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We consider coupled linear parabolic systems and we establish estimates in L?-
norm for the sources from partial boundary observations of the solutions. The
main tool is a family of Carleman estimates in L?-norm with boundary observa-
tions.
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INTRODUCTION

In this paper we consider linear parabolic systems coupled in zero order
terms and we obtain estimates in LY spaces, ¢ > 2 for the sources in terms
of measurements of the solutions on a part of the boundary. This research is
based on previous results in L? and uses the regularity properties of the heat
flow. Such an inverse problem is motivated by the fact that the boundary of a
domain is more accessible for measurements on the solution.

This type of problems was considered by O. Yu. Imanuvilov and M. Ya-
mamoto in [6] where they obtained source estimates in L? norm with obser-
vations on the solution on a subdomain or on the boundary. Their method
employed the coupling of two L?-Carleman estimates, a technique no longer
applicable in the LY framework, as explained in [I0]. Furthermore, they require
more detailed information from the measurements, as their estimates involve
the solution together with its time and space derivatives, which we overcome
in the present paper.

The problem we address here comes as a continuation of the work done
in [10] where we have established such L? stability estimates for the sources
of a linear system in terms of the solution measured on a subdomain. Also,
in [II] we established estimates of this type for the sources in a semilinear
system with observations on the solution in a subdomain.
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An important aspect in the above-mentioned papers, as well as in the
present study, is the positivity of the solutions and of the sources, as the
systems we consider are intended to model reaction-diffusion processes. In
this context, we need two fundamental tools: strong invariance principles and,
respectively, Carleman estimates. The first tool relies on the strong maximum
principle for parabolic equations and on strong invariance results for weakly
coupled parabolic systems. For such maximum principles or invariance results
in the framework of classical solutions, we refer to [12] for equations and to [13]
for systems. For the case of variational solutions, we mention [9].

The other main tool in our approach is a family of Carleman estimates
in L9-norm, ¢ > 2, with boundary observations and general weights of expo-
nential type obtained for parabolic systems with general boundary conditions.
The Carleman inequalities in L? were first used in the framework of controlla-
bility of the heat equation with controls distributed in a subdomain by O. Yu.
Imanuvilov [5]. Since then, they have found applications in obtaining observ-
ability inequalities in controllability problems, unique continuation properties
and inverse problems. The Carleman estimates in L¢ are derived through a
bootstrap argument, starting from the L2-Carleman estimates proved in [9] and
using the regularizing effect of the parabolic equation. This type of argument
can be found in V. Barbu [I} 2], J.-M. Coron, S. Guerrero, and L. Rosier [3],
E. Fernandez-Cara and E. Zuazua [4], K. Le Balc’h [§], in the context of con-
trollability.

1. PRELIMINARIES AND MAIN RESULTS

Let T > 0 and © C RY be an annular domain, that is a domain which
is diffeomorphic to Bo(0) \ Bi1(0), with boundary 99 of class C2. Consider
'y C 09 be the exterior boundary and I'y = 9Q \ T'; be the inner boundary,
and let Q = (O,T) X Q, ¥ = (O,T) X Fl, ZO = (O,T) X Fo.

In the following, whenever we refer to vector-valued functions from a
corresponding Sobolev space, we write L?(Q) instead of [L4(Q)]", Wq2 ’1(Q) N
L>(Q) instead of [We (Q) N L®(Q)].

We consider linear parabolic systems coupled in zero order terms with the
elliptic part of the operator expressed in divergence form and, for each compo-
nent of the system, with general homogeneous boundary conditions (Dirichlet,
Neumann or Robin) on each connected component of the boundary

N . N N
Dyyi— > Dj(al*Dyyi) + S 0FDyyi + > =g (0,T) x Q,
(S) k=1 k=1 =1

Bia) i 4 py(a)y; = 0 (0,T) x O,

on 4
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when 7 = 1,n and where

(H1) a{k € Wheo(Q), bF ¢k € L>(Q) and agk satisfy the ellipticity con-
dition
N .
Iu>0st Y alf (@) > plel?, VEERY, (tz)eQi=Tmn
k=1

(H2) the sources are positive, g; € LI(Q), g; > 0,i = 1, n;
(H3) the coupling coefficients are non-positive ¢t < 0,i # I;

(H4) Bi,mi € L*>(09), Bi,ni > 0 and B; > 0 or ; =0 and 7; = 1 on each
connected component of 9S).

