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This paper regroups some of the basic properties of Lipschitz maps and their
flows. Many of the results presented here are classical in the case of smooth
maps. We prove them here in the Lipschitz case for a better understanding of
the Lipschitz geometry and for a quantification of the related properties, which
would be of use to the development of numerical methods for rough paths for
example. We also introduce the notion of almost Lipschitz maps, which provide
a sharper control and description of flows of Lipschitz vector fields and local
inverses of Lipschitz injective immersions.
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BASIC NOTATIONS
S : The symmetric group of order k.
7] : The only integer such that 0 <y — || <1, 7 being a real
number.
[v] : The integer part of a real number +, 7.e. the only integer
such that 0 <~y —[y] < 1.
Z.(E,F) : The space of all continuous linear mappings from a
normed vector space F to a normed vector space F.
Een : The space of homogenous tensors of the vector space
E of order n, n € N*,
Z,(E®F F) : The space of symmetric k-linear mappings from a vector
space E to a vector space F'.
I :  The identity matrix of rank k.
Idy : The identity map on the set U.
A - The closure of a subset A of a topological space.
B(z,a) : The ball centered at = of radius o.
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1. LIPSCHITZ MAPS

In [15], L.C. Young uses the concept of p-variation (p > 1) as a means to
characterise the smoothness of a path to generalize Stieltjes’ integration the-
ory to paths of finite p-variation. In building a theory of differential equations
(dy = f(y)dz) using the aformentioned work, one needs to be able to control
the smoothness (in terms of variation) of the image of a path of finite p-variation
under the involved vector fields (i.e. f(y)). It appears that Lipschitz maps,
introduced by Whitney [13] and studied for example by Stein in [11], are the
appropriate type of maps to use in this framework and the wider one of rough
paths, introduced by Lyons in [10]. Lipschitz maps have the advantage (among
others) of making sense even on discrete sets. They correspond to a variation of
the Holder modelled distributions in the classical polynomial regularity struc-
ture (more precisely, a Holder modelled distribution in this regularity structure
is a Lipschitz map on every compact set. For more details, see Hairer [7]).
Regularity structures are used to solve a large class of sub-critical stochastic
parabolic PDEs. The present work may constitute a simplified example (i.e.
involving a ladder structure) of the type of algebraic constructions that one
needs to build a closed regularity structure that can be used in solving more
elaborate SPDEs. In this section, we give the definition of Lipschitz maps then
set out to answer basic and natural questions about this class of maps: do they
have a nice embedding structure? How can they be linked to the more familiar
class of €™ maps? Are they stable under composition? etc.

1.1. Basic definitions and properties, norms
on tensor product spaces

We first fix our definition of Lipschitz maps. To represent multi-linear
maps such as higher derivatives, we opt for a representation by linear maps
taking values in tensor product spaces as can be found for example in [1]:

Definition 1.1. Let n € Nand 0 < ¢ < 1. Let E and F' be two normed
vector spaces and U be a subset of E. Let f: U — E be a map. For every
k€ [1,n], let f¥:U — Z(E®* F) be a map with values in the space of the
symmetric k-linear mappings from E to F. We will use, without ambiguity,
the same notation |.| to designate norms on E®*, for k € [1,n], and the norm
on F.

For k € [0,n], the map Ry : E x E — Z(E®*, F) defined by:

) + Rz, y)(v)

n ' v T — ®G—k)
Va,y € UVv € B 1 fF(x)(v) = F(y)( ®<(j —yk))!j
=k
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is called the remainder of order k associated to f = (f°, f%,..., f").

The collection f = (f°, f1,..., f™) is said to be Lipschitz of degree n + ¢
on U (or in short a Lip — (n + €) map) if there exists a constant M such that
for all k € [0,n], z,y € U and vy,...,v; € E:

@) I @) (1@ @)l < Mlvr @ -+ @ vg|;
2) |Ru(z,y) (01 @ - @vp)|| < Ml —y|" T Flog @ - @ v

The smallest constant M for which the properties above hold is called the
Lip — (n +¢)-norm of f and is denoted by || f||1ip—(n+e)-

Note that the above definition is purely quantitative and does not require
any properties (in particular topological ones) from the domain of the definition
of the Lipschitz map.

Remark 1.2. On any non-empty open subset of U (and in particular on
the interior of U), f!,..., f™ are the successive derivatives of f°. However,
these maps are not necessarily uniquely determined by f° on an arbitrary set
U. Keeping this in mind, if f°: U — F is a map such that there exist f1,..., f"
such that (f0, f1,..., f*)is Lip—(n-+e¢), we will often say that f0is Lip—(n+e¢)
with no mention of f!,..., f™.

Remark 1.3. It is clear that the property of being Lipschitz is invariant
under the change of norms by equivalent ones.

One important feature one has to pay attention to when deriving prop-
erties of Lipschitz maps is the nature of the norms on the tensor spaces. We
study here three types of norms which will be of use in the exposition of our
work.

Definition 1.4 (Projective property). Let E be a normed vector space.
Let n € N*. We say that (E®*);<x<, (respectively (E®¥);>1) are endowed
with norms satisfying the projective property if, for every k € [1,n] (resp.
k > 1) and p,q € N such that p+ ¢ = k and every a € E®?, b € E®Y, we have
la @bl < lal ol

When at least such a family of norms exists, norms satisfying the projec-
tive property are abundant in the following sense:

PROPOSITION 1.5. Let E be a normed vector space and n € N*. Suppose
(|I1l%)1<k<n are norms on (E®*)i<p<, satisfying the projective property, then,
for a >0 and B > 1, the norms (a®||.||x)1<k<n and (B||.|lx)1<k<n also satisfy
the projective property.

Ezample. Let E be a finite dimensional vector space and let (€1,...,€é,)
be a basis for E. Let n € N*. Let k € [1,n] and p > 1 and define the norms
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|-llp.x and ||.[|ook on E®k by the following: for x € E®F if (24, i\ )1<iy,..ip<r
are the coordinates of x in the basis (€, ® - -+ ® €, )1<iy,....ix<r Of E%®F e

T = E Tiy,...ix€iy @ - Q€
1<iy,.. i <r

then:
1/p

|2 ||px = ) i, P and  ||zflcok = max |z,
. : 1<in, i <r
1<in, i <1

Then (||.||p.x)1<k<n and (||.||oo)1<k<n are norms on (E®*);<;<, satisfying the
projective property.

Definition 1.6. Let E and F' be two normed vector spaces and u : £ — F
be a linear map. Let n € N*. We define the map u®" : E®" — F®" as the
unique linear map satisfying:

Yor,...,op €E: u®M"(01 @ @) = u(vr) @ -+ @ ulvy).

Remark 1.7. The existence of such a map is a consequence of the universal
property defining tensor product spaces.

Definition 1.8 (Compatible norms). Let E and F' be two normed vector
spaces. Let n € N* and C > 0. We say that (E®¥);<<,, and (F®*) <)<, are
endowed with C-compatible norms if, for every bounded linear map v : £ —
F and every k € [1,n], we have |[u®¥|| < Cllu||*. When the value of C is
irrelevant, we may simply say that the norms are compatible and assume that
C=1.

Ezamples. Let E be a finite dimensional vector space and let (é1,...,¢é,)
be a basis for E. Let n € N*. Let F be a normed vector space. We assume
that we have norms on (F®*);<j<, satisfying the projective property. Then:

e Let p > 1. The norms (||.|[px)1<k<n (resp. (PFE=VP)| |1, 1) 1<k<n) on

(E®k)1<p<n are r(1=1/P)_compatible (resp. 1-compatible) with the norms

on (F&*)1<p<n.

o The norms (|[.ecx)i<h<n (resp. (7¥|.llock)1<k<n) on (E®*)i<pey are
r"-compatible (resp. 1-compatible) with the norms on (F®*);<j<,.

Remark 1.9. As shown in the case of the norms given in the previous
examples and by Proposition 1.5, if the norms on (E®%); <<, and (F®); <4<,
(or (E®*);>1 and (F®F);>1) are C-compatible, it is always possible to define
new norms that are equivalent to the original norms so that the new norms
are l-compatible and that the new norms on (E®¥);<<,, satisfy the projective
property if the original ones do.
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Definition 1.10 (Action of the Symmetric Group on Tensors). Let n € N*|
o € Y, and F be a vector space. We define the action of o on the homogenous
tensors of E of order n as a linear map by the following:

Vo1, 29,20 €E (11 @22 ® - @ Tn) = To(1) @ Te2) @+ @ Ty(n)-

Notation. In the context of the previous definition, for o € .7, i € [0,n]
and 21,29, ...,2, € E, we define ¢ (2) (z := 21 @ 12 ® --- ® z,) and 0%(x)
to be the only elements of E®* and E®("~1) respectively such that:

o(z) = oV (z) @ o?i(x).

Definition 1.11 (Symmetric norms). Let E be a vector space and n € N*.
A norm on E®" is said to be symmetric if:

Vn € N*, Vo € %, Vo € E®"  |lo(2)|| = ||z|.

We show now how to control the Lipschitz norm of the Cartesian product
of two Lipschitz maps.

PROPOSITION 1.12. Let v > 0. Let E, F and G be normed vector spaces.
Let U be a subset of E and let f (resp. g) be a map defined on U with values
in F (resp. G). Let h be the map defined on U by h = (f,g). Then:

e [f f and g are Lip—~ and F X G is endowed with the I[P norm (p € [1,00]),
then h is also Lip — v and ||| Lip— is less than or equal to the [P norm
of (1f 1| zip—» 19l £ip—)-

o [fthe norm ||.|F on F and the norm ||.|[Fxc on F' X G are such thal there
exists C > 0 satisfying:

V(z,y) e Fx G |zllr < Cll(z,y)llFxc

(note that the 1P norms on F x G satisfy this property, for p € [1,00]), and if
h is Lip — v then f is Lip — v and || f| ip—y < C||h||2ip—r-

1.2. Local characterization and embeddings

Once the concept of Lipschitzness is understood, one of the first and the
most natural questions one may ask is whether Lip — v maps are Lip — v/, for
v > > 0. We deal first with the trivial case where the domain of definition
of the map is bounded:

LEMMA 1.13. Let v, > 0 such that ' <. Let E and F be two normed
vector spaces and U be a bounded subset of E. Let f : U — F be a Lip—~ map.
If |v'] < |v], we assume that (E®k)1§k§m are endowed with norms satisfying
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the projective property. Then f is Lip —~" and if L > 0 is larger than or equal
to the diameter of U then:

(] Lji,yl /
| fll ip—vy < | fllLip—y max | 1, Z G 4+ LY
J=v]+1 ’

Proof. Let n,n’ € N, (g,&') € (0,1]? such that v = n + ¢ and 4 =
n'+¢'. Let f1,..., f* be maps on U such that (f, f!,..., f") is Lip — and let

Ry, ..., R, be the associated remainders. For k € [0,n/], define Sy : U x U —
ZL(E®* F) as follows:

— )®G—h)
Y,y € U,Yv € E®F : Si(z,y)(v Z Fi(y @ (@ ),
j=n'+1 (]_k).

+ Ry (2, y)(v).
By a straightforward computation, one gets that, for all z,y € U:

n

L= "
(el < Wllio— | D G T2 | e =l
j=n'+1 J

By recognising the S;’s in the expansion formulas of the f;’s, we see there-
fore that (f, f1,... ,f"/) is Lip — o/ with Sy, ..., S, as remainders and:

n L=
[ flluip—y < [ f[Lip—y max | 1, Z =+ |. D
j=n/+1 (G =n)!

Remark 1.14. With the notations of the previous lemma, if |7/| = |v],

ZHJJH % is understood to be zero.

Remark 1.15. With the notations of the previous lemma, we have the
following simple control:
2 i
L‘] ’Y / !
max | 1, Z ﬁ + L7777 | <C,, max (171;7—7)
j=l1+1
where C,, . = 1if |9/] = |y] and C, » = e otherwise.

The aim now is to be able to go from the case where the domain of
definition of the map is bounded to a more general one. This gives us an
important local characterization of Lipschitz maps:

LEMMA 1.16. Let v > 0. Let E and F' be two normed vector spaces and U
be a subset of E. For every k € [0, |y]], let f*: U — ZL(E®* F) be a map with
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values in the space of the symmetric k-linear mappings from E to F'. We assume
that (E®k)1§kgm are endowed with norms satisfying the projective property
and that there exists 6 > 0 and C > 0 such that, for every x € U, f|p(s5)nu 15
Lip — ~ with a norm less than or equal to C (where f = (f°,..., f1))). Then
f is Lip — v and:

1 [v]—Fk 6J
||f||Lip—7 < C'max 170£2Tﬂ W(l + jzz;) F)

Proof. Let k € [0, |v]]. We already know that sup || f*(x)|| < C. Define
zeU

Ry : U x U — L(E®* F) as follows:

L@ (= Bk
Va,y € E,Yo € B 1 Ry(e.y)(v) = fF@)(0) -3 P ) ((j —ylﬁ
j=k '

Let x,y € U. If ||z — y|| < 0, then, as fip(,6)nv is Lip — 7, we have:
IRk (2, )| < Cllz —y[|".

