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Mourtada and Plénat (2018) give minimal embedded toric resolutions of ADFE-

singularities in C* by constructing regular refinements of their dual Newton
polyhedrons with the elements of their embedded valuation sets derived from
the jet schemes constructed by the first author in 2014. On the other hand, in
the works by Aroca et al., the authors represent the Grobner fan of a Newton
non-degenerate variety and prove that a regular refinement of the Grobner fan
of such a singularity yields an embedded toric resolution. In this paper, we re-
construct embedded toric resolutions of AD E-singularities. We give the explicit
constructions of their Grobner fans and refine them using the concept of profile.
This provides an alternative and computationally effective framework to the one
based on jet schemes.
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1. INTRODUCTION

Let X C C" be a variety and let Sing(X) be its singular locus. A reso-
lution of singularities of X is a proper birational morphism 7 : X — X such
that X is a non-singular variety and X\7~*(Sing(X)) = X\ Sing(X). By [10],
it is known that X admits a resolution.

J. Nash introduced in [20] the arc space Joo(X) := {7 : SpecC[[t]] = X}
of X and he showed that the number of irreducible components of J(X)
passing through Sing(X) is at most the number of essential irreducible com-
ponents of the exceptional fiber of a resolution. The conjecture the equality
holds is called Nash Problem. In dimension 2, which means for surfaces, the
Nash Problem was topologically solved with a positive answer in [8] by J. Fer-
nandez Bobadilla and M. Pe Pereira. Later, it was algebraically solved in [7]
by T. De Fernex and R. De Campo. In higher dimension, the Nash Problem
had a positive answer for some special cases (see [5l [11, 22], for more detail).
On the other hand, the m-th jet scheme J,,(X) := {vm : Spec <§,[L[+tu> — X}
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of X is the set of truncated arcs. The arc space Joo(X) of X may be seen as
the limit of the jet scheme J,,,(X) of X [6]. After the studies over Nash Prob-
lem, in 2013, M. Lejeune-Jalabert, A. Reguera and H. Mourtada introduced
the Inverse Nash Problem which is: “Given the jet scheme J,,,(X) of X, can
we construct a resolution of singularities of X?”. In [19], it was answered by
C. Plénat and H. Mourtada for a special class of singularities which is called
rational double point singularities (AD E-singularities). They constructed min-
imal embedded toric resolutions of them by using their jet schemes given in [I§],
where the authors gave the jet schemes of AD E-singularities and provided the
embedded valuation sets which are the set of vectors coming from the some
special irreducible components of the jet schemes. Moreover, in [18], one can
find a relation between the number of irreducible components of jet schemes
passing through the singular locus and the number of exceptional curves on the
minimal resolution of the singularities. There is a one-to-one correspondence
between them.

Furthermore, in [15], Y. Koreeda focused on the relation between the
jet schemes of AD FE-singularities and their minimal resolution graphs. He
proved that a graph obtained by the jet schemes is isomorphic to the minimal
resolution graph for A,-singularities and Dy-singularity [I5]. For the other
members of AD FE-singularities, showing this is still an open question. Despite
this, it is a significant progress since it is obvious that there is a relation between
the irreducible components of jet schemes and the minimal resolution graph of
the singularities.

After all these studies, in this paper we give a different point of view of
the resolution of singularities for AD E-singularities. Mainly, we focus on the
resolutions by constructing regular refinements of the Grobner fans of them.

In the 1970’s, Newton non-degenerate hypersurface singularities were in-
troduced by A. G. Khovanskii and A. G. Kouchnirenko. There is a guarantee
that a Newton non-degenerate hypersurface singularity has a toric resolution
[14, 16, 211, 23]. As we mentioned before, in [19], the authors constructed reso-
lutions for AD E-singularities which are Newton non-degenerate hypersurface
singularities by giving regular refinements of their dual Newton polyhedrons.
On the other hand, in [I], the authors proved that the Grébner fan is a poly-
hedral fan and a variety defined by Newton non-degenerate ideal on a toric
variety with any characteristic of the base field admits an embedded toric res-
olution of singularities by constructing regular refinements of their Grébner
fans. The motivation of this article is the following theorem.

THEOREM 1.1 ([I, 2]). Let I C Clz1,x9,...,2,] be a Newton non-
degenerate ideal and let X =V (I) C X¢ where X¢ is the toric variety associ-
ated to the cone C. Let X be a regular refinement of C' which is compatible with
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the Grobner fan of X. Then the associated toric morphism my : Xy, — X¢
is a proper birational morphism and the irreducible components of the total
transform my, L are smooth and meet transversally.

More precisely, here following [I] and [2], we give the explicit constructions
of Grobner fans of AD FE-singularities. Then we provide minimal embedded
toric resolutions of them by constructing regular refinements of their Grobner
fans. To do this, we look at the profile of each maximal dimensional Grébner
cones in their Grobner fans and we use the vectors living inside the profile. The
concept of profile was introduced in [3]. Then in [I3], the authors extended
the definition to non-simplicial cones and used it to show the minimality of
the resolutions for a class of singularities which is called rational triple point
singularities (RT P-singularities). Thus, the idea of using the profile to find
suitable vectors for a regular refinement comes from the studies in [13].

