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Using G method, for the Potts model on (nondirected simple finite) trees, we
compute the normalization constant and certain important probabilities and give
a fast exact (not approximate) sampling Markovian method. The Ising model
for n linear points (magnets) — no external field is allowed in our article — is a
special Potts model, a model on the path graph (a tree) of above points. But
this is not all — for the Potts model on connected (nondirected simple finite)
graphs, we give bounds, nontrivial bounds, for the normalization constant, for
the product of normalization constant and mean energy (this product is equal
to the derivative of normalization constant), for the mean energy, for the mean
energy per site, for the free energy per site, and for the limit free energy per site.
These bounds help us to understand the Potts model better.
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1. SOME BASIC THINGS

In this section, we present some basic things from [8-10].
Set
Par (E) = {A] A is a partition of E'},
where F is a nonempty set. We shall agree that the partitions do not contain
the empty set.

Definition 1.1. Let Ay, Ay €Par(E). We say that Ay is finer than Ag if
VYV € Ay, AW € Ay such that V C W,
Write A1 < A when Aq is finer than As.

In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.

REV. ROUMAINE MATH. PURES APPL. 65 (2020), 2, 103-130



104 Udrea Paun 2

The entry (,j) of a matrix Z will be denoted Z;; or, if confusion can
arise, Zl_m
Set
(m)={1,2,....,m} (m>1),
Nym = {P| P is a nonnegative m x n matrix },
Smn = {P| P is a stochastic m x n matrix },
Ny = Nn,na Sn = On,n-

Let P = (P;;) € Nypp. Let 0 2 U C (m) and @ # V C (n). Set the
matrices
Py = (Pij)ieU,je(n> , PV = (Pij)zE(m),jeV’ and PI‘J/ = (Pij)ieU,jeV'
Set
({i})ie{81,82,-.-78t} = ({81} ’ {82} PR {St}) ;
({i})ie{sl,sg,...,st} € Par ({s1, 82, ..., 8t}) .

Definition 1.2. Let P € N,,,. We say that P is a generalized stochastic
matriz if 3a > 0, 3Q € Sy, such that P = aQ.

Definition 1.3 ([8]). Let P € Ny, . Let A €Par({m)) and ¥ €Par({n)).
We say that P is a [A]-stable matriz on X if P[% is a generalized stochastic
matrix, VK € A,VL € 3. In particular, a [A]-stable matrix on ({i}) is
called [A]-stable for short.

Definition 1.4 ([8]). Let P € Ny, . Let A €Par((m)) and ¥ €Par((n)).
We say that P is a A-stable matriz on ¥ if A is the least fine partition for which
P is a [A]-stable matrix on ¥. In particular, a A-stable matrix on ({i});c, is
called A-stable while a ((m))-stable matrix on ¥ is called stable on ¥ for short.
A stable matrix on ({i});¢, is called stable for short.

Let Ay €Par({(m)) and Ay €Par((n)). Set (see [8] for Ga, a, and [9] for
Gara)

Ga,.n, ={P| P € Sy and P is a [Aq]-stable matrix on Ay}

ie(n)

and
Gayn, ={P| P € Npppp and P is a [Aq] -stable matrix on Ag}.

When we study or even when we construct products of nonnegative ma-
trices (in particular, products of stochastic matrices) using Ga, a, or Ga, A,
we shall refer this as the G method. G comes from the verb to group and its
derivatives.

Below we give the basic result from [8] we need.
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THEOREM 1.5 ([8]). Let P, € G(<m1>) Ay € Smimes P2 € Gas,ny C
Smg,m:;a ceey Pn—l S GAnfl,An g Smnfl,mny n € G m({z}) g Smn,

Then

7‘€<mn+1> Mn+1°

P P..P,
is a stable matriz (i.e., a matriz with identical rows, see Definition 1.4).

Proof. See [8]. O

2. POTTS MODEL ON STAR GRAPHS

In this section, for the Potts model on star graphs, we compute the nor-
malization constant and certain important probabilities and give a fast exact
(not approximate) sampling Markovian method.

Set
{({m)) ={0,1,...,m} (m >0).
Let G = (V,€) be a (nondirected simple finite) graph with vertex set
V = {V1,Vs,..,V,} and edge set £. Suppose that || > 1 (|| is the cardinal,
€] > 1= n>2). [V;,V]] is the edge whose ends are vertices V; and V;, where
i, j € (n) (i # 7). Consider the set of functions

(B ={f1 f:V = ()},
where b > 1 (h € N). Represent the functions from ((h))" by vectors: if
Fe (WY, Vi —s f(V;) := a;, Vi € (n), then its vectorial representation is
(1,22, ey Tp) . (T1, T2y ooy T) y T1, X2, ..., Ty, € ((h)), are called configurations
(the configurations of graph). ((h)) can be seen as a set of colors; in this case,
if (z1, 22, ..., 2y) is a configuration, then x1 is the color of Vi, x4 is the color of
Va, ..., &, is the color of V,,.
Set (see, e.g., [5, Chapter 6])

H(z)= Y 1loi#a], Yo (A)" (v = (21,22, ..., 20)),
[Vi,Vjle€
where | ity 2
. 1= 1 x; 7 xj,
1[%17&333] { 0 ifﬂ?i:x]‘,
Vo € ((h))", Vi, j € (n). Extending the physical terminology, the function H is
called the Hamiltonian or energy; H (z) represents the Hamiltonian or energy
of configuration x.
Recall that Rt = {z|z € Rand z > 0}.
Set

T v € ((h)",

Ty —
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where § € RT and

zZ= Y 9"

z€((h)"

The probability distribution m = (72),¢n (on ((h))") is called, when
0 < 0 < 1, the Potts model on the graph G (see i13]; see, e.g., also [5, Chapter
6], [6], and [14]) — we extend this notion considering § € RT. In particular, if
h=1and 0 <6 < 1, wis called the Ising model on the graph G (see [3]; see,
e.g., also [5, Chapter 6] and [7]; no external field is allowed in our article) —
we also extend this notion considering € RT. Z is called the normalization
constant (or the normalizing constant, or, extending the physical terminology,
the partition function).
The next result is simple, but useful.

THEOREM 2.1. Let x, y, z € ((m — 1)), where m > 1 (m € N). Then
TFY = rD2FYydz

(equivalently,
r=yY <= rDz=ydz),

where @ is the addition modulo m. Moreover, the implication “<=" still holds
if we replace x, y, z € ((m — 1)) with z, y, z € Z.

