy € C([0,77];V) such that

(A (e(uge (1)) & (w —wvye (1)) g +
(4.10) +ir(C (1) s w) = jr (C (1) sone (8)) = (f (B) ;w0 = vy (1)),
forall w e V, vt € [0,T].
We have the following existence and uniqueness result for Problem P,.

LEMMA 4.5. Assume that (3.12)—(3.19) are fulfilled. Then, for each (n, ()€
C ([0,T];V)xC([0,T];Q1), Problem Py has a unique solution vy, which sat-
1sfies

(4.11) vpe € C([0,T];V).
Proof. Let A:V — V be the operator defined by
(Aw, z)y, = (A(e(w)),e(2))g, Yw, z€ V.

It follows from assumption (3.12) that A is a strongly monotone and
Lipschitz continuous operator. On the other hand the functional j (¢ (¢),.) :
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V — R is a continuous semi-norm on V, V¢t € [0,7]. Then by a classical
argument of elliptic variational inequalities (see e.g., [3]), we deduce that P
has a unique solution, v,¢ satisfies (4.11). [

Third step. For each (n,{) € C([0,T];V) x C([0,T]; Q1), let v,¢ be the
unique solution of Problem (4.10), let o,¢ : [0,7] — Q be the function defined
by

(4.12) 0y¢ (1)=A (e(vye (1) + B (e / G (t—s) e(n (s))ds, ¥t € [0,T],
and choose w = vy¢ (t) = ¢ where ¢ € [D ()% in (4.10), we deduce that
(4.13) Divoye () = —fo (t) in Q, ¥t € [0,T].

Therefore, using (3.12)—(3.14), ((¢) 3.18) and (4.11)—(4.13) we obtain
(4.14) onc € C([0,7]; Q1)

Now, for eachn € C ([0,T];V),let Ay : C([0,T];Q1) = C([0,T]; Q1) be
the operator defined by

(4.15) ApyC= 0y, V(e C([0,T];Q1).
We have the following result.
LEMMA 4.6. The operator Ay has a unique fized point ¢; € C ([0,T]; Q1).

Proof. Let n € C'([0,T];V), let (1, (2 € C([0,T];Q1), let t € [0,T7], then
by (4.10) and (3.12), we get

ma |one, (8) = vne, ()5 < i (C1(8) 0, (£)) = i (G () ,0mc, ()
+ jT(CQ(t)vvnﬁl (t)) —Jr (CQ (t)ﬂvTICQ (t)) s

and keeping in mind (3.26), we find

L L
oney (8) = v )]l < ZZZEL 161 (1) =GBl g, -
Now, using (4.15), (4.12)-(4.13) and (3.12), we obtain
1AnGL(0) = A ®llg, = llome,(t) = onea (Do,

= oy (1) = one, ()l
< Lallvne (8) — vne, (t)”V .
Therefore, we find that

L,L 4L
[AnCi(t) — A’7<2(t)”gl ﬂ

16(1) = G(llg, » Y1 €[0,T].
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This inequality implies that for L, < Ly = A

point ¢ € C([0,7]; Q). O
Fourth step. For each n € C ([0,T];V), let onc; = G, be the fixed point
of A,, we denote by v, = Uy the unique solution of Problem (4.10) and by g,

the unique solution of Problem (4.3)-(4.4). Also, keeping in mind (3.20), and
let A:C([0,T];V)— C([0,T];V) be the operator defined by

Talnco’ A, has a unique fixed

(4.16) An(t):/otvn(s)ds+u0,V77GC([O,T];V),Vte [0,7].

We have the following result.
LEMMA 4.7. The operator A has a unique fized point n* € C ([0,T];V).

Proof. Let n1, ne € C ([0, T];V), let t € (0,T), let s € (0,t), we denote

by o; = Tnicy, = Chss Vi = Upy, Bi = By, for i=1, 2, then by (4.12)—(4.13), we get
lo1(s) —oa(s)llg, = lloi(s) —oa(s)lg
< Lallvi(s) —va(s)lly + L lm(s) — n2(s)lly
(4.17) e | [m1.(r) = m2(r)|ly dr

On the other hand, using (4.10) and (4.8), one has

( (e(v1(s))) — A(e(va(s))) & (vi(s) — v2(s)))g

Jr(o1(s),02(s)) = jr (01 (s) ;01 (5)) + jr (02 () v1 (8)) — jr(02 (8) w2 (5))

