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In this paper, we are constructing integer lattice squares, cubes or hypercubes in
R™ with n € {2,3,4}. We find a complete description of their Ehrhart polyno-
mial. We characterize all the integer squares in R?, in terms of two Pythagorean
quadruple representations of the form a? + b* + ¢ = d2, and then prove a pa-
rametrization in terms of two quaternions of all such squares. We introduce the
sequence of almost perfect squares in dimension n. In dimension two, this is very
close to the sequence A194154 (in OEIS).
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1. INTRODUCTION

Eugene Ehrhart [9,10] proved that given a d-dimensional compact simpli-
cial complex in R™ (1 < d < n), denoted here generically by P, whose vertices
are in the lattice Z", there exists a polynomial L(P,t) € Q[t] of degree d,
associated with P, satisfying

L(P,t) = the cardinality of {tP} NZ", t € N.

It is very interesting that one can say more about three of the coefficients
of L(P,t):

(1) L(P,) = Vol(P)i + SVol(OP)" + .+ x(P),

where Vol(P) is the usual volume of P normalized with respect to the sublattice
containing P, Vol(OP) is the surface area of P normalized with respect to the
sublattice on each face of P and x(P) is the Euler characteristic of P (in the
sense of polytopal complexes, so for a convex polytope it is equal to one). In
general, the other coefficients in (1) may have complicated expressions in terms
of the vertices of P.
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It is also known that the number of points in the interior of ¢tP is given
by (—=1)?L(P, —t). For a polytope that is a cross product of two polytopes, the
Ehrhart polynomial is the product of the corresponding smaller degree Ehrhart
polynomials. In this article, we are studying this polynomial for lattice squares,
cubes, and hypercubes in R™. Such objects have been constructed and counted
in several works (see [13,15,20,25]).

2. SQUARES
2.1. Squares in two dimensions

How general can a lattice square in two dimensions look like? We may
assume that one of the vertices is at the origin. Then the other vertices, in
counterclockwise order, are given by A(a,b), B(a—b,a+b) and C(—b, a) where
a and b are integers, not both zero, and such that ged(a,b) = 1. Using the
facts mentioned in the Introduction, the polynomial in (1) is simply En(t) =
(a? + b*)t% + 2t + 1 and of course, Eq(t) = (a®> +0*)t2 =2t +1,t €N.

|

/
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Fig. 1 — Square with ¢ = 5 and b = 2.

In Figure 1, we see the 28 points inside of the square OABC, with A(5,2),
B(3,8) and C(—2,5). One interesting problem here is to determine the sequence
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of possible lattice points in the interior of such a square. The first hundred terms
of this sequence, listed in increasing order, are included in the table below:

0 1 4 5 9 12 13 16 17 24 25 28 33 36 37 40 41 49 52 57
60 61 64 65 72 73 81 84 85 88 96 97 | 100 | 101 | 105 [ 108 | 112 | 113 | 116 | 121
124 | 129 | 133 | 136 | 144 | 145 | 148 | 153 | 156 | 161 | 168 | 169 | 172 | 177 | 180 | 181 | 184 | 192 | 193 | 196
197 | 201 | 204 | 209 | 217 | 220 | 221 | 225 | 228 | 229 | 232 | 240 | 241 | 249 | 256 | 257 | 264 | 265 | 268 | 273
276 | 280 | 288 | 289 | 292 | 293 | 297 | 301 | 304 | 305 | 312 | 313 | 316 | 324 | 325 | 328 | 336 | 337 | 345 | 348

Let us call this sequence the almost perfect squares sequence. In Figure 2,
we see some of the squares that show that the above numbers are indeed in
the sequence. As a curiosity, 2015 is not in this sequence but 2016 is. This
sequence is very close to A194154 in the OEIS (On-Line Encyclopedia of Integer
Sequences), but 20 is the first term that is not in our sequence.

Fig. 2 — Various squares.

Let us give a reformulation of the exact form of the Ehrhart polyno-
mial above in conjunction with the reciprocity property (about interior points),
which can by shown independently using Pick’s Theorem.

PROPOSITION 2.1. Given a, b with ged(a,b) =1 and t € N, then

#{(x,y) € Z*: ax + by, ay — bz € [1,t(a® 4+ b?) — 1]} = (a® + bH)t? — 2t + 1.

Proof. Counting the points inside the square OABC, with O(0,0), A(a,b),
B(a —b,a+b) and C(—b,a), is equivalent to count the solutions (z,y) of the
system (x,y) = a(ta,tb) + B(—tb,ta) with o, € (0,1). Since a = (z,y) -
(a,b)/t(a® +b%) = % and 8 = (x,y) - (=b,a)/t(a® + b?) = % we see
that the constraints on « and f is equivalent to ax + by, ay — bx € [1,t(a® +
b%) —1]. Hence, the result follows from the Ehrhart polynomial expression. [J
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So, every term of the sequence of almost perfect squares is the answer to
a counting as in Proposition 2.1, which in particular gives the justification of
one of our earlier claims:

#{(x,y) € Z* : 442 + 9y, 44y — 9z € [1,2016]} = 2016.

2.2. Squares in three dimensions

In R3, we can obtain a lattice square by taking two orthogonal vectors
with integer coordinates of the same length: u = (a,b,¢), v = (a/,¥, ) such
that a®> + 02 +c® = a? + b2 + % = £ and ad’ + bV’ + ¢ = 0. In [13], two
such vectors are called twin vectors. The number of such twin vectors having
a given length is calculated in [13]. In [20], this concept is generalized to m
dimensions and called m-icube (a set of m vectors in Z™, mutually orthogonal
and of the same length). Since we are interested in generalizing these ideas to
any dimension, we are going to use this terminology also.

Although it does not make much of a difference it is natural to assume that
the square is irreducible, i.e., ged(a, b, c,a’, b/, ') = 1. If we set d = ged(a, b, ¢),
d = ged(d',V, ) and D = ged(bd =V ¢, ad’ —d'c, ab’ —b'a), we have the following
more general formula, than in two dimensions, for the Fn(t).

THEOREM 2.2. The Ehrhart polynomial of a lattice square embedded into
R3, described above and with the notation introduced is given by

(2) Ea(t) = D 4 (d+d)t + 1.

