FIBRATIONS OF TAMELY COMPOSABLE MAPS
YING CHEN, CEZAR JOITA, AND MIHAI TIBAR

ABSTRACT. We study composed map germs with respect to their local fibrations. Under
most general conditions, inspired by the tameness condition that was introduced recently,
we prove the existence of singular tube fibrations, and we determine the topology of the
fibres.

1. INTRODUCTION

The existence of a fibered structure on some region of the space has deep impact in
mathematics and physics. John Milnor [Mi| proved in 1968 that a holomorphic function
induces a locally trivial fibration in the neighbourhood of a singular point. He launched
the challenge of finding the conditions under which complex or real maps may induce such
fibrations.

Fibrations of map germs have been considered by many authors ever since, and a lot of
valuable knowledge has been amassed in more and more cases, and in increasing generality.

In this framework, the problem under what conditions the composition of two map
germs may be endowed with a local fibration has been a long term project. One first
considered the significant setting of a function of type f@g, where f and g are holomorphic
function germs in separate variables and with isolated singularities, which can be viewed
as the composition G o (f, g), where G(u,v) := u + v is the simplest linear function. Let
us recall that the original result by Sebastiani and Thom [ST]| determines in this case the
topology of the Milnor fibre, and shows that the monodromy is the tensor product of the
monodromies of f and ¢g. This was the spring of a stream of studies and far-reaching
generalisations e.g. [Sa2|, [Ga|, [Ne2, Ne3|, [Bal, [Il], [HM], etc, becoming a principle in
higher categories, e.g. [Ma2|, |[DL], [Le].

A new remarkable outcome occurred as Némethi considered the so-called “composed
functions” in [Nel], i.e. functions of the form H := G o F, where G is a polynomial of
2 complex variables and F' := (f,g) is an ICIS, with f, g holomorphic function germs
in mixed variables. Recalling Sakamoto’s join result for non-isolated singularities [Sal],
this was the first time when in the composition G o F' the map F' had a possibly positive
dimensional discriminant (in this case of dimension < 1). Némethi studies in [Nel| the
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homotopy type of the Milnor fibre, generalising the join construction, expressing the zeta-
function of the monodromy in terms of the zeta-functions of f and g, and the multivariable
Alexander polynomial of G.

More recently, one has studied in [PT]| the existence of tube fibrations for the real
composed maps of type G(f,g) where f, g are holomorphic function germs, and G = uo,
by focussing on the Thom condition at the zero set G(f,g) = 0, in case of non-isolated
singularities. Still in the real setting, Inaba [In| establishes a general join theorem for
f @® g, where f and ¢ are real map germs with zero-dimensional discriminant which are
assumed to have local fibrations in the sense of [ACT].

We have addressed in |[CT] the problem of finding conditions under which the composi-
tion of two real map germs with positive dimensional discriminant induces a local singular
tube fibration. The generality consists in including the discriminant in the fibrations, and
constructing in this way a bunch of singular fibrations, and was started recently by the
papers [ACT| and [JT1].

Let us point out first that the existence of fibrations sets new challenges in the real
setting, some of which have been treated in [ACT], [JT1|. In particular we have found
in [JT1] a general condition, called “tameness”, which solves the local image problem for
maps, and in the same time provides local singular tube fibrations. By singular tube
fibration we mean that we find stratifications of the source and the target of a map such
that over each stratum in the target we have a locally trivial stratified fibration. In
particular we include the discriminant of the map in this multi-fibration structure.

Our paper builds on this general idea of multi-fibration. We introduce here a new
condition called “tamely composable”, inspired by the tameness and by the proof of [CT,
Theorem 3.2], in order to insure the existence of the singular tube fibration for the com-
posed map H = G o F in the most general stratified setup. After proving our existence
result Theorem 3.4, we study the topology of the fibre of the composed map H = G o F.
Upon convenient choices of Milnor data for each of the tube fibrations of F', of G and of
H (cf §4.1), two more problems persist:

(1). The image by F of the fibre H~'(a) might not contain the fibre of G.

(2). The fibre H*(a) = F~'(G7'(a)) contains the pull-back by F of the fibre of G but
it is not equal to it.

