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In this paper, we study a quasistatic contact problem for viscoelastic materials
with long-term memory. The contact is modelled with a coupled system of a gen-
eral nonlocal friction law and an ordinary di�erential equation which describes
the adhesion e�ect. Under su�cient assumptions, we provide a weak formulation
of the mechanical problem and establish the existence and uniqueness of a weak
solution. The proof is based on arguments of elliptic variational inequalities, a
version of Cauchy-Lipschitz theorem and the Banach �xed point theorem. We
then introduce a fully discrete scheme based on the �nite element method to
the case of Tresca's friction law. The convergence of the scheme is established,
error estimates are derived and under suitable regularity assumptions a linear
convergence result is deduced.
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1. INTRODUCTION

Adhesive contact between bodies appears in many applications of solid
mechanics where parts, usually nonmetallic, are glued together. For this rea-
son, adhesive contact problems have recently received increased attention in
the mathematical literature. An early attempt to study models of contact with
adhesion, based on thermodynamical consideration, was done in [12, 13, 14].
Analysis and numerical simulations of adhesive contact with or without friction
can be found in [4, 5, 9, 18, 20, 25] and references therein. The main new idea
in these papers is the introduction of an internal variable β, the bonding �eld,
de�ned on the contact surface, which has values between zero and one and
which describes the fractional density of active bonds on the contact surface.
When β = 0 all the bonds are severed and there are no active bonds; when
β = 1 all the bonds are active; when 0 < β < 1 partial adhesion takes place.
The unilateral quasistatic contact problem with local friction and adhesion was
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studied in [9]; an existence result, for a friction coe�cient small enough, was
established. In [5] the dynamic frictionless adhesive contact problem, with
normal compliance condition, was modelled and analyzed when the material
is linearly viscoelastic. This paper is a continuation and an extension of [1]
and [25]. There, the constitutive law was assumed to be nonlinear viscoelastic
with short memory. In [1] the bilateral contact problem with a general nonlo-
cal friction law was studied and numerical analysis of the particular problem
with Tresca's friction law was included. In [25], the quasistatic adhesive con-
tact problem with Tresca's friction law was investigated when the rate of the
bonding �eld is assumed to be irreversible. The novelty of the present paper
consists in dealing with a quasistatic viscoelastic problem modeling the adhe-
sive frictional bilateral contact in which the evolution of the adhesion �eld is
described by a general function which may change sign and allows for rebond-
ing after debonding took place. Moreover, the viscoelastic constitutive law is
assumed to be nonlinear with long-term memory and the friction is described
by a nonlocal version of Coulomb's law of dry friction. We derive a variational
formulation of the mechanical problem for which we prove the existence of a
unique weak solution, and obtain regularity results for the solution. The proof
is based on arguments of time-dependent elliptic variational inequalities, a ver-
sion of Cauchy-Lipschitz theorem and the Banach �xed point theorem. We
then propose a fully discrete numerical scheme for the model in the particular
case of Tresca's friction law. We deduce error estimates and under suitable
regularity hypothesis we derive a linear convergence result.

The rest of this paper is organized as follows. In Section 2, we present the
notation and some preliminaries we shall use in our study. Section 3 is dedicated
to describe the mechanical problem and derive its variational formulation. The
main existence and uniqueness theorem is established in Section 4. Finally
in Section 5, we perform numerical analysis of the particular problem with
Tresca's friction law.

2. NOTATION AND PRELIMINARIES

Here we introduce the notation and some preliminaries we shall use later.
Let Ω ⊂ Rd (d=2, 3) be a bounded domain with regular boundary Γ. We
assume that Γ is partitioned into three disjoint measurable parts Γ1, Γ2 and Γ3

such that meas (Γ1) > 0. Here and below Rd = {x = (x1, ..., xd), xi ∈ R,
1 ≤ i ≤ d} . We denote by Sd the space of second order symmetric tensors on
Rd. We de�ne the inner products and the corresponding norms on Rd and Sd by

u · v=
d∑
i=1

uivi, |u| = 2
√
u · u,∀u, v ∈ Rd;
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σ · ξ =
∑

1≤i,j≤d
σijξij , |σ| = 2

√
σ · σ, ∀σ, ξ ∈ Sd.

We introduce the spaces

H = L2(Ω,Rd), Q = L2(Ω,Sd) = {σ = (σij) | σij = σji ∈ L2(Ω)},
H1 = {u ∈ H| ε(u) ∈ Q},
Q1 = {σ ∈ Q| Divσ ∈ H}.

Here and below ε : H1 → Q and Div : Q1 → H are the linearized strain tensor
and the divergence operator, respectively, de�ned by

ε (u) =
1

2

(
∇u+ (∇u)T

)
, ∀u ∈ H1,

Divσ = ((Divσ)i)1≤i≤d , (Divσ)i =
d∑
j=1

∂σij
∂xj

, ∀σ ∈ Q1,

where ∇u is the gradient of u de�ned by

∇u =

(
∂ui
∂xj

)
1≤i,j≤d

,

∂ui
∂xj

represents the partial derivative of the function ui : Ω → R with respect

to the component xj of the spatial variable and (∇u)T is the transpose of the
matrix ∇u. Note that H, Q, H1, Q1 are Hilbert spaces equipped with the
respective canonical inner products

(u, v)H =

∫
Ω
u · vdx, (σ, τ)Q =

∫
Ω
σ · τdx,

(u, v)H1 = (u, v)H + (ε(u), ε(v))Q, (σ, τ)Q1 = (Divσ,Divτ)H + (σ, τ)Q,

where the associated norms are denoted by ‖.‖H , ‖.‖H1
, ‖.‖Q , ‖.‖Q1

.

Let HΓ = H1/2(Γ;Rd) and let γ̃ : H1 → HΓ be the trace map. For every
element v ∈ H1 we also use the notation v to denote the trace γ̃(v) of v on Γ and
for all v ∈ H1 we denote by vν and vτ the normal and tangential components
of v on the boundary Γ:

vν = v · ν, vτ = v − vνν on Γ.

Here and below ν represents the unit outward normal vector to Γ. In a
similar manner, the normal and tangential components of a regular (say C1)
tensor �eld σ are de�ned by

σν = σν · ν, στ = σν − σνν on Γ.
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Moreover, the following Green's formula holds:

(2.1) (Divσ, v)H + (σ, ε(v))Q =

∫
Γ
σν · vda, ∀ v ∈ H1,

where da is the surface measure element. Let V be the closed subspace of H1

de�ned by
V = {v ∈ H1, v= 0 on Γ1, vν= 0 on Γ3}.

Since meas (Γ1) > 0, the following Korn's inequality holds:

(2.2) CK ‖v‖H1
≤ ‖ε (v) ‖Q, ∀v ∈ V ,

where CK is a positive constant depending only on Ω and Γ1. A proof of Korn's
inequality can be found, for instance, in [17, page 79]. Over the space V , we
consider the inner product given by

(2.3) (u, v)V =(ε(u), ε(v))Q, ∀u, v ∈ V,

and let ‖.‖V be the associated norm. It follows from Korn's inequality (2.2)
that ‖.‖H1

and ‖.‖V are equivalent norms on V . Therefore (V, (., .)V ) is a real
Hilbert space. Moreover, by the Sobolev's trace theorem, there exists a positive
constant c0 depending only on the domain Ω, Γ1 and Γ3 such that

(2.4) ‖v‖L2(Γ3;Rd) ≤ c0‖v‖V , ∀v ∈ V .

Also, we will use the space of fourth-order tensor �elds,

Q∞ = {E = (Eijkl) | Eijkl = Ejikl = Eklij ; Eijkl ∈ L∞(Ω),

∀i, j, k, l ∈ {1, ..., d}} ,

which is a real Banach space with the norm,

(2.5) ‖E‖Q∞ = max
1≤i,j,k,l≤d

‖Eijkl‖L∞(Ω) .