The boundary observation on the solution is ¢ = ((i(v:)),_1

yi .
(®) Giyi) = vi(x) 87?; i(@)y;, (0,T)xTy, T'1CcoQ, i=1,n,

with given ~;,d; € L>®(T'1).

We impose an independence condition between the boundary conditions
and the observations expressed as

gf gz #0only, i=1,n.
1 1

For 2 < ¢ < o0, ¢ >0, 6 > 0 and G a compact subset of [L¢ (Q)]" with
qd = q% such that 0 ¢ G, we consider the following classes of sources:

g€ WHH((0, T); [LI(Q))") : g >0
and 37 € G s.t. ng - gdxdt > SHgHLq(Q) '

(H5)

(1.1) G.56= {

In this context, the main result that gives L? estimates for the sources
assuming that they belong to some class Q Fe is the following theorem.

THEOREM 1.1. Consider the system () with hypotheses (H1)— ( 5). Then
for2<g<oo,geg 03.G and the corresponding solution y € Wq (Q), there

exists C' = C(q,0,G) > 0 such that

(1.2) 190l 0y < CullClzaceny
Concerning the L™ estimates, for sources g € gqgé and corresponding solu-
tions y € Wg’l(Q) for all ¢ < oo, there exists C = C(S, G) > 0 such that

(1.3) l9ll gy < CillClzzgs).
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2. L9-L2-CARLEMAN ESTIMATES WITH BOUNDARY
OBSERVATIONS

The key ingredient to prove the above theorem is a family of L¢ Carleman
estimates with observations on the outer boundary. To derive these estimates,
it is necessary to use the classical mechanism, but with auxiliary functions sat-
isfying supplementary technical properties. These properties, in turn, dictate
the special choice of the shape of the domain.

The choice of auxiliary functions is the following:

(2.1) o € C*(Q) st Yolr, =0, wolr, =1, [Vip| > 0in O, %‘F(KO
and ¥ = 19 + K, K big enough such that

supt _ 8

infep — 7
and the weight functions
(2.2 (t.2) = Mo (@) (1) = Mo(@) _ 150l )

2) PO ==y T (T — t)
e)ﬂj)(ac) eM(z) _ 61-5>\||w||c(ﬁ)

2. t = t =

Remark 2.1. The choice of annular domains is imposed by technical con-
straints necessary to derive the appropriate Carleman estimates. More specif-
ically, these constraints arise from the conditions imposed on the function 1y,
which require the presence of two connected components of the boundary with
the same topological structure. Consequently, while alternative domain choices
are possible, they must satisfy the fundamental requirement that a function
with the necessary properties exists.

The Carleman estimate we obtain is the following.

PROPOSITION 2.2. Let g € L9(Q), with 2 < q < oo. Then there exist
so = s0(q), Ao = Xo(q), such that for X > Xg, s',s > so, %, >~ > 1, there
exists C = C(q,7):

(2.4) lye™ *|a(@) + 1Y) | Lai) + 1(D*Y)e [l Lago) + (Dew)e” o)
< Clllge** | Lacq) + 1€ 122
where the constant C' depends on \ but independent of s.

The result from Proposition relies on the regularizing effect of the
parabolic flow combined with a bootstrap argument applied to the linear
parabolic system and using the following L? Carleman estimate that was ob-
tained in [9], adapting the classical techniques from [5].
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PROPOSITION 2.3. For g € L?(Q), there exist constants \g = Ao(f),
so = s0(QQ) such that, for any X > X, s > so and some C = C(T,Q), the
following inequality holds:

/ [(50) (1 Dsyl? + D2y P) + sA2o| Dyl> + 2\ 2] 250 v
Q
(2.5) +/ s A3 3y 2e?  do

[0 T} ><F()

< C’(/ lg|?e*** dxdt —I—/ 83A3g03]§]2€230‘da>,
Q [0,T]xT1
fory € HY(0,T; L*(Q2)) N L*(0, T; H*(Q)) as the solution of (I).