Assume that ||z — y|| > §, then, as the (E®¥);<j<, are endowed with
norms satisfying the projective property, we obtain:

IRe@ )|~ 1@, - L ()]
le—g* < Ty F T ATyl — B

IN

C<1+Z —

We deduce then that f is Lip — v on U with the suggested upper-bound
of [| fllLip—- D

Remark 1.17. With the notations of the previous lemma, we have:

1 vk i 1
_ hall < i
max 1,05221(” 57%(1"_ ]Zg j!) < (1 + e) max <1,57>

We can now state the following natural embedding theorem:

THEOREM 1.18. Let v,7 > 0 such that v/ < ~. Let E and F be two
normed vector spaces and U be a subset of E. We assume that (E®k)1gkgm
are endowed with norms satisfying the projective property. Let f : U — F be a
Lip —~ map. Then f is Lip —~' and there exists a constant M., (depending
only on v and ') such that || f||Lip—y < My~ || Il Lip—-
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Proof. Let 6 > 0 and z € U. f is Lip — v on B(z,d) N U with a Lip — ~
norm less than or equal to ||f||rip—y. Then, by Lemma 1.13, f is Lip — v on
B(z,0) N U and:

1v)
1=y Baonw < 1 flLip—ymax | 1, > G-
j=l]+1

Using now Lemma 1.16, we deduce that f is Lip—~' on U with a Lip —+/
controlled as follows:

Wl < 171 D SR Uy
ip—vy < ip—ymax | 1, - + - .
o e =70 G = V]!
1=k <
1 67
A 1’0§%§§’Jm(1+ jZO ﬁ>

The above inequality holding for every 6 > 0, we can make it sharper by
taking the infimum of the right-hand side over all possible positive values of §.
This ends the proof. O

Remark 1.19.

Lv) i
. S (28)7 »
M%,\// = (%1;% max 1, L’Y,J+1 m + (25)7 v
1 [ ]=Fk o
1 1 g
max » max + g ;

|

Uk

<k<|v] FrF

<

By considering the value § = 1/2 in the expression above, we get the
following estimate:

M, < 27 e(1 + e'/?) < 27e(1 + €'/?)

which has the additional advantage of being dependent on only one of the
variables v or 7.

1.3. Smooth functions on open convex sets

As highlighted for example in [3], a simpler proof of Theorem 1.18 can
be given when the domain of definition of the map is open and convex. We
recall a characterization of Lipschitz maps in this setting, which also gives a
very useful recursive definition of Lipschitzness. The proof of the following is
trivial and can be found if needed in [3] for example:
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THEOREM 1.20. Letn € N, 0 < e <1 and C > 0. Let E and F be two
normed vector spaces and U be a subset of E. We assume that (E®k)1§k§n are
endowed with norms satisfying the projective property. Let f : U — F be a map
and for every k € [1,n], let f*: U — L(E®* F) be a map with values in the
space of the symmetric k-linear mappings from E to F. We consider the two
following assertions:

(Al) (f? f17 SRR fn) is L'Lp - (TL + 6) and ”fHLipf(n+5) < C.
(A2) f isn times differentiable, with f', ..., f™ being its successive derivatives.

I fllosos £ oo <o IIf™ oo are upper-bounded by C and for all x,y € U :

1f"(@) = f" W) < Cllz =yl

If U is open then (A1) = (A2). If furthermore U is convexr then (Al)
< (A2).

The following result about smooth maps is very useful and comes as an
easy consequence of Theorem 1.20:

COROLLARY 1.21. Let n € N*. A map f defined on a given open convez
set that is n+1 times continuously differentiable and is such that its derivatives
are bounded is Lipschitz-n on that set (assuming that the space of the domain
of definition and its successive tensor product spaces are endowed with norms
satisfying the projective property). Its Lipschitz-n norm can be upper-bounded
by the following constant:

L = max {||.f]locs |/ lsos - -5 1/ oo }-

When the domain of a Lipschitz map is open, convex and bounded, we
get a sharper estimate than the one obtained in Lemma 1.13:

LeEMMA 1.22. Let v, > 0 such that v < ~. Let E and F be two normed
vector spaces and U be an open convex bounded subset of E. Let f : U — F
be a Lip — v function. We assume that (E®k)1§k§m are endowed with norms
satisfying the projective property. Then f is Lip—~' and if L > 0 is larger than
or equal to the diameter of U then:

£z < 1 ipy mee (1, LW #10=0).

Proof. Uses the characterization in Lemma 1.20 and, if |7'| < [v], the
fundamental theorem of calculus. 0O

Always in the case of an open convex domain, we also get a sharper control
of the Lipschitz norm from the uniform local behaviour of the map:

LEMMA 1.23. Let v > 0. Let E and F' be two normed vector spaces and
U be an open convezr subset of E. We assume that (E®k)1§k§m are endowed
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with norms satisfying the projective property. Let f : U — F be a map such
that there exisls 6 > 0 and C > 0 such that, for every x € U, fip@.snu 8
Lip — v with a norm less than or equal to C. Then f is Lip — v and:

2
Il < Cma (1% ).

Proof. Uses the characterization in Theorem 1.20 and the same technique
as in the proof of Lemma 1.16. If necessary, a complete proof can be found for
example in [3]. O

Theorem 1.18 now becomes:

THEOREM 1.24. Let v,7 > 0 such that v/ < ~. Let E and F be two
normed vector spaces and U be an open convex subset of E. We assume that
(E®k)1§kgm are endowed with norms satisfying the projective property. Let
f:U— F be a Lip—~ map. Then f is Lip —~' and:

| fllpip—y < 4 f || Lip—~y
Proof. The proof comes off as an easy corollary of Lemmas 1.13 and 1.23.
Using the same technique as in the proof of Theorem 1.18, we show that:
HfHLip—v’ < m%v’HfHLip—v

where:
. ’ ’ 2

and one easily gets m, . <4. [

1.4. Composition of Lipschitz functions
1.4.1. COMPOSITION WITH LINEAR MAPS

As one would expect, a well-defined composition of two Lipschitz maps
is also Lipschitz. We start first with the simple case where one of the maps is
linear as the derivatives are easier to extract, though, technically, a continuous
linear map defined on the whole space is not necessarily Lipschitz (as its values
are not uniformly bounded unless it is null).

PrRoOPOSITION 1.25. Let E, F and G be three normed vector spaces and U
be a subset of E. Lety > 0 andlet f : U — F be a Lip—~ map. Letu: F — G
a bounded linear map. Then wo f is Lip — v and ||uo f nip—y < |[ulll|fI 2ip—~-
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Proof. Let n € N such that v € (n,n + 1]. Let f',..., f® be maps on
U such that (f, f1,...,f") is Lip — v and let Ry,..., R, be the associated
remainders. Let g = uo f and for every k € [0,n], let g¥ and Sy be defined as
follows:

o,y € B,Yo € E¥F 1 g8 (2)(v) = u(ff(2)(v),  Su(z,)(v) = u(Ri(z,y)(v)).

Then it is easy to check that (g,g",...,g¢") is Lip — v with Sp,..., S, as
remainders and with a Lip — v norm upper-bounded by ||ull||f|lLip—y. O

Remark 1.26. Although a linear map in general is not Lipschitz, we can
restrict ourselves, in the previous proposition, to a bounded domain of F' so
that the restriction of u on that domain is Lipschitz. We will be then in the
case of a composition of two Lipschitz maps but we don’t get a control of the
Lipschitz norm as sharp as the one in Proposition 1.25.

Remark 1.27. The second item of Proposition 1.12 now becomes a special
case of Proposition 1.25. The condition on the norms on the Cartesian product
of vector spaces is equivalent to the continuity of the (linear) projection map
onto one of these spaces.

PROPOSITION 1.28. Let v > 0 and E, F' and G be three normed vector
spaces. We assume that (E®k)1§k§m and (F®k)1gkgm are endowed with
compatible norms. Let f : F'— G be a Lip— v map and v : E — F a bounded
linear map. Then fow is Lip — v and ||f o ul|pip—y < ||f|| Lip—y max(1, [Jul|7).

Proof. Let f',..., f® be maps defined on F such that (f, f!,..., ") is
Lip — v and let Ry,..., R, be the associated remainders. Let ¢ = f ou and,
for 0 € [1,n], let ¢* : E — Z(E®* G) and S}, : E x E — Z(E%*,G) be the
maps defined by:

Va,y € B,Yv € B®*: g*(2)(v) = fH(u(x))(u®*(v)), Sz, y)(v)
= Ry (u(x), u(y)) (u®*(v))

Let k € [0,n], z,y € E and v € E®*. Then we have, using the previous
definitions and the Taylor expansion of f:

9" (@)(v) = fF(u ( )) U®’“(

Il
EM: T M: 5 M:
I~y
§’
s
&
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Moreover [|g"(@)|| < [|fllLip—llull® and [ISk(z, »)| < [/ llip—lulz —
y|["~*. Hence, (g,9%,...,9") is Lip — v (with (Sp,...,S,) as remainders) and

lglleip—y < max([ fllvip—s [ lLip—yllwll, - - L eip— [l [1f ip— lul7)
< [ llip—y max(L, Jul]7). O

Remark 1.29. If (E®%); << |,y and (F®¥);<< || are not necessarily en-
dowed with compatible norms, then f owu is still Lip — v and:

&k —k
10 wltip—y < gy e [ (LY ).

1.4.2. FORMAL DERIVATIVES

Before proceeding to the proof that the composition of two Lipschitz maps
is indeed Lipschitz, we will need a few combinatorial results along with the
identification of higher derivatives of the composition of two maps and a general
recursive criterion for a map to be Lipschitz. The contents of this subsection
will only be useful to us to obtain the results of the next one, 7.e. to show that
the composition of two Lipschitz maps is indeed Lipschitz.

Let E and F be two vector spaces. Let f : U — F be a map defined
on a subset U of E and for every k € [1,n], n being a positive integer, let
kU = Z,(E®* F) be a map. Here, the f*’s play formally the role of the
E™ derivative of f0. As, for k € [1,n], f*(z) is a symmetric map for every
x € U, we can identify f* and (f')*~! in the following natural way. For every
x €U and vy,...,vp41 € E:

)@ @uen) = (f) @) (01 @ - © vg) (vp1)-
From this identification, we can easily see (f1,(fHL,....(fH"!) as a

Lip — (n + & — 1) map with norm upper-bounded by that of f:

LEMMA 1.30. Let n € N* and 0 < ¢ < 1. Let E and F be two normed
vector spaces and U be a subset of E. let f: U — F be a map and for every
k€ [1,n], let f¥:U — Z,(E®* F) be a map with values in the space of the
symmetric k-linear mappings from E to F. Denote by Ry : E x E — F the
remainder of order 0 associated to the collection f = (f°, f1,..., f").

o [f f is Lipschitz-(n + ) on U and there exists a > 0 such that:

VEe[0o,n—1],Yo € E®?* Vo e E: |v@d|| < a|v||?]
then (fY, (fHY, ..., (fH" Y is Lip— (n+e — 1) and:
Hf1||Lip7(n+sfl) < a||f||Lip7(n+€)‘
o [f:
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@) (FL Y (YY) s Lip— (n+e —1).
(2) There exists a constant M such that:

Yo,y €U+ |[Ro(w,y)|| < Mz —yl"*.

(Denote by |Rolloc the smallest value for such a constant M.)
(3) Y is bounded.
(4) There exists b > 0 such that:

Vke[0,n—1],Yv e E®?* Vo e E: |v|||o]| < bllv® o
then f is Lipschitz-(n+¢) on U and:

HfHLip—(n-i—a) < max (belHLip—(n—i-s—l)7 HR0H007 HfOHOO)

Remark 1.31. In the finite-dimensional case, the conditions on the norms
stated in Lemma 1.30 are not an issue and can even be obtained with constants
a = b =1 for some of the examples of norms provided in the Subsection 1.1.