Finally, for every real Banach space (X, ‖.‖X) and T > 0, we denote
by C([0, T ];X) and C1([0, T ];X) the spaces of continuous and continuously
di�erentiable functions from [0, T ] to X and we use the standard notation for
the spaces Lp(0, T ;X) and W k,p(0, T ;X), p ∈ [1,∞] and k > 1.

3. PROBLEM STATEMENT. ASSUMPTIONS.

VARIATIONAL FORMULATION

The physical setting is as follows. A deformable body occupies the ref-
erence con�guration Ω ⊂ Rd=2,3 which is a bounded domain with Lipschitz
boundary Γ. The body is assumed to have a viscoelastic law with long-term
memory and the process is quasistatic in the time interval of interest [0, T ]. We
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assume that Γ is partitioned into three disjoint measurable parts Γ1, Γ2 and
Γ3 such that meas(Γ1) > 0. The body is clamped on Γ1 and therefore the
displacement �eld vanishes there, while volume forces of density f0 act in Ω
and surface tractions of density f2 act on Γ2. The contact is supposed to be
bilateral, adhesive and governed by a general nonlocal friction law. To simplify
the notation, we do not indicate explicitly the dependence of various functions
on the spatial variable x ∈ Ω ∪ Γ. Under the above assumptions, the classical
formulation of our problem is the following.

Problem 3.1. Find a displacement �eld u : Ω × [0, T ] → Rd, a stress �eld
σ : Ω× [0, T ]→ Sd and a bonding �eld β : Γ3 × [0, T ]→ R such that

σ (t) = Aε(u̇ (t)) + Bε(u (t)) +

∫ t

0
G (t− s) ε(u (s))ds, in Ω× (0, T ),(3.1)

Divσ + f0 = 0, in Ω× (0, T ),(3.2)

u = 0, on Γ1 × (0, T ),(3.3)

σν = f2, on Γ2 × (0, T ),(3.4)

uν = 0, on Γ3 × (0, T ),(3.5) 

|στ + pτ (β, uτ )| 6 p (|Rσν |) ,

|στ + pτ (β, uτ )| < p (|Rσν |)⇒ u̇τ = 0,

|στ + pτ (β, uτ )| = p (|Rσν |)⇒ ∃λ ≥ 0 such that:

στ + pτ (β, uτ ) = −λu̇τ

on Γ3 × (0, T ),(3.6)

β̇ = Had (β, |Rτ (uτ )|) , on Γ3 × (0, T ),(3.7)

β(0) = β0, on Γ3, u(0) = u0, in Ω,(3.8)

Equation (3.1) represents the viscoelastic constitutive law in which ε de-
notes the linearized strain tensor, A is the viscosity operator, B is the elasticity
operator, G denotes the tensor of relaxation. Here and below the dot above a
variable denotes its �rst derivative with respect to the time variable. We note
that for G = 0 the constitutive law (3.1) reduces to the well-known Kelvin-Voigt
viscoelastic constitutive law

σ = Aε(u̇) + Bε(u), in Ω× (0, T ).

Equation (3.2) represents the equilibrium equation. Equations (3.3)�(3.4)
are the displacement-traction boundary conditions where ν stands for the unit
outward normal vector to Γ and σν represents the Cauchy stress vector. Condi-
tions (3.5)�(3.6) represent the bilateral contact with nonlocal version of Coulomb's



482 Abderrezak Kasri and Arezki Touzaline 6

law in which adhesion is taken into account. Here p is a nonnegative function,
R : H−1/2 (Γ3) → L2 (Γ3), represents a normal regularization operator, i.e. a
linear continuous operator and satis�es

(3.9) ‖Rζν‖L2(Γ3) ≤ LR ‖ζ‖Q1
, ∀ζ ∈ Q1

with LR > 0. The introduction of the nonlocal smoothing operator R is used
for technical reasons, since the trace of the stress tensor on the boundary is too
rough (see, e.g., [11]). In the case where p is a constant function, (3.6) becomes
the well known Tresca's friction law. In [10, 19], the friction bound was used
with

p (|Rσν |) = µ |Rσν |

where µ is the coe�cient of friction. From thermodynamic consideration, a
modi�ed version for Coulomb's law of friction was obtained in [22, 23]. It
consists of using the friction bound function

p(|Rσν |) = (|Rσν | (1− κ |Rσν |))+

where κ is a small positive coe�cient and [r]+ =max{r, 0}. In (3.6), pτ is a
general prescribed function. In particular, we may consider the case

pτ (β, v) =


qτ (β) v if 0 ≤ |v| ≤ L,

qτ (β)L
v

|v|
if |v| > L,

where L > 0 is a limit bound constant (see, e.g., [18]), and qτ is nonnegative
tangential sti�ness function. Equation (3.7) represents the evolution of the
bonding �eld described by a general function Had may change sign. This con-
dition means that rebonding may take place after debonding. Here and below
Rτ : Rd → Rd is a truncation operator de�ned by

(3.10) Rτ (v) =


v if 0 ≤ |v| ≤ L,

L
v

|v|
if |v| > L,

The introduction of the operator Rτ is motivated by the mathematical
arguments where L > 0 is a characteristic length of the bond, beyond which
there is no any additional traction (see, e.g., [18]). Clearly, Rτ satis�es

(3.11)

{
|Rτ (v)| ≤ L, ∀v ∈ Rn,

|(|Rτ (w)| − |Rτ (v)|)| 6 |w − v| , ∀w, v ∈ Rn.

An example for the evolution rate function Had is

Had (β, r) = −
(
cτβr

2 − εa
)

+
, on Γ3 × (0, T ),
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where cτ , εa are given positive material parameters and since β̇ ≤ 0, the process
is irreversible, once debonding occurs bonding cannot be reestablished (see, e.g.,
[4, 20, 25]). Finally, (3.8) are the initial conditions.

In the study of the mechanical Problem (3.1)�(3.8) we consider the fol-
lowing assumptions. We assume that the viscosity operator A : Ω × Sd → Sd
satis�es

(3.12)



(i) There exists mA > 0 such that

(A (x, ε1)−A (x, ε2)) · (ε1 − ε2) > mA |ε1 − ε2|2 ,
∀ε1, ε2 ∈ Sd, a.e. x ∈ Ω;

(ii) There exists LA > 0 such that
|A (x, ε1)−A (x, ε2)| 6 LA |ε1 − ε2| ,
∀ε1, ε2 ∈ Sd, a.e. x ∈ Ω;

(iii) The mapping x 7→ A (x, ε) is Lebesgue measurable on Ω
for any ε ∈ Sd;

(iv) The mapping x 7→ A (x, 0Sd) belongs to Q.

We assume that the elasticity operator B : Ω× Sd → Sd satis�es

(3.13)



(i) There exists LB > 0 such that
|B (x, ε1)− B (x, ε2)| 6 LB |ε1 − ε2| ,
∀ε1, ε2 ∈ Sd, a.e. x ∈ Ω;

(ii) The mapping x 7→ B (x, ε) is Lebesgue measurable on Ω
for any ε ∈ Sd;

(iii) The mapping x 7→ B (x, 0Sd) belongs to Q.

The operator G satis�es

(3.14) G ∈ L∞(0, T ;Q∞).