Proof. The fundamental domain of the lattice containing the triangle has
a volume equal to \/n? + n3 + n3 where = [n1,n2,n3] is a vector normal
to the plane containing the triangle and such that ged(ni, ng,n3) = 1 (see [1]
and [19]). Such a vector is given clearly by the cross-product of w and v:
n=4uxv= 72 —bc,—(ac —d'c),abl — Va). Let us observe that because
of Lagrange’s Identity ¢2 = (a® + b% + c)(a/?> + ? + %) = (aa’ + bV’ + cc)? +
(b —b/'c)?+ (ac’ — a'c)? + (ab’ — V'a)?, we conclude that |n| = 5. Hence, we see
that the first coefficient of the Ehrhart polynomial is \/Z2 /(%) = D. Similar
argument goes for the second coefficient. [

Standard Examples. Let us analyze some examples which are not xy, xz
or yz-plane examples. First, let us take u = (3,—3,0) and v = (1,1, 4); observe
that |u|? = |[v|? = 18 and u - v = 0. In this case n = 6(—2,—2,1), and the
equation of the plane is 22 + 2y — z = 0 and Eq(t) = 6t> 4+ 4t + 1. We know
that En(—1) = 3 represents the number of lattice points in the interior of
the square. We notice that 3 (and Fn(—2) = 17) was not an almost perfect
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number. Hence we may want to generalize that sequence to almost perfect
squares in dimension n.

What is interesting is that in the plane 2z 4+ 2y — z = 0 we have another
square: u© = (2,—1,2) and 7 = (—1,2,2). Also, the square above can be
written in terms of this one basically like in two dimensions: v = @ — v and
v = U+ ©. For this square, n = 3(—2,—2, 1) and so the Ehrhart polynomial is
Bz (t) = 3t2 + 2t + 1. We see that Bz 7 (—1) = 2 which is yet new for the
almost perfect square sequence compared with dimension two.

If we take the twin vectors u = (6,—2,3) and v = (—2,3,6) we get
n = 7(—3,—6,2) and so the Ehrhart polynomial is F(t) = Tt? + 2t + 1. There
seem to be very few numbers that are not perfect squares in 3D: 7, 14, 23,...

For an example of an irreducible square, for which d and d’ in Theorem 2.2
are both greater than one, we refer to u = 5(8,12,9) and v = 17(0, —3,4). Its
polynomial is E(t) = (5t + 1)(17t + 1).

How does one construct such squares in R3? We observed in the proof
of Theorem 2.2 that every such square is contained in a plane whose normal
n = (n1,ng,ng) satisfies

(3) ? =n? +nd+nl.

A solution of this type of Diophantine equation is usually referred in the
literature as a Pythagorean quadruple. For the number of primitive solutions of
(3) in terms of ¢, we refer the reader to a recent paper of Werner Hiirlimann [15]
but also [4]. There are at least two other terms used for these quadruples of
integers: cuboids [15] and Lorenz quadruples (see [14]). We include in the next
tables all primitive solutions for odd values ¢ € {1, 3,..19}:

/ [a,b,c], ged(a,b,c) =1, ¢ even l [a,b,c], ged(a,b,c) =1, ¢ even
1 [1,0,0] 11 [9, 2, 6], [7, 6, 6]

3 [1,2,2] 13 [5, 12, 0], [3, 4, 12|

5 [3,4,0] |15 [5, 14, 2], [11, 2, 10]

7 [3,6,2] 17 [15, 0, 8], [1, 12, 12], [9, 12, §]
9 1, 4, 8], [7, 4, 4] 19 [1, 6, 18], [17, 6, 6], [15, 6, 10]

So, having a Pythagorean quadruple, how can we construct a related twin
set of vectors? We include a partial answer to this question at this point, but
we will include the complete solution later in this paper.

THEOREM 2.3. Suppose that v’ = (a,b,c) satisfies nia + nab + nzc = 0,
where n3 + n3 +n3 = (> with all variables involved being integers. Then there
exist v = (a, b, ) such that ¢u’' and v define a lattice square in the plane of
normal n = (n1,n2,n3).
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Proof. We define v to be the cross-product of v’ and n. Clearly v is per-
pendicular to n and so it is in the right plane. Since v’ and n are perpendicular,
v = [/[|n| = €| O

It is natural to look for the “smallest” square in the plane nia+nqb+nzc =
0. This leads us to the shortest vector problem (SVP), i.e., finding a non-zero
vector in a lattice of minimum norm. An interesting problem, at this point, is
to characterize all the values ¢ so that /¢ appears as side-lengths for an lattice
embedded square in R™, m > 2. If we denote this set by £, from the two
dimensions construction, we see that £ is invariant under multiplication with
numbers which are sums of two squares. For m = 3, it is also clear all the
numbers of the form 4%(8s — 1) are not in £, since these are not representable
as sums of three squares (Legendre’s three-square theorem). Also, 3, 11 or 19
(see the sequence A223732 in OEIS) are not in L, since they have only one
representation as sum of three squares and these representations contain only
odd numbers. Hence the sum aa’ + bb’ + cc’ is also odd and so, it cannot be
zero. We will describe the set £ at the end of the subsection. We will see that
in R* and beyond, £ = N.

We have the following parametrization for those squares whose side-lengths
are natural numbers of the form 22 + y? + 2% + ¢ (see [18] and [25]):

(4) w:= (2ty + 22z, 2tz — 2yx, t2 — 2% — y® + 2%), v = (22y — 2tu,

22 —t2 4 2% — %, 22 + 2yx),
having normal vector n = (—a2 + 2 — y? + 22, —2(tx + 2y), 2(ty — 27)), |n| =
2?2 +y% + 22 + t2. Next, we show that, as in [18] and [25], the following similar

parametrization for the solutions of (3) takes place. The proof is essentially the
same as in [25] but we include it for the convenience of the reader.

THEOREM 2.4 ([25]). Every primitive solution of (3), after a permutation
of variables and change of signs, is given by ny = 2(zy — tx), ne = 2(tz + yx)
and ny = 22 —t2 + 22 — %, and { = 2% +y? + 22 +t2 for some integers x, y, 2
and t.