This study is inspired by the works of C. Plénat and H. Mourtada. The
reader finds the reconstructed version of the work from [19] using the Grébner
fan. What distinguishes this work is that we construct minimal embedded toric
resolutions of AD E-singularities, a fundamental class of singularities, via their
Grobner fans, rather than the classical method of utilizing their dual Newton
polyhedrons. Also, the reader finds a brief reminder of the works in [15] [I§].
As all these come together, the present survey provides a broad perspective on
the resolutions of AD E-singularities.

This article is organized as follows: we start with the profile of a cone
in Section Pl The reader can also find some basic definitions in this section.
Section [3| is devoted to explain Newton non-degeneracy and the notion of a
Grobner fan. In Section {4 we give minimal embedded toric resolutions of
AD E-singularities. In each sub-section, one can find the detailed computations
for each of the sub-classes.

2. PROFILE OF A CONE

Let vy, v9,...,v, be the vectors in Z™. A rational polyhedral cone in R"”
generated by v, vs, ..., v, is the set

C = (v1,v2,...,0p) = {)\1U1+/\2U2—|—-~+)\rvr | Ai € Rxg,1 = 1,2,...,7“}.

A rational polyhedral cone is called strongly convex if it does not contain any
linear subspace different from {0}. A vector is said to be primitive if all its
coordinates are relatively prime. From now on, we assume that all cones C' are
strongly convex with primitive generators.

Let us associate with the set C' = (v1,v2,...,v,) C R™, the following
matrix, M¢ := [v1ve...v,], where the columns of M¢ are v;’s. Consider the
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r X r minors M, of Mc. The determinant of C is
det(C) := ged(det(M,)).

Definition 2.1. A cone C' C R" is called regular if det(C) = £1. Other-
wise, C' is called non-regular.

A collection of cones ¥ C R" is called a fan [4] if:
(i) Each face of a cone in ¥ is a cone in .

(ii) The intersection of any two cones C7,Cy € ¥ is a face for both Cy
and Cs.

A fan ¥ C R" is called regular if each cone in ¥ is regular.

If C C R” is a non-regular cone then one can obtain a regular sub-cone
from C' by adding vectors. This process is called regular refinement of C'. Each
non-regular cone has a regular refinement [9].

To construct a regular refinement of a non-regular cone C', we use the
concept of profile introduced in [3]. The profile of a cone C' is a specific bounded
region. Here we count the vectors with integer entries living inside the profile
of C'. Specifically, we look at the vectors from the intersection of the profile of
C and Z".

Definition 2.2 ([3]). The primitive vector over 1-dimensional face of C' is
called extremal vector.

For C = (vy,va,...,v,) C R™ if n = r then we say the cone C is sim-
plicial. In [3], the authors give the definition of profile for a simplicial cone.
In [13], the authors extend the definition of profile to non-simplicial cones.
Here our purpose is to use vectors inside the profiles of the maximal dimen-
sional Grébner cones of X to construct an embedded toric resolution where X
corresponds to each of the members of AD E-singularities.

Definition 2.3 ([13]). The profile pc of a cone C' = (vy,v2,...,v,) C R”
is the convex hull such that its extremal vectors are exactly vi,va, ..., v;.

The extremal vectors of C' are on the hyperplanes which are called the
boundary of po. For the case when C is simplicial, we observe that all extremal
vectors are on a unique hyperplane. For the case when C' is non-simplicial, the
boundary is the union of the hyperplanes. It may happen that though C' is a
non-simplicial cone, all extremal vectors are on a unique hyperplane as in the
case of rational double point singularities.
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3. NEWTON NON-DEGENERACY AND GROBNER FAN

Let X be a hypersurface defined by

(0% (0% (6%
f(xlvany"-’xn): E CaﬂfllggQQ...xnn
a€Zm,cac€C
where a@ = (a1, g, ..., ay). The support set of f is

supp(f) = {a = (a1, az,...,00) € Z" | ca # 0}.
The Newton polyhedron of f is the convex hull given as
NP(f):=conv{a+ (R>0)" | a € supp(f)}.
Let F be a face of NP(f). The restriction of f to the set F' C Z" is
flr = Z Ca®.
acsupp(f)NFCZ™

Definition 3.1 ([2, 21]). A hypersurface singularity X := V(f) C C" is
called Newton non-degenerate if for each face F' of NP(f), the hypersurface
V(f|r) has no singularities in (C*)".

