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ABSTRACT. We give analytic and algebraic conditions under which a deformation of real
analytic functions with non-isolated singular locus is a deformation with fibre constancy.

1. INTRODUCTION

Deformations of function germs is a classical topic with abundant results, and has a
huge impact in geometry, algebra and topology as well as in many more applied fields. Re-
cently, motivated by solving a technical glitch within a Floer Homology problem, Ciprian
Manolescu [Ma] asked the following;:

Question 1. Consider a family of highly singular real-analytic function germs Fy :
(R™,0) — (R,0), such that the Jacobian ideal (OF;) of F; is independent of t in a small
disk at 0. Is the homology of the Milnor fibres of F; “constant” in some sense?

In the complex setting, for holomorphic function germs with isolated singularities (i.e.
the very special case of the 0-dimensional singular locus), the constancy of the Jacobian
ideal (OF}) obviously implies that the Milnor number u(F;) = dime (g_ﬁ) is constant, and
thus the homology of the Milnor fibre is constant too since it is concentrated in the group
H,_1(F;,7), which is free of rank precisely u(F,). Moreover, by the Lé-Ramanujam [LR],
Timourian [Tim], and King [Ki] results, the constancy of the Milnor number implies that
the deformation F; is topologically trivial with the exception of the surface case (i.e.
n = 3) which remains open.

In the case of complex non-isolated singularities, this question seems to be open in
general. There is nevertheless a rich literature on equisingularity problems for families
of function germs, dealing with various algebraic-geometric sufficient conditions, starting
with the Whitney equisingularity studied by Teissier [Tel, Te2], extended by Gaffney
[Ga], Houston [Hou| and many others.

In the real setting there are results by King [Ki] on the topological triviality of one-
parameter families of function germs with isolated singularity. While the non-isolated
case remains widely open in general, Parusinski’s paper [Pa2| goes beyond “isolated sin-
gularity” in the setting of families of the form F(z,t) = f(x) + tg(x) subject to the
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condition:
(1) |g(z)] < [|0f(z)—tdg(x)|| whenever (z,t) — (x0,0), where zo € {f = 0}n{g = 0},

and, remarkably, shows that such a family is topologically trivial, cf [Pa2].

In this paper we are not interested in the problem of the topological triviality of families
of function germs. Instead, we will answer Question 1 in a different way, by focussing on
the constancy of the fibration (2) in a fixed ball, as explained in the following.

Definition 1.1. Let F': (K" xK,0) — (K™,0), n >m > 1, K= R or C, be a K-analytic
map germ, regarded as a 1-parameter deformation Fy(z) = F(x,t) of the function germ
Fo=f:(K"0)— (K,0) having a singular locus of dimension > 1.

We say that the deformation F' of the singular function germ f is a deformation with
fibre constancy if for any small enough radius r > 0, there exist 0 < 0 := §(r) < r, and
0 <n:=mn(r,d) < § such that the restriction:

(2) (Fy), : B, N F;(8Ds) — 0Ds.

is a locally trivial fibration, which is independent, modulo isotopy, of r and 9, and of the
parameter ¢ with |t| < n < 4.

In the real setting, Ds denotes an interval centred at the origin and its boundary 0Ds =
{a_,a} consists of two points. In this setting, the independency asked by Definition 1.1
means the invariance of the two fibres', BN F, *(a_) and BN F, *(a;). One may then
ask:

Question 2. What natural (and minimal) condition implies that the deformation F is
a deformation with fibre constancy?

The problem posed by Question 2 is not a classical equisingularity problem and makes
really sense in the case of f with non-isolated singularities. If the function germ F; has an
isolated singularity, then for ¢ # 0 this may either split into several isolated singularities
of the restriction map (F}); from (2) above, or not split at all. Even if the isolated
singularity of Fy splits, the tube fibrations (2) still exists precisely because the splitting is
concentrated at the origin only (i.e. because of the stated choice of a much smaller range
of the parameter ¢, namely |t| < §), see e.g. [JiT] for the study of a slightly more general
setting of isolated singularities. In case it does not split, then one has stronger results:
the above cited ones by Lé-Ramanujam [LR] and Timourian [Tim] over C, and by King
[Ki] over R, yield the topological triviality of the family of function germs F;, or what one
calls topological equisingularity.

In the setting of non-isolated holomorphic functions, the concept of “deformation with
fibre constancy” (Definition 1.1) appeared under the name of “admissible deformations” in
the studies of the topology of certain classes of function germs with non-isolated singular
locus, starting with the seminal paper by Siersma [Sil] on “line singularities”, and the
follow-up more general studies of the Milnor fibre of function germs with 1-dimensional
and 2-dimension singular loci, see e.g. [Si2], [Pe], [dJ], [Za], [MS], [Ne], [Fe], [FM], [ST2]

10f which one may be empty, but not both empty since we assume that the function germ Fj is
non-constant.
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etc. The very recent paper [Hof| gives algebro-geometric criteria which are sufficient to
establish admissibility for complex-analytic deformations.