Proof. As usual, a primitive solution of (3) is one for which ged(n1, ne, ng)
= 1. We must have ¢ odd since otherwise ged(ni,n2,n3) > 2. In this case, one
of the n; must be odd and the other two even. Without loss of generality, let
us assume that ny and ng are even. Then, we have

(0 —n3)(L +n3) =n? +ni.
We know that £+ n3 = 2a and ¢ — n3 = 2 are both even, and then the above
equality becomes

af = (n1/2) + (n2/2)? = A% + B% = (A + Bi)(A — Bi),
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where A = n;/2 and B = ny/2. A Gaussian prime of the form p = 4k + 3
which divides a8, must divide both A and B. So, it cannot divide both a and
B because it then divides £ = (o + §)/2 and ng = (a — §)/2, which implies
that ged(ny, no,ng) > p. Hence, @ and 8 are both sums of two squares. If we
let ged(A + iB,a) = t + iy and ged(A +iB,5) = x + iz. Let us make the
observation that these equalities are defined up to a unit, i.e., £1 or +i.
Since « is real, t — iy divides a and so a = (2 + y?)o’. But every prime
factor of «, appears as a factor of either A+ Bi or A— Bi. Taking into account
the multiplicities we see that « divides t?> 442 and so o/ = 1. Similarly, we have
B =x%+ 2%, Also, t + iy divides A+ iB and also x + iz divides A+ iB. Hence
A+iB = (t+iy)(x+iz)k and from here A%+ B2 = (2 +y?) (2% + 2?)|k|? which
together with what we have shown earlier forces |k| = 1. So, by changing =
and y we can assume that k = 1. Hence we have A = tx — zy and B = zy +tz.
Thenf=a+B8=a?>+y?+22+t2andnz=a—pB=t>+y> —2?2 - 22 [

Theorem 2.4 allows us to characterize £. The result is not new, as we
found recently, it is contained in [13]. We include a proof of it, based on our
development of the ideas.

THEOREM 2.5. The set of all £ so that \/? is the side-lengths for an em-
bedded square in 73 is the set of positive integers which are sums of two squares.

Proof. In one direction, ¢.e., £ contains the set of all positive integers
which are sums of two squares, we can observe that the lengths for squares in
two dimensions are of the form va2 + b%. For the other direction, if we start
with an arbitrary square, S, in Z?, let us suppose the side is v/£. As in the proof
of Theorem 2.3, this square is contained in a plane of normal n = (n1, n2,n3),
with n? + n3 + n3 = (2. By Theorem 2.4, we can find z, y, 2z and ¢, such
that ny = 2zy — 2tx, ng = 2tz + 2yx and n3 = 22 — t? + 22 — y%. Then the
parametrization (4) gives a square in the same plane as S, whose sides are /.
We can then write the vector of this square in the basis given by two of the
vectors in §: w = au + PBv for some o and 5 € Q. Then, taking norms we
get 2 = a®0 4 B%0 so £ = a® + B2. This shows that £ = A% + B2 for some A,
Bez. 0O

Theorem 2.3 and Theorem 2.5 imply the next consequence which one can
also prove elementary.

COROLLARY 2.6. Given a point P = (x,y,2) € Z3 in the plane of equation
iz + ney + ngz = 0 with n? + n% + ng = (2 for some £ € N, then the number
22+ y? + 2% is actually a sum of two squares.
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2.3. Squares in R*

Perhaps, one of the simplest ways to construct squares in Z* is to take two
squares in two dimensions and “add” them together, each on its own dimensions.
In other words, the two vectors u and v that define the square, as we have seen
before, are of the form u = (a,b,¢,d) and v = (—=b,a, —d,c). We have clearly
u-v =0 and |[ul|®> = ||[v||*> = a® + b? + ¢® + d>. This simple example allows
us to answer the question about the possible side-lengths of such squares. By
Lagrange’s Four Square Theorem, we see that every natural number is a possible
side-length of a square. Are these squares the most general situation that one
can expect? We observe that w and v are essentially the first two rows of the
following pseudo-orthogonal matriz (every two rows are mutually orthogonal
and have the same norm):

a b c d
-b a d -—c

Qaped = —c —d a b
—-d ¢ —b

It is not difficult to see that the product of matrices like these (OTO = tI)
is of the same form. This allows one to define a certain multiplication on vectors
in R* which is exactly the quaternion multiplication that we will be using latter.

Ezxample 1. Let us compute the Ehrhart polynomial for a particular case
like this which gives a new value for its sides. We have u = (2,1,1,1) and
v = (—1,2,—1,1). Using the same idea as in the three dimensions we are
computing two normal vectors that define the orthogonal space of the plane
generated by u and v. For a generic point P = (z,y,2,t) € R*, the two
equations, computed with the help of the cross-product in the three dimensions,
are

3r —y—5z=0and 2y + 2z — 3t =0.

We observe that both u and v satisfy these equations. Since these two equations
can be solved for y and ¢, we can find two integer vectors which generate the
lattice Z* intersected with the plane defined by u and v: y = 32 — 5z and
t = 2z — 3z which gives the two vectors a = (1,3,0,2) and g = (0,-5,1,-3).
We know then that these two vectors form a fundamental domain, so we need
to compute the area of the parallelogram generated by these two vectors: A =
||| 8] sin(y) where cosy = a - 3/|a||8] = —3/+/10. This gives A = 7 and so,
the Ehrhart polynomial is

Eot)=t*+2t4+1=(t+1)>
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For a set of vectors S in R* we denote as usual by S+ the set of all vectors
x € R* perpendicular to every vector v in S, i.e.,
St = {(z1, 2,23, 14) € R 2101 + 2002 + 2303 + 2404 = 0

for all v = (v1,v9,v3,v4),v € S}.

THEOREM 2.7. (i) Given integer vectors u = (ui,u2,us,uq) and v =
(’1)1,1)2,7)3,1)4) such that

0<l=ul+ud+uld+ul=v?4+0v3+v3+0v] uvr +ugve +uzvs +ugvy = 0,

then there exist an odd k € N dividing £ and two vectors wy and ws with
integer coordinates such that wy = (0,01 — B1, 0 — P, a3 — [3) and wy =
(a3 — B3, —ag — Pa, a1 + (1,0) with

(5) kK =ai+a3+a3 =6+ 55+ 63,

a; and B; of the same parity and u,v € {wy,wo}*. One can permute the
coordinates of u and v and/or change their signs in order to have wy and wo
linearly independent.

(i) If ged(aa, B1, a2, B2, a3, B3) = 1 then the volume of the fundamental
domain of the minimal lattice containing u and v is equal to k.

Proof. Using Lagrange’s Identity, we get
4 4 4
C=0"u)O o) =0 ww)+ D (wwy — uyvi).
i=1 i=1 i=1 1<i<j<4
Since uqv1 + uove + ugvg + uqvg = 0, this implies that
(6) ZZ = Z (uwj — UjUi)Q.
1<i<j<4
If we denote by A;; = (—1)"79(u;v; —ujv;), it is not difficult to check that
(7) A19Az4 — A13A94 + A14A03 = 0.
This helps us change (6) into
(8) 02 = (Arg £ Azg)? + (A13 F Aog)? + (Agg £ Ag3)?.
One can check that
u1(0) + u2Aszq + uzAgy + ugAoz =0
v1(0) + v2Asy + v3094 + v4A23 =0

u1 Aoz + ugA1z + uzAiz +ug(0) =0
0123 + v2A13 + v3A12 + v4(0) = 0.
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Let us observe that if 2 divides ¢, then all A;; are divisible by 2, because all
u; (v;) are all even or all odd. In order to prove the claim, we simplify (8) by
the greatest power of 2 possible and take a; = (A1a + Asgy) /¥, ag = (—A13 +
Aog) [V, a3 = (Ara+A23)/V, 1 = (D12 — Aszg) [V, B = (—A13 — Agq) /¢, and
B3 = (A1g — Agg)/ﬁl, with ¢ so that ged(aq, B1, ag, Ba2, as, B3) = 1.