We assume that the tangential contact function pτ : Γ3 × R× Rd→ Rd
satis�es

(3.15)



(i) There exists Lτ > 0 such that
|pτ (x, β1, r1)− pτ (x, β2, r2)| 6 Lτ (|β1 − β2|+ |r1 − r2|) ,
∀β1, β2 ∈ R, ∀r1, r2 ∈ Rd, a.e. x ∈ Γ3 ;

(ii) r · ν (x) = 0 =⇒ pτ (x, β, r) · ν (x) = 0,
∀β ∈ R, ∀r ∈ Rd, a.e. x ∈ Γ3 ;

(iii) The mapping x 7→ pτ (x, β, r) is Lebesgue measurable on Γ3

for any β ∈ R, ∀r ∈ Rd;

(iv ) The mapping x 7→ pτ (x, 0R, 0Rd) belongs to L2(Γ3, Rd).
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The adhesion rate function Had : Γ3 × R× [0, L]→ R satis�es
(3.16)

(i) There exists LHad > 0 such that
|Had (x, β1, r)−Had (x, β2, r)| 6 LHad |β1 − β2| ,
∀β1, β2 ∈ R, ∀r ∈ [0, L] , a.e. x ∈ Γ3 ;

(ii) |Had (x, β1, r1)−Had (x, β2, r2)| 6 LHad (|β1 − β2|+ |r1 − r2|) ,
∀β1, β2 ∈ [0, 1] , ∀r1, r2 ∈ [0, L] , a.e. x ∈ Γ3 ;

(iii) The mapping x 7→ Had (x, β, r) is Lebesgue measurable on Γ3 ,
∀β ∈ R, ∀r ∈ [0, L] ;

(iv) The mapping (β, r) 7→ Had (x, β, r) is continuous on R× [0, L] ,
a.e x ∈ Γ3 ;

(v) Had (x, 0, r) = 0, ∀r ∈ [0, L] , a.e. x ∈ Γ3 ;

(vi) Had (x, β, r) > 0, ∀β 6 0, ∀r ∈ [0, L] , a.e. x ∈ Γ3 and
Had (x, β, r) 6 0, ∀β > 1, ∀r ∈ [0, L] , a.e x ∈ Γ3 .

We also assume that the friction bound function p : Γ3 ×R→ R+ satis�es:

(3.17)



(i) There exists Lp > 0 such that
|p (x, r1)− p (x, r2)| 6 Lp |r1 − r2| ,
∀r1, r2 ∈ R , a.e. x ∈ Γ3 ;

(ii) The mapping x 7→ p (x, r) is Lebesgue measurable on Γ3

for any r ∈ R;

(iii) The mapping x 7→ p (x, 0) belongs to L2(Γ3).

The densities of forces satisfy

(3.18) (i) f0 ∈ C([0, T ] ;H), (ii) f2 ∈ C([0, T ] ;L2(Γ2,Rd)).
Finally, we assume that the initial data satisfy

β0 ∈ L∞(Γ3), 0 6 β0 6 1, a.e. x ∈ Γ3.(3.19)

u0 ∈ V,(3.20)

Now, using (3.18), we �nd that the function f : [0, T ]→ V de�ned by

(3.21) (f(t), w)V =

∫
Ω
f0(t) · wdx+

∫
Γ2

f2(t) · wda, ∀w ∈ V, ∀t ∈ [0, T ] ,

has the regulariy

(3.22) f ∈ C([0, T ] ;V ).

In the sequel, we use the functionals jτ : Q1 × V −→ R , jad : L2(Γ3) ×
V × V −→ R de�ned by

(3.23) jτ (ζ, w) =

∫
Γ3

p (|Rζν |) |wτ | da, ∀(ζ, w) ∈ Q1 × V.
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(3.24) jad(β, v, w) =

∫
Γ3

pτ (β, vτ ) · wτda, ∀(β, v, w) ∈ L2(Γ3)× V × V.

Thanks to (2.4) and (3.15), the functional jad satis�es

(3.25)



There exists Lad > 0 such that

|jad(β1, u1, w)− jad(β2, u2, w)|

6 Lad
(
‖β1 − β2‖L2(Γ3) + ‖u1 − u2‖V

)
‖w‖V , ∀u1, u2, w ∈ V,

∀β1, β2 ∈ L2 (Γ3) .

Also, using (2.4), (3.9) and (3.17), we have

(3.26)

{
jτ (ζ1,v2)− jτ (ζ1,v1) + jτ (ζ2,v1)− jτ (ζ2,v2)

≤ LpLRc0 ‖ζ1 − ζ2‖Q1
× ‖v1 − v2‖V , ∀ζ1, ζ2 ∈ Q1, ∀v1, v2 ∈ V.

Now, assume u, σ and β are smooth functions satisfying Problem (3.1)�
(3.8) and use Green's formula (2.1) to obtain the following variational formu-
lation for this mechanical problem.

Problem 3.2. Find a displacement �eld u : [0, T ] → V , a stress �eld σ :
[0, T ]→ Q1 and a bonding �eld β : [0, T ]→ L∞ (Γ3) such that

σ (t) = A (ε(u̇ (t))) + B (ε(u(t))) +

∫ t

0
G (t− s) ε(u (s))ds,(3.27) 

(σ (t) , ε (w − u̇(t)))Q + jad(β(t), u(t), w − u̇(t))

+jτ (σ (t) , w)− jτ (σ (t) , u̇(t)) ≥ (f(t), w − u̇(t))V ,

for all w ∈ V , for a.e. t ∈ (0, T ),

(3.28)

u(0) = u0,(3.29)

β̇ (t) = Had (β(t), |Rτ (uτ (t))|) , for a.e. t ∈ (0, T ),(3.30)

β(0) = β0.(3.31)

4. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

Our main existence and uniqueness result in this section is the following.

Theorem 4.1. Assume that (3.12)�(3.20) are ful�lled. Then, there exists

L0 > 0 such that for Lp < L0, Problem (3.27)�(3.31) has a unique solution

{u, σ, β}. Moreover, the solution satis�es

(i) u ∈ C1 ([0, T ] ;V ) , (ii) σ ∈ C1 ([0, T ] ;Q1) .(4.1)

β ∈ C1 ([0, T ] ;L∞(Γ3)) , 0 6 β (t) 6 1, a.e. x ∈ Γ3, ∀t ∈ [0, T ] .(4.2)



486 Abderrezak Kasri and Arezki Touzaline 10

The proof of Theorem 4.1 will be carried out in several steps.
First step. Consider the following problem.

Problem 4.2. Let η ∈ C([0, T ] ;V ), �nd a function βη : [0, T ] → L∞(Γ3),
such that

β̇η(t) = Had (βη(t), |Rτ (ητ (t))|) , for a.e. t ∈ (0, T ),(4.3)

βη(0) = β0.(4.4)

Lemma 4.3. Assume that (3.16) and (3.19) are ful�lled. Then, for each

η ∈ C([0, T ] ;V ), Problem (4.3)�(4.4) has a unique solution βη which satis�es

(4.5)

{
(i) βη ∈ C1([0, T ] ;L∞(Γ3)),

(ii) 0 ≤ βη(t) ≤ 1, ∀ t ∈ [0, T ] , for a.e. x ∈ Γ3.

Moreover, there exists a constant c > 0 such that for all η1, η2 ∈ C([0, T ] ;V ),

(4.6) ‖βη1(t)− βη2(t)‖L2(Γ3) ≤ c
∫ t

0
‖η1(s)− η2(s)‖V ds, ∀ t ∈ [0, T ] .

Proof. Let η ∈ C([0, T ] ;V ), consider the following operator Ψ : [0, T ] ×
L∞(Γ3)→ L∞(Γ3), such that

(4.7) Ψ(t, β) = Had (β, |Rτ (ητ (t))|) , ∀ t ∈ [0, T ].

Let β1, β2 ∈ L∞(Γ3). From (4.7) and (3.16), we obtain

|Ψ(t, β1)−Ψ(t, β2)| ≤ |Had (β1, |Rτ (ητ (t))|)−Had (β2, |Rτ (ητ (t))|)|
≤ LHad |β1 − β2|, ∀ t ∈ [0, T ],

which implies that

‖Ψ(t, β1)−Ψ(t, β2)‖L∞(Γ3) ≤ LHad ‖β1 − β2‖L∞(Γ3) , ∀ t ∈ [0, T ].