In both settings, complex and real, our general answer to Question 2 is (Theorem 3.7):
“tame deformations” are deformations with fibre constancy. This “tameness” condition,
introduced in Definition 3.5, is based on the transversality of all small enough spheres to
the fibres of the deformation (F})| defined at (2) above an appropriate small disk Ds. This
derives from a principle established by Milnor [Mi] and which occurs, mostly under the
name of p-regularity, in several studies of fibrations of real analytic map germs on smooth
or singular base spaces, such as [ACT1], [ACT?2], [AT1], [AT2], [ART], [JoT1], [CJT], and
see [Ti2] for older references.

Searching for conditions which imply tameness, we focus on two of them, one analytic
and the other algebraic. Let us introduce the first one. It is inspired by Parusinski’s
condition? [Pa2] evoked above as (1), although much weaker than that.

Definition 1.2. Let Fj(z) = F(z,t) be a C'-family of analytic function germs F; :
(K™, 0) — (K,0). We consider the following condition:

For any z, € Sing Fy, \ {0}, there is ¢;, > 0 such that
® {ojor|_, or  or
ot dxy’ " Oxy,

where F(z,t) := (F(z,t),t), where F(x,t) is the map germ defined at (5).

when (z,t) — (10,0), for (z,t) & Sing F.

> Gy

Note that condition (3) excepts® the origin (0,0). This allows the splitting of the
singular locus of Fy out of the origin (but only at the origin).

Condition (3) may be interpreted as an integral dependence as follows (see Proposition
5.3): for any xo # 0 close enough to 0, the function germ %—f belongs to the integral closure

(8£, ..., 2E). This may also be contrasted to Teissier’s condition (c) [Tel], [Te2] in the
1 T

complex setting: %—f belongs to the integral closure mx(g—ai, ey (%—i), where m,, denotes
the maximal ideal in O,,, which has been used to study families of holomorphic functions
with isolated singularity. Still in case of complex isolated singularities, Teissier showed in
[Tel], [Te3], that this is also equivalent to the Whitney equisingularity of the family of
function germs F;, which is known to imply its topological triviality.

Here we go beyond the isolated singularity setting, and prove the following:

Theorem 1.3. Let F(z,t) = Fy(z) be a K-analytic deformation of Fy which satisfies
condition (3) of Definition 1.2.

Then the deformation F' of Fy is a deformation with fibre constancy in the sense of
Definition 1.1. Moreover, F has a Milnor-Hamm tube fibration (7), cf Definition 3.1.

ZParusinski’s condition (1) had extended a condition used in the classical case of isolated singularities
by Teissier [Tel] and Lé-Saito [LS], and also extended a condition used before for studying the fibres of
polynomial functions at infinity ([Pal], [ST1], [Til], [Ti2], [Pa2, §3] etc).

3See the examples in §6. Typically such deformations do not satisfy condition (3) at the origin (0,0) .
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The proof follows from Theorem 3.7 after showing in Theorem 4.3 that a nice deforma-
tion is tame (Definition 3.5). The tameness follows from the proof of the existence of the
Milnor-Hamm tube fibration which is based on checking the Thom regularity condition, a
well-known method employed e.g. in [Hi], [LS], [Sal, Sa2], [PT], [AT2], [ACT1] etc. Here
we use a less demanding condition called 0-Thom regularity (see §4.1 for details), and
that the 0-Thom regularity implies the p-regularity (Proposition 4.2).

Our second condition is algebraic. We show by Theorem 5.6 that if the Jacobian ideal
inclusion (0F;) C (0F}) holds for any ¢ close enough to 0, then condition (3) holds, hence
the deformation F' is tame, and thus it is “a deformation with fibre constancy” by our
general Theorem 4.3. To a certain extent, this comes closer to Manolescu’s Question 1.
Moreover, in §5 we slightly extend the setting by replacing the ideal (0Fp) in the above

inclusion by its integral closure (OFy).

Schematically, this is what we prove here:

(4) | deformation with fibre constancy | <~ ’tame deformation‘ <~ (3) <— ’ (0F;) C (8?0)‘
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2. IMAGE AND DISCRIMINANT OF A DEFORMATION

Let Fp : (K™, 0) — (K, 0) be a non-constant analytic function germ. Let Fy(x) := F(z,t)

be an analytic deformation of the analytic function germ Fy(z) := F(z,0) such that
F(0,t) =0 for any ¢ in some small neighbourhood of 0 € K. Let

(5) F = (F(z,t),t): (K" x K,0) = (K x K, 0)

be the analytic map germ defined by the deformation F'. The singular set Singf is
the zero locus Z(g—:i(x,t), e %(x,t)). As a set germ at the origin (0,0), it contains

the union of set germs (J,.x Sing F}, but may contain other irreducible components, see
e.g. Example 6.1. Note that Sing F' N {t = 0} = Sing Fy, and that we have the inclusion
Sing F C Sing F', which may be a strict inclusion even when restricted to the slice {t =0},
like in the example: F(z,y,t) = 2% + ty.

We will consider here the class of deformations F’ with the property that the inclusion
Sing F' C Sing F restricts to an equality in the slice {t = 0}, namely deformations F' such
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that:
(6) (Sing F)j—o = (Sing F') .

We refer to Proposition 5.5 for the relations of (6) with other conditions. See also the
Examples section §6 for more comments.