+Jad( 2(8), m2(8), v1(8) — v2(8)) = Jad(B1(5),m(s), v1(s) — va(s))
+ (B (e(n2(s))) — B(e(m (s))) € (vi(s) —va(s)))g +

([0 =netm ) - me)ane ) - o)) |

Q
Which7 together with (3.12)—(3.14) and (3.25)—(3.26), gives

( malvi(s) —va(s)|}

< LyLco l91(5) = 02(5)l g, l[o1(5) = va(s) |y, +
e (18165) = Ba() ey + Im1(5) = 1)y ) o1(5) = va(s)lly
+Lg [[m(s) = n2(5)lly lvi(s) — v2(s)lly

e 1 (r) = m2(r)lly dr x flui(s) = v2(s)lly
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and using (4.17), we obtain

ma [vi(s) —va(s)lly < cllBils) = Ba(s)ll Loqry) + clim(s) — ma(s)lly

+e [ Alm(r) = n2(r)lly dr + LaLpLrco [[vi(s) = va(s)lly -
0

Therefore, if L, < Lo = mA , and keeping in mind (4.6), we deduce
L 4LRrco
that
[v1(s) = v2(s)lly < cllm(s) — n2(s)lly +C/ [ (r) = ma2(r)ly dr,

which gives

lon(s) — va(8) |12 < el (s) — m(s)ll% + /0 () — m ()3 dr,

integrating both sides of the previous inequality on (0,t), we get

/ Joa(s) — va(s) 3 ds < / I (s) — ma(s) 12 ds,

which, together with (4.16), implies that

IAm(®) = Aol < [ In(s) =) ds
Reiterating the last inequality n times, we infer that
(CT)

[A™m — AnTl2H20({o,T];V) < I — 772“20([07T];V) ’

which implies that, for n sufficiently la,rge, a power A™ of A is a contraction
in the Banach space C ([0,T];V). Therefore, we deduce that A has a unique
fixed point n* € C ([0,7];V). O

Now, we have all the ingredients to prove Theorem 4.1. Let n* be the
fixed point of A defined by (4.16), let 3,+ be the unique solution of Problem
(4.3)-(4.4) for n = n* and let oy = e be the function defined by (4.12),
where (. is the fixed point of A« defined by (4.15). Also, keeping in mind
(3.20) and let w,= : [0,7] — V be the displacement field defined by

(4.18) B p—— :/0 oy () ds +ug, ¥ ¢ € [0,7T],

where vy« = U, is the unique solution of Problem (4.10) for (n,¢) = (n*, C:;)

Therefore, if L, < Lo = —~2— we conclude by (4.3)—(4.4), (4.10), (4.12) and
LALRCO

(4.18) that {uy«, oy, By} is a solution of Problem (3.27)-(3.31), and keeping in
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mind (4.11), (4.14) and (4.5), it follows that {u,«, o,~, B} has the regularity
(4.1)—(4.2). The uniqueness of the solution is a consequence of the uniqueness
of the fixed point of the operator A, the uniqueness of the fixed point of the

operator A and of the uniqueness of the solution of Problem (4.3)—(4.4) and
Problem (4.10).

5. NUMERICAL APPROXIMATION

In this section, we assume that the conditions (3.12)-(3.16) and (3.18)-
(3.20) are satisfied and we suppose that the friction bound function p satisfies
for all r € R,

(5.1) p(.,r) =g € L>*(I'3), such that g > 0 a.e on I's.

Here g represents the friction bound, i.e. the magnitude of the frictional
force at which slip begins. In this case, (3.6) becomes the well known Tresca’s
friction law in which adhesion is taken into account. In the sequel, we use the
notation j, to denote the functional j; : V — R defined by

(5.2) Jr(w) :/ g|ws|da, Yw € V.
I's

Eliminating the stress field from (3.27)—(3.31), we obtain the following
variational formulation of the Problem (3.1)-(3.8) in terms of displacement
and adhesion fields only.

Problem 5.1. Find a displacement field u : [0,7] — V and a bonding field
B:10,T] — L* (I'3) such that

(A (i (8) + B ((u(t))) . (w — i)
( / G(t - s)e(u(s))ds, e (w a<t>>)g+jad<ﬁ<t>,u<t>,w—u<t>>
i (w) — g (i(t)) > (F(8) w — i)y, for all w e V, Vi€ [0,7],

(5.4) B(t) = Haa(B(),|R: (ur (1)), V€ [0,T7],
(5.5) (i) u(0) = wuo, (i) B(0) = Bo.
Clearly, in the view of Theorem 4.1, we have the following result.