Problem (1) may happen when ImF' is not open as a set-germ at 0, like in case of the
very simple map germ (x,y) — (z,zy). This problem would be therefore solved if F' is a
locally open map. The class of locally open maps has been characterised recently in [JT2|
by an algebraic-analytic condition which had been conjectured by Huckleberry in 1971,
cf [Hul.

Problem (2) is considered here and needs several steps. First of all we need a very
careful construction of the stratifications of the maps; this is carried out in Section 3. In
Section 4 we give the topological structure of the stratified fibre of H. Finally we describe
how our results apply in Nemethi’s setup [Nel].
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2. PRELIMINARIES ON TAME MAP GERMS

We recall here a few definitions and properties that we need for building our main
results.

2.1. p-regularity and tame map germs. Let G : (R™ 0) — (RP,0) be a non-constant
analytic map germ, m > p > 1. Let U C R™ be a manifold, and let

M(G) ={zeU]pv #. G}

be the set of p-nonregular points of Gy, or the Milnor set of Gy, where p := || - || denotes
here the Euclidean distance function, and pyy is its restriction to U.

It turns out from the definition that M (G)y) is real analytic. In the following we will
actually consider the germ at 0 of M(G|y). By definition M(Gy) coincides with the
singular set Sing (p, G);y defined in its turn as the set of points € U such that either
x € Sing (Gy), or x ¢ Sing (G|y) and rank,(pjr, G\v) = rank,(G|v).

Definition 2.1 (The Milnor set in the stratified setting). Let G : (R™,0) — (RP,0),
with m > p > 1, be a non-constant analytic map germ. We say that a finite semi-analytic
Whitney (a)-regular stratification YW of R™ is a stratification of G if Sing GG is a union of
strata, and such that the restriction Gy has constant rank for any W € W.

Let W € W, tacitly understood as the germ at 0 of the stratum W, and let M (G|w)
be the Milnor set of G, as defined above. One calls

Mw(G):= || M(Gw,)
Wew
the set of stratwise p-nonreqular points of G with respect to the stratification W.

By definition, if rankGy = dim W, then W C My (G). Notice that the Milnor set
My (G) is closed, due to the Whitney (a)-regularity of the stratification.

By Milnor’s classical result on the local conical structure of semi-analytic sets [Mi],
there exists g9 > 0 such that the manifold G71(0) \ Sing G is transversal to the sphere
Sm=1 centred at 0, for any 0 < € < gg. For any fixed point a € G~!(0) \ Sing G, a whole
open ball B centred at a does not intersect Sing G, and it then follows that the nearby
fibres of GG inside B are also transversal to the levels of the distance function p, provided
that B is small enough. This implies that My, (G) N (G~1(0) \ Sing G) = (), which proves
the following inclusion (see also [JT1, CT]):

(1) Mw(G)NG~0) C Sing G N G1(0).

Definition 2.2 (Tame map germs, [JT1]).

Let G : (R™,0) — (RP,0), with m > p > 2, be a non-constant analytic map germ. We
say that G is tame with respect to the stratification W if the following inclusion of set
germs holds:

(2) My (G)\ GTH(0)n G7(0) C {0}

It follows from the definition that if G is tame then the closure of the strata W of W
such that rank Gy = dim W intersect G~'(0) at {0} only. Notice also that the maps G
with fibre G71(0) = {0} are tame.
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The existence of the images as set germs is insured by the following result:

Theorem 2.3. [JT1| Let G : (R™,0) — (RP,0), with m > p > 1, be a non-constant
analytic map germ. If G is tame with respect to the stratification VW then:

(a) ImG and Disc (G) := G(Sing G) are well-defined as set germs.
(b) For any stratum V € W, the image G(V') is a well-defined set germ at the origin.

g

REMARK 2.4. Let us point out here that the images of strata G(V) are well-defined
set-germs by Theorem 2.3, thus they are subanalytic sets, and in particular they are
triangulable, by the classical result of Lojasiewicz [Lo|. This fact will be used in the next
sections.