2.1. The image problem. Let us start by observing that analytic function germs have
well-defined images as set germs, either over C or over R. This is the case for our function
germs F;, for any t. However this is no more the case for the image of a map germ
G : (K™, 0) — (K2 0) with m > 2, as pointed out in [JoT1], see also [ART]. The map G
may be locally open, i.e. one may have the equality of set germs (ImG,0) = (K?,0), but
certain map germs, for instance G(x,y) = (x,zy), do not even have well-defined image as
a set germ at the origin. For the problem “when a map germ has a well defined image as
a set germ” we refer to [JoT2], see also [ART] and [JoT1].

In our setting, the map germ F associated to an analytic deformation F'(z,t) is some-
what more special.

Proposition 2.1. In case K = C, the map germ Fis locally open.
In case K =R we have:
(a) If Fy is locally open then Fisa locally open map germ. In particular this is the
case if Sing Fy # F; *(0).
(b) If Fy is not locally open then for any radius r > 0, the image ﬁ(Br) contains either
the set germ (Rsg x R,0) or the set germ (R<y x R, 0).

REMARK 2.2. In the above point (b) one may not have equality, therefore the word
“contains” is important. Unlike the complex setting, in the real setting the map F might
not have a well-defined image as a set germ at 0 € R2. This may happen in Proposition
2.1(b), as shown by the following very simple example: F(z,y,t) = 2% + t(x + y) is a
deformation of Fy : (R%0) — (R,0), Fy(z,y) = z2.

Note that if we view this example over C then the image of F is a well-defined set germ,
by Proposition 2.1.

Proof of Proposition 2.1.

Case K = C. The zero set F~(0,0) = F,'(0) has codimension 2 in the source C* x C of
the map F. Therefore [JoT2, Theorem 1.1(a)(i)] applies here, and tells that F' is locally
open.

Case K = R. Let B, C R" x R denote the open ball of radius r > 0 centred at the origin,
and let B/, C R™ such a ball in R”. We need the following result:

Lemma 2.3. IfImFy D Rxq as set germs, then for any r > 0, we have ﬁ(Br) D RsyoxR.
The similar statement holds if we replace Ry by R<y.

Proof. The proof is elementary and uses only the continuity of the maps; we provide it
for completeness.

Our deformation of Fy presents as F(z,t) = Fy(z) + tG(x,t) with G analytic, hence
continuous, where G(0,¢) = 0 for all ¢ close enough to 0. Let us fix some small enough
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radius r > 0, such that |G(z,t)] < 1 on B,. Let v/ > 0 and ' > 0 such that B/, x
(—n',1') C B,.
By our hypothesis ImFy D (Rx,0), there exists ¢y > 0 such that Fy(BlL) D [0,e0).
Setting € := ¢ and 7 := min{7’, e}, we will show that F(B,) 2 [0,£) x (=1, 1), as follows.
Let (a, ) € [0,€) x (—n,n). We have to show that there exits x € B!, such that
F(z,B) = a. Let 21 € By, such that Fy(x;) = %. Since |G(x1,8)] <1 and |f] <e < 2,
we get:

F(a:l,ﬂ):5+BG(x1,ﬁ)>%:€>a.

Since we also have F(0,3) = 0 < «, and since F' is continuous, we conclude that
there exists a point x on the segment joining the origin with z1, hence in B/,, such that
F(z,p) = a. Our claim is proved.

Mutatis mutandis, the same proof applies if we replace R>g by R<y. Il

(b). If Fy is not locally open, then its image is either the set germ (Rsg,0) or the set
germ (R<p,0). We may thus apply Lemma 2.3 to conclude.

(a). The first statement of (a) is also a direct consequence of Lemma 2.3.

Let us prove the second statement of (a). We have Sing Fyy = Sing F' N ﬁ_l(O, 0) and
by our hypothesis this is included but not equal to £, '(0) = F~1(0,0) which is the
central fibre of the map F. We may therefore apply [JoT1, Lemma 2.5] to the map F
and conclude that it is a locally open map. O

2.2. The discriminant of a deformation. The image by G of the singular locus Sing G
of a map germ G : (K™, 0) — (K* 0), m > s > 2, supports the same discussion. It has
been pointed out in [JoT1] that this might not be well-defined as a set germ, and moreover,
this may happen even if ImG is a well defined set germ.

Nevertheless, the case of a deformation F' turns out to be more special; the next result
tells that the image F'(Sing F') is a well-defined set germ.

Proposition 2.4. If the dimension of the target of the non-constant analytic map germ
G : (K™ 0) — (K*0) is s = 2, then G(Sing G) is a well-defined set germ. It is either
empty, or one point (the origin), or it is as follows: in the case K = C it is a complex
analytic curve, whereas in case K =R it is a semi-analytic curve.

In particular, the image A := F(Sing F') is a well-defined set germ, that we will call
“discriminant of the deformation F”.

Proof. By [JoT1, Theorem 3.2], for any non-constant holomorphic map germ G of target
C?, the image G(Sing @) is a well-defined complex analytic set germ. Since the com-
plement of this image is dense (by Sard’s Theorem), the image cannot have dimension
2.

In the setting of real deformations we do as follows: for any fixed ball B,, the image
G(B, N Sing @) is a subanalytic subset of R?, which is in fact semi-analytic as proved by
Lojasiewicz [Lo| when the target is of dimension 2. This set is included in the complex
discriminant of G viewed as a holomorphic function, which is a well-defined germ of a
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complex curve, as shown above. It then follows that G(B, N Sing G) is a real curve and
that it does not depend on the radius r regarded as a germs at the origin of R2.
This proof applies to GG := F', which shows our second claim. U

3. TAME DEFORMATIONS

In the preceding section we have seen that the real setting is different from the complex
one in what concerns the image of the map F'. However we are interested here in certain
general fibres of the deformation, and therefore we will adapt the study to this more
particular interest.