Proof. This is left to the reader. 0O
Below we give a basic result about H, about the Potts model on graphs.
THEOREM 2.2.
H (z1,29,...c;xn) = H(x1 &k, 20 B k,...,xn ® k), Va1,29,..., 20,k € ((h)),
where @ is the addition modulo h + 1. (If h = 1, then H (x1,z2,...,2,) =
Hxi®lzo®1,...,2,P1) = H (1’1,532,...,5%) , Vo, zo, .., x, € (1)),

where
_ 1 dfa =0,
Ti=1 x’_{o ifxi =1,

Vie (n).)
Proof. By Theorem 2.1. [J

Set

Uy = {1,925 - 9n) | Y1, 925, Yn € ((R)), y1 =21}, Var € ((h)) .

Below we give other basic results about the Potts model on graphs.



5 G method in action 107

THEOREM 2.3. (1) (Uo),Uq), -, Uy) is a partition of ((h))" .
(i)
(iii)

Tr(xl,xg,...,a:n) = W(xl@k,xg@k ..... Tn®k)s \V/l'l,ZL'Q, vy Iy k € <<h’>> )

where @ 15 the addition modulo h + 1.
(iv) The function f;jor : Uiy — Ugiar),

fijek (Js T2, ntn) = (J Ok, 22 @k, ...,x, ® k), Va2, 23, ..., 2, € ((h)),
is bijective, Vi, k € ((h)), and — do not forget this! —

[Uw)| = [Utw)

, Yo,w € ((h)).

ij,j@k(j’m%“-um ) = T(j,x2,.yn)> vx?vxd) .. 7$najak € <<h>>

(@ is also the addition modulo h + 1).
(v)
P (Uw) = P (Uwy) » Yo,w € ((h)),
and, therefore,

P (Uw) = 57> Yo € (A,
where
)= D m Yo ((h).
z€U ()
(vi)
Z=(h+1) > 07D vue((n)),

z€U ()
and, as a result,

Z>h+1.

Proof. (i) and (ii) Obvious.

(iii) By Theorem 2.2.

(iv) |Uy| = |Uger| (by (i) and f; ek is injective (by Theorem 2.1)
imply f; jer is bijective, Vj, k € ((h)). The equations follow from (iii).

(v) By (iv).
(vi) Let v € ((h)) . By (v) we have
1 1
N DD SR SEL S )

:L‘EU(U) acEU (v) :IIGU(U)
So,
=(h+1) > 07®.

wGU(U)
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Since (v,v,...,v) € Uy, H (v,v,...,v) = 0, [((h))| = 2, and |E] > 1, we

have
> 0@ >
er(v)
Consequently,
Z>h+1. 0O

Let G = (V, &) be a star graph, where ¥V = {V1,V5,....,V,,} (n > 2), the
vertex set, and & = {[Vi, V3], [V1, V5], ..., [V1, V,,]}, the edge set.
THEOREM 2.4. Consider the above star graph. Then
H (3]1,3]2, vy Tt—1, Ay Tt4-1, 7xn) =
H (z1,22, s @4—1,b, T441,y ooy Tp) ifa="b orx #a+#b#x,
= H(SUl,CCQ,...,xt_l,b7$t+17...,$n)—1 fol :a#ba

H (.7}1,.1‘2, vy L1, b, Tyt 1, ,mn) +1 ifa##b=ux,

Vit € (n) — {1} (2441, ..., Ty vanish when t = n), Yri, T2, ooy Ty—1, Tit1y ey Tn,
a, be ((h)).

Proof. Obvious. 0O

In this article, the transpose of a vector x is denoted z/. Set e = e (n) =

(1,1,...,1) e R, ¥n > 1.
Below we give the main result of this section.

THEOREM 2.5. Let = (my) ¢

graph. Consider a Markov chain with state space ((h))" and transition matriz
P = P\ Ps...P,, where P;, t € (n), are stochastic matrices on ((h))",

()" be the Potts model on the above star

T2y Dk,zo Dk %) fE&=(r1Dk,x2Dk,...,z, DEk)
5 =1 @k, 2Bk, .., Tn®

or some k € ((h
we Ty | (@10UT2OUTn OW) f ((h))

0 ifE#£ (1@ k,xa®k, ...z, ®k),Vk € ((h)),

V (21,22, .y Tp), & € ((R))", where & is the addition modulo h+ 1,

(Pt)(xl,xz,...,xn)—»f =

Ty oyt s o if € = (21,29, oy L1, Ky g1, ooey Tp)
> Lo Lrr for some k € ((h)),

™
T1,L9,..eyTp_1,U,T .-
weTh) (21,22, T4 1T 15,0 )

/Lfé # (:U]JI?) ey Tt—1, k7xt+1v 7xn) )
0 vk € ((h),
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vVt € (n) — {1} (441, ..., Ty, vanish when t = n), ¥ (x1, 22, ..., 25), £ € ((h))".
Then
P=c¢rn

(therefore, the chain attains its stationarity at time 1, its stationary probability
distribution (limit probability distribution) being, obviously, ).

Proof. Set
Uy o) = LWL Y25 Un) | W15 525 - 9n) € ()™, Yo = 20, Y0 € () },
vVt € (n), Vx1,x9,...,2¢ € ((h)). Consider the partitions
Ay = (((h)"),
A1 = (Ui 2,e0) 2y .. mve ()

vVt € (n). Obviously, we have Ay i1 = ({2}) e )y -
By hypothesis and Theorems 2.3(iii) and 2.4 we have

(Pl)(xl,xz,...,a:n)—>§ =
%—‘rl ifE= (1S k,xa®k,...,xn, @ k) for some k € ((h)),
0 if € £ (v1 B kyxe B ky.ooyxn ® k), VEk € ((R)),
V(x1, 22, wn) € € ((R))"
(P (21 9, o) =
ot €= (T1, 2, ooy Te1, T1, Tt 1, ooy Tn)

—{ o &= (v, 22, 21,k Teg1, o, ) for some k€ ((h)) K # 21,

0 if &£ (21,22, 00y Tt—1, K, Ttt 1,y s Tp) , VE € ((R)),

Vi e (n) — {1}, V(z1,22,...,xn), & € ((h))". It follows that
P; e GAt,At+17 Vt € (n).