Hence Ψ is Lipschitz continuous with respect to the second argument, uni-
formly in time. Moreover, the mapping t→ Ψ(t, β) belongs to L∞(0, T ;L∞(Γ3)),
∀β ∈ L∞(Γ3). Thus, using a version of Cauchy-Lipschitz theorem (see e.g.,
[24, page 60]), we obtain the existence of a unique solution βη ∈ W 1,∞(0, T ;
L∞(Γ3)) to system (4.3)�(4.4) and keeping in mind (3.16), (4.3) and using
the fact that βη ∈ C([0, T ] ;L∞(Γ3)), η ∈ C([0, T ] ;V ) we get βη ∈ C1([0, T ] ;
L∞(Γ3)). Now, from (4.3)�(4.4), (3.16), (3.19) and using arguments similar to
those used in [5, Proposition 4.1], we deduce ((ii) 4.5). To continue, let βηk be
two solutions for η = ηk ∈ C([0, T ] ;V ), k = 1, 2 and let s ∈ [0, T ]. It follows
from (4.3)�(4.4), (3.16) and (3.11) that
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‖βη1(t)− βη2(t)‖L2(Γ3) ≤ c
∫ t

0
‖βη1(s)− βη2(s)‖L2(Γ3)ds

+ c

∫ t

0
‖η1(s)− η2(s)‖L2(Γ3,Rd)ds.

Using Gronwall's lemma in the last inequality and keeping in mind (2.4)
we obtain (4.6). �

Here and in the rest of this Section, the same letter c will be used to
denote di�erent positive constants independent of t ∈ (0, T ), and whose values
may change from place to place.

Second step. To continue, for each η ∈ C([0, T ] ;V ), let βη be the unique
solution of Problem (4.3)�(4.4) and let fη : [0, T ]→ V be the function de�ned
by
(4.8) (fη(t), w)V = (f(t), w)V −

(
B (ε(η (t))) +

∫ t

0
G (t− s) ε(η (s))ds, ε (w)

)
Q

−jad(βη(t), η(t), w), ∀t ∈ [0, T ] , ∀ w ∈ V ,

which satis�es

(4.9) fη ∈ C([0, T ] ;V ).

We consider the following problem.

Problem 4.4 (Pηζ). Let (η,ζ) ∈ C ([0, T ] ;V )×C ([0, T ] ;Q1). Find a func-
tion vηζ ∈ C ([0, T ] ;V ) such that

(4.10)


(A (ε(vηζ (t)) , ε (w − vηζ (t)))Q+

+jτ (ζ (t) , w)− jτ (ζ (t) ,vηζ (t)) ≥ (fη (t) , w − vηζ (t))V ,

for all w ∈ V , ∀t ∈ [0, T ] .

We have the following existence and uniqueness result for Problem Pηζ .

Lemma 4.5. Assume that (3.12)�(3.19) are ful�lled. Then, for each (η, ζ)∈
C ([0, T ] ;V )×C ([0, T ] ;Q1), Problem Pηζ has a unique solution vηζ , which sat-

is�es

(4.11) vηζ ∈ C ([0, T ] ;V ) .

Proof. Let A : V → V be the operator de�ned by

(Aw, z)V = (A (ε(w)) , ε (z))Q , ∀ w, z ∈ V .

It follows from assumption (3.12) that A is a strongly monotone and
Lipschitz continuous operator. On the other hand the functional jτ (ζ (t) , .) :
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V → R is a continuous semi-norm on V , ∀t ∈ [0, T ]. Then by a classical
argument of elliptic variational inequalities (see e.g., [3]), we deduce that Pηζ
has a unique solution, vηζ satis�es (4.11). �

Third step. For each (η, ζ) ∈ C ([0, T ] ;V )× C ([0, T ] ;Q1), let vηζ be the
unique solution of Problem (4.10), let σηζ : [0, T ]→ Q be the function de�ned
by

(4.12) σηζ (t)=A (ε(vηζ (t)) + B (ε(η (t))) +

∫ t

0
G (t−s) ε(η (s))ds, ∀t ∈ [0, T ] ,

and choose w = vηζ (t)± ϕ where ϕ ∈ [D (Ω)]d in (4.10), we deduce that

(4.13) Divσηζ (t) = −f0 (t) in Ω, ∀t ∈ [0, T ] .

Therefore, using (3.12)�(3.14), ((i) 3.18) and (4.11)�(4.13) we obtain

(4.14) σηζ ∈ C ([0, T ] ;Q1)

Now, for each η ∈ C ([0, T ] ;V ) , let Λη : C ([0, T ] ;Q1)→ C ([0, T ] ;Q1) be
the operator de�ned by

(4.15) Ληζ= σηζ , ∀ ζ ∈ C ([0, T ] ;Q1) .

We have the following result.

Lemma 4.6. The operator Λη has a unique �xed point ζ∗η ∈ C ([0, T ] ;Q1).

Proof. Let η ∈ C ([0, T ] ;V ) , let ζ1, ζ2 ∈ C ([0, T ] ;Q1), let t ∈ [0, T ], then
by (4.10) and (3.12), we get

mA ‖vηζ1(t)− vηζ2(t)‖2V ≤ jτ (ζ1(t),vηζ2(t))− jτ (ζ1(t),vηζ1(t))

+ jτ (ζ2(t),vηζ1(t))− jτ (ζ2(t),vηζ2(t)) ,

and keeping in mind (3.26), we �nd

‖vηζ1(t)− vηζ2(t)‖V 6
LpLRc0

mA
‖ζ1(t)− ζ2(t)‖Q1

.

Now, using (4.15), (4.12)�(4.13) and (3.12), we obtain

‖Ληζ1(t)− Ληζ2(t)‖Q1
= ‖σηζ1(t)− σηζ2(t)‖Q1

= ‖σηζ1(t)− σηζ2(t)‖Q
6 LA ‖vηζ1(t)− vηζ2(t)‖V .

Therefore, we �nd that

‖Ληζ1(t)− Ληζ2(t)‖Q1
6
LpLALRc0

mA
‖ζ1(t)− ζ2(t)‖Q1

, ∀ t ∈ [0, T ] .
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This inequality implies that for Lp < L0 =
mA

LALRc0
, Λη has a unique �xed

point ζ∗η ∈ C ([0, T ] ;Q1). �

Fourth step. For each η ∈ C ([0, T ] ;V ), let σηζ∗η = ζ∗η be the �xed point
of Λη, we denote by vη = vηζ∗η the unique solution of Problem (4.10) and by βη
the unique solution of Problem (4.3)-(4.4). Also, keeping in mind (3.20), and
let Λ : C ([0, T ] ;V )→ C ([0, T ] ;V ) be the operator de�ned by

(4.16) Λη (t) =

∫ t

0
vη (s) ds+ u0, ∀ η ∈ C ([0, T ] ;V ) , ∀ t ∈ [0, T ] .

We have the following result.

Lemma 4.7. The operator Λ has a unique �xed point η∗ ∈ C ([0, T ] ;V ).