Notation Hp. In the complex setting, Hp will denote the full target C?. In the real
setting, according to the 3 situations in Proposition 2.1(a) and (b), we have:

(a) Hp = R2 if F is locally open.

(b) Hp := (Rsg x R,0), or Hp := (Rey x R,0), if F is not locally open but F(B,)
contains this half-plane for any r > 0, respectively.

3.1. Local tube fibration. We have seen that the discriminant A := F(Sing F) is a
well-defined set germ, cf Proposition 2.4.

Definition 3.1. We say that F has a local tube fibration, also called Milnor-Hamm fibra-
tion, if for any small enough r > 0 there exists a radius § < r, and a radius n < § such
that the restriction:

(7) Fl:B,NF Y (HpN (Ds x Dy)\ A) = Hp N (Ds x D)\ A
is a locally trivial fibration which is independent of the chosen constants up to isotopy.

The above definition sounds a bit different from the general definition of the Milnor-
Hamm fibration in [ART] since here we do not assume that the map germ F' is “nice”,
i.e., both ImF and ﬁ’(Sing f) to be well-defined as set germs at the origin. Let us explain
what happens in our particular situation.

In the holomorphic setting, the map Fis automatically nice, by Proposition 2.1. If
the local tube fibration (7) exists then the fibre B, N F; *(s) is diffeomorphic to the fibre
B,NFy'(s), for any (s,t) € (Dsx D,)\ A because this later set is connected. This means
that one has a single fibre of (7).

In the real analytic setting, Hr is included in the target of F by Proposition 2.1, and
therefore the target of the map ﬁ] defined by (7) is independent of the radius of the ball
B,. As A is well-defined, it follows that Im}ﬁ is well-defined as a set germ, and therefore
ﬁ] is a “nice map” in the sense of [ART]. The set Hr N (D5 x D,)) \ A consists of finitely
many connected components Ay, ..., A, each of them having a unique fibre B, N F(s)
for (s,t) € A; C Hp N (Ds x Dyy) \ A, up to diffeomorphisms.

In particular we have:

Corollary 3.2. If the local tube fibration (7) exists, then the deformation F(x,t) is a
deformation with fibre constancy (in the sense of Definition 1.1).
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Proof. Let B, C K" be a small enough ball centred at the origin of radius r > 0 such that
it is a Milnor ball for the function germ Fp, and let 0 < § < r be a corresponding Milnor
disk. As above, let B, C K" x K be the ball centred at the origin of the same radius r.

Since Sing F intersects the slice {t = 0} at Sing I, C F~1(0), it follows that for small
enough 0 < n < § we have:

AﬂHpﬂ(aDg X DW) :Q).
This shows that (2) is a sub-fibration of (7) for any ¢t € D,,. d

REMARK 3.3. The fibre B, N F;'(s) is precisely a Milnor fibre of Fy, since we have
assumed that the ball B, is a Milnor ball for Fy, and it is diffeomorphic to B, N F, *(s).
Nevertheless B, N F, '(s) is not necessarily the Milnor fibre of the function germ Fj.
Indeed, the function germ F; may require the choice of a smaller radius 7 < r such that
B, is Milnor ball for F; at 0. This problem is well-known in deformations (see e.g. [JiT]):
for each t € D, there is a “maximum radius” 7, of the Milnor ball of the function germ
F;, and it is possible that lim,_,or; = 0, whereas rq := r is a well-defined positive value.

Definition 3.4. (Milnor set)
Consider the square of the Euclidean distance function from the origin p : K" — Ry,
and the map

(F,p): F7H(Ds x Dy) \ A) = K* x Ry
The analytic set

M(F) = Sing (F, p) \ F~1(A)
will be called here the Milnor set of F.

In the following we will tacitly consider the germ of M (F') at (0,0), for which we use
the same notation.

Definition 3.5. (Tame deformations)
We say that the deformation Fy(z) = F(xz,t) of Fy is tame if and only if the following
condition holds:

(8) M(F)n {t =0} N Sing Fy C {(0,0)}.

REMARK 3.6. Condition (8) is equivalent to the p-regularity of F considered in [ART,

(6)], despite the fact that the definition of the Milnor set M (F') itself is slightly different
from the one considered in [ART].

Theorem 3.7. If the analytic deformation F(x,t) of F(x,0) is tame, then F has a
Milnor-Hamm tube fibration (7), and the deformation F(x,t) is a deformation with fibre
constancy (in the sense of Definition 1.1).

Proof. 1t was proved in [ART, Lemma 3.3]: Let G : (R™,0) — (RP,0), m >p > 1, be a
non-constant nice analytic map germ. If G is p-reqular then G has a Milnor-Hamm tube
fibration.
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We have seen in §2.1 that in case of a deformation F, the condition “nice” (recalled
after Definition 3.1) holds in the holomorphic setting, thus the above result applies and
yields our claim.