Newton non-degenerate hypersurface singularities have been studied re-
markably since we know that one may construct embedded toric resolutions of
singularities from their dual Newton polyhedrons [14, 21}, 23]. Here, we also
study a special class of Newton non-degenerate hypersurface singularities but
in a different way: we construct embedded toric resolutions of them from their
Grobner fans. Let us introduce the notion of Grobner fan: let f(z1, 22, ..., xy)
be a polynomial in C". Take v = (vi,v2,...,v,) € (R>0)"”. The v-order of f
is a number given as

ou(f) := min{moq +vgag + -+ vpay | (a1, 00, . .. ap) € supp(f)}.
The polynomial
Iny(f) := Z CaX{tmy? - ann
{a€supp(f)1>272 vici=ou ()}
is called the v-initial form of f. We define an equivalence relation as
v~w <= Ing(f) = Ing(f)
for w = (w1, wa, ..., w,) € (R>0)™. The closure of the set
Co(f) = {w € (Rx0)" | Iny(f) = Inw(f) }

is a polyhedral cone. The union of these cones forms a fan [17]. We use the
fan formed by the intersection of this fan and the first orthant. It is called the
Grobner fan G(X) of X [2]. Each cone in G(X) is called a Grobner cone. As a
remark, one can compute the Grobner fan by using a computer program which
is called GFAN [12].
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4. EMBEDDED TORIC RESOLUTION

The rational double point singularities are given by one of the following
equations:

Ay fxyy, )—xy—zﬂ, n €N

Dy : flz,y,2) =22 —x(y? +2"%), neN,n>4
Eg: f(z,y, )—Z +yP+at

Er: f(a,y,2) = 2° +y° +y2°

Es: f(z,y,2) = 224+ 33 + 5.

Remark 4.1. Each member of these AD E-singularities is Newton non-
degenerate.

Embedded toric resolutions of AD E-singularities were studied in [I8, [19].
Differently here, we construct regular refinements of Grébner fans of each mem-
ber of them. This leads us to their embedded toric resolutions [I}, 2]. Addi-
tionally, these resolutions are minimal which means that we have the next
definition.

Definition 4.2. An embedded toric resolution is called minimal if:
(i) The vectors in the regular refinement are irreducible.

(ii) The resolution graph obtained from the refinement does not have
any —1 curve. This means that the self-intersection of each vertex is different
from —1 (this gives us that the resolution graph is minimal).

Note that the self-intersection of a vertex is computed as the number
—5 € Z<o With s.v = ZZ’;I v;. This is called the self-intersection of the vertex
v in the graph where each v; is adjacent to v in the regular refinement.

4.1. A,-singularities

Consider the hypersurface X = V(f) ¢ C3 where
f@,y,2) =ay— 2", neN
Given v1 € (R>0)3, let In,, (f) = f. The polyhedral cone associated with vy is
Cy, (f) ={(n+1,0,1),(0,n+ 1,1)).

Given vy € (R>0)3, let Iny,(f) = zy. The polyhedral cone associated with vy
is
Cuy(f) =((0,0,1),(n+1,0,1),(0,n + 1, 1)).
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Given vz € (R>0)3, let Iny,(f) = —2""!. The polyhedral cone associated with
v3 is

Cos(f) = ((1,0,0),(0,1,0), (n +1,0,1),(0,n + 1, 1)).
The Grobner fan G(X) of X and its Grobner cones can be seen in Figure

C, (n+1,0,1) (0,n+1,1)
(0,0,1) (0,0,1)
Cyy (n+1,0,1) (0,n+1,1) (n+1,0,1) 0,n+1,1)
(n+1,0,1) 0,n+1,1) (1,0,0) o e (0.1,0)
Cuy
G(X)
(1,0,0) (0,1,0)

Figure 1 — The Grobner fan and its Grobner cones for A, -singularities.

Notation 4.3. We draw the cones/fans by taking the intersection with
x +y+ z =1 to visualize easily.

Remark 4.4. The Grobner fan G(X) of X is the same as its dual Newton
polyhedron which is given in [I9]. As previously mentioned, the authors con-
struct an embedded toric resolution by means of regular refinement of its dual
Newton polyhedron with the vectors coming from its jet schemes. Here we
look at the profile to obtain special vectors to do regular refinement of G(X).

For each maximal dimensional cones (C,, and C,;) of G(X), the profiles
pc, and pc,, are given by the region shown with the pink color in Figure

(0,0,1) (n+1,0,1) (0,m+1,1)
My_l_o
(n+1,0,1) 0,n+1,1) r+y—nz—1=0
(1,0,0) (0,1,0)
pc,
’ DPCy,
(0,0,0) (0,0,0)

Figure 2 — The profiles of maximal dimensional Grébner cones for
A,-singularities.

The boundaries of pc,, and pc,, are

H:z—1=0and Hy:xz+y—nz—1=0,
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respectively. Note that although (), is a non-simplicial cone, all its extremal
vectors are on a unique hyperplane.

THEOREM 4.5. i) For Ay -singularities, the elements of the set consisting
of 73 N pc,, gwe an embedded toric resolution of X where Cy, is a mazimal
dimensional Grébner cone in G(X). Moreover, these elements are irreducible
which means they are free over Z.

ii) For A,-singularities, the elements on the skeleton of G(X) give the
minimal resolution graph of the singularities.

Proof. i) The cones C,, and Cy, are the maximal dimensional Grébner
cones for G(X). The elements for Z3 N pc,, are

e (n+1,0,1),(n,1,1),...,(0,n+1,1)

e (n,0,1),(n—1,1,1),...,(0,n,1)

e (1,0,1),(0,1,1)

¢ (0,0,1).