Since P = P| P»...P,, by Theorem 1.5, P is a stable matrix. Consequently, J,
1 is a probability distribution on ((h))", such that

P =,
It is easy to see that
Ty (Pt)xy =Ty (Pt)ya: Vit € <n> VI,y € <<h>>n :

This thing implies
P, =Vt € (n),
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and, further,
TP = .
Finally, we have
7 =7nP =me =1,
S0,
P=¢dn. 0O

We comment on Theorem 2.5 and its proof.

1. Any 1-step of the chain with transition matrix P = P P...P, is per-
formed via Py, P, ..., Py, i.e., doing n transitions: one using P;, one using Ps,
..., one using P,. This chain:

a) attains its stationarity at time 1 — one step due to P or n steps due
to P, Ps, ..., Py;

b) belongs to our collection of hybrid Metropolis-Hastings chains from [9]
(this follows from Uz, oy 201) C Uley za,z0)s VE € (0 — 1), Vo1, 29, 0, 2441 €
((h)) , etc.; for our collection, see also [10-12]);

¢) is a cyclic Gibbs sampler in a generalized sense (the state space is
({h)})") because

cl) the ratios used to define the transition probabilities of P; are similar
to those of (usual) cyclic Gibbs sampler used to update coordinate 1 while the
ratios used to define the transition probabilities of matrices P;, t € (n)—{1}, are
identical to those of (usual) cyclic Gibbs sampler (on ((h))" too) used to update
coordinates 2, 3, ..., n, respectively (the (usual) cyclic Gibbs sampler with finite
state space also belongs to our collection of hybrid Metropolis-Hastings chains
from [9], see [10]), and

¢2) matrices P, t € (n), are used cyclically.
(For finite Markov chain theory, see, e.g., [2], and for the Gibbs sampler, see,
e.g., [5].)

2. Since P = €'m, we have
poP =7, Ypg, po = initial probability distribution.

Therefore, theoretically speaking, it does not count the initial probability we
choose. But, practically speaking, when we run the chain, it is suitable to work
with the initial state « = (0,0, ..., 0) (in this case, (po), .0 =1)-

3. Consider that the initial state of chain is (0,0,...,0). To generate a
state of the chain at time 1, we use, for P;, the uniform probability distribution

1 1 1
h+1"h+1""h+1)’



9 G method in action 111

see the computation of matrix P; in the proof of Theorem 2.5 (the 0's do not
count), while, for P;, t € (n) — {1}, the probability distribution

1 0 0 0
<h9+1’h9+1’h9+1"“’ h0+1> ’
see the computation of matrices P, t € (n) — {1}, in the proof of Theorem 2.5
(the 0’s do not count too). The above probability distributions, the former
being a uniform probability distribution and the latter being an almost uniform
probability distribution — we call it almost uniform probability distribution
because its components are identical, excepting at most one of them (all the
components are identical when § = 1) — are, concerning the implementation,
the best ones. To see that this is also true for the (above) almost uniform
probability distribution, we split this probability distribution into two blocks,

1 0 0 0
h0+1/)" \hO+1"hO+1"""hO+1)"

1
X>— X~U(0,1
> h9+ 17 ( 9 )7
further, we work with the latter block, which, by normalization, leads to the

uniform probability distribution

111
L

Therefore, our exact sampling Markovian method, having n steps (due to Py,
Py, ..., P,), is simple and good, very good. Another case which uses uniform
and almost uniform probability distributions is presented in [11].

If

4. By P = ¢/m we can compute the normalization constant Z. Indeed,
since ((h))" D Uy D Upo) O - D Ugpp,.0 = {(0,0,...,0)} (recall that
U(117127..'7It+1) C U($1,£2,~~-,$t)? vVt € (n — 1>, VI1, T2, .., Tey1 € <<h>>), P is a
block diagonal matrix (eventually by permutation of rows and columns — P,
is a block diagonal matrix when it is used, e.g., the lexicographic order (on
((h))™), ¥Vt € (n) — {1}, and P, € Ga, A, Yt € (n) (moreover, P, is a
A¢-stable matrix on A4y, VE € (n)), we have (using P = €'r)

B 1 1 n—1
1000 =T\ 1)

00 1
T0,0,.,0) = 7 = 7

On the other hand,

So,
Z=(h+1)(ho+1)""".
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(To compute Z, we can use

1 1
T(1,1,...,1) = Zga(ﬂ'ﬂ(zzrug)ZZ AR Or T(h,h,...,h) 2325
instead of mg ... 0) = 7, L etc.) From the above formula for Z, we can obtain

other important things, such as (extending the physical terminology), the mean
energy

7 _ _ o 1 H(x)
H= Y H@m= Y H(@) = > H(x)6

ze((h)" ze((h)" ze((h)"

(see, e.g., [1, p. 6]). Indeed, since § € R, 33 € R such that § = ¢”. In this
case,

Z=27(8) = (h+1) (he + 1)”71 ,
so, differentiating with respect to g3,
Z'=2'(8) = (h+1) (n — 1) he® (he’B + 1)n_2 .
On the other hand,

S0,
7 = H(z)ePH®) = Z7H.
z€((h))"
Finally, we have

7 7' (h+1)(n—1)he? (he® + 1)”72 _ (n—1)he?

z (h+1) (hef +1)"" hef +1
using @ instead of e,
= (n—1)ho
ho +1

5. Using Uniqueness Theorem from [10] (the presentation of this result
is too long, so, we omit to give it here), we can compute certain important
probabilities for the Potts model on the star graph from Theorem 2.5. Indeed,
by Uniqueness Theorem we have

PUay) = Y, 7= 77 Va1 € ((h))
2€U(zy)

(a generalization (for any graph G = (V,&) with |€] > 1 (V is the vertex set
and & is the edge set)) of this result is given in Theorem 2.3(v)). Further, by
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Uniqueness Theorem we have

>, T

1 .
P (U(:r;l,a:z)) . €U () ,aq) . { RO+1 if To = T1,
= _ ; ‘
P (U(xl)) a:e;(zl) T - if 2 # 21,
Va2 € ({R) . 50
D) (ho+1) T2 1,
P (U(xhxz)) = 0

Gangern i 22 # 2,

Va1, z2 € ((h)). To compute P (U(x17$27$3)) , etc., we use (see Uniqueness The-
orem)

> Ty

1 : _
P (U(fm,m,...,mt)) _ €U () 2g,....21) . ho+1 if oy = 1,
P (U($17$27-~~7xt—1)) > UE 0 it g, %+ x1,
zeU ho+1
(21,29, 2t_1)