2.2. Singular stratified fibration theorem. We recall here the tame condition. It
turns out that this is the most handy and general condition under which one can prove
the existence of a local singular fibration. We consider the general case dim Disc G > 0,
and we refer to [JT1| for details.

Definition 2.5 (Regular stratification). Let G : (R™,0) — (RP,0) be a non-constant
analytic map germ, m > p > 1, and let YW be a Whitney (b)-regular stratification of G at
0, as defined above. We assume that G is tame with respect to YW. Then Theorem 2.3 tells
that the images of all strata of W are well-defined as set germs at 0. By using the classical
stratification theory, there exists a germ of a finite subanalytic stratification S of the target
such that Disc G is a union of strata, and that G is a stratified submersion relative to the
couple of stratifications (W, S), meaning that the image by G of a stratum W, € W is a
single stratum Sz € S, and that the restriction G| : W, — Sp is a submersion.
One then calls (W, S) a reqular stratification of the map germ G.

Definition 2.6 (Singular Milnor tube fibration). Let G : (R™,0) — (RP,0), m > p > 1,
be a non-constant analytic map germ. Assume that there exists some regular stratification
W, S) of G.

We say that G has a singular Milnor tube fibration relative to (W, S) if for any small
enough ¢ > 0 there exists 0 < 17 < € such that the restriction:

(3) G : B nGH(By\{0}) — B} \ {0}

is a stratified locally trivial fibration which is independent, up to stratified homeomor-
phisms, of the choices of ¢ and 7. By stratified locally trivial fibration we mean that for
any stratum Sg of S, the restriction G|g-1(s,) is a locally trivial stratwise fibration.

By “independent, up to stratified homeomorphisms, of the choices of € and 1” we mean
that when replacing € by some ¢’ < ¢, and 1 by some small enough 7’ < 7, then the map
(3) and its analogous map for & and 1’ have the same stratified image in the smaller ball
B, \ {0}, and the corresponding singular fibrations are stratified homeomorphic.

Theorem 2.7. [JT1]| Let G : (R™,0) — (RP,0), m > p > 2, be a non-constant analytic
map germ. If G is tame, then G has a singular Milnor tube fibration (3).



FIBRATIONS OF TAMELY COMPOSABLE MAPS 5

We refer to [JT1] for examples and for the relation between tame and the Thom regu-
larity, namely it is shown in [JT1]|: if the Whitney stratification W is Thom regular at all
the strata included in G=1(0) then G is tame.

3. TAMELY COMPOSABLE MAPS

Several problems arise if one wants that the composition of map germs H := G o F
has a tube fibration. First of all we need to choose stratifications such that we have a
convenient junction of F' with G.

3.1. Construction of regular stratifications adapted to the composition of maps.

Let F: (R™ 0) — (RP,0) and G : (RP,0) — (R*,0) be map germs that we want to
compose. Let (W', Q') be a regular stratification of F' (Definition 2.5), where W' is a
Whitney (b)-regular stratification at 0 € R™. We assume that F' is locally open, and that
F is tame with respect to W’. The construction is done in several steps.

Step 1. We refine Q' to a Whitney (b)-regular stratification at 0 € R?, denoted by Q,
such that the restriction of G to each stratum of Q has constant rank and that Sing (G)
is a union of strata. This implies that Q is a stratification of the source of G.

Step 2. We consider the pull-back of the strata of Q@ by F', and we obtain a refinement WV of
W'. On one hand this refinement preserves the property of Whitney (b)-regularity, and on
the other hand F' remains tame with respect to ¥V because the new strata are pull-backs
by F' of submanifolds in the target. Indeed, let P C R? and ) C R? be submanifolds,
let f: P — @ be a submersion, and S C @ a submanifold. Let f; : f7'(S) — S denote
the restriction of f to the pull-back of S. Then the Milnor set M(f)) is included in
M(f)n f7H(S).

Step 3. We have already shown in Step 2 that (W, Q) is a regular stratification of F.
Now we may construct a stratification S at 0 € R¥ by the constant rank criterion for the
map G as done in Definition 2.5, such that (Q,S) is a regular stratification of G. It then
follows that (W, S) is a regular stratification of H.

