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Using G method, for the Potts model on (nondirected simple �nite) trees, we
compute the normalization constant and certain important probabilities and give
a fast exact (not approximate) sampling Markovian method. The Ising model
for n linear points (magnets) � no external �eld is allowed in our article � is a
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graphs, we give bounds, nontrivial bounds, for the normalization constant, for
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to the derivative of normalization constant), for the mean energy, for the mean
energy per site, for the free energy per site, and for the limit free energy per site.
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1. SOME BASIC THINGS

In this section, we present some basic things from [8�10].
Set

Par (E) = {∆ | ∆ is a partition of E } ,
where E is a nonempty set. We shall agree that the partitions do not contain
the empty set.

De�nition 1.1. Let ∆1,∆2 ∈Par(E) . We say that ∆1 is �ner than ∆2 if
∀V ∈ ∆1, ∃W ∈ ∆2 such that V ⊆W.

Write ∆1 � ∆2 when ∆1 is �ner than ∆2.

In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.
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The entry (i, j) of a matrix Z will be denoted Zij or, if confusion can
arise, Zi→j .

Set

〈m〉 = {1, 2, ...,m} (m ≥ 1),

Nm,n = {P | P is a nonnegative m× n matrix} ,
Sm,n = {P | P is a stochastic m× n matrix} ,

Nn = Nn,n, Sn = Sn,n.

Let P = (Pij) ∈ Nm,n. Let ∅ 6= U ⊆ 〈m〉 and ∅ 6= V ⊆ 〈n〉. Set the
matrices

PU = (Pij)i∈U,j∈〈n〉 , P
V = (Pij)i∈〈m〉,j∈V , and P

V
U = (Pij)i∈U,j∈V .

Set

({i})i∈{s1,s2,...,st} = ({s1} , {s2} , ..., {st}) ;

({i})i∈{s1,s2,...,st} ∈ Par ({s1, s2, ..., st}) .

De�nition 1.2. Let P ∈ Nm,n. We say that P is a generalized stochastic

matrix if ∃a ≥ 0, ∃Q ∈ Sm,n such that P = aQ.

De�nition 1.3 ([8]). Let P ∈ Nm,n. Let ∆ ∈Par(〈m〉) and Σ ∈Par(〈n〉).
We say that P is a [∆]-stable matrix on Σ if PLK is a generalized stochastic
matrix, ∀K ∈ ∆,∀L ∈ Σ. In particular, a [∆]-stable matrix on ({i})i∈〈n〉 is
called [∆]-stable for short.

De�nition 1.4 ([8]). Let P ∈ Nm,n. Let ∆ ∈Par(〈m〉) and Σ ∈Par(〈n〉).
We say that P is a ∆-stable matrix on Σ if ∆ is the least �ne partition for which
P is a [∆]-stable matrix on Σ. In particular, a ∆-stable matrix on ({i})i∈〈n〉 is
called ∆-stable while a (〈m〉)-stable matrix on Σ is called stable on Σ for short.
A stable matrix on ({i})i∈〈n〉 is called stable for short.

Let ∆1 ∈Par(〈m〉) and ∆2 ∈Par(〈n〉). Set (see [8] for G∆1,∆2 and [9] for
G∆1,∆2)

G∆1,∆2 = {P | P ∈ Sm,n and P is a [∆1] -stable matrix on ∆2 }
and

G∆1,∆2 = {P | P ∈ Nm,n and P is a [∆1] -stable matrix on ∆2 } .
When we study or even when we construct products of nonnegative ma-

trices (in particular, products of stochastic matrices) using G∆1,∆2 or G∆1,∆2 ,
we shall refer this as the G method. G comes from the verb to group and its
derivatives.

Below we give the basic result from [8] we need.
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Theorem 1.5 ([8]). Let P1 ∈ G(〈m1〉),∆2
⊆ Sm1,m2 , P2 ∈ G∆2,∆3 ⊆

Sm2,m3 , ..., Pn−1 ∈ G∆n−1,∆n ⊆ Smn−1,mn , Pn ∈ G∆n,({i})i∈〈mn+1〉
⊆ Smn,mn+1 .

Then
P1P2...Pn

is a stable matrix (i.e., a matrix with identical rows, see De�nition 1.4).

Proof. See [8]. �

2. POTTS MODEL ON STAR GRAPHS

In this section, for the Potts model on star graphs, we compute the nor-
malization constant and certain important probabilities and give a fast exact
(not approximate) sampling Markovian method.

Set
〈〈m〉〉 = {0, 1, ...,m} (m ≥ 0).

Let G = (V, E) be a (nondirected simple �nite) graph with vertex set
V = {V1, V2, ..., Vn} and edge set E . Suppose that |E| ≥ 1 (|·| is the cardinal;
|E| ≥ 1 =⇒ n ≥ 2). [Vi, Vj ] is the edge whose ends are vertices Vi and Vj , where
i, j ∈ 〈n〉 (i 6= j). Consider the set of functions

〈〈h〉〉V = {f | f : V → 〈〈h〉〉} ,
where h ≥ 1 (h ∈ N). Represent the functions from 〈〈h〉〉V by vectors: if
f ∈ 〈〈h〉〉V , Vi 7−→ f (Vi) := xi, ∀i ∈ 〈n〉 , then its vectorial representation is
(x1, x2, ..., xn) . (x1, x2, ..., xn) , x1, x2, ..., xn ∈ 〈〈h〉〉 , are called con�gurations

(the con�gurations of graph). 〈〈h〉〉 can be seen as a set of colors; in this case,
if (x1, x2, ..., xn) is a con�guration, then x1 is the color of V1, x2 is the color of
V2, ..., xn is the color of Vn.

Set (see, e.g., [5, Chapter 6])

H (x) =
∑

[Vi,Vj ]∈E

1 [xi 6= xj ] , ∀x ∈ 〈〈h〉〉n (x = (x1, x2, ..., xn) ),

where

1 [xi 6= xj ] =

{
1 if xi 6= xj ,
0 if xi = xj ,

∀x ∈ 〈〈h〉〉n , ∀i, j ∈ 〈n〉 . Extending the physical terminology, the function H is
called the Hamiltonian or energy ; H (x) represents the Hamiltonian or energy
of con�guration x.

Recall that R+ = {x | x ∈ R and x > 0} .
Set

πx =
θH(x)

Z
, ∀x ∈ 〈〈h〉〉n ,



106 Udrea P�aun 4

where θ ∈ R+ and

Z =
∑

x∈〈〈h〉〉n
θ
H(x)

.

The probability distribution π = (πx)x∈〈〈h〉〉n (on 〈〈h〉〉n) is called, when
0 < θ < 1, the Potts model on the graph G (see [13]; see, e.g., also [5, Chapter
6], [6], and [14]) � we extend this notion considering θ ∈ R+. In particular, if
h = 1 and 0 < θ < 1, π is called the Ising model on the graph G (see [3]; see,
e.g., also [5, Chapter 6] and [7]; no external �eld is allowed in our article) �
we also extend this notion considering θ ∈ R+. Z is called the normalization

constant (or the normalizing constant, or, extending the physical terminology,
the partition function).

The next result is simple, but useful.

Theorem 2.1. Let x, y, z ∈ 〈〈m− 1〉〉 , where m ≥ 1 (m ∈ N). Then

x 6= y ⇐⇒ x⊕ z 6= y ⊕ z

(equivalently,

x = y ⇐⇒ x⊕ z = y ⊕ z),

where ⊕ is the addition modulo m. Moreover, the implication �⇐=� still holds

if we replace x, y, z ∈ 〈〈m− 1〉〉 with x, y, z ∈ Z.

Proof. This is left to the reader. �

Below we give a basic result about H, about the Potts model on graphs.

Theorem 2.2.