Vi, xa,...,x¢ € ((h)) (3 <t <n). Using the Kronecker delta (symbol),
i :{ L=y
0 ifi#j,
V1,7 € I, and Hamming distance,
d(z,y) =1—=0p0 +1 = 0goyp + .. + 1 =00y Yo,y € J1 X Jo X .. X Ty

(m>1; 2= (z1,22, ..., Tm), -..), where I, Jy, Ja, ..., Jp, are nonempty sets, we
conclude that
= =1,
P (U(l“l T2, fft)) = 1 gt %=1y gl-dzag gl dziay .
T e herr o e it e (n) — {1},
=t if t =1,

= gd((z ST ey z1),(z9,23,..., z¢)) .
1(h1+1)(i110+12)t§1 — ifte(n) - {1}

(n >2), V1,29, ...,2¢ € ((h)), because

_ P (U(ml,m)) P (U(ff17x27--~7$t))
P (U(m,m,...,act)) =P (U(acl)) ) P (U(xl)) S 2 (U(xl’m,.,,,xt,l))’

Vt € (n), Va1, z2,...,x € ((h)).

To illustrate Theorem 2.5, its proof, and the above comments, we give an
example.
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Ezample 2.6. Consider the Ising model (h = 1) on the star graph G =
V,€), where V = {V1,Va,V3} (n = 3) and & = {[V1, Vo], [V4, V5]}. To write
the matrices Py, P, P3, we use the lexicographic order: (0,0,0), (0,0,1),
(0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1). By Theorem 2.5 (and its
proof) we have

1 1
10000001
02000030
00300300
» 00033000
"“ooo il ooo0|
00300300
02000030
1 1
10000003
1 [
7 0 g O
1 [
0 71 0 71
1 [
71 0 g 0
1 [
. 0 71 0 71
2 — 0 1 )
71 O 71 O
[ 1
0 77 0 73
0 1
w1 0 g Y
[ 1
0 77 0 73
10
0+1 0-+1
1 6
0+1 0+1
1 0
0+1 0+1
1 0
0-+1 0-+1
Py = i i 0 1
041 7+1
0 1
6-+1 6-+1
0 1
0+1 0+1
0 1
0+1 0+1
We have
Uy = {(0,0,0), (0,0,1), (0,1,0), (0,1,1)},
U(lg:{(laoao)v (170,1)7 (]-a 30)5 (171a1)}a
U(O,O): (03030)7 (anal)}v U(O,l):{(oalao)a (Oalvl)}v
U(LO) = {(17070)7 (1,0, 1)}7 U(l,l) = {(17 1>O>7 (17 1, 1)}7
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U(OOO - {(0 0, 0)}7 U( ,0,1) {(0 0, 1)}7 00y U(l,l,l) = {(17 L, 1)}7
:(1 Az = (U): Up) »

= (U > Uy U s

=(U 000 (00,1), s Uany) -
Obviously, Ay =< Ag < Ay = Ay, Ay #£ Az # Ay # Aq. Tt is easy to see
that Pi € Ga, 0oy P2 € Gayng, P3 € Gaga,, and 7, (Pt)xy = Ty (Pt)yx’
Vit € (3), Y,y e ((1))®. By Theorem 2.5 or direct computation, P = €.
Since 70,0y = 7, it is easy to see, using P = e'm, that Z = 2 (0 + 1% (Z
can also be obtalned by direct computatlon). Obviously, P, and Ps are block
diagonal matrices; P» is a Ag-stable matrix on Aq, Pj is a Az-stable matrix on
Aj. Moreover, P» is a Ao-stable matrix on Ag, P53 is a Ag-stable matrix. P; is
a stable matrix both on A; and on As. By Uniqueness Theorem from [10] or
direct computation we have

P (Uqg) =P (Uy) =

(this result also follows from Theorem 2.3(v)),

1

P Uoo) =P o) = 35757y
0

P (Uoy)) = P (Unp) = SICESE

1 1
P (U((),O,O)) = T(0,0,0) = E - m,
0
P (U(O,O,l)) = T(0,0,1) = 7 = m, etc.

Obviously, our exact sampling Markovian method has, here, 3 steps (due to Py,
Py, P3).

3. POTTS MODEL ON TREES

In this section, the study of Potts model on trees is reduced to that on
star graphs.

Below we consider a tree and a star graph, but the reader could consider,
first, a tree, the star graph being obtained from this tree deleting some edges
and adding other ones — similar things hold for configurations, but deleting
and adding numbers.

Let n > 2 (n € N). Let Gr = (Vr,&r) be a tree, where Vr = { Ny, No, ...,
Ny}, the vertex (node) set, and Er is the edge set. Consider the star graph G =
(V,E), where V = {V, Vs, ..., V,, }, the vertex set, and € = {[V4, V5], [V4, V3] ,
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V1, Va]}, the edge set. We associate the tree with the star graph as follows.
Consider f = (fy, fe, fc), where

fv Vr — V7 fv (Nz) = ‘/;7 Vi € <n>
(Vr| = [V]=n),
fe:&r — &, fe ([Ni, Nj]) = [V1, V],
Vi, j € <n> with [NmNj] € &r and d(Nj,Nl) = d(Ni,Nl) +1 (“[Ni,Nj} e &r

and d(Nj, N1) = d(N;, N1) + 17 is equivalent to “[N;, Nj] € Ep and between
N; and Nj, Nj is the nearest to N1”; d is the (usual) distance on graphs),

fC : <<h’>>n — <<h>>” (h > 1)7 fc (xleQa 7xn) = (ylayQa "'ayn))
where the values x1,x2, ..., z, are associated with Ny, Na, ..., N,, respectively
(1 is the color of Nj, etc.), and the values yi,¥y2, ...,y are associated with
V1, Va, ..., Vi, respectively,
Y1 = 21,
ys = (1 + xj, —xs)mod (h+ 1), Vs € (n) — {1},

is, which depends on s € (n) — {1}, is from (n) such that [N, , N5| € &r and
d (Ns,N1) = d(N;,,N1) + 1 (is is unique with this property).

s

THEOREM 3.1. (i) f,, the function for vertices, is bijective.

(i) fe, the function for edges, is bijective.

(iii) fe, the function for configurations, is bijective and, moreover, has an
important property for energies, namely,

H (fe(x)) = Hr (x), Vo € ((h))"

(x = (x1,x9,...,2,)), where Hp and H are energies for the tree and for its
associate star graph, respectively.