The elements for Z3 N pc,, are

e (n+1,0,1),(n,1,1),...,(0,n+1,1)

¢ (1,0,0),(0,1,0).

We construct a regular refinement of G(X) with these elements. This
refinement can be seen in Figure

(0,0,1)

(1,0,1). /\. 0,1,1)

(n,0,1) ©n1 (100 Cy (0,1,0)
(n+1,0,1) ’ 0,n+1,1)

Figure 3 — A regular refinement for A,-singularities.

Each element in the refinement is irreducible since it cannot be written
as a sum of two other elements.
ii) The elements on the skeleton of G(X) is given in Figure

(n,lv,l) (n—17-2,1) (n—273,1) (3,n—2,1) (2,n—1,1) (1-,n,1)

Figure 4 — The resolution graph of A, -singularities.
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The self-intersection of each vertex is —2 so it has no —1 curves. Hence it is a
minimal resolution graph. [

COROLLARY 4.6. For A, -singularities, the set of vectors in the intersec-
tion of profile of the maximal dimensional Grébner cones of G(X) and Z3 are
exactly the same as the set of embedded valuations of X.

This fact can be seen combinatorially by looking at [I8| [19].
COROLLARY 4.7. The embedded toric resolution that we construct is min-

imal.

Proof. By Theorem (i), the elements give an embedded toric resolution
and these elements are irreducible. By Theorem (ii), the resolution graph is
minimal. Hence, the embedded toric resolution we construct is minimal. [

As we mentioned in the introduction, there are some significant studies
about the resolutions of AD E-singularities. Here, one can find the next results.

THEOREM 4.8 ([18]). For A, -singularities, when n = m, in m-jet scheme
over the singular locus there are n irreducible components which is equal to the
number of vertices of its minimal resolution graph.

These irreducible components J*, (X), 1 < i < n, are given by the follow-

ing ideals in C[zg, ..., Zm, Y0, - - - s Yms 20, - - - , Zm)], TESPECtively:
1
Im = <$0, Yo, 20, L1y - )x(m—1)>
Igl = <l’0, Yo, 20, L1y - - - 7x(m72)7 yl)

Igl_l = <$an07207331yylay2 s 7y(m—2)>
Iy, := (0, Y0, 20, Y1, Y2 - - - 7y(m—1)>'

In [15], Y. Koreeda gives the following construction. When n = m, for A,-
singularities consider the set of intersection of the irreducible components:

K :={JL(X)NJL(X)|i#j.i,7€{1,2,...,n}}.
LEMMA 4.9 ([15]). We have the inclusion relation
kNt crni,
where 1 < k < ¢ < j which gives
T (X) 0V T3(X) C T3 (X) 0 T (X)),

All maximal elements of the set K with respect to inclusion relation form
a subset FE.
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CONJECTURE 4.10 ([15]). For some fiz m, the graph G is constructed
with (V, E) as

(i) The irreducible components J. (X) are the vertices of G.
(ii) The elements of the set E are the edges of G.

For A, -singularities, when n = m, the vertex set
{I0(X), JA(X), ..., I (X))}
and the edges set is
{Jn(X) N T (X) [ j=i+1}.
The graph obtained by the construction is given in Figure

Ps Py Py Ps Py Py
& & @

JL(X)  JR(X) J3(X) TRTAX) TN X) TR(X)

Figure 5 — The graph of A,-singularities obtaining from the construction.

Note that each J¢ (X) corresponds to the vector (n —i + 1,4, 1).

COROLLARY 4.11 ([15]). For A, -singularities, the graph obtained by the
construction is isomorphic to its minimal resolution graph.

4.2. D,-singularities

Consider the hypersurface X = V(f) ¢ C3 where
flz,y,2) =2 —2y? —2" 1, neNn>4

The Grobner cones are:

Co () ={(2,n—2,n—1))

Coy(f) = {(2,0,1),(2,n — 2,n — 1))

Coy (f) = (0,0,1),(2,n — 2,n — 1))

Co, (f) = ((0,1,0),(2,n — 2,n — 1))

Cus (f) = {(2,0,1),(0,0,1), (2,7 — 2,1 — 1))
Cu(f) = ((0,1,0),(0,0,1), (2,n — 2,n — 1))

Cw, (f) = ((1,0, 0),(0,1,0),(2,0, 1),(2,n—2,n—1))

such that Iny, (f) = f, Iny,(f) = 22 — 2y, Iny(f) = —xy2 — 2" Ing, (f) =
22— a7t Ingg(f) = —ay?, Ing(f) = =2~ and Iny, (f) = 2°.
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The Grébner fan G(X) of X is the union U!_,C,, which can be seen in
Figure [6]

(0,0,1)

@n—2n-1) @2,n—2n—1) (2n—2,n—1)
. /‘ c c
Cuy (2,0,1) Co, "" o
(0,1,0)
(2,n—2,n-1)
(0,0,1) (0,0,1)
(0,0,1)
2,n—-2n-1)
. Con 2,n—-2n-1)
(2,0,1) g Con
(2,n—2,n-1)
2,n—-2n-1) (0,1,0)
(2,0,1) (1,0,0) (0,1,0)
G(X)
(1,0,0) (0,1,0)
Cuy

Figure 6 — The Grébner fan and its Grébner cones for D, -singularities.