COROLLARY 5.2. Assume that (3.12)(3.16), (3.18)-(3.20) and (5.1) are
fulfilled. Then Problem (5.3)—(5.5) has a unique solution {u, 5} which satisfies

(5.6) u € CH([0,T];V).
(5.7) B € CH([0,T];L>(3)), 0< B(t) <1, aex €Ty, Vt€[0,T].
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In the sequel, we consider a fully discrete approximation scheme for Prob-
lem (5.3)—(5.5). To this end, we introduce two finite-dimensional spaces V" C
V and B" c L?(I'3), approximating the spaces V and L? (T'3), respectively.
Here h > 0 is a discretization parameter. Let Pgn : L? (I's) — B" be the
orthogonal projection operator defined by:

h h h 2 h
) = L= (I B
(PBf%v ) (%7 >L2<r3)’ v (%’Y ) € L”(I's) x B,
which satisfies

(5.8) HPBh’YHLQ(Fg,) < HVHLZ(FS) , Yy e L*(Ty).

L2(T)

T
Let N e N* let k = ~ be the stepsize of a uniform partition of the time

interval [0,T], denoted by 0 = t9 < t; < ... <ty =T, t, = nk, 1 <n < N.
For a continuous function w € C([0,7];X) with values in a normed space

X, we use the notation w, = w(t,), and for a sequence {wn}n o, we denote
Swy, = %’ 1 < n < N. Next, we make the following additional
regularities

(5.9) (1) we W>L(0,T;V), (ii) G € WH(0,T; Qo).

Now, a fully discrete scheme for Problem (5.3)—(5.5) is the following.

Problem 5.3 (P!¥). Find a displacement field u"* = {uﬁk}ivzo C Vh a
velocity field v"* = {/*}™ V" and an adhesion field g = {giF}"
B" with
(5.10) () ug* = ug, (i) Bo* = By-
such that for all n = 1,2, ..., N,

(A (e(vf*)) e (wh — vﬁk))g + (B (e(ul*,)) , e(wh — vﬁk))g

+ ngt —t) ) (wh—vhk)

(5.11)
+Jad(/3nk17 Zklawh_v )+JT( )_jT (Uﬁk)
(fn,w —of ) for all wh € V*,
(5.12) 581 = P Haa (5n L RT<<uZ’31>T)D, on T,

(5.13) ul® =l + & Zv;‘k
j=1
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Here, ug and Bg} are suitable approximations of the initial values ug and
Bo, respectively. We assume that

(5.14) (i) ul e VP, (i) gh e B"

Under the conditions (3.12)—(3.13), (3.15)-(3.16), (3.18), (5.1), ((4i) 5.9)
and (5.14), using classical results on variational inequalities, it is easy to verify
that Problem P{}k has a unique solution. We turn now to estimate the numerical
errors

(5.15) (1) an = B — B, (i) en = v, — 0, 1 <n < N.

In the rest of this paper, we denote by

(5.16) v =1,

then, we get
t

(5.17) u () :/ v(s)ds + ug, Wt € [0,T].
0

Now, using (5.13), (5.17), ((ii) 5.15) and ((i) 5.9), we obtain

n
Jrtn = k¥ < o — ]y + KD |Jos = o]
=1

tn n
+ / v(s)ds — kaj
\%

< juo = ugy|,, + kz lejlly + ek 1ol ro. vy »
7j=1

which gives

(5.18) ’ Uy — ul* y < Huo — ugHV + kZ; lleslly +ck, 1 <n <N.
J:
Denote
tn n—1
(5.19) Hip = | Haa (B(5),|Br ((ur ()] ds — kD Haa (85, [ Br ((u7),)]) -
j=0
Using (5.6) , we obtain
(5200 Ju(s) = ually < K lollogor s s € it ti], 1< < .