Proof. (i) Obvious.

(ii) First, we show that f. is injective. Let [N;, Nj ], [Ni,, Nj,] € Er,
[Nilale] 7é [Ni27Nj2]7 d(N]17N1) - d(NiluNl) + 1) d(szle) = d(Nlé?Nl)
+ 1. We must show that

Je ([Niliji]) # fe ([Ni27Nj2]) .
Since fe ([Niule]) = [Vlvvjl] and fe([NizijQ]) = [Vh‘/jQ]a we must show
that
Vi, # Vj, (equivalently, ji # ja).
Since Nj, # Nj, implies V;, # V},, we show that
Nj, # N, .
Suppose that Nj, = Nj,.
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Case 1. N;, = N;,. From N;, = N;, and N, = Nj,, we have [N;,N; ] =
[Ni,, Nj,] . Contradiction.

Case 2. N;, # Nj,. In a tree, any two vertices are connected by a unique
path (a known result). Since Gp is a tree, it follows that there exists a unique
path with ends Ny and Nj, (Nj, = Nj; Nj, # Np because d(Nj,,Ni) =
d(N;,Ni) +1 > 1 > 0). Consider this path. Since [N;,N;] € &r and
d(Nj,,N1) = d (N, N1) + 1, it follows that N;; belongs to this path N;,
belongs to this path too because Nj, = Nj,, [Ni,, Nj,] € &7 and d (Nj,, N1) =
d (Nj,, N1)+1. Since N;, = Nj,, we have d (N;,, N1) = d (Nj,, N1) and, further,
d(N;,, Np) = d(Nw,Nl) Therefore, N;, = N;,. Contradiction.

From Cases 1 and 2, we conclude that Nj, # Nj,. Since Nj, # Nj,, we
have j; # jo and, further,

fe([ i1y ]):[vajl]#[vlv 12] fe([ i2) ])

Therefore, f. is injective.

Second, since f : Ep — &, |Ep| = |€]|, and fe is injective, it follows that
fe is bijective.

(iii) First, we show that f. is injective. Let a, b € ((h))", a # b (a =
(a1,a2,...,an), ...). We must show that

fe(a) # fe (b).
As a # b, it follows that 3s € (n) such that as # bs.

Case 1. aj # by. Obviously, f.(a) # f.(b).

Case 2. a1 = by. As a # b, it follows that 3s € (n) — {1} such that as # bs.
Since f. : ((R))" — ((h))", it follows that Ju, w € ((h))" (u = (u1,uz, ..., un),
...) such that

fela) =u, fe(b) =w.
Recall that, in a tree, any two vertices are connected by a unique path. Tt
follows that there exists a unique path with ends N; and Ny (N5 # Nj because
€ (n) — {1}). Consider this path. Consider that the vertices of this path are
Njo = Nl, le, veey Njk—l’ Njk- = NS (k} > 1) Since Njo = ]\717 we have aj, = a1
and bj, = by. Set
t= min ol ag, #b;,}
It follows that ¢ = j, for some v € (k). By the definition of f,
uy = (a1 + aj,_, — at) mod (h + 1),
Wy = (bl + ij_l — bt) mod (h + 1) .
Suppose that u; = wy. It follows that

(a1 +aj,_, —a;)mod (h+1) = (by +bj,_, — b)) mod (h+1).
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i1, We have

Asa; =by and aj,_, =b;

(a1 +aj,_, —a;) mod (h + 1) = (a1 + aj,_, — by) mod (h +1).
Further, we have

a1 +aj,_, —ag—q(h+1)=a1+aj,_, —b—q(h+1)
for some q1, g2 € {—1,0,1}. Further, we have
be —ar = (1 —q2) (h+1)
for some ¢q1, g2 € {—1,0,1}. It follows that
h+1]|b— a.

Contradiction (because
0<|b—at| <h+1).

Therefore, us # wy. Further, we obtain u # w. Finally, we obtain f. (a) # f. ().

From Cases 1 and 2, we have f. (a) # f.(b), so, f¢ is injective.

Second, since f. : ((h))" — ((h))" and f, is injective, it follows that f.
is bijective.

Third, we show that H (f.(x)) = Hr (z), Yz € ((h))". Fix z € ((h))".
Set

y=fe (x)

(y = (y1,92,-..,yn) is the configuration of star graph corresponding to the
configuration x = (1, z2, ..., x,) of tree). Fix ¢,j € (n) such that [N;, N;] € &
and d(Nj,Nl) = d(NZ,Nl) + 1. Then f. ([Nz,N]]) = [‘/1, V}] . We show that

T # Tj = Y1 # Yj-
“==" Suppose that y; = y;. We have
yj = (z1 +x; —zj)mod (h+1).
So, d¢ € {—1,0, 1} such that
z1+x — x5 =q(h+1) +y;

Further, since y; = y1 = x1, we have

z; —xj=q(h+1)
for some q € {—1,0,1}, so,

h+1|z;— ;.

Contradiction (because
0< |.7}7;—$j| < h—l—l).
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“<=" Suppose that x; = x;. We have
yj = (x1 + 2; —xj)mod (h + 1) = xymod (h + 1) .

So,
Y =21
because x1 € ((h)). As y; = x1 (see the definition of f.), we have
Y1 =1Y;j-
Contradiction.
From the above equivalence, we obtain
H(y) = Hr (z),
1.€.,

H(fe(z)) =Hr(z). O
It is interesting to find functions for configurations, if any, better, compu-
tationally speaking, than f.. If we replace

ys = (x1 + x;, —xs)mod (h+ 1), Vs € (n) — {1},
from the definition of f. with
ys = (1 + =i, + zs)mod (h+ 1), Vs € (n) — {1},

and keep the other things from the definition of f., we obtain another function
for configurations. Is this function bijective? Does it have a property for
energies similar to that for f. from Theorem 3.1(iii)? The answers to these
questions (when h > 1, when h =1, ...) are left to the reader.

Let f: A — B be a function. Let C C B. Recall that

flC)={z|rcAand f(z) €C}.
Below we give the main result about the Potts model on trees.