H (x1, x2, ..., xn) = H (x1 ⊕ k, x2 ⊕ k, ..., xn ⊕ k) , ∀x1, x2, ..., xn, k ∈ 〈〈h〉〉 ,

where ⊕ is the addition modulo h + 1. (If h = 1, then H (x1, x2, ..., xn) =
H (x1 ⊕ 1, x2 ⊕ 1, ..., xn ⊕ 1) = H

(
_

x1,
_

x2, ...,
_

xn
)
, ∀x1, x2, ..., xn ∈ 〈〈1〉〉 ,

where
_

xi= 1− xi =

{
1 if xi = 0,
0 if xi = 1,

∀i ∈ 〈n〉 .)

Proof. By Theorem 2.1. �

Set

U(x1) = {(y1, y2, ..., yn) | y1, y2, ..., yn ∈ 〈〈h〉〉 , y1 = x1 } , ∀x1 ∈ 〈〈h〉〉 .

Below we give other basic results about the Potts model on graphs.
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Theorem 2.3. (i)
(
U(0), U(1), ..., U(h)

)
is a partition of 〈〈h〉〉n .

(ii) ∣∣U(v)

∣∣ =
∣∣U(w)

∣∣ , ∀v, w ∈ 〈〈h〉〉 .
(iii)

π(x1,x2,...,xn) = π(x1⊕k,x2⊕k,...,xn⊕k), ∀x1, x2, ..., xn, k ∈ 〈〈h〉〉 ,

where ⊕ is the addition modulo h+ 1.

(iv) The function fj,j⊕k : U(j) −→ U(j⊕k),

fj,j⊕k (j, x2, ..., xn) = (j ⊕ k, x2 ⊕ k, ..., xn ⊕ k) ,∀x2, x3, ..., xn ∈ 〈〈h〉〉 ,

is bijective, ∀j, k ∈ 〈〈h〉〉 , and � do not forget this! �

πfj,j⊕k(j,x2,...,xn) = π(j,x2,...,xn), ∀x2, x3, ..., xn, j, k ∈ 〈〈h〉〉

(⊕ is also the addition modulo h+ 1).

(v)

P
(
U(v)

)
= P

(
U(w)

)
, ∀v, w ∈ 〈〈h〉〉 ,

and, therefore,

P
(
U(v)

)
=

1

h+ 1
, ∀v ∈ 〈〈h〉〉 ,

where

P
(
U(v)

)
=
∑
x∈U(v)

πx, ∀v ∈ 〈〈h〉〉 .

(vi)

Z = (h+ 1)
∑
x∈U(v)

θH(x), ∀v ∈ 〈〈h〉〉 ,

and, as a result,

Z > h+ 1.

Proof. (i) and (ii) Obvious.

(iii) By Theorem 2.2.

(iv)
∣∣U(j)

∣∣ =
∣∣U(j⊕k)

∣∣ (by (ii)) and fj,j⊕k is injective (by Theorem 2.1)
imply fj,j⊕k is bijective, ∀j, k ∈ 〈〈h〉〉 . The equations follow from (iii).

(v) By (iv).

(vi) Let v ∈ 〈〈h〉〉 . By (v) we have

1

h+ 1
= P

(
U(v)

)
=
∑
x∈U(v)

πx =
∑
x∈U(v)

θH(x)

Z
=

1

Z

∑
x∈U(v)

θH(x).

So,

Z = (h+ 1)
∑
x∈U(v)

θH(x).
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Since (v, v, ..., v) ∈ U(v), H (v, v, ..., v) = 0, |〈〈h〉〉| ≥ 2, and |E| ≥ 1, we
have ∑

x∈U(v)

θH(x) > 1.

Consequently,
Z > h+ 1. �

Let G = (V, E) be a star graph, where V = {V1, V2, ..., Vn} (n ≥ 2), the
vertex set, and E = {[V1, V2] , [V1, V3] , ..., [V1, Vn]} , the edge set.

Theorem 2.4. Consider the above star graph. Then

H (x1, x2, ..., xt−1, a, xt+1, ..., xn) =

=


H (x1, x2, ..., xt−1, b, xt+1, ..., xn) if a = b or x1 6= a 6= b 6= x1,

H (x1, x2, ..., xt−1, b, xt+1, ..., xn)− 1 if x1 = a 6= b,

H (x1, x2, ..., xt−1, b, xt+1, ..., xn) + 1 if a 6= b = x1,

∀t ∈ 〈n〉−{1} (xt+1, ..., xn vanish when t = n), ∀x1, x2, ..., xt−1, xt+1, ..., xn,
a, b ∈ 〈〈h〉〉 .

Proof. Obvious. �

In this article, the transpose of a vector x is denoted x′. Set e = e (n) =
(1, 1, ..., 1) ∈ Rn, ∀n ≥ 1.

Below we give the main result of this section.

Theorem 2.5. Let π = (πx)x∈〈〈h〉〉n be the Potts model on the above star

graph. Consider a Markov chain with state space 〈〈h〉〉n and transition matrix

P = P1P2...Pn, where Pt, t ∈ 〈n〉 , are stochastic matrices on 〈〈h〉〉n,
(P1)(x1,x2,...,xn)→ξ =

=


π(x1⊕k,x2⊕k,...,xn⊕k)∑

u∈〈〈h〉〉
π

(x1⊕u,x2⊕u,...,xn⊕u)

if ξ = (x1 ⊕ k, x2 ⊕ k, ..., xn ⊕ k)
for some k ∈ 〈〈h〉〉 ,

0 if ξ 6= (x1 ⊕ k, x2 ⊕ k, ..., xn ⊕ k) , ∀k ∈ 〈〈h〉〉 ,

∀ (x1, x2, ..., xn) , ξ ∈ 〈〈h〉〉n , where ⊕ is the addition modulo h+ 1,

(Pt)(x1,x2,...,xn)→ξ =

=


π(x1,x2,...,xt−1,k,xt+1,...,xn)∑

u∈〈〈h〉〉
π(x1,x2,...,xt−1,u,xt+1,...,xn)

if ξ = (x1, x2, ..., xt−1, k, xt+1, ..., xn)
for some k ∈ 〈〈h〉〉 ,

0
if ξ 6= (x1, x2, ..., xt−1, k, xt+1, ..., xn) ,
∀k ∈ 〈〈h〉〉 ,
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∀t ∈ 〈n〉 − {1} (xt+1, ..., xn vanish when t = n), ∀ (x1, x2, ..., xn) , ξ ∈ 〈〈h〉〉n .
Then

P = e′π

(therefore, the chain attains its stationarity at time 1, its stationary probability

distribution (limit probability distribution) being, obviously, π).

Proof. Set

U(x1,x2,...,xt) = {(y1, y2, ..., yn) | (y1, y2, ..., yn) ∈ 〈〈h〉〉n , yv = xv, ∀v ∈ 〈t〉} ,

∀t ∈ 〈n〉 , ∀x1, x2, ..., xt ∈ 〈〈h〉〉 . Consider the partitions

∆1 = (〈〈h〉〉n) ,

∆t+1 =
(
U(x1,x2,...,xt)

)
x1,x2,...,xt∈〈〈h〉〉

,

∀t ∈ 〈n〉 . Obviously, we have ∆n+1 = ({x})x∈〈〈h〉〉n .
By hypothesis and Theorems 2.3(iii) and 2.4 we have

(P1)(x1,x2,...,xn)→ξ =

=


1

h+1 if ξ = (x1 ⊕ k, x2 ⊕ k, ..., xn ⊕ k) for some k ∈ 〈〈h〉〉 ,

0 if ξ 6= (x1 ⊕ k, x2 ⊕ k, ..., xn ⊕ k) , ∀k ∈ 〈〈h〉〉 ,

∀ (x1, x2, ..., xn) , ξ ∈ 〈〈h〉〉n ,

(Pt)(x1,x2,...,xn)→ξ =

=


1

hθ+1 if ξ = (x1, x2, ..., xt−1, x1, xt+1, ..., xn) ,

θ
hθ+1 if ξ = (x1, x2, ..., xt−1, k, xt+1, ..., xn) for some k ∈ 〈〈h〉〉 , k 6= x1,

0 if ξ 6= (x1, x2, ..., xt−1, k, xt+1, ..., xn) , ∀k ∈ 〈〈h〉〉 ,

∀t ∈ 〈n〉 − {1} , ∀ (x1, x2, ..., xn) , ξ ∈ 〈〈h〉〉n . It follows that

Pt ∈ G∆t,∆t+1 , ∀t ∈ 〈n〉 .