Definition 1.32. Let E, F'; G and H be normed vector spaces and U be a
subset of E. Let n € N*. Let f: U — F and g : U — G be two maps and for
every k € [1,n], let f*: U — Z(E® F) and ¢* : U — Z,(E®*, G) be any
two maps. Let B : F x G — H a bilinear map. For k € [1,n], we call the k'
bilinear derivative of the map B(f,g) (where f and ¢ are identified with the
collections (f, f',..., f") and (g,g",...,g") respectively), the map defined on
U with values in .Z,(E®*, H) obtained by formally differentiating & times the
map B(f,g), i.e. for x € U and v € E%F:

% T k—i T
B(f9 @) = 3 AL o)
i€[0,k] ) ’
oeSy,

In the above definition, for i,5 € [0,n], z,y € U, B(f'(x),¢’(y)) is un-
derstood to be the unique linear map defined on E®(+9) by the following:

Vui,.. . ving € B B(f(2), ¢’ (1) (01 © - @ vigj)
= B(f'(2) (01 ® - @), ¢ (1) (Vig1 @ - - @ vipy)).

We check first that this definition is stable under successive derivations
and compatible with the identification between the derivatives of a map and
those of its first derivative. This is essential if we are to use an induction
argument to show that the image of Lipschitz maps by a bilinear map is also
Lipschitz.

PROPOSITION 1.33. Let n € N*. Let E, F, G and H be normed vector
spaces and U be a subset of E. Let f : U — F and g : U — G be two maps
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and for every k € [1,n], let f*: U — LJ(E®* F) and ¢* : U — Z(E®* Q)
be any two maps. Let B : F' x G — H a bilinear map. Then, for k € [1,n],
the k™ bilinear derivative of the map B(f, g) can be identified with the (k —1)%
bilinear derivative of the 15 bilinear derivative of the map B(f,g).

Proof. For shorter formulas, let us denote Z = B(f,g). Let k € [0,n — 1]
and let us make the identification between (Z)* and Z**!. Z! can be written
as a sum of the image by bilinear maps of maps defined on U and therefore
(ZM)F can be defined using formal bilinear derivation. More precisely, for z € U
and v € E®F:

(Z) @) = 3
1€[0,k]
oS

Let vy, ... vk, 0541 € E and define: v = v; ® -+ ® vg. Studying the

position of v, in Z¥F1(x)(v ® vi11), we are naturally led into dividing the
sum into the two following parts:

B((f1)'(x),¢" *(x)) + B(f'(z), (¢")"*(2))
ik — )]

o(v).

1 T o.l,i VRV k+1—4 T o.2,i VRV
2w @ o) = S B(f'(z)(c " (v® ktllgl)cﬁl—i)!( )02 (v@Vk11)))
1€[0,k+1]
O'G,yijrl
k+1

i) (ol (v@w E+1=i(0) (525 (0@
) B(f'(z)(c " (v® kJrz‘l!()l)g’-sg-l—i)!( @™t (wRuke))) |

i=1| oI
o1 (k+1)<i

k i) (o (v k+1=i(2) (o2 (vQu
3 D B(f*(z)(e"* (v® k+i1!()l)c’:z17i)!( (02" (v®Vk+1)))

i=o| oeFn
o~ (k+1)>4

For every 0 € S41 let 7, € 7% be defined as follows:
. o(j) Jifj <o Y (k+1)
Tg(]) = . e -1
o(j+1) ,ifj>oc (k+1).
The map o — 7, is surjective and for each 7 € ¥, there exists exactly

(k + 1) elements o € %41 such that 7 = 7,. More precisely, for i € [0,k + 1]
and T € %
card{oc € Spi1: T =T, 0 Hk+1)<i} =i
and
card{oc € Fpy1:T=Tg,0 Wk +1)>i}=k+1—i.
Let i € [1,k+1]. Since f*(x) is symmetric then, for every o € %41 such
that o~1(k + 1) < i, we have:

Fi@)(oM (v @ vps)) = fH(2) (7571 (0) @ Vi)
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which gives:
B(f'(x)(o"" (v ® ve11)), g" (@) (0P (0 @ ve11))

UG;;M il(k+1—1)! n
o~ (k+1)<i ' ' ' 4

3 B((fY)" @) (rH 1 (0) (1), g7 (@) (T2 (v))
2, = DUk + 1 )] |

Summing over all i € [1,k + 1]:
kil > B(f* () (0" (v ® vp41)), 6" () (03 (v © vg41)))
T il(k +1—1)!
o1 (k+1)<i

_ ¢y BUY @O0 6 (@)

. . 7(v)).
j=0T1€.%, gk —j)! (r(w)
We deal with the other term by using a similar idea. We finally get that
ZM () (v ® vpy1) is equal to:

$° 5 BUP@O0k). ¢ ) + B 6 @ 00) )

ik — 7)!
j=0 7€, j‘(k ])‘
Which is exactly (Z1)*(2)(v)(ver1). O

Definition 1.34. Let n € N*. Let E, F and G be three normed vector
spaces. Let U be a subset of £ and V be a subset of F. Let f : U — F
and g : V — G be two maps such that f(U) C V; and for every k € [1,n],
let f*:U — Z,(E%,F) and ¢* : V — Z,(F®,G) be any two maps. For
k € [1,n], we call the k'™ chain rule derivative of the composition go f (where
f and g are identified with the collections (f, f!,...,f") and (g,9',...,9")
respectively), the map defined on U with values in .Z,(E®*, G) obtained by
formally applying the chain rule on g o f, i.e. for every y € U, and v € E®¥,
(g0 £)¥(y)(v) is given by the following formula:

ki iy i (x
(gof)k:(xxU):Zgj(f(x)) Z f ( )® ®f ( ) Z J(U)

il il
J 1<iy, .i;<n 1 J €S
1‘1+.4.+i].:k

Example. Given a Lipschitz map f and by naturally identifying a linear
map u with the collection (u,xz — u,0,...,0), we note that the successive chain
rule derivatives correspond to the suggested representation of wo f and fou
as Lipschitz maps in the proofs of Propositions 1.25 and 1.28, respectively.

Notation. We introduce the symbol 5 o say that two expressions have
the same symmetric part (in the appropriate framework).
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We will need a couple of combinatorial results before we can proceed:

LEMMA 1.35. Let n € N*. Let E and F be two normed vector spaces and
for every k € [1,n], let f* € Ly(E®* F). Let k€ [1,n—1] and p € [2,k+1],
then, for all vy,...,vg11 € E:

1 M- fM
Alkp)i=— 3, TS D Vo) @ @ Uk
1§m1,...,mp§n 1 P aei’k_H
m1+--+mp=k+1

and

k .
Mm@ @ fre1 @ fritl
) = Z Z

m1! . -mpfll(k' - Z)'

Z Vo(1) @+ @ Vg (k) @ Vg1

oES)

i=p—11<my,...mp_1<n
ml+A.A+mp71:i

have the same symmetric parts (i.e. A(k, p) B(k,p)).
Proof. Define:

I={(mi,...,mp,0)] 1<mq,....m,<n,mi+---+mp=~k+1,0 € Sy}
For i € [1,p] and m € [1,k — p + 2], define J; ,,, as being the set:

i—1 i
Jim = (Mm1,...,mp,0) €I| my :m,ij+1 Sail(k:—i—l) < ij
j=1 '

and for r € [1,m], we define:
Jim =1 (m1,...,mp,0) € Jim| o~ Yk+1) Zm]—l—r

It is clear that the sets (Jim)i<i<p,i<m<k—p+2 form a partition of I.
Let i € [1,p] and m € [1,k — p+2]. Let (m,...,mp,0) € Jim. Define
Ny € S as follows:

N (1) = o(r) Ve [1, Z mﬂ]

Ne(r) = o(r+m) ,Vre[[zl m; +1,k+1—m]
ng(r):a(r—zzi’ﬂmj) ,VrE[[k—l—Q—mk Zlm]+0*1(k+ 1)]
ng(r)za(r—zzgﬂmj—i-l) re k=7 m]+0*1(/~6+ 1)+ 1,k]

o =(0(1),...,o(X1  my),o(Xim; +1),... ok +1), |
o my 1), o0k + 1) = 1), 00 k+ 1)+ 1),...,0(X0my))
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then, as f™ is symmetric, we have:

fMe-® fmp(vo_(l) R ® Ua(k-i-l))

i fml R R fmi—l X fmi-H R X fmp & fm(v%(l) R X Vo (k) ® Uk+1)-
Let r € [1,m]. As the map:
‘f’;m : Jztm — {(ml, ... ,mpfl) c [[Ln]](]”—l)’
le)_lml=k:+1—m} X S
(mb .. .,mpao') — ((ml, ey MYyG—1, M1, - - - ,mp)7770)

is bijective, we have, by virtue of the identity above:

( Z . fml ®...®fmp(vo_(1)®...®vg(k+1))

M1y, Mp,0 im

S

= Z fm1®...®fmp—1®fm( E UJ(1)®"‘®UU(k)®Uk+1)-
1<ma,....mp_1<n cES

my+-tmy_1=k+1-m

The sets (Jg:m)lgrgm form a partition of J; ,,,. Therefore:

fr@- @ fm(vg1) ® - @ Vg (ks1))
(m1,e..mp,0)ETi m
m 3 M@ @ fmr-t@ fm( Yy Vo(1)®@ -+ @Vg (k) ® Vg4 1)-

1<mg,....mp_1<n TES
m1+-<-+mp_1:k+17'm

which finally gives:

S k2 my Mp—1g fm
Ak,p) = 23 3 m ) oLt
=1 m=1 1<ma,....mp_1<n ) P
m1+-<-+mp_1:k+17'm
( Z Uo-(l) Q- ® Ua(k) X Uk+1)
cES
k—p+2
R
m=1 1<mg,...mp_1<n mtemp—p(m—1)t
m1+-»-+mp_1:k+lfm
( Z;ﬂ Uo(1) @+ @ Vg(k) @ Vkt1)
oceSg
= B(k,p). O
Notation. For any finite set {o,...,a;}, Fa,,. .. q, denotes the set of all
bijections from {aq,..., .} onto itself.

LEMMA 1.36. Let k € N*, 1 < i <k and vy,...v be any letters. Then:

“Z%m@“'@%(k): Z Vr(o(1)) @+ OUr(o(i)) OVg (i41) D" Vg (k)-
ocE€Y, oES
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Proof. Define the set:

77777

and the map:
I 70—
(0,7) — (o)., 7(0(D)0(i+1),...,0(k)).

Then ¢ is well-defined, surjective, and for every o € .7, card _# ~1({c})
= 4!. The rest of the proof follows immediately. [

We check now that the chain rule derivation is homogeneous with the
bilinear derivation:

LEMMA 1.37. Letn € N*. Let B, F and G be three normed vector spaces.
Let U be a subset of E and V be a subset of F'. Let f:U > Fandg:V - G
be two maps such that f(U) C V; and for every k € [1,n], let f* : U —
ZLJ(E®F F) and g~ : V — L, (F¥ G) be any two maps. Let k € [1,n]. Then
the k™ chain rule derivative of g o f and the (k — 1) bilinear derivative of
(9o f)' agree.

Proof. We first write (go f)! as the bilinear image of two maps: (go f)! =
U(g' o fO, f1); where:

v Z(F,G)x 4(E,F) — %.(E,G)

(v,u) — vou

Let k € [1,n — 1]. Differentiating (g o f)! formally k times gives the
following formula for € U and v € E®*:

1 o 7 T 1\k—1i T
(1) (g0 @) = 3 LU fﬁf,ﬁif !) .

o(v).

For i € [1, k], the i*" chain rule derivative of g' o f defines, for 2 € U and
w e E% (g o f)i(x)(w) as the sum:

i NI
@ (4o fi(@)w) =3 W)

o @9 ST 5 ),

mi!---my! =

For x € U and vy, ... vk, vp41 € E (we denote v = v1 ®- - - @y, ), equations
(1) and (2) identify ((go f)1)*(z)(v)(ves1) as the sum:
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(" (f@)(f (2 )(U ® Uk+1))
" Z 9]+ Z S ) @@ M () @ fF ()

ml'mj'

1<]<z<k 1<m1,...,mj§n
m1+---+m]-:i

which reads by re-indexing its terms:

(gl(f(x))(fk+1($)(v ® Vg41))
n Z )) T fri(z) ® - i (z) @ 1 (2)

—1 'z —1)! my!le - mp_q!
2<p<k+1 1<my,....mp_1<n
p—1<i<k my+tmy, =i

Yo (0" (W) @0 (v) @ vg
oeS
TE,Sﬁg(l) ,,,,, o(3)
To finish the identification between ((g o f)!)¥(x) and (g o f)**1(z), it is
sufficient to prove the following identity, for p € [2,k + 1]:

g7 (f (@) 3 M (2)©--Qf™P (x) >

p! mi!l--mp!