THEOREM 3.2. Consider the above tree and its associate star graph. Sup-

ose that
P ot ()

pP= (pI)x€<(h)>" » Pr = 7 vz € ((h)",

1s the Potts model on the tree and
gH (z) "
T = (Wz)xe«h))"’ Ty = 7 Va € ((h))",

1s the Potts model on its associate star graph, where Hy and H are the energies
for the Potts model on the tree and for that on its associate star graph, respec-
tively, and Z7 and Z are the normalization constants for the Potts model on
the tree and for that on its associate star graph, respectively,

Zr=Y oM@ 7= 3 i)
we((h)" we((h))
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Then
(1)
Zr=2=(h+1)(ho+1)"!
(since the normalization constant Zp depends on n, h, and 0 only, it follows

that it 1s an invariant with respect to transformations which transform a tree
into a tree with the same number of vertices — this is interesting!);

(i)
(i)

Pz = ch(x),V:c € <<h>>n,

£ (U(wl)) = Ugay), Va1 € () ,
where Uy, is the set defined in the proof of Theorem 2.5, V1 € ((h));
(iv)
P(fi" (Uarwaren)) = P Uty as,an) -V € (), Va1, 2o, ..o xp € ((h)),
where Uy, o, 2,) 18 the set defined in the proof of Theorem 2.5, Vt € (n),
Va1, xo, ...,z € ((h)),

P (U(m,rg,...,a:t)) = Z Ty, Vt € (n), Va1, x2,...,x¢ € ((h)),

P (o Uy annen)) = > pzy Yt € (n), Yo, 29, ..., 7 € ((h)).

Proof. (i) By Theorem 3.1(iii),
T = Z pHr(z) _ Z gH (fe(x))
ze((h)" ze((h)"
Since f. : ((h))" — ((h))" and f. is bijective (see Theorem 3.1(iii)), setting

y = fo(x), we have
Z pH(Fe(e)) _ Z 9H W)

ye((

For Z = (h+1) (ho + 1)n_ , see Comment 4 from Section 2.
(ii) By (i) and Theorem 3.1(iii),
gHr(z)  gH(fe(2))
Zr  Z
(iii) Let 1 € ((h)). By the definition of f,
1! Uen) € U,

Pz = = Tf(z) Vx € <<h>>n .
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and, further, by Theorem 3.1(iii) (the fact that f. is bijective),
1 (Uan)| = U]

50,
fo Uy) = Uy
(iv) Let t € (n) and =1, 2, ..., v+ € ((h)). By (ii) and Theorem 3.1(iii)
(the fact that f. is bijective),

P (£ (U agsar)) = > pe = > Tfo(z) =

Zefc_l(U(ml,.rQ,.“,mt)) Zefgl(U(ml,m2,4.4,mt))
= Z Ty = Z Ty =
y:f(l(z): Zefc_l(U(ml,xQ ,,,,, %‘t)) Z:f(‘_l(y)v Zefc_l(U(ml,mQ,m,mt))

— Z Ty = P (U(:pl,xz,.-.,wt)) : O

To generate a configuration of the above tree according to the Potts
model on this tree, we proceed as follows. We first generate a configuration
(y1, Y2, ..., yn) of its associate star graph according to the Potts model on this
star graph, see Section 2 — the generation method has n steps. f 1 (y1, %2, - Un)
is the generated configuration of tree. Set (z1,x2,...,75) = fo ' (y1,Y2, ., Un) -
Consider that V1 is the root of tree. Using the levels of tree with respect to this
root, one way to compute 2, 3, ..., Tn (£1 = y1) is: we first compute the /s
of level 1 of tree, then compute the x}s of level 2 of tree, etc. (see the definition
of f.). Now, we consider the preorder traversal of tree — suppose that this
traversal is N1, Ni,, Nig, ..., N;, (N1 is the root of tree, i9, i3, ..., in, € (n) — {1},
...). In this case, we have another way to compute x3, x3, ..., T,: we compute
Ti,, then compute x;,, ..., then compute z;, (see the definition of f. again).
(For the root, levels, and preorder traversal of a tree, see, e.g., [4].)

Ezample 3.3. Consider the Ising model for n linear points (magnets) [3].
This model is a special Potts model, a model on the path graph (a tree) of
above points — we label these points N1, Na, ..., Nu; [N1, No|, [No2, N3], ...,
[Nn—1, Ny] are the edges of path graph. By Theorem 3.2(i), the normalization
constant for this Ising model is

Zp=20+1)""1.

(Zr, in this special case, can be computed by a different method, see, e.g., |7,
pp. 33-36].) Further, proceeding (since Zr is known) as in Comment 4 from
Section 2, we have
— (n—1)0
Hy=-——"27
4 0+1
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(H7 = the mean energy for the above Ising model). To compute the probabil-
ities P (f;l (U(xlm,__’xt))) ,t€(n), x1,29,...,2¢ € ((1)), see Theorem 3.2(iv)
and Comment 5 from Section 2. Note that, here, besides f.! (U(xl)) = Ulzy);
Vi € ((1)) (by Theorem 3.2(iii)), we have 7! (U, 4,)) = Utwy wa), V1,22 €
((1)) (for the proof, use the fact that [Ny, N] is an edge of the path graph and
cases: ©1 = x9 =0; 21 =0, 9 = 1; 1 = 1, 9 = 0; 1 = 92 = 1). To generate
a configuration of this path graph according to the Ising model on this path
graph, see before this example.

4. OTHER RESULTS

Section 1 refers, especially, to stochastic matrices — implicitly, to Markov
chains. Sections 2 and 3 contain applications of Markov chains to the Potts
model on trees (the star graphs are special trees). In this section, we give appli-
cations of the Potts on trees — for the Potts model on connected (nondirected
simple finite) graphs, we give bounds, nontrivial bounds, for the normaliza-
tion constant, for the product of normalization constant and mean energy (this
product is equal to the derivative of normalization constant), for the mean en-
ergy, for the mean energy per site, for the free energy per site, and for the
limit free energy per site. These bounds help us to understand the Potts model
better.

In this section, as in Sections 2 and 3, we work with parameters h and 6
in all cases on the Potts model(s).

The first result refers to the normalization constant.

THEOREM 4.1. Let G = (V, &) be a connected (nondirected simple finite)
graph with verter set V = {V1,Va, ..., V,,} and edge set E. Suppose that n > 2
(equivalently, |E| > 1 (because the graph is connected)). Let Gr = (Vp,Er) be
a spanning tree of G (Vr is the vertex set of Gr and Er is the edge set of Gr).
Let Z and Z7 be the normalization constants for the Potts model on G and for
that on Gr, respectively.

(i) If 0 < 6 < 1, then

Z<Zp=(h+1)ho+1)""".
(ii) If 0 > 1, then
Z>Zp=(h+1)(ho+1)" .