We have constructed regular stratifications for F'; G and H adapted to the composition
H = GoF. From now and until the end we assume that our maps are endowed with such
regular stratification adapted to the composition.

One of the problems, already observed in [CT], is that the composition of tame maps
is not necessarily a tame map. Here is a simple such example.
EXAMPLE 3.1. Let F : (R*,0) — (R3,0),
F(z,y,u,v) = ((2* + y*)(1 +u), (2% + y*)v, u* + v*).

Then F~1(0) = {0} and hence F is tame. Let G : (R*0) — (R? 0) be the projection
G(r,s,t) = (r,s), which is also tame. We get the composition:

(G o F)(z,y,u,v) = (2" +y*)(L +u), (2" + y*)v),
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which was shown in [JT1, Example 4.10] to be not tame.
Compare to Corollary 3.5 and check that condition (12) is not fulfilled.

We introduce a new natural condition in the spirit of (2):

Definition 3.2 (Tamely composable maps). Let F : (R™ 0) — (RP,0) and G : (R?,0) —
(R*,0), m,p, k > 0, be analytic map germs, and consider the composition H = G o F :
(R™,0) — (R*,0). We say that F' is tamely composable with G iff:

(4) Mw(H)\ H-1(0) N H~(0) c F~*(0).
REMARK 3.3.  (a) One observes that condition (4) is trivially implied by the tameness
of H.
(b) Condition (4) is equivalent to the following:
(5) Mw(H)\ H-1(0) " H'(0) N Sing H C F~(0)

because the left hand side terms of (4) and of (5) are equal. Indeed, this is an
immediate consequence of the inclusion (1) applied to the map H, namely:

(6) Mw(H)NH™0) c H*(0) N Sing H.
(c¢) Condition (4) is also equivalent to the following:
(7) F(My(H))\ G-1(0) N G™H(0) < {0}.

Indeed, by taking the image by F' we obtain the implication (4) = (7). To show
the converse, we take the inverse image of the inclusion (7). Then the left hand
side of the lifted inclusion contains the left hand side of (4), and this is enough for
show that (4) hold too.

In particular, if we take F' = id in (4) or in (7), then we get back our condition

2).

While condition (4) does not imply that G is tame, nor the other way around, we prove
that this is what we need to add up such that H behaves well:

Theorem 3.4. Let F': (R™,0) — (RP,0) and G : (R?,0) — (R*,0), m>p >k > 2, be
analytic map germs such that F' is tame, and that F is tamely composable with G.
Then the map germ H = G o F' is tame, and has a singular tube fibration.

Proof. We obviously have F~1(0) ¢ H~'(0). By comparing the corresponding Jacobian
matrices we deduce the inclusions My, (H) C My (F). We point out that this inclusion
is also due to the choice of regular stratifications adapted to the composition of maps, as
we have assumed above. See also Remark 3.3.

By using these two inclusions, we obtain:

(8) My (H)\ H™H(0) € My (F) \ H™(0) € My (F) \ F~(0).
Taking closures in the first inclusion of (8), and intersecting with H~'(0), we obtain
the first inclusion in:
9)
My (H) \ H=1(0) 0 H™1(0) € My (F) \ H=1(0) N H'(0) € My (F) \ H1(0) N F~1(0)
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whereas the second inclusion is a direct consequence of (4).
From the last inclusion in (8), by taking closures, we get:

(10) M (F)\ B 1(0) N F(0) € M (F) \ F-1(0) 1 F=4(0).

Chaining together the above inclusions we obtain:

(11) Myy(H) \ H=1(0) N H™H(0) € Mw(F) \ F~1(0) N F~(0),

which shows that the tameness of F' implies the tameness of H.
We may now use Theorem 2.7 to conclude that the map H has a tube fibration. O

In case F' is tame, its discriminant Disc F' := F'(Sing F) is a well-defined subanalytic
set germ. The following consequence recovers the setting of [CT, Theorem 3.2|, where F'
was tame, with isolated singular value, and G had an isolated singular point at the origin:

Corollary 3.5. Let F': (R™,0) — (R?,0) and G : (R?,0) — (R*,0), m >p >k > 2, be
analytic map germs such that F' is tame and that

(12) (Disc F U Sing G) N G~1(0) c {0}
Then the map germ H = G o F' is tame, and has a singular tube fibration.