Vo(1) @« @ Vg (k1) =

1<mi,....mp<n-+1 0€ES it
my+-+mp=k+1
k - y
9P (f(z)) 3 ) (@)@ f P (@)@ fF T (a)
-t Ty 1l (h—1)!

Z Ur(a(1)) K Q Vr(o(1)) & Vo (i+1) X ® Vo (k) & Vg1 -

Which is a straightforward consequence of the Lemmas 1.35 and 1.36
combined with the symmetric property of g?. [J

1.4.3. GENERAL CASE

In the remainder of this paper, we will assume that the base space (almost
always denoted E below) and its successive tensors are endowed with norms
satisfying the following property:

Vi, Yo e E¥* Vo e E:  |lo@d| = |v||7] .
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Following Remark 1.31, this can always be satisfied if F is finite dimen-
sional. The results of this section remain true however if looser conditions on
these norms (as in Lemma 1.30) hold. We now proceed to showing that the
image of a product of Lipschitz maps by a bilinear map is also Lipschitz:

PROPOSITION 1.38. Let E, F', G and H be normed vector spaces and U be
a subset of E. Let~y >0 andlet f: U — F and g : U — G be two Lip—~ maps.
Let B: F x G — H a continuous bilinear map. We assume that (E®k)k.21 are
endowed with norms satisfying the projective property. Then B(f,g) : U — H
(when endowed with its bilinear derivatives up to order |7]) is Lip—~ and there
exists a constant C' (depending only on ~y) such that:

IB(f, 9)lLip—y < ClIBIIN fllip—~ll9ll Lip— -

The idea behind the proof is rather simple but contains notions and ideas
that will be very important to the proof of the main theorem of this section.

Proof. Let € € (0,1]. We prove our statement by induction on n (n =
|7],7 =n+e¢). For n =0, the proof of the statement is trivial and is left as
an exercise. Let n € N. We assume the statement true for n and let us prove
it for n + 1.

Let E, F, G and H be normed vector spaces and U be a subset of E. Let
f:U— Fandg:U — Gbetwo Lip—(n+1+4+¢c)mapsand B: FXG — H bea
continuous bilinear map. We will show that (Z, Z1, ..., Z"*!)is Lip—(n+1+¢)
where, Z := B(f,g) and for k € [1,n 4 1], Z* is the &*" bilinear derivative
of Z.

First, we prove that Z! is Lip—(n+¢) and with a well bounded Lip— (n+¢)
norm. As f! and g (resp. f and g') are both Lip—(n+¢), then, by the induction
hypothesis, B(f',g) (resp. B(f,g")) is Lip — (n 4 ¢) when endowed with its
bilinear derivatives. Hence, (Z1,(Z1)}, ..., (Z1)") is Lip — (n + ¢) and (using
the induction hypothesis) there exists a constant ¢, . such that:

HZlnLipf(nJrs) < Cn,EHBHHf||Lipf(n+1+E)HgHLip*(n+1+€) .

Moreover, by Proposition 1.33, for all k € [0,n]: (Z')*F = Zk+1.

For k € [0,n+1], let Ry (resp. Sk) be the remainder of order k associated
to f (resp. g). Let z € U and let z,y € B(z,1/2) N U. Writing the Taylor
expansion of f and g and using the bilinearity of B, we get:

HZHZI ) (525) + it
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where:
T[)(.Z',y) = B(Ro(z,y),9(z)) + B(f(z) — Ro.(x., y)’ S[)(.Z‘,y))+
> B(iw).e ) ().
i,je[0,n+1]
i+j>n+1
It is obvious that we can bound Z(x) and Ty(x,y) independently of z

and in the form suggested by the statement of the proposition. Hence, by
Lemma 1.30, Z is Lip — (n + ¢ + 1) over B(z,1/2) N U and therefore, by
Lemma 1.16, it is Lip — (n + & + 1) over U with the suggested control of the
Lipschitz norm. [

Remark 1.39. By Proposition 1.38, the real-valued Lip-y functions form
an algebra under point-wise multiplication.

Remark 1.40. If E ® F is endowed with a norm satisfying the projective
property, then the tensor product of an E-valued Lipschitz map by an F-valued
Lipschitz map is also Lipschitz as a direct consequence of Proposition 1.38.

Using Proposition 1.28 for example, one may argue that we don’t need
both maps v and f to be Lipschitz in order for their composition to be Lipschitz
too. In particular, we don’t need the map u in said proposition to be bounded.
This has a more important consequence than one might think at first: if v and
its derivatives vary slowly compared to ||u|ls, then the bounds we obtain on
||f o ullLip—y are not as precise as one might wish if we only use the quantity
||ul|Lip—vy as the latter includes information about ||u||s (this being unnecessary
for the whole proof to work). This is one of the reasons for which we introduce
almost Lipschitz maps. This notion will be of use in future work but we will
already see it in use in two contexts in the remainder of this paper: the study of
smoothness of flows of Lipschitz vector fields and the inverse function theorem
in the Lipschitz case; the reason being that they provide a sharper control and
description of a map’s behaviour.

Definition 1.41. Let n e N*, 0 <e <1 and d € (0,00) U {oc}. Let E and
F be two normed vector spaces and U be a subset of E. For every k € [0,n],
let f¥:U — Z,(E®* F) be a map with values in the space of the symmetric
k-linear mappings from E to F. Denote by Ry : U x U — FE the remainder
map of order 0 associated to f = (f°, f!,..., f™). The collection f is said to
be almost Lipschitz of degree n + ¢ on domains of size § of U if (f!,..., f?)is
Lip — (n + & — 1) and there exists a non-negative constant M, such that:

Vo,y eU: o —yl <8 = |[Ro(z,y)|l < M|z —y|"*.

If ||Rol/so,s denotes the smallest value for such a constant M, we will
denote: .
Hf||6,Lip—(n+5) = maX(Hf ||Lip—(n+e—1)a ||R0||oo,6)'



152 Youness Boutaib 22

When § is infinite or its value is irrelevant, we will merely say that f is
almost Lip-(n+¢) on U.

Remark 1.42. ||.||5 Lip—(nte) does not define a norm as it vanishes for all
constant maps.

Ezample. Let v > 1 and FE and F' be two normed vector spaces. Let
u : E — F be a bounded linear map. Then (u,z — u,0,...,0) is almost
Lipschitz of degree v on E. Moreover |[u|/oo Lip—y = ||u]|-

The following lemma can be seen as a reformulation of Lemma 1.30 com-
bined, if necessary, with the statement of Lemma 1.16.

LEMMA 1.43. Let v > 1 and § € (0,00) U {oo}. Let E and F be two
normed vector spaces and U be o subset of E. We assume that (E®k)1§kgm are
endowed with norms satisfying the projective property. Then a map f:U — F
18 Lip — v if and only if f is bounded and is almost Lipschitz of degree v on
domains of size § of U. In this case:

[l zip— = max(|[ fllos [ 15, Lip—)-

On open convex sets, smooth maps are almost Lipschitz if and only if
their derivatives are Lipschitz:

ProproSITION 1.44. Let n € N*, 0 < e < 1. Let E and F be two normed
vector spaces and U be an open convex subset of EE. We assume that (E®k)1§k§n
are endowed with norms satisfying the projective property. Let f : U — F be
a map of class €™ with successive derivatives respectively denoted f*, ..., f".
Then f is almost Lipschitz of degree n+ ¢ on U if and only f' is Lipschitz of
degree n+¢ —1 on U. In this case:

V8>0: ||f

‘6,Lip7(n+€) = ||f1HLipf(n+€fl)'

Proof. By definition, if f is almost Lip-(n + ¢) then f! is Lip-(n +¢ — 1)
on U. Assume now that f!is Lip-(n +¢& — 1) on U. Then (Theorem 1.20) ™
is e-Holder. Using the Taylor expansion with integral remainder of f, we get
the required upper-bound on its remainder map of order 0. O

LEMMA 1.45. Let n € N*, 0 < e <1 and § € (0,00). Let E and F be
two normed vector spaces and U be a subset of E. If n > 1, we assume that
(E®k)1§k§n are endowed with norms satisfying the projective property. Let
f=(fOfY ..., f") be an almost Lip-(n + €) map on domains of size 6 of U.
Then there exists a constant C,, . 5 depending only on n, € and § such that:

Ve,yeU: o -yl <é=[If@«) = FP W < Cucoll flls rip—miollz =yl
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Proof. Let z,y € U such that ||x —y|| < §. From the Taylor-like expansion
of f0, we get:

-y
19°6) = P < 3 1 e E A+ Ryl gl
j!
7=1

By discussing for example the cases whether § is larger than 1, we get:

1£°(2) = £°(») yllemax (1,677, O

We start by showing that the composition of a Lipschitz map with an
almost Lipschitz map (both of degree 1+ ¢) is Lip — (1 + ¢).

LEMMA 1.46. Let E, F' and G be three normed vector spaces. Let U be
a subset of E and V be a subset of F. Let € € (0,1] and 0 € (0,00). Let
f=(f°fY) be an almost Lipschitz map of degree 1 + ¢ on domains of size &
of U such that fO(U)CV and g:V — G be a Lip — (1 +¢) map. Then go f
is Lip— (1+¢) (with (go f)! defined as a formal 1% chain rule derivative) and
there exists a constant M. 5 (depending only on € and §) such that:

Hg © fHsz (14¢) < M. (5”9”sz (14¢) max(l Hf”éjtjp 1+€))'

Proof. The following inequalities are straightforward:

1o f)°lloe € 9llLip-ate) 5 g0 ) oo < NgllLip—(ie) I ILip—e-

Denote by (Ro, Ry) and (Sp, S1) the associated remainders to f = (f9, f!)
and g = (g%, g1), respectively. The remainders Ty : UxU — G and Ty : UxU —
Z(E, Q) associated to g o f are given by:

Ve,y e U: To(z,y) = g'(f2y)(Ro(x,y)) + So(fO(x), fO(y)),
Ty(z,y) = (g0 f)'(z)— (g0 /) (y).

Let C. 5 be a constant (depending only on ¢ and ¢ and chosen here to be
larger than 1) such that:

Yoy eU: o -yl <d=|f ) - Wl <C.

I ]
Let z,y € U such that ||z — y|| < J. We have:
9" (7)) (Ro(z, )| < l9llLip—14o)l1Rolloo sl — ylI'
and:
1So(f (@), PN < N9llLip—110)Cos™ NFI5 T nyellz =yl
Hence:

I1To (2, )l < g llip—(14e) max (L, (L FII5E5, 140 (L + CL5) e — ylI .
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With using similar techniques as above, one gets the inequality:
T3 (2, )| < N gllip— ey max(L, [ F1575,- 1401+ Cg)llz — yll°.

Therefore go f is Lip — (1+¢) on the intersection of U with balls of radius
0/2 with a norm upper-bounded by:

202 5% N9 lLip—a+e) max(L, | £I1575,— 14))

We conclude by using Lemma 1.16. 0

Now we get to the main theorem of this section:

THEOREM 1.47. Let E, I' and G be three normed vector spaces. Let U
be a subset of E and V be a subset of F. Let 6 > 0 and v > 1. We assume
that (E®%)>1 and (F®%)>1 are endowed with norms satisfying the projective
property. Let f: U — F be an almost Lip —~ map on domains of size 6 of U
and g:V — G be a Lip — v map such that f(U) CV. Then go f (defined via
successive formal chain rule derivatives) is Lip — v and there exists a constant
C, s (depending only on vy and 6) such that:

lg © fllzip— < Crsllgl zip—y max(IF115 14y () D-

Proof. We leave the case v = 1 as an easy and straightforward exercise.
Let € € (0, 1]. We will prove the following by induction:

Claim. For all n € N*, for any normed vector spaces E, F', G and H, such
that (E®%);>; and (F®F);> are endowed with norms satisfying the projective
property, and any subsets U of E and V of F', there exists a real constant C,, . s
(depending only on n, ¢ and d) such that if f = (f°,...,f") : U — F is an
almost Lip— (n+¢) map on domains of size § of U and g = (¢°,...,¢") : V — G
is a Lip — (n + ¢) map such that f(U) C V| then go f is Lip — (n + ¢) and:

Hg o f||Lip—(n+s) < Cn,a,(SHg”Lip—(n+6) max(||f”gij€p_(n+g)v 1)

The case n = 1 has been proved in Lemma 1.46.