Proof. Let η1, η2 ∈ C ([0, T ] ;V ) , let t ∈ (0, T ), let s ∈ (0, t), we denote
by σi = σηiζ∗ηi

= ζ∗ηi , vi = vηi , βi = βηi for i=1, 2, then by (4.12)�(4.13), we get

‖σ1(s)− σ2(s)‖Q1
= ‖σ1(s)− σ2(s)‖Q
6 LA ‖v1(s)− v2(s)‖V + LB ‖η1(s)− η2(s)‖V

+c

∫ s

0
‖η1(r)− η2(r)‖V dr.(4.17)

On the other hand, using (4.10) and (4.8), one has

(A (ε(v1(s)))−A (ε(v2(s))) , ε (v1(s)− v2(s)))Q

6 jτ (σ1 (s) ,v2(s))− jτ (σ1 (s) ,v1 (s)) + jτ (σ2 (s) ,v1 (s))− jτ (σ2 (s) ,v2 (s))

+jad(β2(s), η2(s), v1(s)− v2(s))− jad(β1(s), η1(s), v1(s)− v2(s))

+ (B (ε(η2 (s)))− B (ε(η1 (s))) , ε (v1(s)− v2(s)))Q+

+

(∫ s

0
G (s− r) ε(η2 (r)− η1 (r))dr, ε (v1(s)− v2(s))

)
Q
,

which, together with (3.12)�(3.14) and (3.25)�(3.26), gives

mA ‖v1(s)− v2(s)‖2V
6 LpLRc0 ‖σ1(s)− σ2(s)‖Q1

‖v1(s)− v2(s)‖V +

+c
(
‖β1(s)− β2(s)‖L2(Γ3) + ‖η1(s)− η2(s)‖V

)
‖v1(s)− v2(s)‖V

+LB ‖η1(s)− η2(s)‖V ‖v1(s)− v2(s)‖V

+c

∫ s

0
‖η1(r)− η2(r)‖V dr × ‖v1(s)− v2(s)‖V ,
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and using (4.17), we obtain
mA ‖v1(s)− v2(s)‖V 6 c ‖β1(s)− β2(s)‖L2(Γ3) + c ‖η1(s)− η2(s)‖V

+c

∫ s

0
‖η1(r)− η2(r)‖V dr + LALpLRc0 ‖v1(s)− v2(s)‖V .

Therefore, if Lp < L0 =
mA

LALRc0
, and keeping in mind (4.6), we deduce

that

‖v1(s)− v2(s)‖V 6 c ‖η1(s)− η2(s)‖V + c

∫ s

0
‖η1(r)− η2(r)‖V dr,

which gives

‖v1(s)− v2(s)‖2V 6 c ‖η1(s)− η2(s)‖2V + c

∫ s

0
‖η1(r)− η2(r)‖2V dr,

integrating both sides of the previous inequality on (0, t), we get∫ t

0
‖v1(s)− v2(s)‖2V ds 6 c

∫ t

0
‖η1(s)− η2(s)‖2V ds,

which, together with (4.16), implies that

‖Λη1(t)− Λη2(t)‖2V 6 c
∫ t

0
‖η1(s)− η2(s)‖2V ds.

Reiterating the last inequality n times, we infer that

‖Λnη1 − Λnη2‖2C([0,T ];V ) 6
(cT )n

n!
‖η1 − η2‖2C([0,T ];V ) ,

which implies that, for n su�ciently large, a power Λn of Λ is a contraction
in the Banach space C ([0, T ] ;V ). Therefore, we deduce that Λ has a unique
�xed point η∗ ∈ C ([0, T ] ;V ). �

Now, we have all the ingredients to prove Theorem 4.1. Let η∗ be the
�xed point of Λ de�ned by (4.16), let βη∗ be the unique solution of Problem
(4.3)�(4.4) for η = η∗ and let ση∗ = ση∗ζ∗

η∗
be the function de�ned by (4.12),

where ζ∗η∗ is the �xed point of Λη∗ de�ned by (4.15). Also, keeping in mind
(3.20) and let uη∗ : [0, T ]→ V be the displacement �eld de�ned by

(4.18) uη∗ (t) = η∗ (t) =

∫ t

0
vη∗ (s) ds+ u0, ∀ t ∈ [0, T ] ,

where vη∗ = vη∗ζ∗
η∗
is the unique solution of Problem (4.10) for (η, ζ) =

(
η∗, ζ∗η∗

)
.

Therefore, if Lp < L0 =
mA

LALRc0
, we conclude by (4.3)�(4.4), (4.10), (4.12) and

(4.18) that {uη∗ , ση∗ , βη∗} is a solution of Problem (3.27)�(3.31), and keeping in
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mind (4.11), (4.14) and (4.5), it follows that {uη∗ , ση∗ , βη∗} has the regularity
(4.1)�(4.2). The uniqueness of the solution is a consequence of the uniqueness
of the �xed point of the operator Λη, the uniqueness of the �xed point of the
operator Λ and of the uniqueness of the solution of Problem (4.3)�(4.4) and
Problem (4.10).

5. NUMERICAL APPROXIMATION

In this section, we assume that the conditions (3.12)�(3.16) and (3.18)�
(3.20) are satis�ed and we suppose that the friction bound function p satis�es
for all r ∈ R,

(5.1) p (., r) = g ∈ L∞(Γ3), such that g > 0 a.e on Γ3.

Here g represents the friction bound, i.e. the magnitude of the frictional
force at which slip begins. In this case, (3.6) becomes the well known Tresca's
friction law in which adhesion is taken into account. In the sequel, we use the
notation jτ to denote the functional jτ : V −→ R de�ned by

(5.2) jτ (w) =

∫
Γ3

g |wτ | da, ∀w ∈ V.

Eliminating the stress �eld from (3.27)�(3.31), we obtain the following
variational formulation of the Problem (3.1)�(3.8) in terms of displacement
and adhesion �elds only.

Problem 5.1. Find a displacement �eld u : [0, T ]→ V and a bonding �eld
β : [0, T ]→ L∞ (Γ3) such that

(5.3)


(A (ε(u̇ (t))) + B (ε(u(t))) , ε (w − u̇(t)))Q

+

(∫ t

0
G (t− s) ε(u (s))ds, ε (w − u̇(t))

)
Q

+ jad(β(t), u(t), w − u̇(t))

+jτ (w)− jτ (u̇(t)) ≥ (f(t), w − u̇(t))V , for all w ∈ V , ∀ t ∈ [0, T ] ,

β̇ (t) = Had (β(t), |Rτ (uτ (t))|) , ∀t ∈ [0, T ] ,(5.4)

(i) u(0) = u0, (ii) β(0) = β0.(5.5)

Clearly, in the view of Theorem 4.1, we have the following result.

Corollary 5.2. Assume that (3.12)�(3.16), (3.18)�(3.20) and (5.1) are

ful�lled. Then Problem (5.3)�(5.5) has a unique solution {u, β} which satis�es

u ∈ C1 ([0, T ] ;V ) .(5.6)

β ∈ C1 ([0, T ] ;L∞(Γ3)) , 0 6 β (t) 6 1, a.e.x ∈ Γ3, ∀t ∈ [0, T ] .(5.7)
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In the sequel, we consider a fully discrete approximation scheme for Prob-
lem (5.3)�(5.5). To this end, we introduce two �nite-dimensional spaces V h ⊂
V and Bh ⊂ L2 (Γ3), approximating the spaces V and L2 (Γ3), respectively.
Here h > 0 is a discretization parameter. Let PBh : L2 (Γ3) → Bh be the
orthogonal projection operator de�ned by:(

PBhγ, γh
)
L2(Γ3)

=
(
γ, γh

)
L2(Γ3)

, ∀
(
γ, γh

)
∈ L2 (Γ3)×Bh,

which satis�es

(5.8) ‖PBhγ‖L2(Γ3) ≤ ‖γ‖L2(Γ3) , ∀γ ∈ L
2 (Γ3) .

Let N ∈ N∗, let k =
T

N
be the stepsize of a uniform partition of the time

interval [0, T ], denoted by 0 = t0 < t1 < ... < tN = T , tn = nk, 1 6 n 6 N .
For a continuous function w ∈ C([0, T ] ;X) with values in a normed space
X, we use the notation wn = w(tn), and for a sequence {wn}Nn=0, we denote

δwn =
wn − wn−1

k
, 1 6 n 6 N . Next, we make the following additional

regularities

(5.9) (i) u ∈W 2,1 (0, T ;V ) , (ii) G ∈W 1,∞(0, T ;Q∞).

Now, a fully discrete scheme for Problem (5.3)�(5.5) is the following.