Proof. Condition (12) implies the inclusion Sing H N H~*(0) C Sing HN F~1(0). We then
get :

Mw(H)\ H-1(0) N H~'(0) C Sing H N H~'(0) C Sing HN F~'(0) C F~1(0),

whereas the first inclusion follows from (1), and the third is trivial. This shows that
condition (4) holds.
We may now apply Theorem 3.4 and get the desired conclusion. U

REMARK 3.6. If Sing FNF~1(0) = {0} then F is tame. Indeed, we have Sing FNF~1(0) =
{0}, which implies that F~1(0)\ {0} is a Thom ap-regular stratum. It is well-known that
the Milnor set M (F') does not intersect the positive dimensional Thom ap-regular strata
of F71(0), see e.g. the proof of [ART, Proposition 4.2].

If Sing FNF~1(0) = {0} and F~1(0) # {0}, it follows from [ART, Proposition 2.4] that
F is an open map germ. See also [JT1, Proposition 2.4].

Corollary 3.7. For K:=R or C, let F': (K™,0) — (K?,0) be an analytic tame map
germ, and let G : (KP,0) — (K,0) be an analytic function germ. Then H = Go F' is tame
and F is tamely composable with G.

Proof. Our composed map H = G o F': (K™, 0) — (K,0) is an analytic function, and
any analytic function is tame. Indeed, this is due to the existence of a Thom ag-regular
stratification of H~'(0)\ {0}, which holds for any analytic function, as proved by Hironaka
[Hi|. In turn, this implies the p-regularity of H, and since H has isolated critical value, it
follows that H is tame.

Moreover, F' is tamely composable with GG simply because the tameness of H trivially
implies the tamely composable condition (4), cf. Remark 3.3(a). O
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EXAMPLE 3.8. Among the classes of maps F' which are tame, and hence verify Corollary
3.7, are: holomorphic maps F : (C",0) — (C*,0) defining an ICIS; real analytic maps F
such that Sing F'N F~1(0) C {0}.

4. WHAT IS THE FIBRE OF A COMPOSED MAP?

We describe the topology of the fibre of H = G'o I in case the maps F' and G are tamely
composable. Let F: (R™,0) — (RP,0) and G : (RP,0) — (R¥,0), m >p >k >2. In
§3.1 we have constructed regular stratifications (W, Q) for F', and (Q,S) for G, adapted
to the composition H = G o F'. We continue to assume that F' and G are endowed with
regular stratifications adapted to the composition.

REMARK 4.1. If F'is tame before the construction §3.1, then F'is also tame with respect
to the newly constructed stratification YW. This is due to the fact that the strata are all
pull-backs by F' of strata of the target of F' (intersected with the appropriate strata of
the source). This fact has been used in the beginning of the proof of Theorem 3.4 for
proving the inclusion of Milnor sets. However, the difference is made by G, where if one
introduces new strata in its source, these might also introduce new branches of the Milnor
set (which are not anymore pull-backs). Therefore we have to assume that G is tame with
respect to this final stratification of its source.

4.1. Choice of Milnor data. By Theorem 2.7, both F' and G have singular tube fibra-
tions. Let us give the details in the following.

We choose appropriate Milnor data for the singular tube fibrations, as follows. Let
g9 > 0 be the maximum Milnor ball for F', and let d, be the maximum Milnor ball for G.
Let then 0 < gg < €1 < g9 and 0 < dy < ;1 < 9 such that, for i =0, 1:

(13) Fi: BIn F~H(Bf \{0}) — B} \ {0}

is a stratified locally trivial fibration, and moreover, by choosing some 0 < 1 < dq, that
the restrictions:

(14) G : B} NG N (BE\ {0}) — BE\ {0},

are singular tube fibrations of G.