It is easy to check that if ag # P3 then the two vectors w; and wso are
linearly independent and so the orthogonal space {wy, ws}* is two-dimensional.
By permuting coordinates and/or changing their signs, we can insure that ag —
B3 = 2A93/0 # 0, since by (6) and the assumption that £ > 0, we see that not
all of the A;; are equal to zero.

(ii) Let us denote by £ the minimal lattice which contains the given square
{u,v} and by V its volume. As we observed in part (i) this lattice is the same
as Z* N {wy,we}t if ag # B3. Let us observe that the two vectors U :=
(0,A12, —A13,A14) and V = (A14, —A24,A34,0) are in £. This shows that
2U /0" = (0, a1+ B1, a2 + B2, a3+ PB3) and 2V /' = (a3 + f3, —az + B2, 1 — f1,0)
are in £ also. The area of the parallelogram determined by these two vectors
is given by the square root of the Gramian determinant

(a1 +B1)*+ (a2 +B2)2+(a3+3)2  (a1+P1)(B2 — az)+(az+B2) (a1 —B1)
(a1+61)(B2 — az)+(az+B2) (a1 — f1) (a3+P3)*+(az — f2)?+ (a1 — £1)?

2(k? + a1 81 + a2 + asfs) 2(a1 2 — Bra)
2(a1 2 — Praz) 2(k* + asfs — agfla — a1 B1)

This means that the vectors U/¢' and V/¢' still in £, form a parallelogram of
an area, which is the square root of

(1/D[(F* + a3B3)* — (aafa + a1f1)? — (a1 f2 — fro)?] =

(1/9k* + 2k asfs + o365 — (k% — af)(k* — B3)] = k*((as + B3)/2)*.

It follows that V' divides k|as+f3|/2. In a similar way, we can show that V' divi-
des k|a; £5;]/2 for i = 1,2,3. Given the assumption that ged(ay, 51, ae, B2, as,
B3) = 1, we conclude that V' divides k.

In order to conclude that V = k, let us look at the Gram determinant of
the vectors w;/(ag — fB3) and wa/(a3 — B3), which if added to £ extends the
lattice and gives a basis for it. Since its volume can be determined by the same
method as above, a similar calculation gives V' = k/|ag — B3|. This implies

that V/V' is an integer, or k divides V'|ag — B3|. Since we can obtain similarly
that k& divides V|«a; &+ f3;], we conclude that V =k. O

FEzample 2. As in the case of equilateral triangles (see [17]), there is a
converse of Theorem 2.7. Let us take the first odd ¢ for which we get two
essentially different representations as in (5):

112=924+62+22 =72 +6% + 6%
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We can then choose a; = 9, 51 = 7, ag = 6, 3 = 6, a3 = 2, and
B3 = 6. Then the two vectors, defined in Theorem 2.7, are w; = (0,2,0,—4) and
wy = (—4,—12,16,0). Then the space {wy,ws}* is defined by the equations
y—2t =0 and x + 3y — 42z = 0. These can be simplified to y = 2t and
r = 4z — 6t. Because the generic vector in {wy,wo}t NZ* is u = (42 —
6t,2t,z,t) = 2(4,0,1,0) +t(—6,2,0,1) we can calculate, as before the “volume”
of the fundamental domain and obtain indeed 11. Then we get a quadratic
form QF(z,t) = (4z — 6t)% + (2t)? + 22 + 2 = 1722 — 48zt + 41¢? that should
lead to the solutions we need solving the Diophantine equation QF(z,t) = 11k.
It turns out that the smallest multiple for which we have solutions is k = 11
and then two of the vectors which define the square are u = (—4,8,5,4) and
v = (10,2,4,1). Its Ehrhart polynomial is then En(t) = 11¢% + 2t + 1. We
observe that we get new terms, such as 10, 94, and 266 for instance, for the
sequence of almost perfect squares in dimension 4, compared to dimension 2.
This is an example when all the A;; are divisible by 11.

As we have seen in [17], the following result gives a certain converse to
Theorem 2.7.

THEOREM 2.8. Given k odd, and two different representations

k2 =a?+ b4+ 2 =ad?+ 02+ 2, with ged(a,b,c,d b, ) =1, ¢ > ¢,

and a, a' both odd. Then if we set Ajg = ‘IIT_“, Asy = ag“,, Ay = Y0

2

Aoy = ngb” Ay = CEC/, and Agz = C/;C the equations (7) and (8) are satisfied.

Moreover, the two dimensional space S of all vectors [u,v,w,t] € Z*, such that

(O)U + A34U + A24w + Aggt =0
Aggu + A13U + Algw + (O)t =0

(10)

contains a family of squares.

Proof. By construction we see that (8) is true. Since a, @’ are odd, the
others must be even and so, all numbers defined above are integers. We have
then indeed

A1pAsy — A13Aoy + AyAogs = (1/4)[d? — a® — (b = V?) + (? = P)] =0.

One can also check that k? = doic

Agz > 0 insures that the equations (10) define a two dimensional space in R?.
We can solve the equations (10) for ¢ and w:

A?j. We see that the assumption

A A A A
t:_w’ u:_M’ with v,w € Z.
23

ApE
If we denote a generic point P € R* in the plane (10), in terms of v and w, i.e.,
B A13v + Apw 0w, — As34v + Agqw

PU?“‘): Y AR Y
(v, w) = [ Ars Ay
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we observe that for two pairs of the parameters, (v, w) and (v',w’), we obtain
Aby = wv' — v/,
, Aq3v" + A’ Aq3v + Apw o
12 = v(— Ao )+ Ao
23 23
and similarly Al3 = A13ALs/Agg, etc.
We want to show that a non-zero square of the form OP (v, w)P(v',w")Q
(0OQ = OP(v,w) + OP(v',w")) exists for some integer values of v, w, v and
w’. We need to have OP(v,w)? = OP(v',w')? = ¢ and P(v,w) - P(v/,w') = 0.
If such a square exists, by Theorem 2.7, we may want £ of the form ¢ = k¢’
for some ¢’ € N,
By Lagrange’s identity, calculations similar to those in the derivation of
(6), show that if |P(v,w)|* = |P(v',w')|? = k¢’ then