Remark 4.12. The Grobner fan G(X) of X is same as its dual Newton
polyhedron [19].

For each maximal dimensional cones (C,,, Cy, and C,.) of G(X), the
profiles pc,, , pc,, and pc,, are given in Figure E

(0,0,1) (0,0,1)

(2n—2n—1) (2,n—2,n—1)
(2,0,1)
y—z+1=0 2-nz+y+2z—-1=0 T4+y—2-1=0
(1,0,0) (2,n—2,n-1) (1,0,0) o0
(0,1,0)
PCus PCyg pe.,,
(0,0,0) (0,0,0) (0,0,0)

Figure 7 — The profiles of maximal dimensional Grébner cones for
D,,-singularities.

The boundaries of pc,_, pc,, and pc,, are

H:y—24+1=0,
Hy:2—n)xr+y+2z—1=0and
Hy:z2+y—2—-1=0,
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respectively. Note that although C),, is a non-simplicial cone, all its extremal
vectors are on a unique hyperplane.
We have two different sub-cases depending if n is even or odd.

Case 1. n is even.

THEOREM 4.13. i) For D, -singularities, n is even, the elements of the
set consisting of 7.3 Npc,, gwe an embedded toric resolution of X where Cy, 1is
a mazimal dimensional Grobner cone in G(X). Moreover, these elements are
wrreducible which means they are free over Z.

ii) For Dy-singularities, n is even, the elements on the skeleton of G(X)
give the minimal resolution graph of the singularities.

Proof. i) The cones C,, Cy, and C,, are the maximal dimensional cones
for G(X). The elements for Z3 N pc,, are:

e (1,0,1),(1,1,2),...,(1, 252, 2)

¢ (2,0,1),(2,1,2),...,(2,n—2,n—1)

¢ (0,0,1)

The elements for Z3 N pc,, are

e (0,0,1),(0,1,0),(2,n — 2,n — 1), (1, %52,

¢ (1,0,0),(0,1,0)

The elements for Z3 N pc,., are

¢ (2,0,1),(2,1,2),...,(2,;n—2,n—1)

o (1,1,1),(1,2,2),..., (1,2 =2 — 1)

¢ (1,0,0),(0,1,0).

A regular refinement of the Grobner fan G(X) of X is given in Figure

)

(Sl

(0,0,1) (0,0,1)

—2
(1,0,1 (L"T,%)
(2,mn—2,n-1)

(2,mn—3,n—2) (2,n—2,n—1)
Cus Cug

(0,1,0)

Cuy

Figure 8 — A regular refinement for D,,-singularities, n is even.
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Each element in the refinement is irreducible since it cannot be written
as a sum of two other elements.
ii) The elements on the skeleton of G(X) can be seen in Figure [J]

(LE2-12-1)

2,n—2,n—-1)
(2,1,2) (2,2,3) (2,3,4) (2,n—3,n—2)

1L2-1,8-1)

Figure 9 — The resolution graph of D,-singularities, n is even.

The self-intersection of each vertex is —2 so it has no —1 curves. Hence,
it is a minimal resolution graph. [

COROLLARY 4.14. For D,-singularities, n is even, the set of the vectors
in the intersection of profile of the maximal dimensional Grobner cones of
G(X) and Z3 are exactly the same as the set of embedded valuations set of X
given in [18].

COROLLARY 4.15. The embedded toric resolution that we construct is
minimal.

Proof. By Theorem M(i), the elements give an embedded toric resolu-
tion and these elements are irreducible. By Theorem ii), the resolution
graph is minimal. Hence, the embedded toric resolution we construct is mini-
mal. [

Case 2. n is odd.

THEOREM 4.16. i) For D, -singularities, n is odd, the elements of the set
consisting of 7> Npc,, gwe an embedded toric resolution of X where C, is a
mazimal dimensional Grobner cone in G(X). Moreover, these elements are
wrreducible, which means they are free over Z.

i) For D,-singularities, n is odd, the elements on the skeleton of G(X)
give the minimal resolution graph of the singularities.

Proof. i) The cones C,, Cy, and C,, are the maximal dimensional cones
in G(X). The elements for Z3 N pc,, are:

e (1,1,2),(1,2,3),..., (1, %52, %51)

¢ (2,0,1),(2,1,2),...,(2,n—2,n—1)

¢ (0,0,1).
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The elements for Z3 N pc,, are:

e (0,0,1),(0,1,0),(2,n —2,n — 1), (1, 251, 271y,

The elements for Z3 N pc,, are:

®(2,0,1),(2,1,2),...,(2,n—2,n—1)

e (1,1,1),(1,2,2),..., (1, 251, 251)

¢ (1,0,0),(0,1,0).

A regular refinement of the Grobner fan G(X) of X is given in Figure

(0,0,1)

n—3 n—1
2 0 2

Cug

2,n—2,n-1)

—3n-2) 2,m—2,n—1)

n—1 n—
L5555

2,n72,n71) (0,1,0)

Coy

Figure 10 — A regular refinement for D,-singularities, n is odd.