Problem 5.3 (P hkV ). Find a displacement �eld uhk =
{
uhkn
}N
n=0
⊂ V h, a

velocity �eld vhk =
{
vhkn
}N
n=1
⊂ V h and an adhesion �eld βhk =

{
βhkn
}N
n=0
⊂

Bh with

(5.10) (i) uhk0 = uh0 , (ii) βhk0 = βh0 .

such that for all n = 1, 2, ..., N,

(5.11)



(
A
(
ε(vhkn )

)
, ε
(
wh − vhkn

))
Q +

(
B
(
ε(uhkn−1)

)
, ε(wh − vhkn )

)
Q

+

k n−1∑
j=0

G (tn − tj) ε(uhkj ), ε
(
wh − vhkn

)
+jad(β

hk
n−1, u

hk
n−1, w

h − vhkn ) + jτ (wh)− jτ
(
vhkn
)

≥
(
fn, w

h − vhkn
)
V
, for all wh ∈ V h,

(5.12) δβhkn = PBhHad

(
βhkn−1,

∣∣∣Rτ ((uhkn−1

)
τ

)∣∣∣) , on Γ3,

(5.13) uhkn = uh0 + k

n∑
j=1

vhkj .
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Here, uh0 and βh0 are suitable approximations of the initial values u0 and
β0, respectively. We assume that

(5.14) (i) uh0 ∈ V h, (ii) βh0 ∈ Bh.

Under the conditions (3.12)�(3.13), (3.15)�(3.16), (3.18), (5.1), ((ii) 5.9)
and (5.14), using classical results on variational inequalities, it is easy to verify
that Problem P hkV has a unique solution. We turn now to estimate the numerical
errors

(5.15) (i) an = βn − βhkn , (ii) en = vn − vhkn , 1 6 n 6 N.

In the rest of this paper, we denote by

(5.16) v = u̇,

then, we get

(5.17) u (t) =

∫ t

0
v (s) ds+ u0, ∀t ∈ [0, T ] .

Now, using (5.13), (5.17), ((ii) 5.15) and ((i) 5.9), we obtain

∥∥un − uhkn ∥∥V ≤ ∥∥u0 − uh0
∥∥
V

+ k
n∑
j=1

∥∥∥vj − vhkj ∥∥∥
V

+

∥∥∥∥∥∥
∫ tn

0
v (s) ds− k

n∑
j=1

vj

∥∥∥∥∥∥
V

≤
∥∥u0 − uh0

∥∥
V

+ k

n∑
j=1

‖ej‖V + ck ‖v̇‖L1(0,T ;V ) ,

which gives

(5.18)
∥∥∥un − uhkn ∥∥∥

V
≤
∥∥∥u0 − uh0

∥∥∥
V

+ k

n∑
j=1

‖ej‖V + ck, 1 6 n 6 N.

Denote

(5.19) H1,n =

∫ tn

0
Had (β (s) , |Rτ ((uτ (s)))|) ds− k

n−1∑
j=0

Had

(
βj ,
∣∣Rτ ((uj)τ)∣∣) .

Using (5.6) , we obtain

(5.20) ‖u (s)− uj−1‖V ≤ k ‖v‖C([0,T ];V ) , ∀s ∈ [tj−1, tj ] , 1 6 j 6 N.

Also, using (5.7), we get

(5.21) ‖β (s)− βj−1‖L2(Γ3) ≤ k
∥∥∥β̇∥∥∥

C([0,T ];L2(Γ3))
, ∀s ∈ [tj−1, tj ] , 1 6 j 6 N.
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From (5.19), (3.16) and (2.4), it is easy to see that

‖H1,n‖L2(Γ3) ≤ c

n−1∑
j=0

∫ tj+1

tj

‖β (s)− βj‖L2(Γ3) ds +c

n−1∑
j=0

∫ tj+1

tj

‖u (s)− uj‖V ds,

which, together with (5.20)�(5.21), gives

(5.22) ‖H1,n‖L2(Γ3) ≤ ck, 1 6 n 6 N.

On the other hand, using (5.12), we obtain

(5.23) βhkn = βh0 + k
n−1∑
j=0

PBhHad

(
βhkj ,

∣∣∣Rτ ((uhkj )
τ

)∣∣∣) ,
and keeping in mind (5.4) and ((ii) 5.5), we get

βn − βhkn = β0 +

∫ tn

0
Had (β (s) , |Rτ ((uτ (s)))|) ds− βh0

− k
n−1∑
j=0

PBhHad

(
βhkj ,

∣∣∣Rτ ((uhkj )
τ

)∣∣∣) ,
which gives

(5.24) βn−βhkn = β0−βh0 +H1,n+H2,n+k
n−1∑
j=0

(I − PBh)Had

(
βj ,
∣∣Rτ ((uj)τ)∣∣) ,

where

H2,n = k

n−1∑
j=0

[
PBhHad

(
βj ,
∣∣Rτ ((uj)τ)∣∣)− PBhHad

(
βhkj ,

∣∣∣Rτ ((uhkj )
τ

)∣∣∣)] .
Taking into account (5.8), (5.22), (5.24) and (3.16), one has∥∥∥βn − βhkn ∥∥∥

L2(Γ3)
≤

∥∥∥β0 − βh0
∥∥∥
L2(Γ3)

+ ck

n−1∑
j=0

∥∥∥βj − βhkj ∥∥∥
L2(Γ3)

+ck

n−1∑
j=0

∥∥∥uj − uhkj ∥∥∥
V

+RN

(
β̇
)

+ ck,(5.25)

where

(5.26) RN

(
β̇
)

= k

N∑
j=0

∥∥(I − PBh)Had

(
βj ,
∣∣Rτ ((uj)τ)∣∣)∥∥L2(Γ3)

.

Thus, we have

(5.27) ‖a1‖L2(Γ3) ≤ c
∥∥∥β0 − βh0

∥∥∥
L2(Γ3)

+ c
∥∥∥u0 − uh0

∥∥∥
V

+RN

(
β̇
)

+ ck.
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Moreover, keeping in mind (5.18) and using a discrete version of Gron-
wall's lemma in (5.25) we get

(5.28)


‖an‖L2(Γ3) ≤ c

∥∥β0 − βh0
∥∥
L2(Γ3)

+ c
∥∥u0 − uh0

∥∥
V

+ck
n−1∑
j=1

‖ej‖V + cRN

(
β̇
)

+ ck, 2 6 n 6 N.

Now, let us consider the variational inequality (5.3) at time t = tn with
w = vhkn and the variational inequality (5.11) with wh = whn, (whn ∈ V h,
1 ≤ n ≤ N , are arbitrary), then adding (5.3) and (5.11), it leads to the following
inequality

(5.29)



(
A (ε(vn))−A

(
ε(vhkn )

)
, ε
(
vn − vhkn

))
Q

≤ In +
(
A
(
ε(vhkn )

)
, ε
(
whn − vn

))
Q +

(
B (ε(un)) , ε(vhkn − vn)

)
Q+(

B
(
ε(uhkn−1)

)
, ε(whn − vhkn )

)
Q + jad(βn, un, v

hk
n − vn)

+jad(β
hk
n−1, u

hk
n−1, w

h
n − vhkn ) + jτ (whn)− jτ (vn)

−
(
fn, w

h
n − vn

)
V
,

where

(5.30)


In =

(∫ tn

0
G (tn − s) ε(u (s))ds, ε

(
vhkn − vn

))
Q

+

+

k n−1∑
j=0

G (tn − tj) ε(uhkj ), ε
(
whn − vhkn

)
Q

.