Assuming in addition that the maps F and G are tamely composable, Theorem 3.4
tells that the composition H = G o F has a singular tube fibration with respect to the
regular stratification (W, S), more precisely, that the restrictions:

(15) H : BN H ' (B;\{0}) — B\ {0}

are locally trivial stratified fibration, for ¢ = 0,1, and that these two fibrations are strat-
ified isotopic. In particular their fibres are stratified homeomorphic. We may thus use a
single notation Fib(H)y,s) for a fibre of H~'(a) NV on a stratum V' € W over some point
a € S of astratum S € S.

Let us remark that the fibre H'(a) of the fibration of H (as provided by Theorem 3.4)
over some stratum S € S is a singular stratified set. More precisely, we have the following
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decomposition of the fibre of H over some point a € S N BZ;O:

(16) BN H '(a) = | | Fib(Hpy.s),
Vew
where Fib(Hy,s) := BNV N H '(a), for i =0, 1.
Our following result describes the topology of each piece Fib(H)y,s).

Theorem 4.2. Let (W, Q) and (Q,S) be reqular stratifications of F' and G, respectively,
adapted to the composition H = F o G. Let F and G be tame, and let F' be locally open,
and tamely composable with G.

Then, for any V € W, S € S, Fib(Hv,s) is homotopy equivalent to the total space of
a locally trivial fibration of fibre Fib(Fjv,p(vy) over the base space Fib(Gpvy;s)-

Proof. By our hypotheses, the map germs F', G and H have stratified tube fibrations, and
we will use the notations established above for these fibrations. We decompose the proof
of the theorem in three steps. In order to simplify the notations, we omit to write that
all the spaces are intersected with either V' or F'(V'), correspondingly.

Step 1. By the fact that F is locally open, and due to the choice of the Milnor data, we
have the following inclusions:

By — F(BL) — B — F(BL).
By intersecting with the fibre G™(a) for 0 < ||a|| < 1, we get:
(17) Bf;o NG (a) — F(BI)N G a) — Bf;’l NG (a) — F(BI)N G (a).
Step 2. We consider the following commutative diagram. In order to simplify the nota-

tions, we omit to write that all the spaces on the upper row are intersected with V', and
that all the spaces on the lower row are intersected with F'(V').

F~Y(Bj )NBINH " (a)— BI'NH ' (a)— F~'(Bj )NBNH " (a)— BI'NH ' (a)
| |
B NG~ (a)—— F(BI)NG ' (a))—— B} NG~ (a)—— F(B)NG*(a)

where the horizontal arrows are inclusions, and the two vertical arrows are locally trivial
fibrations defined by the corresponding restrictions of the map F', to be compared with

(13).
We will prove that the inclusion in the middle above:
(18) BI'NH (a) = F'(B} )N BN H ' (a)

is a homotopy equivalence.
Let us show that the inclusions:

(19) a: F Y By )NBINH (a) — F (B )NBINH ' (a)
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and
(20) B:BrNH '(a) — BN H '(a)

are homotopy equivalences.

The inclusion (20) is a stratified homeomorphism since both sides are fibres of H in
the fibrations (15). It is the stratified homeomorphism well-defined by the flow produced
by the distance function when rescaling the balls in the framework of our chosen Milnor
data.

In case of the inclusion (19), let us consider the square containing the two vertical
arrows denoted by F' in the above commutative diagram. These are restrictions of the
tube fibrations of F' over the fibre G'(a), and have the same fibre, which is the fibre of
F in a tube fibration (13), respectively. By using the long exact sequence of homotopy
groups of the fibrations, and the morphism between them, we obtain that the inclusion
(19) induces a weak homotopy equivalence. Since both spaces are triangulable subanalytic
sets, cf Lojasiewicz [Lol, see also our Remark 2.4, they are CW-complexes and therefore it
follows from Whithead’s Theorem that the weak homotopy (19) is a homotopy equivalence.

Step 3. By [Ti, Lemma 3.2|, if & and § are homotopy equivalences in the 4-terms
sequence of inclusions, then it follows that the inclusion (18) in the middle is a homotopy
equivalence too.