Also, using (5.7), we get

(5:20) 118 (5) = 651l oy < k8], Vs € [ty t], 1<) <N,

O([0,T;;L3(Ts))
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From (5.19), (3.16) and (2.4), it is easy to see that

ol nol ety
1l < €3 [ 180) = Billayds +e3 [ us) = wlly ds,
j=07t i=0 7t

which, together with (5.20)—(5.21), gives
On the other hand, using (5.12), we obtain

(7))

and keeping in mind (5.4) and ((ii) 5.5), we get

n—1

(5.23) B = B + kY Pn Haa (8",
j=0

tn

Bn = BR* = Bo + ; Haa (B (s),|Rr ((ur (5)]) ds — B3
n—1
St (2 (49) )
§=0
which gives
n—1
(5.24) Bn—BI" = Bo—Bi+Hin+Hont+kd (I —Ppr) Haa (85, | Rr ((1)),)])
§=0

where

n—1
Hop = kY [PBhHad (8j, | R ((u3),)]) = P Ha (5]%’

()

Taking into account (5.8), (5.22), (5.24) and (3.16), one has

)

n—1
’ Bn = ﬁgk L2(T'3) = Hﬂo - ﬂg‘ L2(I'3) * Ck;) H’Bj B ﬁ]hk) L2(T'3)
529 + oS Juy — ¥+ R (8) + ok

J=0

where
N

(5.26) Ry (B) = K3 (I = Pi) Haa (855 | Rr ()| ogry -
§j=0

Thus, we have

(5.27) a1l g2y <c HBO B 53‘

poy Huo —~ u'&HV + Ry (5) 4 k.
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Moreover, keeping in mind (5.18) and using a discrete version of Gron-
wall’s lemma in (5.25) we get

lanll2qry) < €llBo = Bl ey + € lluo = ws]y

(5.28) - '
FabS el + et (8) + ek 2<n <.
Jj=1

Now, let us consider the variational inequality (5.3) at time ¢ = ¢,, with

w = v and the variational inequality (5.11) with w" = w!, (w? € V",

n n’

1 < n < N, are arbitrary), then adding (5.3) and (5.11), it leads to the following
inequality

< I+ (A (e(0hF)) e (wh —vn)) g + (B (e(wn)) e (0fF = vn)) o +
(5:29) ¢ (B ((ul* ), e(wh — v'*)) o + Gad( B, tn, v — v3)

+]ad(16n U Zklvwh_v )+]T( )_jT(UN)

— (fmwz —Un)v,

where
= " s))ds, e (v — v,
In—(om ) e ()ds = ))Q+
(5.30)
+ ng tn — 1)) ) (wh — vlt*)
Q
Using (5.6), ((ii) 5.9) and (5.20), we get
"Gt — 8 el ds—ng n— ) e(ul®)
0 Q
noloeti
< / (G (tn — ) ((u (5)) — £(uy))) ds
j=0 "t o)
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8 DGt~ ) (s(uy) — ()
Q
< ck:+cknil Hu] —u;’kHV 1<n<N
j=0

we obtain

n—1
" (’“’fZ) (Il + )
(5.31) a=0

+ < tng (tn — s)e(u(s))ds, e (wﬁ — vn)) ,1<n<N.
0

To continue, using (3.12), we get
(5.32)

(.A (s(vﬁk)) e(wh—vn))gz (.A (6( hk)) A(s(vn)),s(wZ—vn))Q
{ + (A(e(vn)) e (w] —vn)) g

< cllenlly [Jwh = val[y, + (A(e(vn)) e (w

Also, using (3.13), we have
(5.33)
( (B (e(un)) ,e(vi® —vn)) o + (B (e(upty))  e(w)y — v3F)) o =

(B ((un)) = B ((up 1)) e (0l —vn)
+ (B (it 1)) = B(e(un)) e(wlh — va)) o + (B(e(un)) e(wl = vn))
< ¢ffun = wnslly, (fon® = vally + [lon —oally)

+ (B (e(un)) ,e(wh — vn))g ,
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and using (3.25), we obtain

(5.34)
( jad(ﬁnaunyvy};k - ) + jad( jogl 1,uzk 1,’1Uh — Uhk)
= jad(ﬁna Unp, Uzk - 'Un) — Jad( Zkl, Zk 1,V Zk Un)+
jad( lea Zk 1 wZ - Un) - ]ad(ﬁna unvwz - Un)
+jad(6n7unaw2 - Un)
hk hk hk h
¢ <Hﬂn - n—1HL2(r3) + [Jun — un—lHV) (fJon* — "UNHV + || — UnHV)
+jad(6naunawz - Un)-
Denote
(5.35)

T (tnswy) = (A(e(vn)) + B (e(un)) £ (wy — vn))

tn
+ < G(t, —s)e(u(s))ds, e (wﬁ — ”Un)) + Jad(Brs U, W — vy,)
0 Q
+ir(wn) = jr (vn) = (foswy —vn)y, s 1< SN,
and keeping in mind (3.12), (5.18), (5.29), (5.31)—(5.34) and using the inequality