In the following we denote the operators entering the system by

B = (B B = Aia) o+ )y L = (L)

zyz - Z D J Dkyz L - (Lil>i:l,n’L0 = (L?)izl,ru
7,k=1

where the lower-order operators are given by (w is a scalar function, y is vector
valued function)

(2:6) Liw= Y bDw, Lly=) cy, i=Tn
k=1,N I=1,n
Using these notations, the system is written more compactly
27) Dy + Ly + L'y + L% = g, (0,T) x ©,
' By =0, (0,T) x 0.

For the proof of L? estimates, we need Sobolev embedding results for
anisotropic Sobolev spaces (see [7, Lemma 3.3]).

LEMMA 2.4. Consider u € Wy (Q). Then u € Z; where

LYQ) with q < TEZ;E)QZ; when p < Jif
Z1 =4 LYQ) with q € [1,00) when p = ; )

CH2(Q)  with0 < a<2— % when p > NF2
and there exists C = C(Q,p, N) such that
Jullz2 < Clullyza g

Moreover, Du € Zy where

L1(Q) with q < 5\][\:;225 when p < N + 2,
Zy =< LYQ) with q € [1,00) when p =N + 2,

C¥/2(Q)  with0 < a < 1—% when p > N + 2
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and there exists C = C(p, N) such that

1Dullz, < Cllully 2

We introduce the following auxiliary functions which do not depend on
space variable

L MEHY Y e

Py T Ty

AE+1) _ LEA(KA+1) MK _ pLBA(K+1)

HT — 1) T T

Ql

Remark 2.5. Observe that for some o > o9 and for some 5\0(00) > 0 we
have for A > Ay that

(o — 1)61.5,\(K+1) 4 gME+D) _ MK« py A,
Which gives
emA(K+1)0.m871n>\m (o—1)s1 LB oo AEFD) g AK

=)
(T — )"
em)\(K—s—l)O.mSgn)\m sy AN EHD)

< e T < sup p"e M =0C(m),
tm (T —t)m 1E[0,00)
leading to
(2.8) PP A™e2 < C(m)e®'2.

In conclusion, for all m > 0 and oy > 1, there exist \g = 5\0((70) > 0 and
C' = C(m) such that if A > A\g and s1, so > 0 with % = o > 0y, one has

(2.9) PMsy A e < C(m)et?,

with ¢, a as above.

The auxiliary functions are constructed based on g following the same
methodology used in the case of internal observations. Moreover, the associ-
ated weight functions maintain analogous estimates, preserving their behaviour
when working to obtain the Carleman estimates. This allows for a consistent

framework in handling both cases and ensures that the results obtained for
internal observations extend naturally to the current setting (see [11]).

Proof of Proposition[2.2] For a given v > 1 and j € N we define
wl = yevjsa — il T lsaly=1)
Notice that since v > 1, it follows that for a fixed j there exists A\g(j) > 0 such
that

(2.10) 5 < V5T < 5 for all A > Xo(7).
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Moreover, each w’ verifies the initial boundary value problem

Dyw? 4+ Lwi = geV’s® + O[syig2e?’ s80-D]ywi~1 in (0,T) x Q,
(2.11) ¢ Bw’ =0o0n (0,T) x 09,

w?(0,-) = 0 in €.

Observe that the boundary conditions satisfied by w’ remain the same as
those satisfied by 3’ as we have used in the definition of w’ the weight @ which
is independent of the space variables.

We describe the bootstrap argument: based on the the regularity argu-
ment from Lemma we construct the sequence {g;};en:

(N +2)gj—1
(2.12) q0=2, ¢q:=N+2-gj
Sqj-1if g1 > N +2.

if gj_1 < N+2,

Observe that the sequence {¢;};jen is increasing to infinity. Since g € L4(Q),
we can take m such that ¢,—1 < ¢ < ¢ and we get, by standard Sobolev
embedding, that

(2.13) Whii-1(Q) c L% (Q),j =1,...,m,
because the Sobolev exponent ¢} := % is greater than g;.