In the real setting, we have shown in the comments after Definition 3.1 that the condi-
tion “nice” holds for the map Fj in (7). The arguments of the proof of [ART, Lemma 3.3]
work without any modification. Indeed, the p-regularity (8) implies that the map (7) is a
proper submersion, thus it is a locally trivial fibration over Hp N (Ds x D,) \ A, and the
independency of the tube fibration (7) follows from the definition.

Finally we may apply Corollary 3.2, and our claim is proved in both complex or real
settings.

Let us note for the record that the tameness of the deformation F' is equivalent to the
fact that (7) is a proper stratified submersion independently of the chosen constants. [

Although M(F') is an analytic set, hence defined by equations, it is still not easy
to compute it since one has to single out only those irreducible components which are
not included in F~'(A). We will display in the following two conditions which imply
“tameness”, one analytic and the other algebraic.

4. A CONDITION FOR THE TAMENESS

4.1. The partial Thom stratification. Let us recall the 0-Thom regularity, after [Til,
Def. 2.1], [Ti2, A 1.1], [DRT, §6], and [ART, §4], see also [CJT]. This is a weaker
condition than the usual Thom regularity, but sufficient for the existence of the Milnor
tube fibration (cf Definition 3.1) in the general case of real map germs, see Proposition
4.2 below. There are however examples where the map germ G has Milnor tube fibration
without being 0-Thom regular, see [PT] and [ART].

Let G : (R™,0) — (RP,0) be a non-constant analytic map germ, and let A denote its
discriminant. For a given stratification of a neighbourhood of 0 € R™, let A, B be strata
such that B C A\ A. One says that the pair (A, B) satisfies the Thom (ag)-regularity
condition at z € B, if the following condition holds: for any {zj}ren C A such that
rr — x, if the tangent space T, (G|a) converges, when kK — oo, to a limit H in the
appropriate Grassmannian, then 7,(G|5) C H.

In the case of our function germ F, it is known that there exists a Thom (ar )-reqular
stratification of F~1(0), cf. Hironaka [Hi]: any real or complex function germ h admits
a Thom (ay,)-regular stratification of its zero locus h='(0); see also the discussion in
[ART]. Moreover, in the complex analytic setting, a Whitney (b)-regular stratification of
h~1(0) is also Thom (a;)-regular. This was shown in [BMM, Thm. 4.2.1] with D-module
techniques; topological proofs can be found in [Pal] and [Til], see also [Ti2, Thm. A
1.1.7).

Definition 4.1. (after [ART])
We say that G is 0-Thom regular if there is a ball B)* centred at 0 € R™ and a semi-
analytic stratification & = {S,} of B™ N G~!(0) such that, for any stratum S,, the pair
(B™\ G71(A), S,) satisfies the Thom (ag)-regularity condition.

We also say that the stratification S is a 9-Thom (ag)-stratification.
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Let us also point out that any Thom regular stratification is obviously 0-Thom regular.
The difference is that we do not ask neither the Whitney (a)-regularity condition between
couples of strata A, B inside G~1(0), nor the (ag)-regularity for A outside G~*(0) and B
inside G~1(0).

The 0-Thom regularity is however sufficient to insure the existence of the Milnor-Hamm
fibration:

Proposition 4.2. [ART, Prop. 4.2] and [JoT1, Cor. 5.8]. If G is O-Thom regular, then
G 1is p-reqular and has a Milnor-Hamm fibration. U

4.2. Theorem and its proof. Our K-analytic deformation of F{ has by definition the
following presentation:

(9) F(x,t) = fol)+ Yt fi(x)

Jj=1

where, for any 7 > 0, f; is a K-analytic function germ at 0 of variable x € K", with
f;(0) = 0, since we have assumed that F} is a function germ at the origin, and thus
F;(0) = 0, for any t close enough to 0.

Theorem 4.3. Let Fy(x) = F(x,t) be an analytic deformation of Fy which satisfies the
condition (3) of Definition 1.2. Then the deformation F(x,t) of Fy(x) is O-Thom regular,
and therefore tame.

Proof. Let us fix a semi-analytic Whitney stratification S of K" x K which is Thom (ar)-
regular, thus Sing F' is a union of strata. Let (y,0) € K" x K, with y # 0, be a point
on some stratum V € S, V C Sing F € F~1(0). That (y,0) € Sing F is equivalent to
y € Sing Fy N {9 (2,0) = 0} \ {0}. Moreover, this is also equivalent to y € Sing Fy \ {0}.
Indeed, the inequality (3) applied at y € Sing Fy \ {0} shows that y € {2E(2,0) = 0},
which proves the inclusion:

(10) Sing Fy \ {0} € {%—f(x,m - 0} \ {0}

Let us remark that this proof also shows that condition (3) implies condition (6).

Let now T{,, F~'(s;) denote the tangent space at some smooth point (x4, t) of the fibre,
ie. (xyt) € Sing F' and s; := F(x;,t). The assumed 0-Thom (ag)-regularity condition
at (y,0) amounts to the following property: for any choice of a sequence (x;,t) — (y,0)
such that (zy,t) € Sing F', we have the inclusion:

11 1i Tiay 0 F 7 (st) D Ty Vi
(11) ot T B (st) 2 Ti0)
where we may assume without loss of generality that the limit exists in the appropriate
Grassmannian.