Since P = P1P2...Pn, by Theorem 1.5, P is a stable matrix. Consequently, ∃ψ,
ψ is a probability distribution on 〈〈h〉〉n , such that

P = e′ψ.

It is easy to see that

πx (Pt)xy = πy (Pt)yx , ∀t ∈ 〈n〉 ,∀x, y ∈ 〈〈h〉〉
n .

This thing implies

πPt = π,∀t ∈ 〈n〉 ,
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and, further,

πP = π.

Finally, we have

π = πP = πe′ψ = ψ,

so,

P = e′π. �

We comment on Theorem 2.5 and its proof.

1. Any 1-step of the chain with transition matrix P = P1P2...Pn is per-
formed via P1, P2, ..., Pn, i.e., doing n transitions: one using P1, one using P2,
..., one using Pn. This chain:

a) attains its stationarity at time 1 � one step due to P or n steps due
to P1, P2, ..., Pn;

b) belongs to our collection of hybrid Metropolis-Hastings chains from [9]
(this follows from U(x1,x2,...,xt+1) ⊂ U(x1,x2,...,xt), ∀t ∈ 〈n− 1〉 , ∀x1, x2, ..., xt+1 ∈
〈〈h〉〉 , etc.; for our collection, see also [10�12]);

c) is a cyclic Gibbs sampler in a generalized sense (the state space is
〈〈h〉〉n) because

c1) the ratios used to de�ne the transition probabilities of P1 are similar
to those of (usual) cyclic Gibbs sampler used to update coordinate 1 while the
ratios used to de�ne the transition probabilities of matrices Pt, t ∈ 〈n〉−{1} , are
identical to those of (usual) cyclic Gibbs sampler (on 〈〈h〉〉n too) used to update
coordinates 2, 3, ..., n, respectively (the (usual) cyclic Gibbs sampler with �nite
state space also belongs to our collection of hybrid Metropolis-Hastings chains
from [9], see [10]), and

c2) matrices Pt, t ∈ 〈n〉 , are used cyclically.

(For �nite Markov chain theory, see, e.g., [2], and for the Gibbs sampler, see,
e.g., [5].)

2. Since P = e′π, we have

p0P = π, ∀p0, p0 = initial probability distribution.

Therefore, theoretically speaking, it does not count the initial probability we
choose. But, practically speaking, when we run the chain, it is suitable to work
with the initial state x = (0, 0, ..., 0) (in this case, (p0)(0,0,...,0) = 1).

3. Consider that the initial state of chain is (0, 0, ..., 0) . To generate a
state of the chain at time 1, we use, for P1, the uniform probability distribution(

1

h+ 1
,

1

h+ 1
, ...,

1

h+ 1

)
,
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see the computation of matrix P1 in the proof of Theorem 2.5 (the 0′s do not
count), while, for Pt, t ∈ 〈n〉 − {1} , the probability distribution(

1

hθ + 1
,

θ

hθ + 1
,

θ

hθ + 1
, ...,

θ

hθ + 1

)
,

see the computation of matrices Pt, t ∈ 〈n〉 − {1} , in the proof of Theorem 2.5
(the 0′s do not count too). The above probability distributions, the former
being a uniform probability distribution and the latter being an almost uniform
probability distribution � we call it almost uniform probability distribution

because its components are identical, excepting at most one of them (all the
components are identical when θ = 1) � are, concerning the implementation,
the best ones. To see that this is also true for the (above) almost uniform
probability distribution, we split this probability distribution into two blocks,(

1

hθ + 1

)
,

(
θ

hθ + 1
,

θ

hθ + 1
, ...,

θ

hθ + 1

)
.

If

X >
1

hθ + 1
, X ∼ U (0, 1) ,

further, we work with the latter block, which, by normalization, leads to the
uniform probability distribution(

1

h
,

1

h
, ...,

1

h

)
.

Therefore, our exact sampling Markovian method, having n steps (due to P1,
P2, ..., Pn), is simple and good, very good. Another case which uses uniform
and almost uniform probability distributions is presented in [11].

4. By P = e′π we can compute the normalization constant Z. Indeed,
since 〈〈h〉〉n ⊃ U(0) ⊃ U(0,0) ⊃ ... ⊃ U(0,0,...,0) = {(0, 0, ..., 0)} (recall that
U(x1,x2,...,xt+1) ⊂ U(x1,x2,...,xt), ∀t ∈ 〈n− 1〉 , ∀x1, x2, ..., xt+1 ∈ 〈〈h〉〉), Pt is a
block diagonal matrix (eventually by permutation of rows and columns � Pt
is a block diagonal matrix when it is used, e.g., the lexicographic order (on
〈〈h〉〉n)), ∀t ∈ 〈n〉 − {1} , and Pt ∈ G∆t,∆t+1 , ∀t ∈ 〈n〉 (moreover, Pt is a
∆t-stable matrix on ∆t+1, ∀t ∈ 〈n〉), we have (using P = e′π)

π(0,0,...,0) =
1

h+ 1
·
(

1

hθ + 1

)n−1

.

On the other hand,

π(0,0,...,0) =
θ0

Z
=

1

Z
.

So,
Z = (h+ 1) (hθ + 1)n−1 .
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(To compute Z, we can use

π(1,1,...,1) =
1

Z
, or π(2,2,...,2) =

1

Z
, ..., or π(h,h,...,h) =

1

Z

instead of π(0,0,...,0) = 1
Z , etc.) From the above formula for Z, we can obtain

other important things, such as (extending the physical terminology), the mean
energy

H =
∑

x∈〈〈h〉〉n
H (x)πx =

∑
x∈〈〈h〉〉n

H (x)
θH(x)

Z
=

1

Z

∑
x∈〈〈h〉〉n

H (x) θH(x)

(see, e.g., [1, p. 6]). Indeed, since θ ∈ R+, ∃β ∈ R such that θ = eβ. In this
case,

Z = Z (β) = (h+ 1)
(
heβ + 1

)n−1
,

so, di�erentiating with respect to β,

Z ′ = Z ′ (β) = (h+ 1) (n− 1)heβ
(
heβ + 1

)n−2
.

On the other hand,

Z = Z (β) =
∑

x∈〈〈h〉〉n
eβH(x),

so,

Z ′ = Z ′ (β) =
∑

x∈〈〈h〉〉n
H (x) eβH(x) = ZH.

Finally, we have

H =
Z ′

Z
=

(h+ 1) (n− 1)heβ
(
heβ + 1

)n−2

(h+ 1) (heβ + 1)
n−1 =

(n− 1)heβ

heβ + 1
;

using θ instead of eβ,

H =
(n− 1)hθ

hθ + 1
.