Now, an argument like the one in Remark gives that there exist
So, Ao > 0 and C = C(j) > 0 such that for s > Sy, A > A and we have

(2.14) S’yjaze'yj_lsa(”*l) < C(j) for j =1,m.
Since the initial data w’ (0, -) is zero and using the previous estimate (2.14)), the
parabolic regularity gives that for A big enough (and taking into consideration
A > max{Ao, Ao, max,_1;{A\j; Aj }}), we get
(2.15) ||wj|fngzi1(Q) < C(||9€WJSEHL%71(Q) + ||wj_1”qu*1(Q))‘
Using Lemmaand the embedding (2.13)) we get that w’ € L% (Q) and, from
the previous inequality, we obtain the estimate
(216) ||'[Uj||L‘1]' @) < C(ng’yjsa||Lth—1(Q) + ij_IHqu—l(Q)) for ] = 1, ey,
giving

m—1 ,

Py

(2.17) [w™ (| Lam (@) < C(Z lge™ > N Lo (@) + HwOHqu(Q))-

j=1
Regarding the first order terms, Lemma [2.4] implies that

Dullzan @) < Moz o
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and we obtain estimates for the first-order derivatives

m—1

(218) 0™ o) + [ D™ 1oy < o(z 1967 s ) + HWOHL%(Q))-
j=1

Since we have
lye”" ** N La@) < llye” **lLa@) < Cllye™ *llram ()
and _ _
| Dye” **zaq) < [1Dye” **|lraq) < CllIDye” *|| Lam ()
using (2.18)) we get an estimate,

(2.19)
m—1
1™ iy + 11Dy oy < O(Z 1967 1os ) + ||w°||m<@>).
j=1

Since qp = 2 and w® = ye*®, using (2.10) and the L? Carleman inequal-

ity (2.5), we can bound ||w®| a0 (@):
(2.20)

_ 1 1 332,300
lye**llz2@) < Cliye™™l12(q) < C(llge™ ™ l2(q) + 52 X%02Ce* |12y

Now, since g > ¢; for all ¢; € 1,m — 1, we may use (2.10) and Remark to
get that there exists C' > 0 such that the right hand-side of (2.18) obeys the
estimate

m—1
- 1 3 3.1
D llge Nl ) + llge ™ 2y + 152 X207 Cen ™| 2(s,)
@2) o
1 L sa
< C(lge™™llay + I<e™ M L2(sy)) -
To estimate the time derivatives and second-order spatial derivatives, we look

at the problem verified by w™*!
(2.22)

thm-‘rl + me-‘rl — gefy
Buw™ =0on (0,T) x 09,
w™r1(0,-) =0 in Q.
Results of parabolic regularity together with equation (2.14]) yields
m—+1
(2.23) me+1”W;7l(Q) < C(||ge” 1)||Lf1(Q) + ”meLq(Q))-
This implies, once again using (2.10)), , and (2.21)), that

m+1 m—+1
| D*ye™™ " || La(q) < |D?ye”

m—+1

SO 4 O[symHB2er™s@0=D]y™ in (0,T) x €,

soi(y—

N o) = 1D Lagg)

(2.24) L b
< C(lge™™* I aco) + <6 Nl L2(sy))
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and using (2.14), (2.10)), (2.18), (2.21)) that

mtlgy m m
(2.25) [(Dey)e” ILa(@) < IDw™ Y Lagq) + Cllw™ || La)

23a

lsa
< C(lge™™ I aco) + I<e7 M L2(sy)) -

Now, using ([2.18]),(2.21)),(2.24) and , for v = f’ym%ﬁ and s changed into
7125, we conclude that
(2.26)
lye™ | o) + 1(Py)e |l Laq) + 1(D*y)e” [l Lagq) + I(De)e” | o)
< C(llge**llzacq) + ICe* | 2zyy)-
Remark 2.6. Observe that if ¢ > N + 1, then the Morrey embedding

theorem gives L™ estimates for y and Dy: there exist sg, Ag > 0, such that for
A> Ao, 8,5 > 50, T >4 > 1, there exists C = C(7):

(2:27) |lye* | =(q) + II1Dye" | @) < C(llge* o) + 1€ r2sy). O

3. SOURCE STABILITY FOR LINEAR SYSTEMS. PROOF OF
THEOREM

In the following, the strong solutions y € VVq2 ’I(Q) that we work with
are also variational solutions of the system . For this purpose, we denote
by T = {x € 09Q|8i(x) = 0} the Dirichlet boundary corresponding to y;.
Let us consider the Hilbert spaces V; = {v € H}(2) : v = 0 on I'};} and let
V=Vix--xV,.