Proof. Since Z = Zp if G is a tree (in this case, G = Gr ), further, we
consider that G is not a tree. Now, since G is connected and is not a tree, we
have n > 3. Consider the graph G; = (V1,&1), where Vi =V and & =& — &p
(Wil = V| =n >3, |&1| > 1). Let H, Hp, and H;y be the energies for the Potts
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model on G, for that on Gr, and for that on Gj, respectively. (For the energy,
see Section 2.) Obviously,
H =Hr+ H;.
(i) Since 0 < 6 < 1, we have

oH @) < gHr(@) yr e ()"
So, by Theorem 3.2(i),
Z<Zr=(h+1)(ho+1)""".
(ii) Since 0 > 1, we have
0@ > gHr(@) yp e ((h))™.
So, by Theorem 3.2(i),
Z>Zr=(h+1)Hho+1)"". O

Ezample 4.2. Consider the d-dimensional grid graph Gy, n,....n, (d, n1, n2,
ey Mg > 1). Suppose that 0 < 0 < 1 and ning...ng > 2. By Theorem 4.1 we
have

Z < (h+1) (kO +1)""2-na—1

For h =1 (for the Ising model), we have
Z <2(041)mrenat

To give bounds for the product ZH (Z and H will be specified below)
and for the mean energy, we need the next two theorems.

THEOREM 4.3. Let £ € RT and s, t € N.
(1) If0<§§% and s >t >1, then

s&® < te
(ii) If¢ > 1 and s >t > 0, then
s&® > 1€

Proof. (i) Consider the sequence (an),;, an = nf", ¥n > 1. This se-
quence is decreasing because
an+1  n+1

2
E<E=2<1Vn> 1.
an, n n

Consequently, (i) holds.
(ii) Obvious. 0O
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Remark 4.4. (a) For a different proof of Theorem 4.3(i), one can consider
the function f: R — R, f (x) = z£*, then its derivative, etc.
(b) If 3 < £ <1, neither

sE8 < tEh, Vs, t, s >t > 1,

nor
SES > tEh, Vs, t, s >t > 1,

holds. Indeed, if s = 2t, we have

S ¢
= — :2
S0, Wh@ﬂéZ%,fOFt:L we have
3 6
260 =2-"=—->1
¢ 4 4

while, for ¢t = 3, we have
3\? 27 54
2'=2.[>] =2. ===«1
& <4> 64 64

THEOREM 4.5. Let G = (V, &) be a connected graph with vertex set V =
{V1,Va, ..., Vi } and edge set £. Suppose that n > 2. Let Gr = (Vr,Er) be a
spanning tree of G. Let H and Hr be the energies for the Potts model on G and
for that on Grp, respectively. Let (x1, 2, ...,x,) € ((h))". Then

(i)
(i)

H(x1,29,....,25) =0 <= 11 = X2 = ... = Xp;

H (x1,x9,....,x,) =0 <= Hp (21,22,....,2,) = 0.

Proof. (i) “=" Suppose that 3i,5 € (n), i # j, such that x; # ;.
Consider a path with ends V; and V; (the values x1, 2, ...,z, are associated
with Vi, Va, ..., V,,, respectively (zp is the color of Vi, etc.)). Consider that
the vertices of this path are V;; =V, Viy,..., V4, , Vi, = V; (kK > 1). Since
x; # x5, 3s € (k) such that x4, |, # x,. It follows that H (21,22, ...,z,) > 0.
Contradiction.

“<—=" Obvious.

(ii) Gr is also a connected graph. By (i),

H (1'171‘2, ,(L‘n) =0« x1=29=..=1x, < Hp (xl,mg, ,xn) =0. ]
We now give bounds for the product ZH and for the mean energy.

THEOREM 4.6. Let G = (V,E) be a connected graph with vertex set V =
{V1,Va, ..., Vi,} and edge set £. Suppose that n > 2. Let Gr = (Vr,Er) be a
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spanning tree of G. Let Z and Zp be the normalization constants for the Potts
model on G and for that on Gr, respectively. Let H and Hr be the energies for
the Potts model on G and for that on Gr, respectively. Let H and Hr be the
mean energies for the Potts model on G and for that on Gr, respectively.

(i) If0<0<f then

ZH < ZyHp = (n—1) (h+1)ho (h +1)"2
and, as a result,
H < (n—1)h0 (h +1)" 2
(ii) If 0 > 1, then
ZH > ZyHp = (n—1) (h+1)ho (b +1)"2

Proof. Obviously (see the proof of Theorem 4.1 (H = Hp if G is a tree,

),
H (z) > Hr (x),VYx € ((h))".

By Theorem 3.2(i), and proceeding as in Comment 4 from Section 2, we have
— (n—1)ho
Hr = ——
T e+

(Hr is also an invariant with respect to transformations which transform a tree
into a tree with the same number of vertices).

(1) By Theorems 3.2(i), 4.3(i), and 4.5(ii) we have

_ H(x)
=7 Y H(:C)GZ = Y H @) < Hy () 077 —
we((h)" ze({h)"
gHr (@)
=Zr Y Hr(z 7 = 4rir =
re((h)" r

= (h+1) (h0 +1)"" 1-("h;i>1h€

Since Z > h + 1 (see Theorem 2.3(vi)), we have

=(n—1)(h+1)h8 (h8 +1)""2.

H< < (n=1)(h+1)ho (ho + )" 2 < (n—1)h0 (h +1)" 2
(i ) By Theorems 3.2(i) and 4.3(ii) we have

Z H(z)0"™ > N~ Hyp(2) 0" = 27 Hp =
e(( ze((h)"

:(n—l)(h+1)h9(h9+1)"_2. O

xT
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Remark 4.7. (a) The case when 6 = e~ ®7 is of interest to statistical
physics, where k is the Boltzmann constant, k = 1.38064852 x 10723, and T is
the absolute temperature. This case leads to

1 1 23
< — < — ~1. .
0<€_2¢:0<T_km2 1.04 x 10

Consequently, the condition 0 < 6 < % from Theorem 4.6(i) is not too re-
strictive. (This condition is also in (b), Example 4.8, Theorem 4.10, and Re-
mark 4.11.)

(b) (An application of Theorem 4.6.) By Theorem 4.6 we can find im-
possible cases for the couple (Z, F) B, if0< 0 < %, it is impossible that,
e.g.,

Z>(h+1)(h8+1)""% and H > (n—1) ho
simultaneously.