Let now n € N*. We assume that the assertion is true for n and let us
prove it for n+1. Let f = (f°,..., f*™) : U — F be an almost Lip— (n+1+¢)
on domains of size § of U and g = (¢°,...,9""):V — G beaLip—(n+1+¢)
map such that f(U) C V, and with remainders denoted by Ry, ..., R,+1 and
S0y -+, Snt1, respectively. Let x,y € U. Define Py(x,y) = Ro(z,y), and for

every k € [1,n+ 1]: Py(z,y) = fk(y)(g&_k#m and finally:
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n+1 3¢ g0
To(z.y) = So(fOx), f2y)) + ZM
=

0<s1,.. 7zj<n+1
iq - z =0

()@

Z f“(y) ® ®fzj(y) il
1<y oy <n41 !
it >ntl

Then, we can simply write:

n+1 ( _ y)®k

PUE) = PP+ X (g0 D) + Tolwy)

Assume that ||z — y|| < 6. It is an easy exercise then to show, using
Lemma 1.45, that there exists a constant M, . ; (depending only on n, € and
0) such that:

n+1l4-e¢

ITo (2, 9)ll < Mae,sllgllip—(nr14e) max (L1550 140 Dlle =yl

We have also that [|¢° o f%llsc < lgllLip—(nt14)- All that remains to do
then to end the proof is to show that ((go f)!,...,((go f)})?) is Lip — (n +¢)
on the intersection of every ball of radius §/2 with U (with a uniformly well
controlled norm) then conclude using Lemma 1.37, Lemma 1.30 and then finally
Lemma 1.16. As g! is Lip — (n+¢) and f is almost Lip — (n +¢), then g' o f9
is Lip — (n + €) by the induction hypothesis. More precisely, there exists a
constant m (depending only on n and ) such that:

Hgl © f0||Lipf(n+s) < m”g”Lipf(nﬂerl) max(||f||g—[i:iap—(n+e+1)’ 1)

Define:
Vv ZL(F,G)x £(E,F) — Z.(E,QG)
(v, u) — vou
1 is a continuous bilinear map with norm 1. As (go f)! = (g o f°, f!) then,
using Proposition 1.38, ((go f)!, ..., ((gof)})™) is Lip — (n+¢) and there exists
a constant (), . depending only on n and € such that:

(g0 f)1||Lip—(n+€) < C'n,e||9||Lip—(n+s+1) maX(lIfIIHfj_l(n+E+1), 1)

which concludes the induction argument. [
As a corollary of Theorem 1.47, we can claim that a well-defined compo-

sition of Lipschitz maps is itself Lipschitz. This particular result has already
appeared in [3| but with a slight mistake in the control of the Lipschitz norm
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of the composition map that we correct here (this goes along with the full
and detailed proof of Theorem 1.47 that differs from the one suggested in the
aforementioned paper):

THEOREM 1.48. Let E, F and G be three normed vector spaces. Let U be
a subset of E and V be a subset of F. Let v > 1. We assume that (E®*);>q
and (F®k)k21 are endowed with norms satisfying the projective property. Let
f:U— Fandg:V — G be two Lip — v maps such that f(U) C V. Then
go f (defined via successive formal chain rule derivatives) is Lip — v and there
ezists a constant C., (depending only on ) such that:

lg o fllzip— < Cyllgll Lip- 7max(||f||sz y 1).

Remark 1.49. We can obtain an easier proof for Theorem 1.48 by using the
extension theorems that we will review in Subsection 1.6. The inequality will
still prove hard to get and will involve a constant depending on the dimension
of the spaces, an inconvenience that we don’t have in the proof presented above.

Remark 1.50. Using Theorem 1.47, we can now retrieve (up to a multi-
plicative constant) the result of Proposition 1.28 by treating linear maps as
almost Lipschitz maps.

1.5. A quantitative estimate

In this section, we give some more precise local quantitative estimates (in
the Lipschitz norm) if the value of a Lipschitz map at a point is known.

THEOREM 1.51. Let v,7 > 0 such that v/ < ~. Let E and F be two
normed vector spaces, U be a subset of E and xq € U. Let f = (f°,. ..,fm) be
a Lip—~ map on U with values in F. Assume that for allk € [0, [v]] : f*(z0) =
0. We also assume that (E®k)1§kgm are endowed with norms satisfying the
projective property. Then there exists a constant C, . (that can be chosen to
depend only, and continuously, on the difference v — ') such that for all § > 0
one has: ,

£l Lip—y', Bzo,5)n < Oyl fllLip—07 "7

Proof. Let n,n’ € Nand ¢,¢' € (0,1] such that y =n+¢e and v =n' +¢'.
Denote by (Rp,...,Ry,) the remainders associated to f. Let 6 > 0 and let
k € [0,n]. Let x € B(x,6) NU and v € E®*. Then, as f is Lip — v and that
fI(z0) = 0 for all j € [0,n], we get:

IF* @) )l = HZfJ z0)(

(J' —k)!

) + Ri(, o) (v)]]
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|1y (2, 20) (v)]
1f lip—y [l = 2ol ~*]lv]
1fl[Lip—07 [l

Therefore,  suwp /@) < | flipdF, for all k € [0,n]. Tn
z€B(x0,0)NU

<
<

particular:

!
Og};gX,Hf loo, B(ao.5)nt < [l f[[Lip— min(1,677).

Let k € [0,n/]. We define Sy, : U x U — Z(E®* F) (the new remainder)
by:

J—k)!

Let z,y € B(xp,0) NU and v € E®k. Writing the Taylor expansion of f
as a Lip — v map, we get the following identity:

ol =y (k)
S = P N ) Ruea)
j=n’+1

which, using our new upper-bound for kaHoo,B(:co,cS)mUa leads to the inequality:

Si(z.y)(v) = Zfﬂ )

n

il =Y _
e S e e i N
j=n'+1

—k lz —yl’~ _y
< £ llLip—llz =yl Z o7 ](]7+Ilw yl7= ) vl

j=n'+1 k)
Therefore:
[v] i~
Sk (z, y)| _y 217 o
sup DIy g P
z,y€ B(z0,0) ﬁUHx y”’y b o j%}-&-l (‘7 B tﬂ)!
TFY

By taking for example C, ,/ = e2 4+ 277 we get the sought result. [

Remark 1.52. With the notations of the previous theorem, if we only have
f¥(x) = 0 for k € [0,n/], the result remains essentially true but with a slightly
different upper-bound (that still converges to 0 as d goes to 0). However, in the
cases where 7/ = v or if there exists k € [0,n] such that f*(z¢) # 0 then we
cannot get a better control of || f|lrip—y/, B(wo,6)nw than || f{|Lip— as the example
below shows (we can, nevertheless, improve the control of |]fk||OO7B(IO75)mU for
all k € [0,n] in the first case).



158 Youness Boutaib 28

Ezample. Consider the function f : x + x defined on (—1,1). As f is
smooth, f is Lipschitz of any degree.
e (Case v/ = v = 1) On the one hand, f is Lip — 1, || f||Lip—1 = 1 and
f(0) = 0. On the other hand, for any § € (0, 1], there does not exist a
constant A strictly less than 1 such that:

Vo,y € (6,—0) : [f(z) — f(y)] < Az —yl.
Therefore:

Vo€ (0,1]: [[fllLip-1,6.-5) = L.

However, we still have || |, 5,—5) — 0
e 0—0

o (Casey =3/2,7=2) fisLip—2, || f|lLip—2 = 1 and f(0) = 0. However,
1(0) # 0 and:
Vo€ (0,11 [|fllLip—3/2,5-5) = 1.
Remark 1.53. Using Theorem 1.51, one can easily then compare two Lip-y
maps in the Lip-y' norm, when « < ~, which values and “successive derivatives”
values (in the sense of a Lipschitz map) agree at one point.

1.6. Extension theorems and a short review of the literature

One of the most interesting and still open problems in Lipschitz geometry,
and classical analysis in general, is about the existence of extensions of Lipschitz
(or smooth) maps to the whole space and the control of the Lipschitz norm of
the extension. This is known as Whitney’s extension problem and can be
informally stated in the following way:

Given an arbitrary set A and a map f : A(C E) — F, where F and F
are vector spaces:
(1) In which ways can one define f to be a smooth map on A so that, if A
(the interior of A) is not empty, f|;‘ is smooth in the classical sense?

(2) Given such a definition, can we extend f to the whole space E so that
this extension is smooth in the classical sense?

Since Whitney introduced it in a series of three seminal papers [12-14],
several mathematicians have been working on this problem, mostly in the case
where both F and F' are finite dimensional. Whitney himself was the first one
to suggest a solution in the case where A is the closure of a region. The answers
to this question are of crucial importance. For instance, the theory of rough
paths (as presented in [1] and [10]) requires that the vector fields appearing in
a rough differential equation be Lipschitz (this restriction enables one to derive
global solutions along with the rate of convergence of the Picard iterations). As
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linear and polynomial functions in particular are not in this class of functions,
using Whitney’s theorem allows to extend the restriction of polynomials to
compact sets (which are Lipschitz) to the whole space in a way that they stay
Lipschitz. Another illustration would be the construction of a suitable function
from sampled data so that one can work in the appropriate class of functions
associated to the experiment’s physical model.

We will state below two other examples of such results: one in which one
can extend Lipschitz maps of any degree to the whole space, but at the cost
of amplifying the Lipschitz norm; and another one where the extension has
the same Lipschitz norm as the map we start with but which is currently only
obtained for Lipschitz-1 maps in the framework of Hilbert spaces.

Stein discussed in some length the class of Lipschitz functions in [11] and
gave a Whitney extension theorem in this case:

THEOREM 1.54 (Stein [11]). Let v > 1. Let E and F be two finite dimen-
sional vector spaces and K be a closed subset of E. There exists a continuous
linear map sending every F-valued Lip-y map f defined on K to an F-valued
Lip-y map f defined on E such that ﬁK = f. Moreover, the norm of the linear
extension map depends only on v and the dimensions of E and F.

THEOREM 1.55 (Kirszbraun [8]). Let Hy and Ha be two Hilbert spaces.
Let A be o subset of Hi, K >0 and f: A — Hsy be a map such that:

Ve,ye A |[f(z) — f)ll < Kz -yl

(i.e. f is 1-Holder). Then there exists a map f : H, — Hy such that f‘A =f
and:

Voy € Hi:o ||f(2) = f(y)ll < Kllz — yll.

Moreover, if f is bounded (i.e. f is ~Lip—l) then f can be chosen to be
bounded and such that sup 4 || f|| = supg, || f]|-

C. Fefferman has been working on a variety of versions of this problem,
including one that deals with appropriately approximating f with a smooth
map, which can be of enormous use in practice when one is collecting a finite
sample of data (see for example [4-6]).

2. FLOWS OF LIPSCHITZ VECTOR FIELDS

In this section, we aim to study the Lipschitz regularity (in time and
space) of flows of Lipschitz vector fields. The answer to this question in the
context of smooth vector fields both in the Fuclidean and manifold setting is
widely covered in the literature (cf. [9] for example). Our further aim is to
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quantify these results. We start by giving a (simplified) definition of the flow
of a vector field then stating the fundamental theorem of ordinary differential
equations (O.D.E.s) which ensures the existence and uniqueness of flows:

Definition 2.1. Let I be an open interval. Let M be a %'-manifold and
A be a vector field on M. A €'-path v: I — M is said to be an integral curve
of Aif:
Vtel: A(t)=A(()).

If 0 € I, we say that v(0) is the starting point of v. If furthermore U
denot~es a subset of M and A : I x U — M is such that, for every v € U,
t — A(t,x) is an integral curve of A starting at z, we say then that A is a local

flow (or global flow if I x U =R x M) of Aon I xU.

Notation. Under the assumption of existence and if there is no risk of
confusion, we will be denoting by A the flow of a vector field A; by A, for
t € R, the map x — A(t,x); and by A,, for € M, the map t — A(t,x).

The following fundamental theorem is classical (see for example [9]) and
can be seen as a special case of Picard-Lindeldlf’s theorem dealing with differ-
ential equations driven by paths of bounded variation (see for example [1]).

THEOREM 2.2. Let A be a Lip—1 vector field on a Banach space E. Then
there exists a unique global flow of A on R x E.