Then, for some initial data yo € L?(2), y € L*>(0,T; V)N HY(0,T; V') C
C([0,T]; H) is a weak solution of system if

n

noot
Z(@i(t),vz'ﬁ?(m — (Yo,i> vi) 12(0)) + Z/ (AiVyi(T, ), Vi) 12(ydT
i=1 '

+Z/ (b - Vyi(1,+),v; L2(Q)d7—+2/ cyl ), v3) 2 dr
+Z/ nlyz Uz L2(9Q\T'%, )d

n

:Z/O <gi(7—7')77}i>L2(Q)dT,

=1

(3.1)

vVt € (0,T), Vv; € V;, where A; are the matrix coefficients matrix (agk)j,keﬁ

and b; = (bk)k61 e
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Proof of Theorem[I.1, We have to prove that there exists C' = C(q, 4, G)

such that for g € qué,

(3.2) 191lLa@) < ClCW)L2(zy)-

We argue by contradiction. Then there exists a sequence of sources denoted as
(g™)m C Gg.k, and the corresponding solutions (y™ ), C Wg’l(Q), such that

(3.3) l9™ lzac@) > mlC(y™)IL2(zy)-

Without loss of generality, we can presume that [|g™||z¢(g) = 1. For the case
when 2 < ¢ < oo, up to a subsequence denoted again (¢™),,, g™ — g weakly
L9(Q) for some g € L9(Q). For the case when ¢ = oo, we have that up to a
subsequence g™ — g weak-* in L*°(Q) for some g € L*(Q).

This means that the above equation gives for the sequence of obser-
vations that

(3.4) C(y™) — 0 in L*(X) as m — oo.

Observe that in both cases the weak limit g of (¢™),, is not zero. Indeed,
for the case when 2 < ¢ < o0, since g™ € Qq 5.c» there exists a corresponding

g™ € G such that
(9" 9") pa o = /nggm = S”gm”Lq(Q) =4.

By extracting a further subsequence if necessary, we may assume that
Gm — § € G, with § # 0, strongly in L9 (Q). Given the weak convergence of
(9")m in L(Q) and the strong convergence of (§™),, in L7 (Q), it follows that

/9925>0,
Q

Also, for the case when g = oo, the weak-* limit g of (¢™)., is not zero.
Since g™ € gq’&é and g™ € G C LY(Q),

meaning that g # 0.

(9™ g™ poo 11 > S||gm||L°°(Q) = 4.

Because (¢™),, converges weak-* in L>°(Q)), we have that fQ g§™ > 6 >0 and
thus g # 0.

Now, we pass to the limit in the weak formulation of problem for
some initial data yo € L*(Q).

Consider (y™), a sequence of solutions for the system with corre-
sponding sources (¢")n, C L4(Q). For 2 < g < 00, (¢")m is bounded in L4(Q),
(C™)m = (C(¥™))m is bounded in L?(X1) and using the Carleman estimate for
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the solution y™ corresponding to the sources ¢g"*, we have that

(3.5)

ly™e* | La) + (DY™)e* N Lagq) + 1(D*y™)e” |l Laig) + (Dey™)e [l o)
< Clllg™e* | acq) + 1" L2y

which gives that (y™),, is bounded in W' (QF), for a cylinder of the form
Q= (e,T —€) x Q with € > 0 fixed 0 < € < %, arbitrarily small.

Thus (y™), is bounded in Li(e, T — e; W24(£2)) and D;y™ is bounded in
Li(e, T — €, LY(R)), for 2 < g < co. We have W24(Q) ¢ W14(Q) C L(Q) with
compact embeddings and, in this context, the Aubin—Lions lemma applied to
the sequence (y™),, ensures the existence of a function y € L{L (0,73 W'4(Q))
and a subsequence, still denoted (y"),,, such that

y™ —y strongly in LY (e,T — € Wl’q(Q)) as m— oo, Ve>D0.

The strong convergence of (y™),, in Li(e, T — ¢; W14(Q)), together with
the weak convergence of (¢™),, in L4(Q) for 2 < ¢ < oo, allows us to pass to
the limit in the variational formulation of problem . This establishes that
y is the solution to corresponding to g. Moreover, in this setting, for all
e > 0, we also obtain weak convergence of (y™),, to y in Li(e, T —e; W4((Q2)).