We now consider the slice of the stratification & by ¢ = 0, consisting of the sets
V=V nNn{t =0} for all V€ S. There exists the roughest semi-analytic Whitney
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(a)-regular stratification & of the central fibre F~1(0,0) = F; '(0) which refines this slice
stratification, thus the sets V' are unions of strata of S'.

Lemma 4.4. If condition (3) holds, then S’ is a 0-Thom stratification for the map F.

Proof. We consider the fibres of F; for all ¢ close enough to 0, and make them converge to
the central fibre F; '(0). We need to prove the -Thom (az)-regularity condition at the
point (y,0), which amounts to showing that for any choice of a sequence (z,t) — (y,0)
such that (z,t) & Sing F' and s; := Fy(z;), we have the inclusion:

12 lim T, FYs) x {t\\ O T, ‘/v/7
. (20)>(.0) (B (se) > {t}) (y,0)

where by V' we denote the stratum of &" which contains (y,0), in particular we have
T(y,O)V D) T(y,O)V’.
We will deduce (12) from the inclusion (11) via the condition (3). Let us suppose by
reductio ad absurdum that we have:
13 li Ty, oy (F1 t TV’
(13 i T (B (50 % {8)) 5 T
Both sides are vector subspaces of R™ x {0}, the left hand side has dimension n — 1, and
the right hand side has dimension dim7{, 0V’ > 1. Our assumption (13) implies the
equality:
(14) TyoV'+ lim T (F (s) x {t}) =R x {0}
(we,t)—(y,0)
On the other hand, both sides of (13) are included in limg, 4 (y.0) T(wrnF ' (s:) and
the later has dimension n.
By dimension reasons, we therefore get from (14) the equality:
lim T(:Bz,t)F71<St> = Rn X {0}

(@e,t)=(y,0)

This equality is equivalent to:

1 oF oF OF
15 hm Sy ,— | =(0,...,0,£1),
( ) (z¢,t)—(y,0) ||8x 7...,%,%—?”(8@'1 al‘n 315) ( )
OF
in particular we have limg, ¢)—(y.0) T e 7 = 1.
011 """ Oxp ' Ot
The inequality (3) tells now that if we divide it by H Bagr %, %—f) H then, by taking

the limit, we get the inequality:

lim
(w¢,t)—(y,0)

oF oF / oF aF 8F
oxy" " Oz, oxy

This tells that the first n entries in (15) cannot be all zero. We have thus shown the
inclusion (12), which ends our proof that the Thom (az)-regularity holds at the point

(y,0). O
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The existence of the partial Thom stratification S’ for the map F implies that there is
R > 0 such that, for any positive r < R, the sphere S, C K" is transversal to all positive
dimensional strata of &’. As a direct consequence of the definition (11), it follows that
the sphere S, is transversal to the smooth nearby fibres of F' as ine (7), and therefore F
is tame (and in particular, by Theorem 3.7, the tube fibration (7) exits). This ends the
proof of Theorem 4.3. Il

5. THE JACOBIAN CRITERIUM

Before introducing the Jacobian criterion for tameness, let us first recall the integral
closure of an ideal of germs of analytic functions. We denote by A,, the ring of germs of
analytic functions at the origin on K".

Definition 5.1 ([Tel], [Ga]). The integral closure of an ideal J C A,, denoted by J,
is the set of all f € A, such that for any analytic arc p : (K;0) — (K", 0) one has
prf € (uJ)As, equivalently:

ord, f(u(s)) > min{ord,h(u(s)) | h € J}.

REMARK 5.2. The above definition was introduced by Gaffney [Ga] in the real analytic
setting. In the complex analytic setting, it was proved by Teissier [Tel] that the usual
algebraic definition of the integral closure is equivalent to the above one.

Proposition 5.3. [Te4, 1.3.1, Proposition 1], [Ga, Proposition 4.2]

Let J be an ideal of A,. Then f € J if and only if, for every set of generators {g;} of
J, there exists a neighbourhood U of 0 € K", and a constant ¢ > 0, such that |f(x)| <
c-sup; |g;(x)| for allz € U. O

Corollary 5.4. Let f € J, let {g;} be a set of generators of J, let U be as in Proposition
5.3, and let xy € U such that f(zo) = 0. Then, for any real analytic arc p : (R,0) —

(R™, xg), one has ord, f(u(s)) > min;{ord,g;(u(s))}.

In particular, the equality of zero sets Z(J) = Z(J) holds. O

Coming back to our deformation F(z,t), we shall work with the presentation (9) of
§4.2, that we recall here:

(16) F(z,t) = fo(z) + >t fi(x).

j>1

Let us consider the following condition:

oF
For any x € Sing Fy N {E(x, 0) = O}, there is ¢,, > 0 such that
17
(17) OF oF

To B when (z,t) — (x¢,0).

Czo

’8F
— <
ot |~
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Proposition 5.5. If condition (17) holds, then one has the equality of set germs Sing F=
Sing F' and, in particular, A = {0} x K.
We have the following implications:

(17) = (3) = (6).