)\2
/\a§4—6+0a2, VO, A\, a €R, 6> 0,

we obtain

2 2
HENHV <c HUO - UOHV +¢|Bn — Bn-1ll72 ;) T CHan—lHL2 (T's)

(5.36) +ellun — tn1lly + ¢|un—1 — ul® Hv+ckZ||e]HV

—l—cHwZ _UHH?/ —l—c’rN (tmwn)} +ck?, 2<n <N,

\

and for n = 1, we have

2 2
(5.37) lexll? < elluo — w3, +ll8o — 8132,

el — o[y +efra (trwl)| + k.
Using (5.36), (5.20)—( 5.21) and (5.27)—(5.28), we obtain

A e Y T S N )
n—1

+ek S [leslZ + e jwh — val[?
j=1

+c|rn (tn, wh)| + ck?, 2 <n < N.
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which, together with (5.28), gives

(leally + llanlZarg) < e 180 = B8 gy + ¢ lluo — Iy

n—1
+eRS, (B) + ek Y Nl + ck?
j=1

e max. (llwh = vally + [ (b wl)]), 2 < n <N,

Thus, using a discrete version of Gronwall’s lemma in the last inequality,
we deduce the following

lealld + llanl 7oy < el8o = B ey + ¢ lluo — uf|fy,
+eR% (8) +

h 2 h 2
0123%XN (Hwn—vnHV—i—‘rN (tn,wn)‘) +ck*,2<n<N
which together with (5.27) and (5.37) implies that there exists a positive con-
stant ¢ such that

h
1f<naX Henuv + 1£na<XN ”a”HL2 (T's) < CHBO o BO HLQ(FB)

(5.38) +c|juo — k]|, + cRy (5)

h hy|1/2
+C1I§I:la§XN (Hwn - vnHV + }TN (tn, wl)]| ) + ck,
where w! € V", 1 < n < N, are arbitrary. Here and below, ¢ is a positive
constant independent of ¢, € (0,T), k, h or of w? and whose value may change
from line to line. The main result of this section is the following.

THEOREM 5.4. Assume that (3.12)-(3.13), (3.15)(3.16), (3.18)-(3.20),
(5.1), (5.9) and (5.14) are fulfilled. Then, we have the error estimate (5.38).

The estimate (5.38) is a basis for deriving error estimates for finite element
solutions, and to that end, we briefly describe how to construct the spaces V"
and B". Details can be found in [8, 21]. In the rest of this paper, we assume
that  is a polygonal /polyhedral domain and its boundary I' is split into three
relatively closed subsets Fl, I'y and I's, with mutually disjoint interiors. For
1 <75 <3, we write I'; f'U I” such that on each I‘;-, the unit outward normal

=1
vector is constant. Let 7" be a regular family of finite element partitions of
) assumed to be compatible with the decomposition of I'. Let h €]0,1] be
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the maximal diameter of the elements. Let V* C V be the finite element
space consisting of continuous piecewise linear functions corresponding to the
partition 7". Denote by 7}’; the partition of I's induced by the triangulation
T". Then the space L? (I'3) is approximated by

(5.39) B = {vh €L*(T3):Afy €R, VS € Tp};} .

Let Pgr : L?(T3) — B" be the orthogonal projection operator. Then
Ppyn satisfies (5.8) and we have the following error estimate

(5.40) Iy = Pl arsy < ch Ml ey » V7 € H' (D).

Let TI" : V — V" be the finite element interpolation operator (see [8]).
Also we use the same symbol II" for the interpolation on I's. Now, for the
initial values, we assume

(5.41) (i) uo € H* (), (ii) o [pge H' (T5), 1< i <,
and take
(5.42) (i) ul = g, (i) BE = Pgnfo.

We assume that the restriction of 3 to T'y satisfies

(5.43) B lri€ Ct([0,T]; H' (T%)), 1< i< is.
Also, we assume
(544) () veC <[0,T] . H? (Q,Rd>> , (i) oveC ([O,T} 2 <F3,Rd>) ,

where
(545) o (t) = A(e(v (1)) + B(e /g (t — ) e(u(s))ds, Vi € 0,7].

We have the following error estimate of the fully discrete solution of Prob-
lem (5.3)—(5.5).