(P(v,w) - P/, w'))? = K20 — ZA (A,Qg) :m_kz(MB)Q
7 7 AQS A23

= A19A53 /Ao,

Hence, to get P(v,w)-P(v',w') =0, 1t is enough to have Al; = /Ay (provided
that we have already shown that |P(v,w)|> = |P(v/,w’)|?> = k). In other
words, a square exists if there exist integer pairs (v,w) and (v/,w’) such that

Ads
Asgs
The essential object in this analysis is the quadratic form

2 2
QF (v,w) 1= |OP(u,v)[2 = (AMHAW> Ot (ABHAW> ’

(11) |OP(v,w)|* = |OP(W,w)|* = k

A3 Aos
or
QF (v,w) =
(A3, + A%y + A% 4 2(A34 804 + A3Arp)vw + (A3, + ATy 4+ Af)w?
A3y

We use Lagrange’s identity again, which we will write in the form

(@ +8247°) (P40 +60%) = (aC—Bn+70)"+(an+5C)*+(ab—~C)* + (B0 +ym)*.
Then the determinant of the form QF(v,w) (excluding its denominator) is
equal to

—A/4 = (A3, + ATz + A%3) (AT, + A%, + A%3) — (Az4A2s + A3A19)° =
(A12Aszy — A3y + A33)% + (A12003 — AzgAo3)? + (A13A03 + AggAg3)? =
—A/4 = A3 [(Azg — A1a)? + (D12 — Agg)? + (Arz + Agq)?] = A34(K?)

= A= —(2kA23)2.
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This implies that for vg = —(A34A24 -+ A13A12) and wg = A%3 + A%3 + A§4 we
get
QF (vo, wo) = K*(A3; + Af; + A3),

and
(12) QF (v, w) = (wov — vow)? + k2w2A§3.

2
A23'LU0

So, by (11) and (12) we need to have solutions (v, w) and (v',w’) of
(13)
(wov — vow)? + k*w? A3 = (wov' — vow')? + E*w'? A3, = kAgzwo(wv' — vw').

In general, if the Diophantine quadratic equation 22 + y? = n has a solution
(z,y), then it has other solutions such as (y, —z).

Given (v,w), let us assume that (v/,w’) gives exactly this other solution
(x = wov — vow, y = kwAsz) when substituted in (13):

wov’ — Uow/ = kwAgg

kAgzw’ = —(wov — vow).

This allows us to solve for v and w’ in order to calculate Ab,:

' v%w — VoW + kQAggw , VoW — WU
v 2kA23w0 P k’AQg ’
(wov — vow)? + K*w? A,
kAa3zwy '
This means that (13) is automatically satisfied with this choice of (v/,w’). In
fact, we have shown that, for every integer values of (v, w), such that

(14) (wov — vow)? + K*w?A3; = (kwol') A3,

taking (v',w’) as above, we automatically get a square determined by vectors
OP(v,w), P(v',w') € Q% which may not have integer coordinates. In order for
(14) to have rational solutions, in v and w, we need to have kwgl' a positive
integer which is a product of primes of the form 4s+1, and all the other primes,
in its prime factorization, have even exponents. Clearly, there exists a smallest
positive integer ¢ with this property. [

Ay =wv' —ovw' =

As we have seen in Proposition 2.2 [17], we can similarly show the existence
in every plane of equations (10), of a square that is minimal, in the sense that the
side-lengths are the smallest possible. Then, a similar result to Proposition 2.2
[17] takes place: every square in the same plane can be written in terms of a
square that is minimal (same formulae as in 2 dimensions). For a proof, we
just invite the reader to study Figure 3 (a proof “without words” exercise).
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Fig. 3 ~Minimal squares.

As in dimension 3, we also have parametric formulae for squares, which
are more general than the ones at the beginning of the subsection. The two
vectors are

(15)

u = t(—ta—zb+yc—zd, —tb+za—yd—xc, —tc—zd—ya+xb, —td+zc+yb+za)
v=*x(ax—by—cz—dt,ay+br+ct—dz,az—bt+cx+dy,at+bz—cy+dx)
and one can check that u-v =0 and |u|? = [v|? = (22 +y? + 22 + ) (a® + B> +
¢ + d?). The two relations as in (5) can be simplified by (22 + y? + 22 + t2)?

and (a? + b + ¢ + d?)? respectively and reduced to

(16)
(@2 + 12+ 22+ tH)2 = (@ + 2 — 22 — 2% + (20t + 2y2)% + (2ty — 222)?,
(@ +02 + A+ d*)? = (> 4+ b* — & — d?)? + (2ad — 2b¢)? + (2ac + 2bd)>.
These relations can be reduced even farther depending upon what ¢; and
q2 are. A simple observation here is that the simplified relations (16) depend

only on the plane containing the square and every other square contained in the
same plane has the same simplified relations. This implies that the minimal
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square contained in the plane has the sides at most \/k1ke, where the k:ZQ =
A? + B? 4+ C? are the primitive versions of (16).

Ezample 3. We start with two equalities as in (16): 92 = 7% +42 + 42 and
152 = 112 +10% 4 22. This implies that 452 = 33% 4+ 30% + 62 = 352 + 202 + 202.
As in Theorem 2.8, we can take a = 33, a’ = 35, b = 30, ' = 20, ¢ = 6
and CI = 20. Then A12 = 1, A34 = 34, Alg = 5, A24 = 25, A14 = 13,
and Asz = 7, and the equations of the plane are 34v 4+ 25w + 7t = 0 and
Tu + 5v + w = 0. The system can be solved easily in terms of v and v:
w = —Tu — 5v and t = 25u + 13v. Then two vectors that generate the lattice
in this plane are (1,0,—7,25) and (0,1,—5,13). Then the “volume” of the
fundamental domain is 45. The quadratic form is Q(u,v) = 675u? + 720uv +
19502 or Q(u,v) = 15(45u? + 48uv + 13v?). So, the equation Q(u,v) = 45¢
is equivalent to (13v + 24u)? + 9u? = 3(13)¢. Then it is clear that v has
to be a multiple of 3 and if we take £ = 3, v = 3 and v = —2 we obtain
a solution. This gives u = (-2,3,—1,—11), and v = 6 and u = —3 gives
v =(-3,6,—-9,3) = 3(—1,2,-3,1) (which is indeed a square). This means that
the Ehrhart polynomial of this square is En(t) = 3t2 +4t+1 = (t+1)(3t + 1),
t € N. Taking the parameterizations as in Theorem 2.4 for the two equalities,
92 = 7?2 + 42 + 42 and 15% = 112 + 10% + 22, we observe that this square is
covered by the parametrization (15) by takinga =z =z2=1,b=d=1t =2,
c=0, and y = 3. It is surprising that such a square with a big size for its side
lengths has no lattice points in the interior.