Using (5.6) , ((ii) 5.9) and (5.20), we get∥∥∥∥∥∥
∫ tn

0
G (tn − s) ε(u (s))ds− k

n−1∑
j=0

G (tn − tj) ε(uhkj )

∥∥∥∥∥∥
Q

≤

∥∥∥∥∥∥
n−1∑
j=0

∫ tj+1

tj

(G (tn − s) (ε(u (s))− ε(uj))) ds

∥∥∥∥∥∥
Q

+

∥∥∥∥∥∥
n−1∑
j=0

∫ tj+1

tj

(G (tn − s)− G (tn − tj)) ε(uj)ds

∥∥∥∥∥∥
Q
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+

∥∥∥∥∥∥k
n−1∑
j=0

G (tn − tj)
(
ε(uj)− ε(uhkj )

)∥∥∥∥∥∥
Q

≤ ck + ck
n−1∑
j=0

∥∥∥uj − uhkj ∥∥∥
V
, 1 6 n 6 N,

and writing

In =

∫ tn

0
G (tn − s) ε(u (s))ds− k

n−1∑
j=0

G (tn − tj) ε(uhkj ), ε
(
vhkn − vn

)
Q

+

∫ tn

0
G (tn − s) ε(u (s))ds− k

n−1∑
j=0

G (tn − tj) ε(uhkj ), ε
(
vn − whn

)
Q

+

(∫ tn

0
G (tn − s) ε(u (s))ds, ε

(
whn − vn

))
Q
,

we obtain

(5.31)


In ≤

ck + ck
n−1∑
j=0

∥∥∥uj − uhkj ∥∥∥
V

(∥∥vhkn − vn∥∥V +
∥∥whn − vn∥∥V )

+

(∫ tn

0
G (tn − s) ε(u (s))ds, ε

(
whn − vn

))
, 1 6 n 6 N.

To continue, using (3.12), we get
(5.32)

(
A
(
ε(vhkn )

)
, ε
(
whn − vn

))
Q =

(
A
(
ε(vhkn )

)
−A (ε(vn)) , ε

(
whn − vn

))
Q

+
(
A (ε(vn)) , ε

(
whn − vn

))
Q

≤ c ‖en‖V
∥∥whn − vn∥∥V +

(
A (ε(vn)) , ε

(
whn − vn

))
Q .

Also, using (3.13), we have
(5.33)

(
B (ε(un)) , ε(vhkn − vn)

)
Q +

(
B
(
ε(uhkn−1)

)
, ε(whn − vhkn )

)
Q =(

B (ε(un))− B
(
ε(uhkn−1)

)
, ε(vhkn − vn)

)
Q

+
(
B
(
ε(uhkn−1)

)
− B (ε(un)) , ε(whn − vn)

)
Q +

(
B (ε(un)) , ε(whn − vn)

)
Q

≤ c
∥∥un − uhkn−1

∥∥
V

(∥∥vhkn − vn∥∥V +
∥∥whn − vn∥∥V )

+
(
B (ε(un)) , ε(whn − vn)

)
Q ,
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and using (3.25), we obtain
(5.34)

jad(βn, un, v
hk
n − vn) + jad(β

hk
n−1, u

hk
n−1, w

h
n − vhkn )

= jad(βn, un, v
hk
n − vn)− jad(βhkn−1, u

hk
n−1, v

hk
n − vn)+

jad(β
hk
n−1, u

hk
n−1, w

h
n − vn)− jad(βn, un, whn − vn)

+jad(βn, un, w
h
n − vn)

≤ c
(∥∥βn − βhkn−1

∥∥
L2(Γ3)

+
∥∥un − uhkn−1

∥∥
V

) (∥∥vhkn − vn∥∥V +
∥∥whn − vn∥∥V )

+jad(βn, un, w
h
n − vn).

Denote
(5.35)

rN
(
tn, w

h
n

)
=
(
A (ε(vn)) + B (ε(un)) , ε

(
whn − vn

))
Q

+

(∫ tn

0
G (tn − s) ε(u (s))ds, ε

(
whn − vn

))
Q

+ jad(βn, un, w
h
n − vn)

+jτ (whn)− jτ (vn)−
(
fn, w

h
n − vn

)
V
, 1 6 n 6 N,

and keeping in mind (3.12), (5.18), (5.29), (5.31)�(5.34) and using the inequality

λα ≤ λ2

4θ
+ θα2, ∀θ, λ, α ∈ R, θ > 0,

we obtain

(5.36)



‖en‖2V ≤ c
∥∥u0 − uh0

∥∥2

V
+ c ‖βn − βn−1‖2L2(Γ3) + c ‖an−1‖2L2(Γ3)

+c ‖un − un−1‖2V + c
∥∥un−1 − uhkn−1

∥∥2

V
+ ck

n−1∑
j=1

‖ej‖2V

+c
∥∥whn − vn∥∥2

V
+ c

∣∣rN (tn, whn)∣∣+ ck2, 2 6 n 6 N,

and for n = 1, we have

(5.37)

 ‖e1‖2V ≤ c
∥∥u0 − uh0

∥∥2

V
+ c

∥∥β0 − βh0
∥∥2

L2(Γ3)

+c
∥∥wh1 − v1

∥∥2

V
+ c

∣∣rN (t1, wh1)∣∣+ ck2.

Using (5.36), (5.20)�( 5.21) and (5.27)�(5.28), we obtain

‖en‖2V ≤ c
∥∥u0 − uh0

∥∥2

V
+ c

∥∥β0 − βh0
∥∥2

L2(Γ3)
+ cR2

N

(
β̇
)

+ck
n−1∑
j=1

‖ej‖2V + c
∥∥whn − vn∥∥2

V

+c
∣∣rN (tn, whn)∣∣+ ck2, 2 6 n 6 N.
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which, together with (5.28), gives

‖en‖2V + ‖an‖2L2(Γ3) ≤ c
∥∥β0 − βh0

∥∥2

L2(Γ3)
+ c

∥∥u0 − uh0
∥∥2

V

+cR2
N

(
β̇
)

+ ck

n−1∑
j=1

‖ej‖2V + ck2

+c max
1≤n≤N

(∥∥whn − vn∥∥2

V
+
∣∣rN (tn, whn)∣∣) , 2 6 n 6 N.

Thus, using a discrete version of Gronwall's lemma in the last inequality,
we deduce the following

‖en‖2V + ‖an‖2L2(Γ3) ≤ c
∥∥β0 − βh0

∥∥2

L2(Γ3)
+ c

∥∥u0 − uh0
∥∥2

V

+cR2
N

(
β̇
)

+

c max
1≤n≤N

(∥∥whn − vn∥∥2

V
+
∣∣rN (tn, whn)∣∣)+ ck2, 2 6 n 6 N

which together with (5.27) and (5.37) implies that there exists a positive con-
stant c such that

(5.38)



max
1≤n≤N

‖en‖V + max
1≤n≤N

‖an‖L2(Γ3) ≤ c
∥∥β0 − βh0

∥∥
L2(Γ3)

+c
∥∥u0 − uh0

∥∥
V

+ cRN

(
β̇
)

+c max
1≤n≤N

(∥∥whn − vn∥∥V +
∣∣rN (tn, whn)∣∣1/2)+ ck,

where whn ∈ V h, 1 ≤ n ≤ N , are arbitrary. Here and below, c is a positive
constant independent of tn ∈ (0, T ) , k, h or of whn and whose value may change
from line to line. The main result of this section is the following.

Theorem 5.4. Assume that (3.12)�(3.13), (3.15)�(3.16), (3.18)�(3.20),
(5.1), (5.9) and (5.14) are ful�lled. Then, we have the error estimate (5.38).

The estimate (5.38) is a basis for deriving error estimates for �nite element
solutions, and to that end, we brie�y describe how to construct the spaces V h

and Bh. Details can be found in [8, 21]. In the rest of this paper, we assume
that Ω is a polygonal/polyhedral domain and its boundary Γ is split into three
relatively closed subsets Γ1, Γ2 and Γ3, with mutually disjoint interiors. For

1 ≤ j ≤ 3, we write Γj =
ij
∪
i=1

Γij such that on each Γij , the unit outward normal

vector is constant. Let T h be a regular family of �nite element partitions of
Ω̄ assumed to be compatible with the decomposition of Γ. Let h ∈]0, 1[ be
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the maximal diameter of the elements. Let V h ⊂ V be the �nite element
space consisting of continuous piecewise linear functions corresponding to the
partition T h. Denote by T hΓ3

the partition of Γ3 induced by the triangulation

T h. Then the space L2 (Γ3) is approximated by

(5.39) Bh =
{
γh ∈ L2 (Γ3) : γh|Σ ∈ R, ∀Σ ∈ T hΓ3

}
.