5. Using Uniqueness Theorem from [10] (the presentation of this result
is too long, so, we omit to give it here), we can compute certain important
probabilities for the Potts model on the star graph from Theorem 2.5. Indeed,
by Uniqueness Theorem we have

P
(
U(x1)

)
=

∑
x∈U(x1)

πx =
1

h+ 1
, ∀x1 ∈ 〈〈h〉〉

(a generalization (for any graph G = (V, E) with |E| ≥ 1 (V is the vertex set
and E is the edge set)) of this result is given in Theorem 2.3(v)). Further, by
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Uniqueness Theorem we have

P
(
U(x1,x2)

)
P
(
U(x1)

) =

∑
x∈U(x1,x2)

πx∑
x∈U(x1)

πx
=

{ 1
hθ+1 if x2 = x1,

θ
hθ+1 if x2 6= x1,

∀x1, x2 ∈ 〈〈h〉〉 , so,

P
(
U(x1,x2)

)
=


1

(h+1)(hθ+1) if x2 = x1,

θ
(h+1)(hθ+1) if x2 6= x1,

∀x1, x2 ∈ 〈〈h〉〉 . To compute P
(
U(x1,x2,x3)

)
, etc., we use (see Uniqueness The-

orem)

P
(
U(x1,x2,...,xt)

)
P
(
U(x1,x2,...,xt−1)

) =

∑
x∈U(x1,x2,...,xt)

πx∑
x∈U(x1,x2,...,xt−1)

πx
=

{ 1
hθ+1 if xt = x1,

θ
hθ+1 if xt 6= x1,

∀x1, x2, ..., xt ∈ 〈〈h〉〉 (3 ≤ t ≤ n). Using the Kronecker delta (symbol),

δij =

{
1 if i = j,
0 if i 6= j,

∀i, j ∈ I, and Hamming distance,

d (x, y) = 1− δx1y1 + 1− δx2y2 + ...+ 1− δxmym , ∀x, y ∈ J1 × J2 × ...× Jm
(m ≥ 1; x = (x1, x2, ..., xm), ...), where I, J1, J2, ..., Jm are nonempty sets, we
conclude that

P
(
U(x1,x2,...,xt)

)
=


1

h+1 if t = 1,

1
h+1 ·

θ1−δx1x2

hθ+1 · θ
1−δx1x3

hθ+1 ... · θ
1−δx1xt

hθ+1 if t ∈ 〈n〉 − {1} ,

=


1

h+1 if t = 1,

θd((x1,x1,...,x1),(x2,x3,...,xt))

(h+1)(hθ+1)t−1 if t ∈ 〈n〉 − {1}

(n ≥ 2), ∀x1, x2, ..., xt ∈ 〈〈h〉〉 , because

P
(
U(x1,x2,...,xt)

)
= P

(
U(x1)

)
·
P
(
U(x1,x2)

)
P
(
U(x1)

) · ... · P (U(x1,x2,...,xt)

)
P
(
U(x1,x2,...,xt−1)

) ,
∀t ∈ 〈n〉 , ∀x1, x2, ..., xt ∈ 〈〈h〉〉 .

To illustrate Theorem 2.5, its proof, and the above comments, we give an
example.
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Example 2.6. Consider the Ising model (h = 1) on the star graph G =
(V, E) , where V = {V1, V2, V3} (n = 3) and E = {[V1, V2] , [V1, V3]} . To write
the matrices P1, P2, P3, we use the lexicographic order: (0, 0, 0) , (0, 0, 1) ,
(0, 1, 0) , (0, 1, 1) , (1, 0, 0) , (1, 0, 1) , (1, 1, 0) , (1, 1, 1). By Theorem 2.5 (and its
proof) we have

P1 =



1
2 0 0 0 0 0 0 1

2

0 1
2 0 0 0 0 1

2 0

0 0 1
2 0 0 1

2 0 0

0 0 0 1
2

1
2 0 0 0

0 0 0 1
2

1
2 0 0 0

0 0 1
2 0 0 1

2 0 0

0 1
2 0 0 0 0 1

2 0
1
2 0 0 0 0 0 0 1

2


,

P2 =



1
θ+1 0 θ

θ+1 0

0 1
θ+1 0 θ

θ+1
1
θ+1 0 θ

θ+1 0

0 1
θ+1 0 θ

θ+1
θ
θ+1 0 1

θ+1 0

0 θ
θ+1 0 1

θ+1
θ
θ+1 0 1

θ+1 0

0 θ
θ+1 0 1

θ+1


,

P3 =



1
θ+1

θ
θ+1

1
θ+1

θ
θ+1

1
θ+1

θ
θ+1

1
θ+1

θ
θ+1

θ
θ+1

1
θ+1

θ
θ+1

1
θ+1

θ
θ+1

1
θ+1

θ
θ+1

1
θ+1


.

We have
U(0) = {(0, 0, 0) , (0, 0, 1) , (0, 1, 0) , (0, 1, 1)} ,
U(1) = {(1, 0, 0) , (1, 0, 1) , (1, 1, 0) , (1, 1, 1)} ,

U(0,0) = {(0, 0, 0) , (0, 0, 1)} , U(0,1) = {(0, 1, 0) , (0, 1, 1)} ,
U(1,0) = {(1, 0, 0) , (1, 0, 1)} , U(1,1) = {(1, 1, 0) , (1, 1, 1)} ,
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U(0,0,0) = {(0, 0, 0)} , U(0,0,1) = {(0, 0, 1)} , ..., U(1,1,1) = {(1, 1, 1)} ,
∆1 =

(
〈〈1〉〉3

)
, ∆2 =

(
U(0), U(1)

)
,

∆3 =
(
U(0,0), U(0,1), U(1,0), U(1,1)

)
,

∆4 =
(
U(0,0,0), U(0,0,1), ..., U(1,1,1)

)
.

Obviously, ∆4 � ∆3 � ∆2 � ∆1, ∆4 6= ∆3 6= ∆2 6= ∆1. It is easy to see
that P1 ∈ G∆1,∆2 , P2 ∈ G∆2,∆3 , P3 ∈ G∆3,∆4 , and πx (Pt)xy = πy (Pt)yx ,

∀t ∈ 〈3〉 , ∀x, y ∈ 〈〈1〉〉3 . By Theorem 2.5 or direct computation, P = e′π.
Since π(0,0,0) = 1

Z , it is easy to see, using P = e′π, that Z = 2 (θ + 1)2 (Z
can also be obtained by direct computation). Obviously, P2 and P3 are block
diagonal matrices; P2 is a ∆2-stable matrix on ∆2, P3 is a ∆3-stable matrix on
∆3. Moreover, P2 is a ∆2-stable matrix on ∆3, P3 is a ∆3-stable matrix. P1 is
a stable matrix both on ∆1 and on ∆2. By Uniqueness Theorem from [10] or
direct computation we have

P
(
U(0)

)
= P

(
U(1)

)
=

1

2

(this result also follows from Theorem 2.3(v)),

P
(
U(0,0)

)
= P

(
U(1,1)

)
=

1

2 (θ + 1)
,

P
(
U(0,1)

)
= P

(
U(1,0)

)
=

θ

2 (θ + 1)
,

P
(
U(0,0,0)

)
= π(0,0,0) =

1

Z
=

1

2 (θ + 1)2 ,

P
(
U(0,0,1)

)
= π(0,0,1) =

θ

Z
=

θ

2 (θ + 1)2 , etc.

Obviously, our exact sampling Markovian method has, here, 3 steps (due to P1,
P2, P3).

3. POTTS MODEL ON TREES

In this section, the study of Potts model on trees is reduced to that on
star graphs.

Below we consider a tree and a star graph, but the reader could consider,
�rst, a tree, the star graph being obtained from this tree deleting some edges
and adding other ones � similar things hold for con�gurations, but deleting
and adding numbers.

Let n ≥ 2 (n ∈ N). Let GT = (VT , ET ) be a tree, where VT = {N1, N2, ...,
Nn}, the vertex (node) set, and ET is the edge set. Consider the star graph G =
(V, E), where V = {V1, V2, ..., Vn}, the vertex set, and E = {[V1, V2] , [V1, V3] , ...,
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[V1, Vn]} , the edge set. We associate the tree with the star graph as follows.
Consider f = (fv, fe, fc) , where

fv : VT −→ V, fv (Ni) = Vi, ∀i ∈ 〈n〉

(|VT | = |V| = n),

fe : ET −→ E , fe ([Ni, Nj ]) = [V1, Vj ] ,

∀i, j ∈ 〈n〉 with [Ni, Nj ] ∈ ET and d (Nj , N1) = d (Ni, N1) + 1 (�[Ni, Nj ] ∈ ET
and d (Nj , N1) = d (Ni, N1) + 1� is equivalent to �[Ni, Nj ] ∈ ET and between
Ni and Nj , Ni is the nearest to N1�; d is the (usual) distance on graphs),

fc : 〈〈h〉〉n −→ 〈〈h〉〉n (h ≥ 1), fc (x1, x2, ..., xn) = (y1, y2, ..., yn) ,

where the values x1, x2, ..., xn are associated with N1, N2, ..., Nn, respectively
(x1 is the color of N1, etc.), and the values y1, y2, ..., yn are associated with
V1, V2, ..., Vn, respectively,

y1 = x1,
ys = (x1 + xis − xs)mod (h+ 1) , ∀s ∈ 〈n〉 − {1} ,

is, which depends on s ∈ 〈n〉 − {1} , is from 〈n〉 such that [Nis , Ns] ∈ ET and
d (Ns, N1) = d (Nis , N1) + 1 (is is unique with this property).