Proof. Let us show the equality Sing /' = Sing F. The inclusion of set germs at the
origin Sing F' C Sing F' is a direct consequence of the definition of the singular loci. The
converse inclusion follows from condition (17). Indeed, by reductio ad absurdum, let us
suppose that this does not hold. Using the Curve Selection Lemma, one then obtains an
analytic path n(s) = (z(s),t(s)) for s € [0,¢), where ¢(0) = 0 and z(0) = 0, such that
n(s) € Sing I\ Sing F for all s # 0. This means: g—i(n(s)) =0 and Z(n(s)) # 0 for all
s# 0and all t =1,...,n. This contradicts the inequality (17) for the point 2o = 0. Here
ends the proof of the inclusion Sing F' O Sing F , and thus of the equality Sing F' = Sing F.

By restricting this equality to the slice t = 0, we get in particular the following inclusion
of the set germs at 0:

(18) Sing Fy C {aa—f(x,O) = 0},

which shows the implication (17) = (3).

The implication (3) = (6) has been actually shown in the beginning of the proof of
Theorem 4.3, see (10). Alternatively, let us remark that we may apply the preceding
argument at any fixed point zy € Sing F \ {0} to conclude that there is a neighbourhood
U(xy) within the inclusion (18) holds. This implies the inclusion (18) of set-germs at 0,
which concludes our proof. O

Theorem 5.6. Let F(z,t) = Fi(z) be a K-analytic deformation of Fy such that the
Jacobian ideal (OF;) is included in the integral closure (OFy) for all t close enough to 0.
Then the deformation F of Fy is a deformation with fibre constancy in the sense of

Definition 1.1, and F has a Milnor-Hamm tube fibration (7), cf Definition 3.1.

Proof. Let I = (0F,) denote the integral closure of the Jacobian ideal (0Fp). By our
hypothesis we have the inclusion (0F};) C I, for any ¢ close enough to 0.

Lemma 5.7. The following inclusions hold:
(a) (0f;) C I, for any j € N.
(b) (835(%—1:)) cl.
Proof. We will treat separately the two cases, K = C and K = R.

Case K = C. By the invariance of the Jacobian ideal inclusion (0F;) C I, we have that
> 5 P0ifj(x) € I for every i € {1,...,n}, and for all ¢ close enough to 0. Dividing out
by t # 0, we thus get:

(19) 8Zf1 + itj_l&fj(x) el

Jj=2
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We invoke the following classical theorem by Henri Cartan. By the reason explained in
Remark 5.9 this holds only for K = C, and this is why we need to prove separately the
real case of Theorem 5.6.

Theorem 5.8. [Ca, p.194]

Let O, be the ring of germs of holomorphic functions at 0 € C" and let I be an ideal
of O,. Suppose that V is a neighborhood of 0 € C" and g € O(V). If there exists a
sequence (gr)ken of holomorphic functions g € O(V) such that gr € I for all k and
(gr )ken converges uniformly on compact subsets of V' to g, then g € I.

We choose a polydisk {(z,t) € C" x C | |x;] < ay, |t| < 0,4 = 1,...,n} on which F' is
holomorphic, i.e. for some well-chosen constants a; > 0. Hence each f; is holomorphic on
Vi={reC"| |z <a,i=1,...,n}.

We choose some sequence ¢, — 0 and define gi(z) := Zj’;z ti_l@- fj(x) which, by its
definition, converges to the function germ 0 as k — oo, uniformly on compact sets. Then
Theorem 5.8 applies, and from (19) we may deduce that 0;f; € I.

We may then apply inductively the same reasoning and obtain that 0;f; € I for every
j > 1. This concludes the proof of Lemma 5.7(a) over C.

(b). From (a) it follows that the infinite series in variable ¢:

OF =~ ..
az(%) = jzljtjlaifj(x)

has all coefficients in I. To show that this series converges to an element of I, we apply
once again Cartan’s Theorem 5.8 to the finite partial sums hy(z,t) := >°0_, jt/~10; f;(z),
this time as function germs in variables x and t.

This ends the proof of Lemma 5.7 over C.

Case K = R. We start from the presentation (16), with real analytic function germs f;,
and where the Jacobian ideals (0Fp) and (OF;) are with real analytic coefficients. By
I = (0F,) we will denote here the real integral closure.

We choose § > 0, a; > 0, @ € {1,...,n}, such that the Taylor series of F' at (0,0) €
R™ x R converges on {|z;| < a; |i=1,...,n} x {|t| < d}. In particular the Taylor series
of each f; converges on {|z;| < oy |i=1,...,n} CR™

Let F° be the complexification of F' (i.e. if ZJanJeN aj st'z” is the Taylor series of F
then F°(2,\) = 3_ jcnn jen @5.0N 27 for 2, A € C) and let ff be the complexification of f;.

We consider now the polydisk P C C" x C, P = {(2,\) | |zi| < a4, |A| < d}. Then F*©
is holomorphic on P. Let I¢ be the ideal in O,, generated by 0, F§.

If t € R, |t| < 0, is such that (0,F;) C I, then it follows that (0,Ff) C Ic. We notice
now that in the proof of the C-analytic case, we did not actually need the inclusion of the
Jacobian ideals for all complex values of the parameter, namely some sequence convergent

to 0 suffices. We obtain that dff C Ic. This means that 0; f7 is a linear combination with

. . . .. ofs
complex analytic coefficients of the generators of I¢. But since the restriction to R™ of B_J;

is %, hence a real function, it follows that, by taking the real part of each coefficient, we
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obtain a real linear combination equal to J; f;. This shows that we actually have 0, f; € I,
and the proof of point (a) is done.