(¢) (Another application of Theorem 4.6.) Since, replacing 6 with e?,
the product ZH is equal to the derivative of Z with respect to 8 (hint: see
Comment 4 from Section 2 again), the bounds for ZH from Theorem 4.6 lead
to bounds for Z’, then to information on the graph of function g — Z (3),
BER(D<OI<1I<=L<0;0>1<=52>0).

Ezample 4.8. Consider the d-dimensional grid graph Gy, n,....n,. Suppose
that 0 < 6 < % and ning...ng > 2. By Theorem 4.6 we have

H < (nmg...nd — 1) ho (h@ + 1)"1”2---7%1—2 .
For h = 1, we have
F < (nan...nd — ]_) 0 (0 + 1)n1n2...nd72 .

Below we give four definitions, two in the finite case and two in the limit.
For other terminologies on the four notions below, see, e.g., [6-7] and [14].

Let G = (V,€) be a (connected or not) graph with vertex set V =
{V1,Va, ..., V,,} and edge set £. Suppose that |£] > 1. Consider the Potts
model on G. Set

InZz
fvi =1
VI V|
(Z is the normalization constant). Since |V| = n, we have
InZ
M=t ="
We call fjy (fn) the free energy per site. Set
— H
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(H is the mean energy). Since |V| = n, we have

We call E\V\ (hy) the mean energy per site. Further, we consider a sequence of
(connected or not) graphs (Gm),,~1> Gm = Vm,Em), Ym > 1, with |E,| > 1,
Vm > 1, and |[Vyu| — 00 as m — oo ([Vi| — 00 as m — oo % [En] —
00 as m — o0), such as, (Cy),~5, Cn is the cycle graph (with n vertices),
(gmm,,,,,nd)mm’_.’nle, rym g2 Gni na,....ng 18 the d-dimensional grid graph
(ning...ng — 00 as ni,ng,...,ng — 00), (Kp),~5, Ky is the complete graph
(with n vertices), (Kmn)y,n>1, Kmn is the complete bipartite graph (with
m + n vertices; m,n > 1 = m+n > 2; m+n — oo as m,n — ),
the sequences of triangular lattices which satisfy the above conditions, and
the sequences of hexagonal lattices which satisfy the above conditions. (The
framework on the graphs from this place is also more general than that from
statistical physics.) For each m > 1, we consider the Potts model on G,,. Set

= lim if lim exists
f m—00 f\Vm\ mMm—00 meI
and
h = lim h’|Vm\ if lim h|Vm| exists.
m—00 m— 00

We call, extending the physical terminology, f the limit free energy per site and
h the limit mean energy per site.

The definitions of f and h make sense if for each of them, there exists at
least one example. For such examples, see Theorems 4.12(iii) and 4.13.

THEOREM 4.9. Let G = (V,E) be a connected graph with vertex set V =
{1, Va, ..., Viu} and edge set £. Suppose that n > 2 (equivalently, |E] > 1).
Consider the Potts model on G.

(i) If0 < 6 < 1, then (V| =n)

In [(h +1) (h8 + 1)"‘1}

n

fn <
(ii) If 6 > 1, then

mﬁh+naw+1wﬂ}

n

fn >
(iii) If G is a tree, then (6 € RT)

mﬁh+nuw+1w*}

n

fn:
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Proof. By Theorem 4.1. O

THEOREM 4.10. Let G = (V, &) be a connected graph with verter set V =
{V1,Va, ..., Vi } and edge set E. Suppose that n > 2. Consider the Potts model
onG.

(i) If0 < 0 < 3, then

= _ (=1t (ho + 1)"2

n

n

(ii) If G is a tree, then (0 € RT)
_(n=1)ho
" n(h+1)
Proof. (i) By Theorem 4.6.
(ii) By the proof of Theorem 4.6. [

Remark 4.11. By Theorem 4.6 we can also find impossible cases for the
couple (fn,hn). Eg., for 0 < 6 < é, it is impossible that, e.g. (see Re-
mark 4.7(b)),

In [(h +1) (h6 +1)" 2 ~ Y
and hn > u

n n

fn >
simultaneously.

THEOREM 4.12. Consider a sequence of connected graphs (Gm),,>1 > Gm =

Vi, Em), Ym > 1, with |Vy,| > 2 (equivalently, |E,| > 1), YVm > 1, and
V| = 00 as m — oco. For each m > 1, we consider the Potts model on G,.
Suppose that limy, o fly,,| exists.
(i) ffO <f< 1, then (f = limy,—oo f\Vm\)
f<In(h+1).
(If h =1, then
f<ln(0+1).
(ii) If > 1, then
f>In(h+1).
(iii) If G is a tree, Ym > 1, then
f=In(hd+1).

For h =1 and G, = Pmt1, Ym > 1, Ppy1 is the path graph (with m + 1
vertices) — for the 1-dimensional Ising model —, we have

f=InO+1).
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Proof. (i) By Theorem 4.9(i) we have

In | (h+1) (h + 1)%‘—1]
o = Vol -
In(h+1) ( 1 )
=BT (- S ) m(re 1),

f = Ilim f\Vm\ <In (h@ + 1) .

|V | =00

S0,

(ii) Similar to (i) (using Theorem 4.9(ii)).

(iii) By Theorem 4.9(iii). O

THEOREM 4.13. Consider a sequence of trees (Gm),>1> Gm = Vm, Em) ,
Vm > 1, with |Vp,| > 2, Vm > 1, and |Vp,| — 00 as m — oo. For each m > 1,
we consider the Potts model on G,,. Then

ho

ho+1
For h =1 and Gy, = Ppy1, Ym > 1, Ppy1 is the path graph — for the 1-
dimensional Ising model —, we have

h=

— 6
h=——.
0+1
Proof. By Theorem 4.10(ii). O
Remark 4.14. Other results can also be obtained:
a) the normalization constant, mean energy, etc. for the Potts model on

forests (if Gr = (Vp, Er) is a forest having the trees g}i) = ( 7@, 57@) yi€ k),
with ‘v}” > 2, Vi € (k), where k > 1 (k € N), then

Zp =273 72

where Zp is the normalization constant for the Potts model on Gr and Zj(f) is
the normalization constant for the Potts model on Q;Z), Vi e (k));

b) bounds for the normalization constant, etc. for the Potts model on non-
connected (nondirected simple finite) graphs using the Potts model on spanning
forests.
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