Theorem 3.1. (i) fv, the function for vertices, is bijective.

(ii) fe, the function for edges, is bijective.

(iii) fc, the function for con�gurations, is bijective and, moreover, has an

important property for energies, namely,

H (fc (x)) = HT (x) , ∀x ∈ 〈〈h〉〉n

(x = (x1, x2, ..., xn)), where HT and H are energies for the tree and for its

associate star graph, respectively.

Proof. (i) Obvious.
(ii) First, we show that fe is injective. Let [Ni1 , Nj1 ] , [Ni2 , Nj2 ] ∈ ET ,

[Ni1 , Nj1 ] 6= [Ni2 , Nj2 ] , d (Nj1 , N1) = d (Ni1 , N1) + 1, d (Nj2 , N1) = d (Ni2 , N1)
+ 1. We must show that

fe ([Ni1 , Nj1 ]) 6= fe ([Ni2 , Nj2 ]) .

Since fe ([Ni1 , Nj1 ]) = [V1, Vj1 ] and fe ([Ni2 , Nj2 ]) = [V1, Vj2 ] , we must show
that

Vj1 6= Vj2 (equivalently, j1 6= j2).

Since Nj1 6= Nj2 implies Vj1 6= Vj2 , we show that

Nj1 6= Nj2 .

Suppose that Nj1 = Nj2 .
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Case 1. Ni1 = Ni2 . From Ni1 = Ni2 and Nj1 = Nj2 , we have [Ni1 , Nj1 ] =
[Ni2 , Nj2 ] . Contradiction.

Case 2. Ni1 6= Ni2 . In a tree, any two vertices are connected by a unique
path (a known result). Since GT is a tree, it follows that there exists a unique
path with ends N1 and Nj1 (Nj2 = Nj1 ; Nj1 6= N1 because d (Nj1 , N1) =
d (Ni1 , N1) + 1 ≥ 1 > 0). Consider this path. Since [Ni1 , Nj1 ] ∈ ET and
d (Nj1 , N1) = d (Ni1 , N1) + 1, it follows that Ni1 belongs to this path. Ni2

belongs to this path too because Nj2 = Nj1 , [Ni2 , Nj2 ] ∈ ET and d (Nj2 , N1) =
d (Ni2 , N1)+1. Since Nj1 = Nj2 , we have d (Nj1 , N1) = d (Nj2 , N1) and, further,
d (Ni1 , N1) = d (Ni2 , N1) . Therefore, Ni1 = Ni2 . Contradiction.

From Cases 1 and 2, we conclude that Nj1 6= Nj2 . Since Nj1 6= Nj2 , we
have j1 6= j2 and, further,

fe ([Ni1 , Nj1 ]) = [V1, Vj1 ] 6= [V1, Vj2 ] = fe ([Ni2 , Nj2 ]) .

Therefore, fe is injective.
Second, since fe : ET −→ E , |ET | = |E| , and fe is injective, it follows that

fe is bijective.
(iii) First, we show that fc is injective. Let a, b ∈ 〈〈h〉〉n , a 6= b (a =

(a1, a2, ..., an) , ...). We must show that

fc (a) 6= fc (b) .

As a 6= b, it follows that ∃s ∈ 〈n〉 such that as 6= bs.
Case 1. a1 6= b1. Obviously, fc (a) 6= fc (b) .
Case 2. a1 = b1. As a 6= b, it follows that ∃s ∈ 〈n〉−{1} such that as 6= bs.

Since fc : 〈〈h〉〉n −→ 〈〈h〉〉n , it follows that ∃u, w ∈ 〈〈h〉〉n (u = (u1, u2, ..., un) ,
...) such that

fc (a) = u, fc (b) = w.

Recall that, in a tree, any two vertices are connected by a unique path. It
follows that there exists a unique path with ends N1 and Ns (Ns 6= N1 because
s ∈ 〈n〉 − {1}). Consider this path. Consider that the vertices of this path are
Nj0 = N1, Nj1 , ..., Njk−1

, Njk = Ns (k ≥ 1). Since Nj0 = N1, we have aj0 = a1

and bj0 = b1. Set
t = min

1≤v≤k
{jv | ajv 6= bjv } .

It follows that t = jv for some v ∈ 〈k〉 . By the de�nition of fc,

ut =
(
a1 + ajv−1 − at

)
mod (h+ 1) ,

wt =
(
b1 + bjv−1 − bt

)
mod (h+ 1) .

Suppose that ut = wt. It follows that(
a1 + ajv−1 − at

)
mod (h+ 1) =

(
b1 + bjv−1 − bt

)
mod (h+ 1) .
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As a1 = b1 and ajv−1 = bjv−1 , we have(
a1 + ajv−1 − at

)
mod (h+ 1) =

(
a1 + ajv−1 − bt

)
mod (h+ 1) .

Further, we have

a1 + ajv−1 − at − q1 (h+ 1) = a1 + ajv−1 − bt − q2 (h+ 1)

for some q1, q2 ∈ {−1, 0, 1} . Further, we have

bt − at = (q1 − q2) (h+ 1)

for some q1, q2 ∈ {−1, 0, 1} . It follows that

h+ 1 | bt − at.

Contradiction (because

0 < |bt − at| < h+ 1).

Therefore, ut 6= wt. Further, we obtain u 6= w. Finally, we obtain fc (a) 6= fc (b) .

From Cases 1 and 2, we have fc (a) 6= fc (b) , so, fc is injective.

Second, since fc : 〈〈h〉〉n −→ 〈〈h〉〉n and fc is injective, it follows that fc
is bijective.

Third, we show that H (fc (x)) = HT (x) , ∀x ∈ 〈〈h〉〉n . Fix x ∈ 〈〈h〉〉n .
Set

y = fc (x)

(y = (y1, y2, ..., yn) is the con�guration of star graph corresponding to the
con�guration x = (x1, x2, ..., xn) of tree). Fix i, j ∈ 〈n〉 such that [Ni, Nj ] ∈ ET
and d (Nj , N1) = d (Ni, N1) + 1. Then fe ([Ni, Nj ]) = [V1, Vj ] . We show that

xi 6= xj ⇐⇒ y1 6= yj .

�=⇒� Suppose that y1 = yj . We have

yj = (x1 + xi − xj)mod (h+ 1) .

So, ∃q ∈ {−1, 0, 1} such that

x1 + xi − xj = q (h+ 1) + yj .

Further, since yj = y1 = x1, we have

xi − xj = q (h+ 1)

for some q ∈ {−1, 0, 1} , so,

h+ 1 | xi − xj .

Contradiction (because

0 < |xi − xj | < h+ 1).
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�⇐=� Suppose that xi = xj . We have

yj = (x1 + xi − xj)mod (h+ 1) = x1mod (h+ 1) .

So,
yj = x1

because x1 ∈ 〈〈h〉〉 . As y1 = x1 (see the de�nition of fc), we have

y1 = yj .

Contradiction.
From the above equivalence, we obtain

H (y) = HT (x) ,

i.e.,
H (fc (x)) = HT (x) . �

It is interesting to �nd functions for con�gurations, if any, better, compu-
tationally speaking, than fc. If we replace

ys = (x1 + xis − xs)mod (h+ 1) , ∀s ∈ 〈n〉 − {1} ,
from the de�nition of fc with

ys = (x1 + xis + xs)mod (h+ 1) , ∀s ∈ 〈n〉 − {1} ,
and keep the other things from the de�nition of fc, we obtain another function
for con�gurations. Is this function bijective? Does it have a property for
energies similar to that for fc from Theorem 3.1(iii)? The answers to these
questions (when h ≥ 1, when h = 1, ...) are left to the reader.