When ¢ = +o0o, we have, up to a subsequence, weak-* convergence of
(g™)m to g in L*°(Q) and weak LP(Q) for all 2 < p < +oo. By the above
argument, we find in fact strong convergence, up to a subsequence, of (y™),, to
yin LP(e, T —e; WHP(R2)), as well as weak convergence in LP (e, T — e; W2P(Q)),
for 2 < p < 00, and so y is solution corresponding to the source g.

Considering that for 2 < p < oo the observation ( is linear continuous
operator in L(W%P(Q2), LP(T)), we have that

C(y) =lim (y™)

weakly in Li(e, T —€; L9(I'1)) if ¢ < oo and weakly in LP(e,T" — ¢; LP(I';) for
all 2 < p < o0 if ¢ = co. By the lower semicontinuity of the norm in L?, we
find from that ((y) = 0.

Now, we use (H5) to see that both y and g—z are zero on Xi. At this
point, we consider a slightly larger domain, Q = QU {T'; + Bs(0)}. Consider j
the extension with 0 of  to Q = (0,T) x Q and § also the extension with 0 of
g. Observe that ¢ is the variational solution corresponding to § and with null
boundary conditions on the new piece of boundary. We are now in the position
to apply the strong maximum principle for weak solutions to parabolic systems
obtained in [9], and we get that § is zero in @ and thus the source § must be
zero in @, which contradicts the fact that g £ 0. O
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Comparison with the results of O. Yu Imanuvilov
and M. Yamamoto

We mention here the result of O. Yu Imanuvilov and M. Yamamoto [6]
obtained in L? for the source of one parabolic equation. It is important to see
that the shape of Q@ C R is not restricted and the homogeneous boundary
conditions are prescribed on a part of the boundary I'y and the observation is
made on I'y = 90\ T'p:

Dy — Z Dj(a’*Dyy) + Z V*Dry+cy=g (0,T)xQ,
(1Y) k=1 k=1

Ba) e +n(z)y =0 (0,7) x Ty.
For a fixed 6 € (0,T) an observation instant of time, they have obtained

L? boundary estimates in the following class of sources:
(3.6)

Gos = {o e WH (0.7 20) ]ag“ 2|

5 < ¢lg(8,z)], a.e.(t,z) € Q}

In this context, their result provides estimates in terms of more measured
quantities involving the gradient and the time derivative of the solution on the
observed boundary.

THEOREM 3.1. Let g € Gog and y € W' (Q) a solution to (X)) corre-
sponding to g. Then

3-7) Mglle> < Cly0,)wz ) + 19llz2e) + 1V Deyll2m) + [ Vyllze))
where ¥1 = (0,T) x I'y.

The result is based on the following two Carleman estimates.

PROPOSITION 3.2. For g € L*(Q), there exist constants g = Ao(£2),
so = s0(Q2) such that, for any X > X, s > so and some C = C(T,1Q), the
following inequality holds:

/ [(s0)P M (IDeyl? + | D*yl*) + (s@)? T Dyl + (s@) |y [*] e dudt
Q
(3.8) < C/(s«p)p]gIQeQSadxdt

Q

+C ((s9)P| Deyl? + (s9)P T Vy|? + (sp)P3|y[?)e**do,
[OvT]XFI

when p € {0,1}, for y € H*(0,T; L*(2)) N L*(0,T; H*(Y)) as the solution of
equations (I-Y)).
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Observe that if we impose homogeneous Dirichlet boundary conditions

on I';, the Carleman estimates by O. Yu. Imanuvilov and M. Yamamoto di-
rectly yield our Carleman estimate. This follows from the fact that, in this
case, we have Dyy|on = 0 and Vy|sg = g% on I'y.

As a result, our main conclusion remains valid for any domain, regardless

of its topology, as long as homogeneous Dirichlet boundary conditions are
imposed. However, this does not hold when Neumann or Robin boundary
conditions are prescribed on I'y. In these cases, the estimate requires
additional measurements involving the tangential and time derivatives of the
solution on I';, making the situation more restrictive.

(1]

2]
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