Each element in the refinement is irreducible since it cannot be written as a
sum of two other elements.
ii) The elements on the skeleton of G(X) can be seen in Figure

(1’ n;l’ n;l)

. . O s 2,n—2,n—1)
(2,1,2) (2,2,3) (2,3,4) 2,n—3,n—2)

(1’ n;l’ n;l)

Figure 11 — The resolution graph of D,-singularities, n is odd.

The self-intersection of each vertex is —2 so it has no —1 curves. Hence, it is
a minimal resolution graph. [

COROLLARY 4.17. For D,-singularities, n is odd, the set of the vectors in
the intersection of profile of the mazimal dimensional Gréobner cones of G(X)
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and 73 are exactly the same as the set of embedded valuations of X given

n [18].

COROLLARY 4.18. The embedded toric resolution that we construct is
minimal.

Proof. By Theorem M(i), the elements give an embedded toric resolu-
tion and these elements are irreducible. By Theorem ii), the resolution

graph is minimal. Hence, the embedded toric resolution we construct is mini-
mal. [

THEOREM 4.19 ([18]). For D, -singularities, when m > 2n — 3, in the
m-jet scheme over the singular locus there are n irreducible components which
s equal to the number of vertices of the minimal resolution graph.

In [I5], Y. Koreeda gave the construction for Dy-singularity. For n > 4,
showing the construction is still an open question.

4.3. Eg-singularity
Consider the hypersurface X = V(f) Cc C3 where

flx,y,2) = 22 42 4 2t

The Grobner cones are:

Co, (f) = ((3,4,6))

Cu, () = ((1,0,0), (3,4,6))
Cuy(f) = ((0,0,1),(3,4,6))
Cu(f) = ((0,1,0),(3,4,6))
Cuws(f) = ((1,0,0),(0,0,1),(3,4,6))
Cus(f) = ((0,1,0),(0,0,1),(3,4,6))
Cy, (f) = ((1,0,0),(0,1,0),(3,4,6))

such that
Inv3(f)—y + 24, Inv4(f):z2+x4,
Iny (f) =3, Ing(f) = 2% and Iny.(f) =22,

The Grébner fan G(X) of X is the union U/_;C,, which can be seen in Fig-
ure
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(3,4,6) (0,0,1) (3,4,6)
(3,4,6)

Cu,

(1,0,0) (3,4,6) (0,1,0)

(0,0,1) 0,0,1)
% (0,0,1)
(3.4.6) |
Cue (3,4,6)
1,0,0 3,4,6 °
(1,0,0) @4,6) 0.1,0) (10,0 (0,1,0)
a(x)
(1,0,0) (0,1,0)

C,

vy

Figure 12 — The Grobner fan and its Grébner cones for Fg-singularity.

Remark 4.20. The Grobner fan G(X) of X is the same as its dual Newton
polyhedron [19].

For each maximal dimensional cones (C,,, C,, and C,,) of G(X), the
profiles pc, , pc,, and pc,, are given in Figure

(0,0,1) (0,0,1) (3,4,6)

(3,4,6)
r—2y+z—1=0 .
(1,0,0) (3,4,6) (1,0,0) (0,1,0)
(0,1,0)
pc. PC.g
(0,0,0) (0,0,0) (0,0,0)

Figure 13 — The profiles of maximal dimensional Grébner cones for
Es-singularity.

The boundaries of pc, , pc,, and pc,, are Hi : ¢ =2y + 2z —1 =0,
Hs:3x—y—2+1=0and Hs: x4+ y — z— 1 =0, respectively.

THEOREM 4.21. i) For Eg-singularity, the elements of the set consisting
of Z3 N pc,. give an embedded toric resolution of X where C,, is a mazimal
dimensional Grébner cone in G(X). Moreover, these elements are irreducible,
which means they are free over Z.

ii) For Eg-singularity, the elements on the skeleton of G(X) give the
minimal resolution graph of the singularity.
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Proof. i) The cones C,, Cy; and C,, are the maximal dimensional cones
in G(X). The elements for Z3 N pc,, are:

¢ (1,0,0),(0,0,1),(3,4,6),(1,1,2),(2,2,3).

The elements for Z3 N pc,, are:

¢ (0,1,0),(0,0,1),(3,4,6),(1,1,2),(2,3,4).

The elements for Z3 N pc,. are:

¢ (1,0,0),(0,1,0),(3,4,6),(1,1,1),(1,2,2),(2,2,3),(2,3,4).

A regular refinement of the Grobner fan G(X) of X is in Figure

(0,0,1) (0,0,1)

(3,4,6) (3,4,6)

(1,0,0) (0,1,0)

(1,1,1)
(1,0,0) o

« (0,1,0)
Cz;7

Figure 14 — A regular refinement for Fg-singularity.

Each element in the refinement is irreducible since it cannot be written as a
sum of two other elements.

ii) The elements on the skeleton of G(X) given in Figure

(2,2,3)

(1,-2, 2) (2 3',4) (3,'4, 6) (2,3,4) (1,-2, 2)

Figure 15 — The resolution graph of Fg-singularity.