In order to understand better what is happening we will reformulate ever-
ything in terms of quaternions.

We remind the reader that the Hamilton quaternion algebra over the real
numbers, denoted by H(R), is the associative unitary algebra given by the
requirements:

(I) H(R) is the free R-module over the symbols i, j, and k, with 1 the
multiplicative unit;

(I)?2=32=k>=—1,ij=—ji=k, jk=—kj=1iand ki = —ik = j.

If g =2+ yi+ zj+tk € H(R) the conjugate of ¢ is g == — yi — zj — tk
and the norm of ¢ is N(q) = 22 +y? + 22 + t2. Some standard notation is then
naturally appearing: Re(q) = x and I'm(q) = yi + zj + tk.

By H(Z) we denote the subset of quaternions whose components are all
integers. We imbed Z* into H(Z) in the natural way: (x,y,2,t) < = + yi +
2j +tk. Also, we will think of R? imbedded in H(R) in a, more or less, natural
way (v, z,t) < yi + zj + tk; in other words, R3 is the hyperplane Re(q) = 0.

It is known that this norm is multiplicative, i.e. N(qi1q2) = N(q1)N(q2),
and q1q2 = ¢2 71
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For the important results about the arithmetic of H(Z), we recommend
the reader the recent treatment in [5]. Using the same terminology as in [5], a
quaternion ¢ is called odd, if N(q) is an odd number.

The parametrization in Theorem 2.4 is basically equivalent to

(17) nyi+ n2j + nsk = q(e)g, where ¢ =x + yi + zj + tk, and € € {4, j, k}.

In case € = k, n1 = 2(xz + yt), ng = 2(2t — xy), and ng = 22 — y? — 22 + 2.
The parametrization (15) is equivalent to

(18)

u = q1€2q2 and v = qi€3q2, where ¢ = x4+ yi+ 25 +tk,qo = a+ bi+ cj + dk,

with €5 and €3 fixed in {3, j, k}. In what follows we are going to take e3 = j and
€3 = k. This square is in a plane defined by equations similar to (10) obtained
from the two Pythagorean quadruples defined by ¢; and ¢ as in (17) using
e = €1 such that {e1, €2, €3} = {4, J, k}.

Observation 1. If we substitute ¢ = q(a + Sk) into (17) for € = k, we see
that because (a + Sk)k = k(a + Bk), we have

nii 4 n2j + ngk = q(k) (o + Bk) (o — BR)g = (o® + %)q(k)q
= (a® + B%)(n1i + nzj + mzk).
This implies that n; = 1;(a? + $2), i = 1,2,3, which means that the primitive
solutions of the equation (3) have to arise from quaternions ¢ which have no
right factors of the form « + fk. We obtain the same conclusion if ¢ = g(1 + 1)
or ¢ =q(1+ ), because (1+i)k = —j(1+14) and (14 j5)k =i(1+ 7). We have
the following converse of this observation.

PROPOSITION 2.9. If in (17), we have gcd(ni,no,ng) = n > 1, i.e. if
ny = 2(zz +yt), ng = 2(2t — xy) and n3 = x> —y* — 22 + 2, are divisible by n,
then q = x+yi+zj+thk = (' +y'i+2j+t'k)n wheren € {1+i,1+j,a+kB}
for some integers o and 3.

Proof. Let us pick a prime p which divides n. Since

n? +nd = 4[(zz + yt)? + (2t — 2y)?] = 4(2® + ) (4% + 2°)

is divisible by n? it is divisible by p. First, we assume that p > 2. Then p
divides either A := 22 +t? or B := y® + 22. Since n3 = A — B and p divides
ng, we must have, in fact, A and B both divisible by p. If p = 2, then A and
B are either both even or both odd. If A and B are both even, then we have

the same conclusion as in the case p > 2. In the case A and B are both odd,
we have, lets say x = 22/, y = 2y, 2 =22/ + 1, t = 2’ + 1. This implies that

q=x+yi+zj+th=22"+2yi+2j+20k+j+k
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=@ +9i+2i+k)1 -1 +149) + k(1 +1) =q(1 +1)

which proves our claim. Similar conclusion can be drawn if  and z, ¢t and v,
or t and z are even.

If p is a prime of the form 4k + 3, then automatically z = pa’, 2 = p2/,
t = pt’, and y = py’, which shows that ¢ = z+yi+2zj+tk = (2’ +y'i+2"j+t'k)p
and the conclusion of our proposition follows, with « = p and 8 = 0.

Finally, if p is a prime of the form 4k + 1, then p = o + 2. Because
A = (z + tk)(z — tk) and n = a + Sk is a Gaussian prime integer, it divides
x+tk or x—tk. Without loss of generality we may assume that n divides x +tk.
If this is not the case we continue with 77. Next we observe that since p divides
xz + yt and zt — zy, then p divides (z + tk)(y + zk) = (zy — tz) + (ty + z2)k.
This implies that if 77 does not divides x + tz, then 77 must divide y + zk. Since
n divides B = (y + zk)(y — zk), then n divides either y + zk or y — zk. Let us
assume first that n divides y — zk. Then we can write

g=x+yi+zj+th=x+thk+ily—zk)= (' +t'k)n+ily + 2'k)n=qn.

If n divides y + zk, then i divides y — zk. If 77 divides z + tz then we
proceed as above, with a small change:

q=x+yi+zj+th=ao+thk+ily—zk)= (2 +t'k)n+i(y +2k)n=qn.

If 77 does not divides x + tz, then we have shown above that in this case,
n must divide y + zk, which is the same thing as n dividing y — zk. This puts
us in the same position as above. [

Observation 2. If we substitute g1 = ¢1(a + 5i) into (18), we see that
because (a + fi)k = ak — 5 and (a + Bi)j = aj + Bk, we have u = au — fv
and v = SBu+ awv. This is saying that the twin pair w and v is in the same plane
as v and v. A similar statement can be obtained if we substitute g2 = g2(a+ 57)
into (18).

Let us recall, for the convenience of the reader, the statement of Lemma
2.6.5 in [5], with the only difference that the important factors appear on the
right (so, this new statement follows by conjugation and a symmetry type
transformation i — —i, j — —j, and k — —k).

LEMMA 2.10 ([5]). Every integer quaternion q € H(Z) has unique factori-
zalion

(19) q= 2%2]77;

where ¢ € H(Z) is odd, ng € {1,1+4,1+4,14+k, (1+4)(1+4),(1—k)(1+14)}
and for some non-negative £, € 7.
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This new statement follows by conjugation and a symmetry type trans-
formation ¢ — —i, j — —j, and k — —k from the original statement in [5].