THEOREM 5.5. Assume that the hypothesis of Theorem 5.4 and the as-
sumptions (5.41)—(5.43) are fulfilled. Then:
(1) Under the assumption ((i) 5.44), we have

(5.46) maxleally + max flanz2p, < ¢ (h1/2 + k:)
(2) Under the assumptions ((z) 5.44) and ((ii) 5.44), we have

(
3/4
(5.47) max fleally + max Jlanlpr gc(h/ +k).
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(3) Under the assumptions ((i)5.44), ((ii)5.44) and the following addi-
tional regularity assumption

(5.48) vr i€ C ([0,T];H2 ( g,Rd)> S 1<i<is,
we have the optimal order error estimate
(5.49) | max llenlly +  max lanllp2ry) < c(h+k).

Proof. Using (5.41)—(5.43), (5.4), (5.26) and keeping in mind (5.40), we
have

h h ’
. — — < .
500 o], + ][0 BB+ B (B) < e
From (3.12)-(3.15), (3.18), (5.1)-(5.2), (5.6)~(5.7) and (5.35), we obtain
(5.51) ‘TN (tn,Hhvn> <c Hﬂhvn — vl , 1<n<N.
Vv

Moreover, under the additional regularity condition ((¢) 5.44), (see [8]),
we get

(5.52)

Uy, — Hhvn

S ch HU"”HQ(QJRd) s 1 <n< N,

and choosing w? = T"v, in (5.38), for n = 1,2,..., N, we get (5.46). To
continue, using (5 35) and ((ii) 5.44), we obtain

TN (tn,Hhvn) = (Un,[-: (Hhvn — vn)) + Jad(Brs Un, "y, — Vn)
n) — (fn,H Up — vn)v
= /Fs (on ((Hhvn)T ) +]ad(5n,un,l'[ U — )

—1—]7(1_[ vn) = Jr (Vn),

+]T(H 'Un) —Jr (

which gives

‘T’N (tn,Hhvn)

<o, (1)

Therefore, taking into account (5.50) and (5.52) the estimate (5.38) re-
duces to

rllL2(rs Re)

(5.53)
1/2
1£na<XN lenlly + 1£na<XN Han”LQ(Fs) < ClgﬂxN H n); = ( ) HLz I3,R)
+ch + ck.

Now, since the regularity assumption ((i) 5.44), implies that
vr Ii€ C ([O,T] 3/ (F@,,Rd)) L 1<i<is
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we obtain the following interpolation error estimate (see [8])

659 @), (0" )

i3
< chS/QZ H(Un)THH3/2(F§,Rd) :
i=1

Thus, the estimate (5.47) is now a direct consequence of (5.53) and (5.54).
Finally, under the additional regularity (5.48) condition (5.54), see [8], becomes

T L2(T3,RY)

H(Un)f - (Hh (Un>>

52
L2(I3RY) — Z Ion)zllas (14 ey

which, together with (5.53), gives (5.49). O

Remark 5.6. We notice that, under the same assumptions of Theorem 4.1
and Theorem 5.5, if we take in (3.6)

Dr (/Bu UT) = CTB2RT (UT) 5
and replace condition (3.15) by
¢ € L*(T3), ¢, > 0aex €ly,

where ¢, is material parameter, and define the functional j,4 in (3.24) by
Jad(B,u, w) = / e B2 R: (ur) - wrda, Y(B,u,w) € L®(T'3) x V x V.
I's

Then, Theorem 4.1 and Theorem 5.5 hold true.
Indeed, in this case, the functional j,q satisfies
There exists Lyq > 0 such that
ljaa(B1, u1, w) — Jaa(Ba, uz, w)|
< Laa (181 = Ball gy + e = wally ) 1wl Yuur, ua, w €V,
VB1,B2€ L>®(I'3),0< 81 <1, 0< B2 <1, aexecly,

which implies that Lemma 4.7 is still valid. Moreover, since B" is defined by
(5.39), then the orthogonal projection operator Pgn : L?(I'3) — B" satisfies
(see [21])

IPeryll oo (rg) < 1Vl poo(ryy » ¥y € L7 (T3).
Now, using a discrete version of Gronwall’s lemma in (5.23), we can show

that {HBZkHL“(Fs)}O@gN is uniformly bounded. Consequently, we get

Jad(BIE L ul® L w) = Gad(Bny tn, w)
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hk

<C<H,8n—62’11} un—un_le> lwlly . Yo €V,

a

L2(T3)

which implies that (5.34) is straightforward. Thus, using similar arguments we
can prove that the results in Theorem 4.1 and Theorem 5.5 are still true.

Remark 5.7. We note that if the regularity conditions are different or
the finite element space is changed, then we will have another different error
estimate which can be again derived from (5.38).
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