The self-intersection of each vertex is —2 so it has no —1 curves. Hence, it is
a minimal resolution graph. [J
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COROLLARY 4.22. For Eg-singularity, the set of the vectors in the inter-
section of profile of the mazimal dimensional Grébner cones of G(X) and Z3
are exactly the same as the set of embedded valuations of X given in [1§].

COROLLARY 4.23. The embedded toric resolution that we construct is

minimal.

Proof. By Theorem [4.21|i), the elements give an embedded toric resolu-
tion and these elements are irreducible. By Theorem ii), the resolution
graph is minimal. Hence, the embedded toric resolution is minimal. [

THEOREM 4.24 ([18]). For Eg-singularity, when m > 11, in the m-jet
scheme over the singular locus there are six irreducible components which s
equal to the number of vertices of its minimal resolution graph.

4.4. Er-singularity

Consider the hypersurface X = V(f) ¢ C3 where

flz,y,z) =2 + y° + yz.

The Grobner cones are:

Coi (f) = ((9,6,4))

Co, (f) = ((1,0,0),(9,6,4))

Cus(f) = {(0,0,1),(9,6,4))

Cu,(f) = ((1,2,0),(9,6,4))

Cus(f) = ((1,0,0),(0,0,1), (9,6,4))
Cus(f) = ((0,1,0),(0,0,1), (1,2,0), (9,6,4))
Co: (f) = ((1,0,0), (1,2,0), (9,6,4))

such that
Invl(f) :f7 Inw(f):y?’—i—yzg,
In%(f)=x2+y3,lnv4(f)=x2+y23,
Invo(f)—y InUG(f)—x andInW(f):yz?’.

The Grébner fan G(X) of X is the union U/_;C,, which can be seen in Fig-
ure
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(0,0,1)
(9,6,4) (9,6,4)

C, Cl,
o 2 .
(1,0,0) Cus

(0,0,1) (0,0,1) (9,6,4)

(0,0,1)

(9,6,4)

ol ©0,1,0)
" (9,6,4) 1,2,0) (1,0,0)

(0,1,0)
axy 120
(1,0,0) (1,2,0)
Con

Figure 16 — The Grobner fan and its Grébner cones for Er-singularity.

Remark 4.25. The Grobner fan G(X) of X is the same as its dual Newton
polyhedron [19].

For each maximal dimensional cones (C,,, Cy, and C,,) of G(X), the
profiles pc,, , pc,, and pc,, are given in Figure

(0,0,1) (0,0,1) (9,6,4)
% R
X r—y—z+1=0
T—2y+2—-1=0 (9,6,4) r—22—-1=0
(0,1,0)
(1,0,0) (9.6,4) (1,2,0)\ (1,0,0) (1,2,0)

b, PCy, pe,.

(0.0,0) (0.0,0) (0.0.0) ‘

Figure 17 — The profiles of maximal dimensional Grébner cones for
E7-singularity.

The boundaries of PCysr PClyg and pc,, are H :z—-2y+2—-1=0,
Hy :x—y—2+1=0and Hy : x — 2z — 1 = 0, respectively. Note that
although C\, is a non-simplicial cone, all its extremal vectors are on a unique
hyperplane.

THEOREM 4.26. i) For E;-singularity, the elements of the set consisting
of 7° N pc,, give an embedded toric resolution of Xwhere Cy, is a mazimal
dimensional Grobner cone in G(X). Moreover, these elements are irreducible,
which means they are free over Z.

ii) For Er-singularity, the elements on the skeleton of G(X) give the
minimal resolution graph of the singularity.
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Proof. i) The cones C,, Cy; and C,, are the maximal dimensional cones
in G(X). The elements for Z3 N pc,, are:

e (1,0,0),(0,0,1),(9,6,4), (6,4,3), (5,3,2),(3,2,2), (2,1, 1).

The elements for Z3 N pc,, are:

¢ (0,1,0),(0,0,1),(9,6,4),(1,2,0),(7,5,3),(5,4,2),(3,3,1), (6,4, 3),
(3,2,2)

e (4,3,2),(2,2,1),(1,1,1).

The elements for Z3 N pc,., are:

¢ (1,0,0),(1,2,0),(9,6,4),(1,1,1),(3,2,1),(5,3,2),(7,5,3), (5,4, 2),
(3,3,1).

A regular refinement of the Grobner fan G(X) of X is given in Figure

(0,0,1) (0,0,1)

Figure 18 — A regular refinement for E7-singularity.

Each element is irreducible since it cannot be written as a sum of two other
elements.

ii) The elements on the skeleton of G(X) is given in Figure

(5,3,2)

(3,2,2) (6,4,3) (9,6,4) (7,5,3) (5,4,2) (3,3,1)

Figure 19 — The resolution graph of Er-singularity.



21 Grobner fans and minimal embedded toric resolutions of ADE-singularities 79

The self-intersection of each vertex is —2 so it has no —1 curves. Hence, it is
a minimal resolution graph. [J

COROLLARY 4.27. For E7-singularity, the set of the vectors in the inter-
section of profile of the mazimal dimensional Grébner cones of G(X) and Z3
are ezxactly the same as the set of embedded valuations of X given in [1§].