Let f : A −→ B be a function. Let C ⊆ B. Recall that
f−1 (C) = {x | x ∈ A and f (x) ∈ C } .

Below we give the main result about the Potts model on trees.

Theorem 3.2. Consider the above tree and its associate star graph. Sup-

pose that

ρ = (ρx)x∈〈〈h〉〉n , ρx =
θHT (x)

ZT
, ∀x ∈ 〈〈h〉〉n ,

is the Potts model on the tree and

π = (πx)x∈〈〈h〉〉n , πx =
θH(x)

Z
, ∀x ∈ 〈〈h〉〉n ,

is the Potts model on its associate star graph, where HT and H are the energies

for the Potts model on the tree and for that on its associate star graph, respec-

tively, and ZT and Z are the normalization constants for the Potts model on

the tree and for that on its associate star graph, respectively,

ZT =
∑

x∈〈〈h〉〉n
θHT (x), Z =

∑
x∈〈〈h〉〉n

θH(x).
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Then

(i)
ZT = Z = (h+ 1) (hθ + 1)n−1

(since the normalization constant ZT depends on n, h, and θ only, it follows

that it is an invariant with respect to transformations which transform a tree

into a tree with the same number of vertices � this is interesting !);
(ii)

ρx = πfc(x),∀x ∈ 〈〈h〉〉n ;

(iii)
f−1
c

(
U(x1)

)
= U(x1),∀x1 ∈ 〈〈h〉〉 ,

where U(x1) is the set de�ned in the proof of Theorem 2.5, ∀x1 ∈ 〈〈h〉〉;
(iv)

P
(
f−1
c

(
U(x1,x2,...,xt)

))
= P

(
U(x1,x2,...,xt)

)
,∀t ∈ 〈n〉 ,∀x1, x2, ..., xt ∈ 〈〈h〉〉 ,

where U(x1,x2,...,xt) is the set de�ned in the proof of Theorem 2.5, ∀t ∈ 〈n〉 ,
∀x1, x2, ..., xt ∈ 〈〈h〉〉,

P
(
U(x1,x2,...,xt)

)
=

∑
y∈U(x1,x2,...,xt)

πy, ∀t ∈ 〈n〉 , ∀x1, x2, ..., xt ∈ 〈〈h〉〉 ,

and

P
(
f−1
c

(
U(x1,x2,...,xt)

))
=

∑
z∈f−1

c (U(x1,x2,...,xt))

ρz, ∀t ∈ 〈n〉 , ∀x1, x2, ..., xt ∈ 〈〈h〉〉.

Proof. (i) By Theorem 3.1(iii),

ZT =
∑

x∈〈〈h〉〉n
θHT (x) =

∑
x∈〈〈h〉〉n

θH(fc(x)).

Since fc : 〈〈h〉〉n → 〈〈h〉〉n and fc is bijective (see Theorem 3.1(iii)), setting
y = fc (x) , we have

ZT =
∑

x∈〈〈h〉〉n
θH(fc(x)) =

∑
y∈〈〈h〉〉n

θH(y) = Z.

For Z = (h+ 1) (hθ + 1)n−1 , see Comment 4 from Section 2.
(ii) By (i) and Theorem 3.1(iii),

ρx =
θHT (x)

ZT
=
θH(fc(x))

Z
= πfc(x), ∀x ∈ 〈〈h〉〉n .

(iii) Let x1 ∈ 〈〈h〉〉 . By the de�nition of fc,

f−1
c

(
U(x1)

)
⊆ U(x1),
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and, further, by Theorem 3.1(iii) (the fact that fc is bijective),∣∣f−1
c

(
U(x1)

)∣∣ =
∣∣U(x1)

∣∣ ,
so,

f−1
c

(
U(x1)

)
= U(x1).

(iv) Let t ∈ 〈n〉 and x1, x2, ..., xt ∈ 〈〈h〉〉 . By (ii) and Theorem 3.1(iii)
(the fact that fc is bijective),

P
(
f−1
c

(
U(x1,x2,...,xt)

))
=

∑
z∈f−1

c (U(x1,x2,...,xt))

ρz =
∑

z∈f−1
c (U(x1,x2,...,xt))

πfc(z) =

=
∑

y=fc(z), z∈f−1
c (U(x1,x2,...,xt))

πy =
∑

z=f−1
c (y), z∈f−1

c (U(x1,x2,...,xt))

πy =

=
∑

y∈U(x1,x2,...,xt)

πy = P
(
U(x1,x2,...,xt)

)
. �

To generate a con�guration of the above tree according to the Potts
model on this tree, we proceed as follows. We �rst generate a con�guration
(y1, y2, ..., yn) of its associate star graph according to the Potts model on this
star graph, see Section 2 � the generation method has n steps. f−1

c (y1, y2, ..., yn)
is the generated con�guration of tree. Set (x1, x2, ..., xn) = f−1

c (y1, y2, ..., yn) .
Consider that N1 is the root of tree. Using the levels of tree with respect to this
root, one way to compute x2, x3, ..., xn (x1 = y1) is: we �rst compute the x′is
of level 1 of tree, then compute the x′is of level 2 of tree, etc. (see the de�nition
of fc). Now, we consider the preorder traversal of tree � suppose that this
traversal is N1, Ni2 , Ni3 , ..., Nin (N1 is the root of tree, i2, i3, ..., in ∈ 〈n〉−{1},
...). In this case, we have another way to compute x2, x3, ..., xn: we compute
xi2 , then compute xi3 , ..., then compute xin (see the de�nition of fc again).
(For the root, levels, and preorder traversal of a tree, see, e.g., [4].)

Example 3.3. Consider the Ising model for n linear points (magnets) [3].
This model is a special Potts model, a model on the path graph (a tree) of
above points � we label these points N1, N2, ..., Nn; [N1, N2] , [N2, N3] , ...,
[Nn−1, Nn] are the edges of path graph. By Theorem 3.2(i), the normalization
constant for this Ising model is

ZT = 2 (θ + 1)n−1 .

(ZT , in this special case, can be computed by a di�erent method, see, e.g., [7,
pp. 33�36].) Further, proceeding (since ZT is known) as in Comment 4 from
Section 2, we have

HT =
(n− 1) θ

θ + 1



122 Udrea P�aun 20

(HT = the mean energy for the above Ising model). To compute the probabil-
ities P

(
f−1
c

(
U(x1,x2,...,xt)

))
, t ∈ 〈n〉 , x1, x2, ..., xt ∈ 〈〈1〉〉 , see Theorem 3.2(iv)

and Comment 5 from Section 2. Note that, here, besides f−1
c

(
U(x1)

)
= U(x1),

∀x1 ∈ 〈〈1〉〉 (by Theorem 3.2(iii)), we have f−1
c

(
U(x1,x2)

)
= U(x1,x2), ∀x1, x2 ∈

〈〈1〉〉 (for the proof, use the fact that [N1, N2] is an edge of the path graph and
cases: x1 = x2 = 0; x1 = 0, x2 = 1; x1 = 1, x2 = 0; x1 = x2 = 1). To generate
a con�guration of this path graph according to the Ising model on this path
graph, see before this example.

4. OTHER RESULTS

Section 1 refers, especially, to stochastic matrices � implicitly, to Markov
chains. Sections 2 and 3 contain applications of Markov chains to the Potts
model on trees (the star graphs are special trees). In this section, we give appli-
cations of the Potts on trees � for the Potts model on connected (nondirected
simple �nite) graphs, we give bounds, nontrivial bounds, for the normaliza-
tion constant, for the product of normalization constant and mean energy (this
product is equal to the derivative of normalization constant), for the mean en-
ergy, for the mean energy per site, for the free energy per site, and for the
limit free energy per site. These bounds help us to understand the Potts model
better.

In this section, as in Sections 2 and 3, we work with parameters h and θ
in all cases on the Potts model(s).

The �rst result refers to the normalization constant.