THEOREM 2.11. (i) We assume that g1 and qo in the parametrization (18)
represented as in (19), are not right-divisible by quaternions of the form m =
a+ Bi, |r| > 1, then the square in the parametrization (18) is minimal.

(ii) The parametrization (18) represents all the integer squares.

Proof. (i) We observe first that under our hypothesis, ¢, = {4, = 0 and
NgrsNge € {1+ 7,1+ k} in (19). By way of contradiction, if the construction
of the square S = {u,v} in (18) is not minimal, there exists an integer square
So = {up,v0} in the same plane in such a way S can be obtain from Sy by
a simple transformation which involves two integer parameters o and f: u =
aug + Bug and v = —Pug + avg. We may assume that p = o + 52 is a prime,
otherwise we redefine the twin pair Sy in such a way this condition is satisfied.
Let us first assume that p > 2. Since ¢; is not right-divisible by n = a + (¢
(which is a prime in H(Z), n odd quaternion), we conclude that ged(q1,7), = 1
(the right greatest-common divisor as defined in |5]). By Theorem 2.6.6 in |5],
which is the equivalent of Bézout’s relation in H(Z), we can find v and ¢ in
H(Z([3]) such that

Yq1 +om = 1.

If p = 2, then |u|? = |v|?> = N(q1)N(q2) = 2|uo|? and so 2 divides N(q;)
r N(q2). Using Lemma 2.10 we conclude that ¢ is of the form ¢j(1 + k) or
¢y (14 j) with ¢} odd. So we can still obtain a Bézout’s relation as above, with
¢y and 7, which can be easily transformed into one for ¢; and 7.
Solving for wug, the above system, in terms of v and v, we have

ug = (1/p)(au — Bv) = (1/p)q1(a + iB)kgs.

Multiplying on the right with (1/p)(a+i8)kgz the above Bézout’s relation, we
obtain
Yuo + 6kgz = (1/p)(a + iB) k.

From this relation we see that g = ga(ov — i) for some ¢ € H(Z[1]).
Hence 2Fqy = ¢h(a — i) for some ¢4 € H(Z). Using Lemma 2.10 again, we
conclude that ¢ is right divisible by o — i which is in contradiction with our
hypothesis. Therefore, it must be true that the S = {u, v} in (18) is minimal.

(ii) Let us start with an arbitrary square, Sg. We then use Theorem 2.7
to find the reduced equations of the plane that it is contained in, as those
given by (10). Then we can apply the Theorem 2.4 twice, and finally use the
two sets of parameters (8 in total) to construct a square Sy, with formulae
(15). The quaternions involved have the property in part (i) (both odd), and
so the square &1 is minimal. Then Sy can be written in terms of &1 using two
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numbers « andfS. Using the substitutions described before the statement of the
theorem, we can write Sy as in (18) by multiplying either of the quaternions by
a+pi. O

THEOREM 2.12. Assuming we have two odd integer quaternions ¢ and g
as in (i) in Theorem 2.11, then the fundamental domain of the integer lattice
containing the square {u,v} in (18), has “volume” equal to V = lem(N(q1)),
N(q2)). The Ehrhart polynomial of the square (18) is

En(t) = ged(N(q1), N(g2))t* + (D1 + Do)t + 1,
where D1 = ged(uy, ug, us, ug) and Do = ged(vy, va, v3, v4).

Proof. This follows from Theorem 2.7 (part (ii)), Proposition 2.9 and the
observation that lem(N(q1), N(g2))? = a® + b* + ¢* = a’? + b + 2 for some
integers a, b, ¢, d’, b, and ¢ with ged(a,b,¢,a’, b/, d)=1. O

Observation 3. To get back in dimension 3, we identified R? with the
subspace of quaternions g for which Re(q) = 0. We have seen that only one
Pythagorean quadruple equation is necessary: Ajz = Ajs = 0 which implies
A4 = 0. To accomplish this, we can take g1 = g2 = ¢ where ¢q is odd. This
implies that the most general square in dimension 3 is of the form (4) combined
with the usual variations from dimension 2 in the respective plane: ©w = au— Sv
and v = fu + av with {u,v} as in (4).

There seems to be plenty of numerical evidence that the sequence of almost
perfect squares in dimension four is the set of all non-negative integers. Let us
denote the set of all such numbers by APS,. We include some partial result in
this direction.

THEOREM 2.13. (i) The set APSy contains all odd numbers.
(ii) The set APSy contains all even numbers of the form p — 1 with p a
prime p > 11.

Proof. (i) Let us take an odd k, k > 1, and a primitive Pythagorean
quadruple representation k% = a? + b* + 2. Without loss of generality we may
assume that a is odd and both b and ¢ are even. If we multiply this equality by
2, we obtain 2k% = 2a?+2b%+2¢? = 2¢2+ (a+b)%+ (a—b)%. Hence we can build
the square u = (k,k,0,0) and v = (¢, —c,a + b,a — b). It is clear that Dy = k
and Dy =1 (a—b and a+b are odd) as defined in Theorem 2.12. Since the sides
have length kv/2 and the two equations defining the plane containing {u, v} are
k% = (—c)? +b% +a® = (—c)? + a® + b?, we conclude by Theorem 2.12 that the
Ehrhart polynomial is F, () = 2kt? + (k+ 1)t + 1. Hence E, ,(—1) = k. This
proves the first statement.
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(i) If p is a prime p > 11, then we can find two distinct primitive Pytha-
gorean quadruple representations p? = a®+b?+c? = /> 4+ b2 +c? and construct
a square as in (18), whose Ehrhart polynomial is E(t) = pt? + (D1 + Do)t + 1,
where D; divide p. It is not possible to have D; = p since this puts us in the
position where one of the vectors defining the square, say u, is of the form
u = (p,0,0,0). This leads essentially to only one equation which defines the
plane containing {u,v}, but we have two different equations that define the
plane. Hence, since E(—1) = p — 1 the claim in (ii) follows. O

Numerical evidence shows that given an odd k£ > 9, one can find a square
whose Ehrhart polynomial is E(t) = kt? + 2t + 1. For instance, for k = 2015
we found u = (—836,584, —1592, —697) and v = (—506, 1414, 203, 1328) that
does the job.