COROLLARY 4.28. The embedded toric resolution that we construct is
minimal.

Proof. By Theorem M(i), the elements give an embedded toric resolu-
tion and these elements are irreducible. By Theorem ii), the resolution
graph is minimal. Hence, the embedded toric resolution is minimal. [

THEOREM 4.29 ([I8]). For E7-singularity, when m > 17, in the m-jet
scheme over the singular locus there are seven irreducible components which is
equal to the number of vertices of its minimal resolution graph.

4.5. Eg-singularity
Consider the hypersurface X = V(f) C C3 where

flx,y,2) = 22 43 4 2.

The Grobner cones are:

Cu, (f) = ((6,10,15))

Cu, (f) = ((1,0,0), (6,10,15))
Cus(f) = ((0,0,1), (6,10,15))

Cu, (f) = ((0,1,0), (6,10,15))

Cs (f) = ((1,0,0), (0,0,1), (6,10,15))
Cus(f) = ((0,1,0),(0,0,1), (6,10,15))
Cor (f) = ((1,0,0), (0,1,0), (6,10, 15))

such that
Inv3(f)_y +x [nv4(f):z2+x57
In, (f) =3, Ing(f) = 2° and In,.(f) = 22

The Grébner fan G(X) of X is the union U_;C,, which can be seen in Fig-
ure
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(6,10,15) (0,0,1) (6,10,15)

\ Cy

(6,10,15)

(6,10,15)

(0,1,0)

(0,0,1) (0,0,1)

(0,0,1)

(6,10,15) (6,10,15)

(6,10,15)

(1,0,0) (0,1,0)

(1,0,0) (0,1,0)

(1,0,0) (0,1,0)
Cor

Figure 20 — The Grébner fan and its Grobner cones for Eg-singularity.

Remark 4.30. The Grobner fan G(X) of X is the same as its dual Newton
polyhedron [19].

For each maximal dimensional cones (C,,, Cy, and C,,) of G(X), the
profiles pc,_, pc,, and pc, are given in Figure

(0,0,1) (0,0,1) (6,10,15)

(6,10,15)
r—-2y+z2—-1=0 o —
(1,0,0) (6,10,15) (1,0,0) 0.1,0)
(0,1,0)
PC., PCuq PO

(0,0,0) (0,0,0) (0,0,0)

Figure 21 — The profiles of maximal dimensional Grébner cones for
Es-singularity.

The boundaries of PCysr PClyg and pc,, are H :z—-2y+2—-1=0,
Hy:4r —y—2z+1=0and Hs: x4+ y — z — 1 = 0, respectively.

THEOREM 4.31. i) For Eg-singularity, the elements of the set consisting
of 73 Npc,, gwe an embedded toric resolution of X where Cy, is a mazimal
dimensional Grobner cone in G(X). Moreover, these elements are irreducible,
which means they are free over Z.

ii) For Es-singularity, the elements on the skeleton of G(X) give minimal
resolution graph of the singularity.
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Proof. i) The cones C,, Cy; and C,, are the maximal dimensional cones
in G(X). The elements for Z3 N pc,, are:

¢ (0,1,0),(0,0,1),(6,10,15), (2,2, 3),(3,4,6), (4,6,9), (5,8,12), (1,1, 2)

®(2,3,5),(3,5,8).

The elements for Z3 N pc,, are:

¢ (0,1,0),(0,0,1),(6,10,15),(2,4,5), (4,7,10), (3,5,8), (1,2, 3).

The elements for Z3 N pc,, are:

e (1,0,0),(0,1,0),(6,10,15),(2,2,3),(3,4,6), (4,6,9), (5,8,12), (2,4, 5),
(4,7,10)

e (1,2,2),(2,3,4),(3,4,6),(3,5,7),(1,2,2),(2,3,4).
A regular refinement of the Grobner fan G(X) of X is given in Figure

Figure 22 — A regular refinement for Fs-singularity.

Each element in the refinement is irreducible since it cannot be written as a
sum of two other elements.
ii) The elements on the skeleton of G(X) is given in Figure

(3,5,8)

(2,4,5) (4,7,10) (6,10,15)  (5,8,12) (4,6,9) (3,4,6) (2,2,3)

Figure 23 — The resolution graph of Eg-singularity.
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The self-intersection of each vertex is —2 so it has no —1 curves. Hence, it is
a minimal resolution graph. [J

COROLLARY 4.32. For Eg-singularity, the set of the vectors in the inter-
section of profile of the mazimal dimensional Grébner cones of G(X) and Z3
are exactly the same as the set of embedded valuations set of X given in [1§].

COROLLARY 4.33. The embedded toric resolution that we construct is
minimal.

Proof. By Theorem [4.31fi), the elements give a resolution and these ele-
ments are irreducible. By Theorem M(ii)7 the resolution graph is minimal.
Hence, the embedded toric resolution is minimal. [

Acknowledgments. The author would like to express sincere gratitude to the anony-
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