Theorem 4.1. Let G = (V, E) be a connected (nondirected simple �nite)
graph with vertex set V = {V1, V2, ..., Vn} and edge set E. Suppose that n ≥ 2
(equivalently, |E| ≥ 1 (because the graph is connected)). Let GT = (VT , ET ) be

a spanning tree of G (VT is the vertex set of GT and ET is the edge set of GT ).
Let Z and ZT be the normalization constants for the Potts model on G and for

that on GT , respectively.
(i) If 0 < θ < 1, then

Z ≤ ZT = (h+ 1) (hθ + 1)n−1 .

(ii) If θ ≥ 1, then

Z ≥ ZT = (h+ 1) (hθ + 1)n−1 .

Proof. Since Z = ZT if G is a tree (in this case, G = GT ), further, we
consider that G is not a tree. Now, since G is connected and is not a tree, we
have n ≥ 3. Consider the graph G1 = (V1, E1) , where V1 = V and E1 = E − ET
(|V1| = |V| = n ≥ 3, |E1| ≥ 1). Let H, HT , and H1 be the energies for the Potts
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model on G, for that on GT , and for that on G1, respectively. (For the energy,
see Section 2.) Obviously,

H = HT +H1.

(i) Since 0 < θ < 1, we have

θH(x) ≤ θHT (x), ∀x ∈ 〈〈h〉〉n .

So, by Theorem 3.2(i),

Z ≤ ZT = (h+ 1) (hθ + 1)n−1 .

(ii) Since θ ≥ 1, we have

θH(x) ≥ θHT (x), ∀x ∈ 〈〈h〉〉n .

So, by Theorem 3.2(i),

Z ≥ ZT = (h+ 1) (hθ + 1)n−1 . �

Example 4.2. Consider the d-dimensional grid graph Gn1,n2,...,nd (d, n1, n2,
..., nd ≥ 1). Suppose that 0 < θ < 1 and n1n2...nd ≥ 2. By Theorem 4.1 we
have

Z ≤ (h+ 1) (hθ + 1)n1n2...nd−1 .

For h = 1 (for the Ising model), we have

Z ≤ 2 (θ + 1)n1n2...nd−1 .

To give bounds for the product ZH (Z and H will be speci�ed below)
and for the mean energy, we need the next two theorems.

Theorem 4.3. Let ξ ∈ R+ and s, t ∈ N.
(i) If 0 < ξ ≤ 1

2 and s ≥ t ≥ 1, then

sξs ≤ tξt.

(ii) If ξ ≥ 1 and s ≥ t ≥ 0, then

sξs ≥ tξt.

Proof. (i) Consider the sequence (an)n≥1 , an = nξn, ∀n ≥ 1. This se-
quence is decreasing because

an+1

an
=
n+ 1

n
ξ ≤ 2n

n
ξ = 2ξ ≤ 1,∀n ≥ 1.

Consequently, (i) holds.

(ii) Obvious. �
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Remark 4.4. (a) For a di�erent proof of Theorem 4.3(i), one can consider
the function f : R −→ R, f (x) = xξx, then its derivative, etc.

(b) If 1
2 < ξ < 1, neither

sξs ≤ tξt, ∀s, t, s ≥ t ≥ 1,

nor
sξs ≥ tξt, ∀s, t, s ≥ t ≥ 1,

holds. Indeed, if s = 2t, we have

sξs

tξt
=
s

t
ξs−t = 2ξt,

so, when ξ = 3
4 , for t = 1, we have

2ξt = 2 · 3

4
=

6

4
> 1

while, for t = 3, we have

2ξt = 2 ·
(

3

4

)3

= 2 · 27

64
=

54

64
< 1.

Theorem 4.5. Let G = (V, E) be a connected graph with vertex set V =
{V1, V2, ..., Vn} and edge set E. Suppose that n ≥ 2. Let GT = (VT , ET ) be a

spanning tree of G. Let H and HT be the energies for the Potts model on G and

for that on GT , respectively. Let (x1, x2, ..., xn) ∈ 〈〈h〉〉n . Then
(i)

H (x1, x2, ..., xn) = 0⇐⇒ x1 = x2 = ... = xn;

(ii)
H (x1, x2, ..., xn) = 0⇐⇒ HT (x1, x2, ..., xn) = 0.

Proof. (i) �=⇒� Suppose that ∃i, j ∈ 〈n〉 , i 6= j, such that xi 6= xj .
Consider a path with ends Vi and Vj (the values x1, x2, ..., xn are associated
with V1, V2, ..., Vn, respectively (x1 is the color of V1, etc.)). Consider that
the vertices of this path are Vt0 = Vi, Vt1 , ..., Vtk−1

, Vtk = Vj (k ≥ 1). Since
xi 6= xj , ∃s ∈ 〈k〉 such that xts−1 6= xts . It follows that H (x1, x2, ..., xn) > 0.
Contradiction.

�⇐=� Obvious.
(ii) GT is also a connected graph. By (i),

H (x1, x2, ..., xn) = 0⇐⇒ x1 = x2 = ... = xn ⇐⇒ HT (x1, x2, ..., xn) = 0. �

We now give bounds for the product ZH and for the mean energy.

Theorem 4.6. Let G = (V, E) be a connected graph with vertex set V =
{V1, V2, ..., Vn} and edge set E. Suppose that n ≥ 2. Let GT = (VT , ET ) be a
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spanning tree of G. Let Z and ZT be the normalization constants for the Potts

model on G and for that on GT , respectively. Let H and HT be the energies for

the Potts model on G and for that on GT , respectively. Let H and HT be the

mean energies for the Potts model on G and for that on GT , respectively.
(i) If 0 < θ ≤ 1

2 , then

ZH ≤ ZTHT = (n− 1) (h+ 1)hθ (hθ + 1)n−2 ,

and, as a result,

H < (n− 1)hθ (hθ + 1)n−2 .

(ii) If θ ≥ 1, then

ZH ≥ ZTHT = (n− 1) (h+ 1)hθ (hθ + 1)n−2 .

Proof. Obviously (see the proof of Theorem 4.1 (H = HT if G is a tree,
...)),

H (x) ≥ HT (x) ,∀x ∈ 〈〈h〉〉n .

By Theorem 3.2(i), and proceeding as in Comment 4 from Section 2, we have

HT =
(n− 1)hθ

hθ + 1

(HT is also an invariant with respect to transformations which transform a tree
into a tree with the same number of vertices).

(i) By Theorems 3.2(i), 4.3(i), and 4.5(ii) we have

ZH = Z
∑

x∈〈〈h〉〉n
H (x)

θH(x)

Z
=

∑
x∈〈〈h〉〉n

H (x) θH(x) ≤
∑

x∈〈〈h〉〉n
HT (x) θHT (x) =

= ZT
∑

x∈〈〈h〉〉n
HT (x)

θHT (x)

ZT
= ZTHT =

= (h+ 1) (hθ + 1)n−1 · (n− 1)hθ

hθ + 1
= (n− 1) (h+ 1)hθ (hθ + 1)n−2 .

Since Z > h+ 1 (see Theorem 2.3(vi)), we have

H ≤ 1

Z
· (n− 1) (h+ 1)hθ (hθ + 1)n−2 < (n− 1)hθ (hθ + 1)n−2 .

(ii) By Theorems 3.2(i) and 4.3(ii) we have

ZH =
∑

x∈〈〈h〉〉n
H (x) θH(x) ≥

∑
x∈〈〈h〉〉n

HT (x) θHT (x) = ZTHT =

= (n− 1) (h+ 1)hθ (hθ + 1)n−2 . �



126 Udrea P�aun 24

Remark 4.7. (a) The case when θ = e−
1
kT is of interest to statistical

physics, where k is the Boltzmann constant, k = 1.38064852× 10−23, and T is
the absolute temperature. This case leads to

0 < θ ≤ 1

2
⇐⇒ 0 < T ≤ 1

k ln 2
' 1.04× 1023.