The following Gronwall-type comparison lemma is going to be of use to
us to obtain quantitative Lipschitz bounds for flows of Lipschitz vector fields
(see [2] or [9] for a version with the language used here):

LEMMA 2.3 (Comparison lemma). Let I be an open interval and E be a
real inner product space. Let u: I — E be a differentiable map such that there
exists a > 0 and b > 0 such that:

vt e I: | < allu(t)] +b.
Then, if tg € I, we have:

b
vt e I )] < e t=tol|u(to)]| + — (el — 1),
a

We start by studying the regularity of flows of Lipschitz-1 vector fields.
For smoother vector fields, we will naturally encounter flows of vector fields that
are only locally Lipschitz. This is the reason for which we make the following
general claim:

LEMMA 2.4. Let H be a Lip-1 vector field on a subset V of a Banach space
E. Let T > 0 and U be a subset of E. Let G be a flow of H on (=T,T) x U
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(we assume that G((—=T,T) x U) C V). Then G is 1-Hélder. More precisely,
for all t,t € (=T, T) and y,§ € U, we have:
1G(ty) = G@E )| < eINDIE e |1y — gi| | || gy 1]t — 7.
Proof. We start by proving that G is uniformly space 1-Holder:
Vi€ (~T.T),¥y,§ € U:[|G(t,y) = G(t, )] < 1Tty g,
This is trivial in the case when H is constant (on V). Assume then that
H is not constant and let y,g € U. Define u on (—=7,7T) by the identity:
u(t) = G(t,y) — G(t,7). Note that u(0) = y — g. u is differentiable and:
Vte (=T.T):u/(t) = H(G(t,y)) — H(G(t, 7).
Therefore, for all t € (=T, T), ||[v/ ()| < || H||Lip—1]lu(t)|]. The comparison
Lemma 2.3 gives then the sought bound.
Let t,t € (=T,T) and assume that |t| < [¢|:
IG(t.y) - GEDI < Gty -Gt + Gt 9) - GEg)
< Ml ly — g + | [ H(G(u,§))dul|
< elthiomsly — gl 4 |y 1t~

Therefore, G is 1-Holder continuous. [

Lemma 2.4 naturally gives us the following result about flows of Lipschitz-
1 vector fields:

~ COROLLARY 2.5. Let A be a Lip—1 vector field on a Banach space E and
A its global flow. Then: ) )
o VtERVY.§ € E:||A(ty) — At §)|| < elllAlee-1]ly —g].
o A islocally 1-Hélder: for allt,t € R and y,y € E:
JA(t.y) = AE )] < NIy — g 4 Aot — 7

o VI,r e R Vxge E: A((-T,T) x B(zo,7)) C B(zo, 7+ T|| Al Lip—1)-
Proof. A straightforward consequence of Lemma 2.4. [

We show now that the flows of differentiable vector fields are differentiable
t00:

LEMMA 2.6. Let 0 < € < 1 and d € N*. Let H be a Lip-(1 + ¢) vector
field defined on a subset V. of R4, Let T > 0 and U be an open subset of R?.
Let G be a flow of H on (=T,T) x U (we assume that G((=T,T) x U) C V).
Then G is continuously differentiable on (=T,T) x U and, if (€1,...,€q) is a
basis for R, then for all (t,y) € (=T, T) x U:

10:G(t, Y)I| < 1H || ip—(1+4¢)

and
102, G (¢, y)|| < eI lbir—1 |
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Proof. The result being trivial for H = 0 (on V'), we assume that H # 0.
Let y € U. By definition of the flow:

t
Vte (=T,T7): G(t,y) = y+/ H(G(u,y))du.
0
As both H and G are continuous, G(., y) is then continuously differentiable
and, for allt € (= T,T) : 0,G(t,y) = H(G(t,y)). Moreover:
V(t,y) € (=T,T) x U : [|0.G(t, y)l| < [[Hlloo,y < 1 H |ILip—(14¢)-

We will prove now that G is continuously differentiable in space. Let
(€1,...,€) be a basis for R%. Let i € [1,d]. For h € R*, we define the map Al
on (=T,T) x U by the relation:

) G(t,y + hé) — Gty
Bt y) = SV TR = )

We are going to show that the sequence (A2)|h|>0 converges uniformly
on (=T,T) x U (as h goes to zero). Let h € R*. For (t,y) € (-T,T) x U,
Lemma 2.4 gives the inequality:
(3) 185, (¢, )| < eI e,

H being Lip — (1 + ¢), let S be the remainder map defined on V? with
values in R such that, for all a,b € V:

H(a) = H(b) +dH(b)(a — b) + S(a,b)

and
1S (a, )| < [ HllLip—(14e)lla — bJH+.

A! is obviously continuously differentiable in time. Let (¢,y) € (-7, 7)

x U:
A - 1 _
08}t y) = dH (G, ) (A48 ) + 5 S(G(Ey + he), Gt ).

Let h € R*. From the calculation above and the inequality (3), we get

that:

1925t y) — AALE ) < [AH(G(E5)(A)(Ey) - ALt )]
HIES(Gy + he), Gl |
HIE S(G (g + 7). Gt )]

1 |ip—1-+0) (1A (8 ) — A (¢, )l
HAFIALE DI + REIALE ) I17)

IN
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< H -4y (185(0:9) = 8 (49)]
2]V [hl) (e ) 4)

Therefore, using the comparison lemma and the fact that A}(0,y) =
A% (0,y) = €, we get the following inequality:

1A% = Al lloo (1)< < 2(1R] V [R])* (T o1& )1+ (T bip-0) — 1),

We therefore see that (A}, converges uniformly on (=7,T) x U and
that 0,,G exists (as its limit). As, for every h, A} is continuous then 0,,G is
also continuous. We also get the following bound by passing to the limit in the
inequality (3):

V(t.y) € (T, T) x U= [05,G(ty)ll < "M liv-tjig)|. O

COROLLARY 2.7. Let 0 < e <1 and d € N*. Let A be a Lip — (1 + ¢)
vector field on RY and A be its global flow. Then A is continuously differentiable
and, if (€1,...,E;) is a basis for RY, then for all (t,y) € R x R%:

10:AE Y < N Allzip-1+¢)

and
102, A(t, y)|| < eI Aler-1]i).

Proof. This is a version of the previous Lemma 2.6 where U = V =
R O

Remark 2.8. It is worth noting that without any additional assumption
on the vector field A (other than it being Lip — 1), one can show that, for every
y € RY, fly is actually Lip — 2 on every bounded interval of time. However, for
the techniques above to work, we need A to be a little smoother than Lip — 1
( Lip — (1 + €) as in the above lemma, but ¢ is enough) to have the space-
differentiability of A.

LEMMA 2.9. Let 0 < e <1 and d € N*. Let H be a Lip-(1+¢) vector field
defined on a subset V of R, Let T > 0 and U be an open subset of R%. Let G
be a flow of H on (=T,T) x U (we assume that G((=T,T) x U) C V). Then
dG is Lipschitz-c on (=T,T) x U and its Lip-c norm is bounded from above by
a constant depending only on ||H || pip—1+<), € and T.

Proof. The lemma is trivial in the case where H = 0. Assume then that
H # 0. In the following, we endow R x R? with the {° norm that we will
denote by N.

Let (s,z) € (=T,T) x U. Let (t,y),(t,9) € B((s,2),1/2) N ((-T,T) x
U). Using the definition of a Lip — 1 map and our preliminary study of G
(Lemma 2.4), we get the following inequality:

10:G(ty) — AGEPI < [HllLip-1IG(ty) — GE D)l
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1 [lip—1 (" 0= |y — G+ | H [[Lip—1]t — )
< 1H ip—1 ("ot H iy - )N (2, 9) — (£, 9)°
Hence, 0;G is e-Hélder on B((s,2),1/2) N ((—=T,T) x U).
Let (€1,...,€;) be a basis for R%. Let i € [1,d] and (y,4) € U%. Define
the map v on (—7,T) by the identity v(t) = 0,G(t,y) — 0, G(t, 7). Since 0,,G
satisfies the following differential equation:

VASVAN

t
Vie (=T,T): 05,G(t,y) =€ +/ dH (G(u,y))0s,G(u,y)du
0

v is then continuously differentiable. Using the fact that H is Lip — (1 4 ¢) on
V', the controls obtained in Lemmas 2.4 and 2.6, we get the following inequality,
forallt € (=T,T):
' (@)1 < N[ dH |ip—ee T Mw=t)i& [y — G114+ | dH |[Lip—<[lo(t)])
Noting that ||H ||rip—(14) > 0 and using the comparison lemma, we then
get, for all t € (=T, T):
102,G(t,y) — 02, G (2, §)|| < TN o1 &5 [y — g||° (1T rio—00) — 1),
Let (t,f) € (=T, T)?. Using successively the differential equation satisfied
by 0.,G(.,7), the fact that H is Lip — (1 + ¢) and finally the Lemma 2.6, one
gets:
102, G(t, ) — 02, G(E D) i (AH (G(u, §)02,G (u, §)du]
|t =t dH [loo |02, G (s 9l oo 1
It — €| H|nip— (14 €T 1H L1 &]].
Finally we get from all the above the following inequality for every (¢,y),
(t,9) € B((s,2),1/2) N ((=T,T) x U):
102,G(t,y) — 0o, GED)| < ("M Iso st i —40) 4 || |1 (140))
e IHlio= |18 N ((t, y) — (£,9))°
Therefore, 05,G is e-Holder on B((s, z),1/2) N ((=1,T) x U). Define the
following constants:

INIA

My = | Hpip (eI uio=s || Hl|p 1)
My, = (eT(EHH”Lip—1+||H||Lip—(1+s)) + ||H||Lip_(1+6))6THHHLip71 I
1<i<d
Mo = ||H|lLip—(14e) + e MHlLio—1 5™ &)
1<i<d

When restricted to B((s, z),1/2) N ((=7,T) x U), dG is Lipschitz-¢ with
norm upper-bounded by max(M; + Ma, My,). Therefore dG is Lipschitz-¢ on
(=T,T) x U and there exists a constant ¢ such that:

||dG||Lip—€ <ece max(Ml =+ Mg, Moo) ]
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COROLLARY 2.10. Let 0 < e <1. Letde N* and T > 0. Let and A be a
Lip— (1+¢) vector field on R* and A its global flow. Then dA is Lipschitz-¢ on
(=T, T) xR and its Lip-c norm is bounded from above by a constant depending
only on || Al pip—(14¢), € and T.

Proof. This is a special case of Lemma 2.9, with U =V =R%. [

Before we turn our intention to the main theorem of this section, we first
make the link, in terms of Lipschitz regularity, between the derivative dH of a
smooth map H and the representation dH : (z,y) — dH(x)(y).

LEMMA 2.11. Let v > 0, M > 0 and E, F and G be three normed vector
spaces. We assume that (E® F)®%);>1 are endowed with norms satisfying the
projective property. Let V be a subset of E and f :V — Z(F,G) be a Lip-y

map. Then R
f: VxF — G

(z1,22) —  f(z1)(x2)

is Lip-y when restricted to V x B(0, M). Moreover, there exists a constant m-
depending only on v such that:
[l zip— < my max (L, M| f]| Lip—-

If v > 1, then one can take m~ = 1.

Proof. Let H; and Hy be the maps defined on V x F' by:

Hl(xl,.%'g) = f(.l’l) S gc(F, G) ; HQ(ZL‘l,ZCQ) =ux9 € F.

Both maps are obviously Lip-y on V' x B(0,M). On the one hand, we
have ||Hi|lip—y = ||fllLip—y- On the other hand, if v > 1 then | Ha||rip—y <
max(1, M) and if v < 1, then Hj is Lip-y on the intersection of open balls of
radius less than 1/2 with V' x B(0, M) with norm less than max(1, M) and
using Lemma 1.16 there exists a constant m, depending only on v such that

[ Hallrip—y < 1y max(1, M).
Now consider the continuous bilinear map:
B: Z4(F,G)xF — G
Then f = B(H,, Hs) and is Lip-y by Proposition 1.38. Moreover:
[ fllip—y < mymax(1, M)| fllLip—y- O

Loosely speaking, the following lemma is a converse of the previous one:

for a two-variable map that is linear in one of its variables (like Fréchet deriva-

tives of smooth maps), it is enough to show that it is Lipschitz on a bounded
set:
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LEMMA 2.12. Let v > 0, r > 0, d € N* and E and G be two normed
vector spaces. Let U be a subset of R?. We assume that there exists C € R such
that for all k € [1,n], the norms on (E x RY)®* and E®F satisfy the following
mequality:

Yui,...,vp € E: H('Ul,())®--~®(1)k,0)u < CH'[)1®~--®U]€H.