We conclude that the fibre Fib(H) = BZ* N H~'(a) is homotopy equivalent to the space
F~Y(B} )NB"NH " (a) which is a locally trivial fibration with fibre Fib(F) = BI'NF~*(a)
over a base space which is Fib(G) = Bf N G~'(a). This ends our proof. O

4.2. Application to Nemethi’s setup |[Nel|. Némethi considers in |[Nel| the composi-
tion of a holomorphic function germ G : (C% 0) — (C,0) with a holomorphic map germ
F=(f,g): (C" 0) — (C?0) which defines an ICIS. Then its singular locus Sing F is
1-dimensional, and its discriminant A = F'(Sing F') is a plane curve germ.

The composition H = Go F' is a holomorphic function. As remarked in Corollary 3.8, it
follows that F'is locally open, that F'is tamely composable with G, and so, by Theorem
3.4, that H is tame and has a singular tube fibration.

Let us show how Theorem 4.2 recovers Nemethi’s [Nel, Theorem A(a)| on the topology
type of the fibre of H = GG o F' in this special setup.

The stratification of the target C is trivial, with the origin 0 and its complement as
only strata. In C? the following strata are defined: the origin is the stratum of dimension
0, the branches of A\ {0} and the branches of the singular set Sing G C G~1(0) without
the origin are the strata of dimension 1; the complement of all these is the stratum of
dimension 2. This stratification is Whitney (b)-regular, denoted by Q in the setup of
§3.1. At this point we may remark that G has a singular tube fibration with respect to
the stratification Q. Indeed, since the Milnor set Mg(G) is a plane curve, the tameness
conditions is trivially verified.

In C"™! we have F~!(Sing G) as union of strata, and the set F~'(A) as a union of
strata. The set Sing H C H~'(0) is of dimension n — 1 if A intersects Sing G at the origin
only, and of dimension n if this is not the case. Let us remark that this stratification W
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is Whitney (b)-regular, that F' is tame with respect to W (see also Remark 3.3), and that
F and G are tamely composable as one can easily verify.

For describing the Milnor fibre H!(a) we only need the strata of the set F~'(A) which
are outside H'(0). The fibre Fib(G) is a plane curve which intersects the 1-dimensional
strata of Q at a set of points, call it Ag, and let Bg := Sing F N F~!'(Ag). The fibre
H~'(a) intersects the open stratum V := C"™'\ F~!(A) and this is homotopy equivalent
to the total space of a fibration with fibre Fib(F') and base space Fib(G) \ A. Over each
point a; € Ag = Fib(G) N A we have a the fibre Bg N F~!(a;) of F which has isolated
singularities. At each singular point b;; € Bg N F~*(a;), the fibre F~'(q;) is an ICIS of
Milnor number denoted by f;;.

The fibre B2"*? N H~'(a) decomposes along strata of W as in (16). We will give now
a description of the homotopy type of the entire fibre B2*? N H~'(a), as follows. We
denote by F the general fibre of F', over some point exterior to the 1-dimensional strata
of Q. The total space of the F-fibration over Fib(G) has this F as the generic fibre, and
has singular fibres over each point a; € Ag. In the classical theory of complex fibrations
with isolated singularities, the replacement of a generic fibre F; >~ F by a singular fibre
corresponds to the attaching over F; of p,; cells of dimension n for each ICIS singular
point b;; € Bg N F~(a;), in order to “kill” those (n — 1)-cycles of F; which vanish at b;;.

Applying our Theorem 4.2 to the above setting of complex map germs, we get:

Corollary 4.3. [Nel, Theorem A(a)| The Milnor fibre Fib(H) has the homotopy type of
a space obtained from the total space of a fibre bundle with base space Fib(G) and with
fibre F by attaching to it the total number of N := ZbijeBG i cells of dimension n. [

Let us point out that in practice one needs more data in order to find the homotopy
type of the fibre of H. We refer to [Nel| for several examples of (classes of) hypersurface
singularities treated there as composed singularities, and which had occurred before in
the literature. In particular, Nemethi finds the precise homotopy type of the fibre of H
in the case A N G~1(0) = {0}, cf [Nel, Theorem A(Db)].
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