3. CUBES

If a general lattice cube in R? is given by the orthogonal matrix

aybicy
(20) Cg = — | a2 b2 Cca |,
as b3 C3

with a;, b; and ¢; integers satisfying a;a; + b;b; + cic; = 6i7j€2 for all 4, 7 in
{1,2,3}), we define d; := gcd(as, bi,c;). It is clear that the d; are divisors of
¢. Assuming that the matrix in (20) is irreducible (no smaller ¢ can be used,
which implies ¢ odd), then we have shown in [19] the following.

THEOREM 3.1. Given a cube Cy constructed from a matriz as in (20), its
Ehrhart polynomial is given by

Gt3 +0(dy + do + d3)t? + (dy + da + ds)t +1 or
(21)  L(Cyt) = , teN.
(0t + 1) [ + (dy + do + d3 — 0)t + 1]

Similar formula takes place for the cubes in dimension four. In general, a
square can be completed in various ways to a cube and even to a hypercube.
Let us assume that the cube is given by the first three vectors in the rows of
the following matrix

aibycidy
az ba cods
azbzcsds
asbycydy

(22)
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with a;, b;, ¢; and d; integers a;a; + bib; + cicj + did; = 6; ;¢ for all 4, j
in {1,2,3,4}). In this case, we define D; := gcd(as, bi, ¢;,d;) and (;; be the
greatest common divisor of all the 2-by-2 determinants of the matrix

a; bi C; dz‘
ajbjcid;]’
for every 4 and j with 1 <i < j < 3.

THEOREM 3.2. Given a cube Cy constructed from a matriz as in (22), its
Ehrhart polynomial is given by

(23) L(Cyt) = {Dyt> + A> + At +1, teN,
where A := (19 + (13 + (o3 and A’ := Dy + Dy + D3,

Proof. For the first coefficient the volume of the cube is /¢ and the
volume of the fundamental domain of the lattice containing it is equal to
Vai+bl +c3+d3/Dy = Dif. For the second coefficient, the area of each
of the six faces is £. Using the Theorem 2.11 to find the “volume” of the fun-
damental domain of the lattice containing the faces determined by rows ¢ and
J, we obtain £/§;;, which implies the stated value of A. Finally, for the coef-
ficient A, we proceed like in the proof of Theorem 3.1 [19]. The main idea
is essentially based on the fact that the topological equivalent in our cube to
[0,1)3 (containing & lattice points) has the fundamental domain property: the
dilation with a factor ¢ contains exactly t3x lattice points. This implies that
k = ¥¢D4 and so

(Dy =1+ ((Dy— A+ A —1)+) (G — (Di+Dj)+1)+ > (Di—1).

Solving for A’ we obtain the stated value in the theorem. [

3.1. Hypercubes

Hypercubes in dimension four can be constructed using quaternion techni-
ques described earlier. A few orthogonal matrices in dimension 4, together with
the Ehrhart polynomial associated to the corresponding hypercube, are inclu-
ded next:

1100 1110 1111

1 [1-100 1 |[-1101 1j-11 11

V210011 /3] 0-111 2| 1-111 ’
000-1 -101-1 1 1-11

A+ 83 + 82 +4t+1 9* + 1283+ 62 +4t+1 16t* + 1683 + 1212 + 4t + 1
=22 +2t+1)2  =(t+1)Bt+1)(3t2+1) = (14 2t + 4¢2)?
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2100 2110 21 1 1
1 |1-200 1 {1-20 1| 1 [1-2-11
V510021 V6 (10 —2-1{"y7 |11 -2-1["

001-2 0112 1-11 -2

254 1+ 2083 + 14¢2 + 4t + 1 36t +24t3 482 +dt+1 49t +2813+612+4t+1
= (1 + 2t + 5t2)?

300 0 22 1 0 22 1 1
1(022 1 1(2-20 1| 1 [2-2-11
302-1-2 3010 -2-2|"p [11 —2-2]|

01-2 2 01 -22 1-12 -2
S1t4 4 5413 + 1842 4+ 6t + 1 S1t*+36t3+6t>+4t+1 100t 4+40t3+16t%+4¢+1

= (3t +1)2(9t2 + 1)

3-10 0 3110 22 2 1

1 1300 1 |1-30 1 1 [2-21 -2
Jio 0031 N P I A - i PR
001-3 01-13 12 —2-2

100t4 +40t3 + 24t2 +6t+1 121¢4 44413 +6t24-4t+1 169t4+53t3+6t2+4t+1

= (10t* + 2t + 1)?

We see that several of these examples are cross polytopes (squares in two
dimensions) and indeed the resulting polynomial is the product of the smaller
degree polynomials involved. Let us assume that in general we have

a1b101d1
1 angCng

24 Hy= — ,
(24) £ V0 |asbscads

asbgcqdy
where a;a; + blbj + cicy + dldj = (SUE for i,5 € {1,2,3,4}. We define D; =
ged(ag, b, iy d;) for @ € {1,2,3,4} and assume that H, is irreducible, i.e.,
ged(Dy, Do, D3, Dy) = 1. The Ehrhart polynomial associated to the hyper-
cube constructed in a natural way using the orthogonal matrix Hy is then

(25) Eny(t) = Ct* + a1t® + aot® + agt + 1.
PROPOSITION 3.3. With the notation introduced earlier oy = (D1 + Do+
D3 + D4).

Proof. Let us look at a 3-dimensional face, say generated by first three
rows of (22). Its volume is /+/¢ and the volume of the lattice containing it
is equal toy/a? + b2 +c; +d3/Dy = Dif. Since there are eight such faces the
general theory gives the value claimed. [
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THEOREM 3.4. We have
(26) g =ag+8— A,
where 6 = Zl§i<j§4 Gij and A = Dy + Dy + D3+ Dy.

Proof. We are going to use the same property of the part of hypercube
that is topologically equivalent to [0,1)%, as in the proof of Theorem 3.2. The
balancing of points in each of the corresponding sets of the partition

[0,1)!
= (0,0,0,0)U(0,1)* U ©o1n* |J (01? U (0,1)

all four 3D cubes all siz 2D faces all four 1D sides

gives (using Theorem 3.2 )

=14 —ay+ao—a3+1)+(LA—25+4A—4)+ Z (Cij—(Di+Dj)+1)+A—4.
1<i<j<4

From this, one can easily derive (26). O

Looking at the examples we have so far, we notice that ag = A, and so
the Ehrhart polynomial of an hypercube would result into the following simple
form

(27) Ep(t) = Ct* + (A + 68 + At + 1.

This is indeed the case since it follows from Theorem 9.9 in [2]. Of course,
one may want to look into all these concepts for dimensions bigger than four,
although it seems that very little is known about the essentially new related
objects in dimensions five or beyond. For other further developments, it may
be useful to analyze the roots or calculate better bounds for them, such as those
in [3], for the type of polytopes studied here.
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