Let f : U x R — E be a map linear with respect to its second variable
such that fo := fluxpo,s) s Lip-y. Then:

f: U — Z2RLE)
z — f(z,.)

is Lip-y and we have || f||Lip—y < max(1,C)| f|lLip—~-

Proof. We denote by (eq, ..., eq) a basis of R and by (e}, ..., e}) its dual
basis. Without loss of generality, we assume that for all i € [1,d]. |le;]| < .
Now consider the maps:

(T G — Z(RY),qG) and Z: U — G9
(vi)i<i<a > Do vie] v — (f(z,e))1<i<d

then fA: uo Z. It is an easy exercise to show that Z is Lip-y and that
1Z]|Lip— < max(1, O)||f||Lip—-

As w is linear with norm 1 then, by Proposition 1.25, fis Lip-y with the
required upper-bound on its Lipschitz norm. [

Finally, we show that flows of Lipschitz vector fields are also Lipschitz on
bounded sets and have a well-controlled Lipschitz norm:

THEOREM 2.13. Let0 < e <1 andn,d € N*. Let H be a Lip-(n+e) vector
field defined on a subset V of R®. Let T > 0 and U be an open convex subset of
Re. Let G be a flow of H on (=T, T)x U (assuming that G((=T,T)xU) C V).
Then dG is Lipschitz-(n+e—1) on (=T,T) x U and its Lip-(n+¢e — 1) norm
is bounded from above by a constant depending only on ||H|| pip—(nie), € and T

Proof. We will prove the theorem by induction. Lemma 2.9 deals with the
case n = 1. Let n € N*. Assume that the assertion is true for Lip — (n + ¢)
vector fields and let us prove it when H is Lip — (n 4+ 1 + ). By the induction
hypothesis, we know that dG is Lipschitz-(n + ¢ — 1) on (=7,7T) x U and
there exists a constant C' depending only on T, n, ¢ and ||H ||pip—(n4e) such
that [|[dG||rip—(n4e—1) < C. In particular, by Proposition 1.44, G is almost
Lip-(n + ¢). G being a flow of H, then 0,G = H o G. As H is Lip-(n +¢)
and G is almost Lip-(n + ¢), then, by Theorem 1.47, 0,G is Lip — (n + ¢) and
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10tG||1ip—(n+e) can be upper-bounded by a constant depending only on 7, n,
e and [[H||rip—(nt14e)-

Let us denote by d,G the spatial derivative of G, i.e.:

d,G: (-T,T)xU — ZL(R%RY)

(t,y) — (b dG(t,9)(0,b) = S0 0;0,,G(t,y)).
Let A be defined as:
A: (-T,T)xUxR* — V xR?
(t,y,b) — (G(t,y), dG(t, y)(b)).

Then A(0,y,b) = (y,b). Moreover, A is differentiable in the time variable
and:

O A(t, y,b) = (H(G(t,y)), dH(G(t, y))(dG(t,y)(D)))-
Now define the vector field:
A: VxRY — RIxRY
(x1,22) V> (H(21),dH (21)(22))

so that 9;A(t,y,b) = A(A(t,y,b)) and A is the flow of A on (=T, T) x U x R%,
Moreover, by our assumption on the values of G and Lemma 2.6:

Vr>0: A((=T,T)x U x B(0,7)) CV x B(0,relI1HlLip-1),

By Lemma 2.11, A is Lip — (n +¢) on V x B(0,1) and there exists a
constant M, depending only on v such that:

HA||Lipf(n+€),V><B(O,1) < m’YHHHLipf(nJre)'

By the induction hypothesis, we can claim that A is almost Lip — (n+e¢)
on (=T,T) x U x B(0,e~TIHllLip-1) and so is the map (t,y,b) — d.G(t,y)(b).
Since the latter is also bounded (Lemma 2.6), then it is Lip — (n + ¢) on
(=T,T) x U x B(0,e~TIHltip-1) Hence (Lemma 2.12), d,G is Lip — (n + ¢)
on (=7,T) x U which gives the result. [

COROLLARY 2.14. Let n,d € N* and 0 <e < 1. Let A be a Lip — (n +¢)
vector field on R?. Then A is almost Lip — (n +¢) on (=T, T) x R? and there
exists a constant C depending only on T, n, ¢ and ||Al|pp—(nte) such that

HdAHLipf(nJrs) < C.
3. CONSTANT RANK THEOREMS FOR LIPSCHITZ MAPS

The two versions of the constant rank theorem in this section and the
related techniques are classical in the case of smooth maps and the literature
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is abundant in this matter (see for example [9]). As the reader may notice,
and in the same spirit of almost Lipschitz maps, we will only be assuming that
the derivatives are Lipschitz (instead of the maps themselves) as this is a less
demanding requirement to get our quantitative estimates.

We will be working in the finite-dimensional case and will assume that the
norms on tensor spaces satisfy all the norm properties presented in Section 1.
Finite dimensional vector spaces are endowed with the [°° norm while norms of
continuous linear maps and matrices are computed as subordinate norms. The
statement of the theorems and their subsequent proofs adapt easily in the case
of other norms.

3.1. The inverse function theorem

When working with a Lipschitz map that is of maximal rank at a given
point, one can quantify the size of the domain on which said map stays of
maximal rank:

LEMMA 3.1. Let v, My and My be three positive real numbers. Let E and
H be normed vector spaces. Let U be a subset of E, xo € U and f: U — H be
a Lip-y map such that || f| Lip-y < M1. Then:
(1) There exists § > 0 depending only on v and MM,y such that:
Vo € B(wo,6) U [[f(z) — flzo)l| < 0L
In particular, if H is a Banach algebra, f(xo) is invertible and || f(xo)~
< My, then f is invertible on B(xo,d) NU.
(2) Consider the case of H = M p(R) endowed with an algebra norm ||.||,
with m,p € N*. Assume that f = (fij)j)ep,m]x[1,p] i of rank less than
or equal to k € N and that f(xo) is of mazimal rank k. Let (i1,... i)
and (ji, ..., Ji) be, respectively, strictly ordered subsets of [1,m] and [[1,p]]
such that M = (f;, j,(%0))1<ri<k i invertible. We assume that |M~1| <
Ms. Then there exists § > 0 that depends only on v and My Mo such that,
for all x € B(xo,0)NU, f(x) is of rank k.

Proof. (1) Let n € N and ¢ € (0,1] such that v = n + . Then, by the
Taylor expansion of f around xg as a Lipschitz map, we get for all x € U:

n k

T — X0 n

I£() — Fao)l < Ay (Z 2= 20l 4 e — ) +€> .
k=1

It suffices to choose § such that'

VO<t<§: Zk' tte <

l

— 2M i Ms
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which proves the claim. Assume now that H is a Banach algebra, f(z¢) is
invertible and || f(zo)!|| < M. Then all elements of B(f(xo), ||f(xo)™|™1)
are invertible. Since M, ' < ||f(zo) ™| ™!, we have the result.

(2) The previous result insures that we can find 6 > 0 that depends only
on v and MM, such that the square matrix (f;, j,(¢))i1<ri<k is invertible for
all ¥ € B(zo,0)NU. Therefore the rank of (f; ;()) @ j)e[1,m]x[1,p] i3 larger than
or equal to k on B(zg,d) NU. Since the rank of f is always less than or equal
to k, then f(x) is necessarily of rank k on B(zg,0)NU. O

Remark 3.2. Tt is clear that the results of Lemma 3.1 remain essentially
true in the case of almost Lipschitz maps.

LEMMA 3.3. Let v > 0. Let U be an open convex subset of a Banach space
E. let ¢ : U — FE be a differentiable map such that do is Lip — . Let xg € E
and assume that dp(xzg) is invertible. Then, for every My > 0 and My > 0 such
that ||de||Lip—y < My and ||de(zo) || < My, there exists a positive constant
0, depending only on v and My Mo, such that we have the following inequalities
for all x,% € B(xo,0)NU:
1

ldp(z) = de(wo)ll < 577

Ide(zo) ™ (ole) (&) — (2~ D) < iz~ ]
Sl — ] < (o) (o) — @) < Sl — .

In particular, ¢ is injective on B(xg,6) NU.

Proof. Let My, My > 0 and assume that ||d¢||Lip—y < M7 and [[de(zo) 7|
< Ms. As dy is Lipschitz, then by Lemma 3.1, we can find § > 0 depending
only on v and M;Ms such that:

1 1
Vr € B(xg,0)NU : do(z) — do(x < < )
GodI N0 Jdole) — deto)l| < i (< )

For all z, % € B(xp,d) N U, we have then:

ldg () ™" o dip(ar) — 1d|| <

DN | =

and consequently (since B(zg,0) N U is convex):

ldg(z0)~ () — (&) = (z = 2)] < %Ilflf — .

Hence:

Sl — ] < l[de(eo) ™ (elw) — @] < Sl — 2. T



170 Youness Boutaib 40

Definition 3.4. Let v > 0. Let F and F' be two normed vector spaces,
U be a subset of E and V' a subset of F. A map f: U — V is said to be a
Lipschitz diffeomorphism of degree v (a Lip — « diffeomorphism in short) if f
is Lip — v and bijective and f~! is also Lip — 7. We define in a similar way
almost Lip — v diffeomorphisms.

LEMMA 3.5. Let v, R > 0. Let E be a Banach space, xg € E and let
¢ : B(xg,R) — E be a differentiable map such that de is Lip — . Assume
that dp(xg) is invertible. Then, for every My > 0 and My > 0 such that
Al Lip—y < My and ||de(zo) Y| < Ma, there exists a constant &, depending
only on v and M1 Mas, such that for every o such that « < R and 0 < a < 9,
the map o - B, @) 1o~ (Vo) — Vo, where Vo = p(z0) + dp(o) (B(0, a/2)),
is a homeomorphism, and we have B(xq,a/3) C B(wg, )Ny~ 1(Vy). Moreover,
o~ is 1-Hélder with ||~ 1|1 < 2Ms.

Proof. Let My, My > 0 and assume that ||d¢||Lip—y < M7 and ||de(zo) |
< Ms. Let 6 > 0 be a constant depending only on v and MM, such that the
inequalities of Lemma 3.3 hold true. Let y € Vj. We will prove that there
exists a unique point x € B(xg, ) such that ¢(z) = y. Let G be the map:

G: B(zg,a) — F
T sz + de(z0) " Hy — ().

Note that x € B(zg, a) is a fixed point of G if and only if ¢(z) = y. Let
x € B(xg,a), then by Proposition 3.3:
IG () —aoll < llde(zo) ™ (y = @(@o)) | + [l =20 +de(z0) ~ (w(z) = p(z0)) ]| < v

Therefore G(B(zp,a)) C B(xg,«) and by Lemma 3.3, G is a contraction.
It has therefore a unique fixed point; denote it by . Then we have:

1Z — ol = [|G(F) — 2o < .

Hence & € B(xg, «), which proves the claim. Note that by the inequalities
obtained in Lemma 3.3, we have B(xg,a/3) C o~ 1(Vp).

We have shown that ¢ : B(zg,a) N ¢ 1(Vy) — V is continuous and
bijective. Therefore, o' : Vo — B(zo,a) N ¢~ 1(Vp) exists and is 1-Hslder by
the inequalities of Lemma 3.3, hence continuous. We conclude then that ¢ is a
homeomorphism (from B(xg,a) N e~ 1(Vo) onto Vp). O

Before we proceed to the main theorem of this subsection, we prove a Lip-
schitz version of what is sometimes also labelled the inverse function theorem:

LEMMA 3.6. Let 0 < ¢ < 1. Let E a Banach space and U be an open
subset of E. Let ¢ : U — E be an almost Lip-(1 4+ ¢) map. Let xg € U and
assume that do(xg) is invertible with continuous inverse. Then, there exists
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an open neighborhood V' of x¢ such that ¢ : V. — (V') is a homeomorphism.
Moreover ¢~ is differentiable at p(xo) and dp~'(¢(zg)) = (de(z0)) L.

Proof. Without loss of generality, we assume that ¢ is almost Lipschitz
on domains of size 1 of U. By the results of Proposition 3.5, there exists an
open neighborhood V' of ¢ such that ¢ : V' — ¢(V') is a homeomorphism and
that ¢! is 1-Holder. We define the remainder-like map S around z for every
h € E such that p(x¢) +h € (V) by the following:

S(h) = ¢ (@(w0) + h) — o — (dp(z0)) " (h).

To show that ¢! is differentiable at zq with the required derivative, it

suffices then to show that S(h) o o(||h]|). Writing the Taylor expansion of ¢
_>

as an almost Lip-(1 + &) map around zp with remainder R of order 0, we get,

for small enough h:

S(h) = (de(zo))~" (d(zo)(¢ ™" (¢(w0) + h) — w0) — h)
= —(dp(z0)) ™" (R(¢™ (o) + h), w0)) -
By the definition of an almost Lipschitz map, we have for small enough h:

IR(¢™ (o(x0) + h), 0) || < [l@llLip—re) o™ (p(@0) + h) — ol
and as ¢! is Holder:

lo™ (p(0) + h) — 2ol < Il lIAll.