Consequently, the condition 0 < θ ≤ 1
2 from Theorem 4.6(i) is not too re-

strictive. (This condition is also in (b), Example 4.8, Theorem 4.10, and Re-
mark 4.11.)

(b) (An application of Theorem 4.6.) By Theorem 4.6 we can �nd im-
possible cases for the couple

(
Z,H

)
. E.g., if 0 < θ ≤ 1

2 , it is impossible that,
e.g.,

Z > (h+ 1) (hθ + 1)n−2 and H > (n− 1)hθ

simultaneously.
(c) (Another application of Theorem 4.6.) Since, replacing θ with eβ,

the product ZH is equal to the derivative of Z with respect to β (hint: see
Comment 4 from Section 2 again), the bounds for ZH from Theorem 4.6 lead
to bounds for Z ′, then to information on the graph of function β 7−→ Z (β) ,
β ∈ R (0 < θ < 1⇐⇒ β < 0; θ ≥ 1⇐⇒ β ≥ 0).

Example 4.8. Consider the d-dimensional grid graph Gn1,n2,...,nd . Suppose
that 0 < θ ≤ 1

2 and n1n2...nd ≥ 2. By Theorem 4.6 we have

H < (n1n2...nd − 1)hθ (hθ + 1)n1n2...nd−2 .

For h = 1, we have

H < (n1n2...nd − 1) θ (θ + 1)n1n2...nd−2 .

Below we give four de�nitions, two in the �nite case and two in the limit.
For other terminologies on the four notions below, see, e.g., [6�7] and [14].

Let G = (V, E) be a (connected or not) graph with vertex set V =
{V1, V2, ..., Vn} and edge set E . Suppose that |E| ≥ 1. Consider the Potts
model on G. Set

f|V| =
lnZ

|V|
(Z is the normalization constant). Since |V| = n, we have

f|V| = fn =
lnZ

n
.

We call f|V| (fn) the free energy per site. Set

h|V| =
H

|V|
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(H is the mean energy). Since |V| = n, we have

h|V| = hn =
H

n
.

We call h|V| (hn) the mean energy per site. Further, we consider a sequence of
(connected or not) graphs (Gm)m≥1 , Gm = (Vm, Em) , ∀m ≥ 1, with |Em| ≥ 1,
∀m ≥ 1, and |Vm| → ∞ as m → ∞ (|Vm| → ∞ as m → ∞ ; |Em| →
∞ as m → ∞), such as, (Cn)n≥3 , Cn is the cycle graph (with n vertices),
(Gn1,n2,...,nd)n1,n2,...,nd≥1, n1n2...nd≥2 , Gn1,n2,...,nd is the d-dimensional grid graph
(n1n2...nd → ∞ as n1, n2, ..., nd → ∞), (Kn)n≥2 , Kn is the complete graph
(with n vertices), (Km,n)m,n≥1 , Km,n is the complete bipartite graph (with
m + n vertices; m,n ≥ 1 =⇒ m + n ≥ 2; m + n → ∞ as m,n → ∞),
the sequences of triangular lattices which satisfy the above conditions, and
the sequences of hexagonal lattices which satisfy the above conditions. (The
framework on the graphs from this place is also more general than that from
statistical physics.) For each m ≥ 1, we consider the Potts model on Gm. Set

f = lim
m→∞

f|Vm| if lim
m→∞

f|Vm| exists

and

h = lim
m→∞

h|Vm| if lim
m→∞

h|Vm| exists.

We call, extending the physical terminology, f the limit free energy per site and
h the limit mean energy per site.

The de�nitions of f and h make sense if for each of them, there exists at
least one example. For such examples, see Theorems 4.12(iii) and 4.13.

Theorem 4.9. Let G = (V, E) be a connected graph with vertex set V =
{V1, V2, ..., Vn} and edge set E. Suppose that n ≥ 2 (equivalently, |E| ≥ 1).
Consider the Potts model on G.

(i) If 0 < θ < 1, then (|V| = n)

fn ≤
ln
[
(h+ 1) (hθ + 1)n−1

]
n

.

(ii) If θ ≥ 1, then

fn ≥
ln
[
(h+ 1) (hθ + 1)n−1

]
n

.

(iii) If G is a tree, then (θ ∈ R+)

fn =
ln
[
(h+ 1) (hθ + 1)n−1

]
n

.
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Proof. By Theorem 4.1. �

Theorem 4.10. Let G = (V, E) be a connected graph with vertex set V =
{V1, V2, ..., Vn} and edge set E. Suppose that n ≥ 2. Consider the Potts model

on G.
(i) If 0 < θ ≤ 1

2 , then

hn <
(n− 1)hθ (hθ + 1)n−2

n
.

(ii) If G is a tree, then (θ ∈ R+)

hn =
(n− 1)hθ

n (hθ + 1)
.

Proof. (i) By Theorem 4.6.

(ii) By the proof of Theorem 4.6. �

Remark 4.11. By Theorem 4.6 we can also �nd impossible cases for the
couple

(
fn, hn

)
. E.g., for 0 < θ ≤ 1

2 , it is impossible that, e.g. (see Re-
mark 4.7(b)),

fn >
ln
[
(h+ 1) (hθ + 1)n−2

]
n

and hn >
(n− 1)hθ

n

simultaneously.

Theorem 4.12. Consider a sequence of connected graphs (Gm)m≥1 , Gm =
(Vm, Em) , ∀m ≥ 1, with |Vm| ≥ 2 (equivalently, |Em| ≥ 1), ∀m ≥ 1, and
|Vm| → ∞ as m → ∞. For each m ≥ 1, we consider the Potts model on Gm.
Suppose that limm→∞ f|Vm| exists.

(i) If 0 < θ < 1, then (f = limm→∞ f|Vm|)

f ≤ ln (hθ + 1) .

(If h = 1, then

f ≤ ln (θ + 1) .)

(ii) If θ ≥ 1, then

f ≥ ln (hθ + 1) .

(iii) If Gm is a tree, ∀m ≥ 1, then

f = ln (hθ + 1) .

For h = 1 and Gm = Pm+1, ∀m ≥ 1, Pm+1 is the path graph (with m + 1
vertices) � for the 1-dimensional Ising model �, we have

f = ln (θ + 1) .
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Proof. (i) By Theorem 4.9(i) we have

f|Vm| ≤
ln
[
(h+ 1) (hθ + 1)|Vm|−1

]
|Vm|

=

=
ln (h+ 1)

|Vm|
+

(
1− 1

|Vm|

)
ln (hθ + 1) ,

so,
f = lim

|Vm|→∞
f|Vm| ≤ ln (hθ + 1) .

(ii) Similar to (i) (using Theorem 4.9(ii)).
(iii) By Theorem 4.9(iii). �

Theorem 4.13. Consider a sequence of trees (Gm)m≥1 , Gm = (Vm, Em) ,
∀m ≥ 1, with |Vm| ≥ 2, ∀m ≥ 1, and |Vm| → ∞ as m → ∞. For each m ≥ 1,
we consider the Potts model on Gm. Then

h =
hθ

hθ + 1
.

For h = 1 and Gm = Pm+1, ∀m ≥ 1, Pm+1 is the path graph � for the 1-
dimensional Ising model �, we have

h =
θ

θ + 1
.

Proof. By Theorem 4.10(ii). �

Remark 4.14. Other results can also be obtained:
a) the normalization constant, mean energy, etc. for the Potts model on

forests (if GF = (VF , EF ) is a forest having the trees G(i)
T =

(
V(i)
T , E(i)

T

)
, i ∈ 〈k〉 ,

with
∣∣∣V(i)
T

∣∣∣ ≥ 2, ∀i ∈ 〈k〉 , where k ≥ 1 (k ∈ N), then

ZF = Z
(1)
T Z

(2)
T ...Z

(k)
T ,

where ZF is the normalization constant for the Potts model on GF and Z
(i)
T is

the normalization constant for the Potts model on G(i)
T , ∀i ∈ 〈k〉);

b) bounds for the normalization constant, etc. for the Potts model on non-
connected (nondirected simple �nite) graphs using the Potts model on spanning
forests.
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