Let PBh : L2 (Γ3) → Bh be the orthogonal projection operator. Then
PBh satis�es (5.8) and we have the following error estimate

(5.40) ‖γ − PBhγ‖L2(Γ3) ≤ ch ‖γ‖H1(Γ3) , ∀γ ∈ H
1 (Γ3) .

Let Πh : V → V h be the �nite element interpolation operator (see [8]).
Also we use the same symbol Πh for the interpolation on Γ3. Now, for the
initial values, we assume

(5.41) (i) u0 ∈ H2 (Ω) , (ii) β0 |Γi3∈ H
1
(
Γi3
)
, 1 6 i 6 i3,

and take

(5.42) (i) uh0 = Πhu0, (ii) βh0 = PBhβ0.

We assume that the restriction of β to Γi3 satis�es

(5.43) β |Γi3∈ C
1
(
[0, T ] ;H1

(
Γi3
))
, 1 6 i 6 i3.

Also, we assume

(5.44) (i) v ∈ C
(

[0, T ] ;H2
(

Ω,Rd
))

, (ii) σν ∈ C
(

[0, T ] ;L2
(

Γ3,Rd
))

,

where

(5.45) σ (t) = A (ε(v (t))) + B (ε(u(t))) +

∫ t

0
G (t− s) ε(u (s))ds, ∀t ∈ [0, T ] .

We have the following error estimate of the fully discrete solution of Prob-
lem (5.3)�(5.5).

Theorem 5.5. Assume that the hypothesis of Theorem 5.4 and the as-

sumptions (5.41)�(5.43) are ful�lled. Then:

(1) Under the assumption ((i) 5.44), we have

(5.46) max
1≤n≤N

‖en‖V + max
1≤n≤N

‖an‖L2(Γ3) ≤ c
(
h1/2 + k

)
.

(2) Under the assumptions ((i) 5.44) and ((ii) 5.44), we have

(5.47) max
1≤n≤N

‖en‖V + max
1≤n≤N

‖an‖L2(Γ3) ≤ c
(
h3/4 + k

)
.
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(3) Under the assumptions ((i) 5.44), ((ii) 5.44) and the following addi-

tional regularity assumption

(5.48) vτ |Γi3∈ C
(

[0, T ] ;H2
(

Γi3,Rd
))

, 1 ≤ i ≤ i3,

we have the optimal order error estimate

(5.49) max
1≤n≤N

‖en‖V + max
1≤n≤N

‖an‖L2(Γ3) ≤ c (h+ k) .

Proof. Using (5.41)�(5.43), (5.4), (5.26) and keeping in mind (5.40), we
have

(5.50)
∥∥∥u0 − uh0

∥∥∥
V

+
∥∥∥β0 − βh0

∥∥∥
L2(Γ3)

+RN

(
β̇
)
≤ ch.

From (3.12)�(3.15), (3.18), (5.1)�(5.2), (5.6)�(5.7) and (5.35), we obtain

(5.51)
∣∣∣rN (tn,Πhvn

)∣∣∣ ≤ c∥∥∥Πhvn − vn
∥∥∥
V
, 1 ≤ n ≤ N.

Moreover, under the additional regularity condition ((i) 5.44), (see [8]),
we get

(5.52)
∥∥∥vn −Πhvn

∥∥∥
V
≤ ch ‖vn‖H2(Ω,Rd) , 1 ≤ n ≤ N,

and choosing whn = Πhvn in (5.38), for n = 1, 2, ..., N , we get (5.46). To
continue, using (5.35) and ((ii) 5.44), we obtain

rN

(
tn,Π

hvn

)
=

(
σn, ε

(
Πhvn − vn

))
Q

+ jad(βn, un,Π
hvn − vn)

+jτ (Πhvn)− jτ (vn)−
(
fn,Π

hvn − vn
)
V

=

∫
Γ3

(σn)τ ·
((

Πhvn

)
τ
− (vn)τ

)
+ jad(βn, un,Π

hvn − vn)

+jτ (Πhvn)− jτ (vn) ,

which gives ∣∣∣rN (tn,Πhvn

)∣∣∣ ≤ c∥∥∥(vn)τ −
(

Πhvn

)
τ

∥∥∥
L2(Γ3,Rd)

.

Therefore, taking into account (5.50) and (5.52) the estimate (5.38) re-
duces to
(5.53) max

1≤n≤N
‖en‖V + max

1≤n≤N
‖an‖L2(Γ3) ≤ c max

1≤n≤N

∥∥(vn)τ −
(
Πhvn

)
τ

∥∥1/2

L2(Γ3,Rd)

+ch+ ck.

Now, since the regularity assumption ((i) 5.44), implies that

vτ |Γi3∈ C
(

[0, T ] ;H3/2
(

Γi3,Rd
))

, 1 ≤ i ≤ i3,
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we obtain the following interpolation error estimate (see [8])

(5.54)
∥∥∥(vn)τ −

(
Πh (vn)

)
τ

∥∥∥
L2(Γ3,Rd)

≤ ch3/2
i3∑
i=1

‖(vn)τ‖H3/2(Γi3,Rd)
.

Thus, the estimate (5.47) is now a direct consequence of (5.53) and (5.54).
Finally, under the additional regularity (5.48) condition (5.54), see [8], becomes∥∥∥(vn)τ −

(
Πh (vn)

)
τ

∥∥∥
L2(Γ3,Rd)

≤ ch2
i3∑
i=1

‖(vn)τ‖H2(Γi3,Rd)
,

which, together with (5.53), gives (5.49). �

Remark 5.6. We notice that, under the same assumptions of Theorem 4.1
and Theorem 5.5, if we take in (3.6)

pτ (β, uτ ) = cτβ
2Rτ (uτ ) ,

and replace condition (3.15) by

cτ ∈ L∞(Γ3), cτ ≥ 0 a.e x ∈ Γ3,

where cτ is material parameter, and de�ne the functional jad in (3.24) by

jad(β, u, w) =

∫
Γ3

cτβ
2Rτ (uτ ) · wτda, ∀(β, u, w) ∈ L∞(Γ3)× V × V.

Then, Theorem 4.1 and Theorem 5.5 hold true.

Indeed, in this case, the functional jad satis�es

There exists Lad > 0 such that

|jad(β1, u1, w)− jad(β2, u2, w)|

6 Lad
(
‖β1 − β2‖L2(Γ3) + ‖u1 − u2‖V

)
‖w‖V , ∀u1, u2, w ∈ V,

∀β1, β2 ∈ L∞ (Γ3) , 0 6 β1 6 1, 0 6 β2 6 1, a.e.x ∈ Γ3 ,

which implies that Lemma 4.7 is still valid. Moreover, since Bh is de�ned by
(5.39), then the orthogonal projection operator PBh : L2 (Γ3) → Bh satis�es
(see [21])

‖PBhγ‖L∞(Γ3) ≤ ‖γ‖L∞(Γ3) , ∀γ ∈ L
∞ (Γ3) .

Now, using a discrete version of Gronwall's lemma in (5.23), we can show

that
{∥∥βhkn ∥∥L∞(Γ3)

}
06n6N

is uniformly bounded. Consequently, we get∣∣∣jad(βhkn−1, u
hk
n−1, w)− jad(βn, un, w)

∣∣∣
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6 c

(∥∥∥βn − βhkn−1

∥∥∥
L2(Γ3)

+
∥∥∥un − uhkn−1

∥∥∥
V

)
‖w‖V , ∀w ∈ V,

which implies that (5.34) is straightforward. Thus, using similar arguments we
can prove that the results in Theorem 4.1 and Theorem 5.5 are still true.

Remark 5.7. We note that if the regularity conditions are di�erent or
the �nite element space is changed, then we will have another di�erent error
estimate which can be again derived from (5.38).
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