Therefore:

IS < (o)) el Lip-+eylo ™ 17 l1AI1F
which gives the sought statement. [J

THEOREM 3.7 (Inverse Function). Let v > 1 and R > 0. Let E be a
Banach space, xog € E. Let ¢ : B(xo, R) — E be an almost Lip — v map and
assume that dp(xg) is invertible. Then, for every My > 0 and Ma > 0 such that
el Lip—(v—1) < M1 and ||[dp(zo) || < My, there exists a constant 6, depend-
ing only on v and My Ms, such that for every a such that « < R and 0 < o < 6,
the map ¢ = B(zo, )N (V) — Vo, where Vo = p(x0)+de(20)(B(0, a/2)), is
an almost Lip-y diffeomorphism, and we have B(zo,a/3) C B(xg, )N~ (Vo).
Moreover, the Lip-(y—1) norm of dp~!
depending only on v and My and Ma.

can be bounded from above by a constant

Proof. Let My, My > 0 and assume that |d¢||rip—(y—1) < M and
|[de(zo) 7| < Ms. Let § > 0 be a constant depending only on v and M;M;
such that the inequalities of Lemma 3.3 hold true and o« > 0 such that
Lemma 3.5 holds true. Finally, define

Vo = (o) + de(20)(B(0, a/2)).
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First note that Lemma 3.6 (together with the inequalities of Lemma 3.3)
shows that ¢! is differentiable at every point of V{ and that for every y € Vp,
de~(y) = (de(¢~t(y)))~t. Let n € N* and ¢ € (0,1] such that v = n +e.
We will show the assertion of the theorem by induction. More precisely, we
will prove that for every k € [1,n], ¢! is almost Lip — (k + ¢) and that
there exists a constant Hjy depending only on n, ¢, M; and Mjy such that
\\d¢*1\|Lip,(k+5,1) < Hj. But let us first make some remarks:

e 1)y being open and convex, we can then use the criteria in Proposition 1.44
to show that ¢! is almost Lip — (n + ¢).

e If we denote by i the inversion map on By (g (dp(zo), ﬁ) (which is a

1

smooth map and thus Lipschitz), dp™" can then be seen as the composi-

tion map of ¢!, dy and i:

_ -1 d 1 i
de~t: Vg LN B(xg, a) Bt By gy (dep(xo), 2—]\42) — Z(F)

For n > 0, let C,, denote the Lip — 1 norm of 1.
We start now our induction. Let y, 5 € V. Since, dp is e-Hélder and ¢~
is 1-Holder (Proposition 3.5), we have then:

lde™(y) — de™ ()] li(de (o™ (1)) — i(de(e™ ()]
)

1

Crllde(p™'(y)) — dp(e™ ()]

—@IF

<
<
< CilldellLip—clle™ (y) — ¢ (@
S £

(2M2)*Ch||de||Lip—elly — I

Hence, dp~! is e-Holder. Written as a composition map, we see that
dp~! is bounded (by C7). Consequently, ¢! is almost Lip — (1+¢). Following
Theorem 1.18, let m > 0 be constant dependent only on n and ¢, such that
Hd(PHLip—E < de‘PHLip—(n-‘ra—l)- Then:

|dp  |Lip—e < H1 , where Hy = Oy max(1, (2Ma)*mM).

Let k € [1,n — 1]. We assume that ¢! is almost Lip — (k + ¢) and that
there exists a constant Hy depending only on n, €, M; and My such that:

[de™ M Iip—(hte—1) < Hi-
Then, by Proposition 1.44, the almost Lipschitz semi-norm of ¢=" on V}

is bounded from above by Hj. As dp~! =iodpop~!, then, by Theorem 1.47,
dp~tis Lip— (k+¢) with a Lipschitz norm less than a constant Hy; depending
only on:

e k and e, constants of the problem;

e Cj. (which depends only on k, e, My and Ms);

e ||[d¢[lLip—(k+e) (Which can be controlled using only Mi, k, n and ¢ by

1

corollary 1.18);
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e H; which, by the induction hypothesis, depends only on k, e, M; and

M.

This ends the induction. Consequently, ¢ : B(zg,a) N o=t (Vo) — Vo is
an almost Lip — (n + ¢) diffeomorphism. [

Remark 3.8. In the context and notations of Theorem 3.7, ¢ is in fact a
Lipschitz diffeomorphism. We use the notion of almost Lipschitzness to high-
light that the most interesting attributes quantitatively depend only on the
control of the Lipschitz norm of the derivative.

3.2. The constant rank theorem

Definition 3.9 (Local Inverse). Let E and F' be two sets. Let U be a
subset of F and ¢ : U — F be a map. We say that an E-valued map ¢ defined
on a subset of I containing ¢(U) is a local inverse of ¢ on U if ¢ o ¢y = Idy.

Definition 3.10 (Immersions). Let E and F' be two normed vector spaces.
Let U be a subset of F and ¢ : U — F be a differentiable map. We say that ¢
is an immersion if, for every x € U, dy(x) is injective.

THEOREM 3.11 (Constant Rank). Let v > 1 and (p, ¢, k) € (N*)2 xN and
My and My be two positive real numbers. Let U be an open subset of RP and

©=(p1,...,94) : U —>R?

be an almost Lip-y map of rank at most k. Let xg € U such that dp(zg) is
of rank k, and let (i1,...,ix) and (j1,...,Jk) be, respectively, strictly ordered
subsets of [1,q] and [1,p] such that M = (aw” (20))1<ri<k ts wnvertible. We

ale

assume that: .
ldellpip—(yv—1) S My and [[M7[| < M.
Then, there exists a constant ¢, depending only on v, My and My and:

e An almost Lip—-~ diffeomorphism f : Uy — f(Uy) defined on an open sub-
set Uy of RP containing xo and such that max(||df]|Lip—(y—1),
1S pip—(v—1)) < c.

o An almost Lip—~ diffeomorphism g : W — g(W) defined on an open sub-
set W of R? containing p(wo) and such that max(||dgllip—(y—1)
g™l pip—(y—1)) < c.

such that, for all (z1,...,zp) € f(Up):
gogpof_l(xl,...,l‘p) = (z1,...,2,0,...,0)
i.e.

Uo(CRP) -5 (p(Up) ©)W(C RY)

fl g

fUe) 5 g(W)



174 Youness Boutaib 44

If k = p, then there exists a constant § depending only on v, M; and
My such that for every a € (0,0] satisfying B(xo,a) C U, the above statement
holds for Uy = B(xo, m), Moreover, ¢y, is an injective immersion

and admits a local inverse ¢ on Uy that is almost Lip — v and such that:
1A ip— < e

Proof. We start first by two changes of variables that will enable us later
to see  as a projection of the first k& variables around xg. We will identify
RP (resp. RY) with R* @ RP™* (resp. R¥ @ RI7%). For 2 € RP, we denote by
(zj,)1<1<k the image of z by the projection onto RP~* which kernel is the span
of ((ej,)1<i<k), where (e;)1<i<p is the canonical basis of R?. We define in a
similar way the vector (z;,)i1<y<i for z € R%. Now, let fi and ¢g; be the two
following diffeomorphisms:

fi: R — RP
z = (@ —20)j)1<i<k, (& — 20)j, ) 1<1<k)

and:
g: RT — R?
z = (2= f(®0))i)1<r<k: (2 = f(20))i, )1<r<k)-

Denote Uy = f1(U) and define ¢ = (p1,...,p¢) :=giopo fi ', A=
(P1,...,¢k) and B = (@g41,.-.,9Pq). By the identifications made above, we
can write ¢ as a map depending on two variables (z1,z2) € R¥ @ RP~* with
values in the two-variable space R* @ R7~%:

¢(z1,22) = (A(z1, 22), B(21, 72))
and ¢ is such that ¢(0,0) = (0,0). Trivially, dp, dA and dB are Lip — (y — 1)

and we have:
max (||dA|lrip—(y—1), 1dB||Lip—(v—1)) = 1dP|lLip—(v—1) = Ide|lrip—(y—1)-
Let fy be the map defined on U; by:
fa(z1,22) = (A(x1,x2), x2).
Then f; is differentiable at every point of U; and dfs is Lip— (y—1) with:
ldf2llLip—(y—1) < max(L, |delLip—(y—1)) < max(1, My).

The representation matrix of df2(0) in the canonical basis of R? is under

the form: _
M M
0 I,
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where M is some matrix in My, p—1; that can be directly obtained from dy(zo).
Hence df2(0) is invertible (its inverse can be explicitly given) and there exists
a real number (), ; depending only on p and ¢ such that:

deQ(O)AH < Cpgmax(1, My) max(1, Ms).

Using Theorem 3.7, let § and ¢ be constants depending on 7, M; and Mo
such that, for every a € (0, d] such that B(0,«) C Uy, the map:

f2:B(0,0)N fy ' (H) — H

is an almost Lip — v diffeomorphism, where:
H = df2(0)(B(0,/2))

and (we drop again the restriction signs .|):

1df5 Hip—(y-1) < €

As fy U is uniformly bounded on H (by ), then it is Lip-y with norm
bounded by a constant depending only on ~, M7 and Ms. Note also that B is
Lip-v on the bounded domain B(0, ) with norm upper-bounded by a constant
depending only on «, v and M;. We also have B(0,a/3) C B(0,a) N fy ' (H)
(this remark will be of relevance in the case k = p).

We prove now that ¢ o fo ! is independent of the second variable. Write
fo~! under the form:

fo My, 92) = (Cly1, 2), D(y, 2))-
Then the identity fo o fo~ = Id yields:
Y(y1,92) € H:  D(y1,y2) =y2 and  A(C(y1,92),%2) =y
@ o fo~ ! is then given by:
V(yi,g2) € H:  @o fo ' (y1,52) = (y1, B(f2 " (y1,92)))-

For lighter expressions, we define B on H by B = Bo fo~!. As d@ is of
rank k at most, d(¢ o fo71) is also at most of rank k on H. For (y1,y2) € H,
the Jacobian matrix of G o fo~! at (y1,%2) is under the form:

I 0
gfl (yl’?/Q) %(91792) '

As this matrix is of order k at least, then necessarily %(yl, y2) = 0. As

H is convex, we conclude that (on H) B is independent of the second variable
and so is ¢o fo 1. Note that B(0, 7i5,) © mre(H) as for a € B(0, 537), we have
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(a,0) € H. Following this remark, define F' on B(0, 35) by F(a) = B(a,0).
We have then, for all (y1,y2) € H:

@ o fo  (yr,12) = (y1, F ().

F can be written as the composition B o fo™! oy, with iy ,(a) = (a,0)
and is therefore, by Theorem 1.47, Lip-vy with norm bounded from above by a
constant depending only on «, M; and Ms. We define Uy = H N B(0, ﬁ) o
RPF U = f{l(Ug), Uy = fl_l(Ul) and f = fa0 fiy,- On the one hand, one
easily sees that f is Lip-y on Uy with norm bounded from above by a constant
depending only on v, M; and M. On the other hand, f~! is almost Lip-y and
Idf Hnip—r—1) = 1df5 HLip—(y—1)-

We end this proof by introducing a final diffeomorphism. Define the open
set:

Wi =B (0, 20‘M2) ®RIF = {(zl,zQ) eRIz € B (o, ZO‘MQ> }

Let go be the map defined on W by:

92(21, 22) = (21, 22 — F(21))
dgs is clearly Lip—(y—1) and g9 is even an almost Lip —~ diffeomorphism. The

Lip-(y — 1) norms of dgs and dg; ! can be bounded from above by a constant
depending only on v, M; and Ms. For (y1,y2) € Us:

g20@o fo (y1,42) = (11,0).
Define W = g7 (W) and g = go 0 giw- Then g is an almost Lip — v

1

diffeomorphism and the Lip-(y—1) norms of dg and dg—" can be bounded from

above by a constant depending only on v, My and Ma.
The previous argument simplifies in the case kK = p. In this case, Us =
B(0, 357;)- Then gopo f~t=i,,, where
ipqg: T €RP — (2,0) e RFRGRIP.
Let ¢ be the map f~!om,, o g defined on W, where
Tpq : (2,y) ERPORIP — z € RP

is the projection on the first p variables. Then ¢ is a local inverse of ¢ on Uy
and a Lip — v map on ¢(Up). Writing ¢ as the composition of the two maps
f~1and 7, o g, one gets the control

[d@llLip—(r—1) < C’Yde_lHLip—('y—l)
where C is a constant depending on 7. Taking § =
have:

[0}
Smax(1, M) then we

R(B0.0) €450 (B (0.5 ) ) €
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which gives the required quantification of the neighborhood of zo. O
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