To show (b) we proceed in the same manner: we interpret the real analytic functions as
complex analytic and we apply Cartan’s theorem, as explained above, to get &(%—I;) € Ic.

Now, by the same arguments for the linear combination, we get that actually (‘3@-(%—?) €
I.

REMARK 5.9. Theorem 5.8 is not true over R. A counter-example can be found for
instance in [ABF, Ch. 4 §6]. Namely, one constructs a sequence of real functions {f;}
which are analytic on the real line R, that converge uniformly on compacts to some
analytic function f, and such that the germ at the origin of each f; is in some ideal I,
but that f is not in /. The problem is that the radius of convergency of the Taylor series
of fi at the origin goes to zero as k — oo. In contrast, note that the setting of our above
proof insures a stronger convergence, as defined e.g. in [ABF, Definition 6.2].

We continue the proof of Theorem 5.6.

Let us show that condition (17) is satisfied. We apply Proposition 5.3 to the ideal (0Fp)
and its generators 01 Fy, ..., 0,Fy, and for the choice of a neighbourhood U of the origin
such that the conclusion of Proposition 5.3 holds.

So let us fix some point (xg,0) with z¢ € Sing fo N {%—f = O}t:o'

Let us consider an analytic path 7(s) = (z(s),t(s)) for s € [0,¢€), where t(0) = 0 and
x(0) = g, and let us compute the limit, when s — 0, of the fraction:
oF
(20) ar((s),t(s)
10: £ ((s), 1(s)) |
By our hypothesis on the analytic path n(s), we get lim,_,o 0; Fy5)(z(s)) = 0;Fy(x(0)) =
0;fo(x(0)) =0 for all j =1,...,n. It follows in particular that the limit of the fraction

(20), when s — 0, is of type “%”.

Let then set x := min}_, {ord,d; fo(z(s))}, and note that x > 0 since z(0) € Sing fo.

Lemma 5.10. Let { € {1,...,n} such that ords0pfo(z(s)) = k. Then
F
ordsg—w(:c(s),t(s)) =K.

Proof. By Lemma 5.7, for every j € N we have dpf; € (0,fo) = I. This implies that
ordsdp fi(x(s)) > k. Since t(0) = 0 we also have ordgt/(s) > 1 for j > 1. We deduce that

ords Zjvzl t7(8)0uf;(z(s)) > k and, since ordsdy fo(z(s)) = k, our claim follows. O

Our next claim is:

oF
Sg(x(s),t(s)) > K.

To show this, we need the following basic result:

(21) ord
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Lemma 5.11. Let x : [0,e) — K" be an analytic path. Let h : (K", 2(0)) — (K,0) be an
analytic function germ such that 0;h(x(0)) =0 for alli=1,...,n. Then:

ordsh(x(s)) > minords0;h(z(s)).
Proof. As h(0) = 0, we have:

ordsh(x(s)) > ordsa%l9 (h(x(s))) = Z O;h(x(s))2'(s) > miin ords0;h(z(s)).

g

By Lemma 5.7(a) and Corollary 5.4 we have, for any 7 > 0, the inclusions of zero sets:
Z(f;) 2 2(8f;) > Z(1) = Z(8fo).

Therefore h = f; satisfies the hypotheses of Lemma 5.11, for any j > 0. Applying thus
Lemma 5.11, we deduce:
(22) ords f;(z(s)) > min ord,0; f;(z(s)).

Next, by Lemma 5.7 again, we have 0,f; € (0fy) for any ¢ € {1,...,n}, hence we
get ord,0; f;(z(s)) > w by Corollary 5.4 and our choice of U satisfying Proposition 5.3.
Combining this with the inequality (22) we then get:

ords f(z(s)) > K
for any 7 > 0, which shows that our claimed inequality (21) holds indeed.

Finally, by (21) we get that the order of the numerator in (20) is > k. By Lemma 5.10
we get that the order of the denominator in (20) is = x. This implies that the limit of
(20) is 0, and therefore condition (17) is satisfied.

By Proposition 5.5 it then follows that condition (3) is satisfied, and thus by Theorem
4.3 and Theorem 3.7, it follows that F' is tame, that F has a Milnor-Hamm tube fibration
(7), and that F' is a deformation with fibre constancy (in the sense of Definition 1.1).

This finishes the proof of Theorem 5.6. U

6. EXAMPLES

By the following four examples we show here the variety of situations that may occur:
the Jacobian criterion of Theorem 5.6 is satisfied in 6.2 but not in 6.1; the condition (3)
is satisfied in 6.1 but not in 6.3; and finally, the tameness condition holds in 6.3 but not
in 6.4. We remind here too that in our notations, the maps and the sets defined by them
are all regarded as germs at the origin.

EXAMPLE 6.1. Let F : (K? x K,0) — (K,0), F(z,y,t) = y*(z*> — (y — t)?). This is
a deformation of a line singularity, in the terminology used by Siersma in [Sil] in the
complex setting only. For any parameter ¢ close enough to 0, the function germ F; has
indeed as singular locus Sing F} := {y = 0} C K?, hence the same line.

In our setting, we have the following set germs in (K3 0): SingF = {z = 0,y =
t}U{y =0}, and Sing F ={z =0,y =t} U{x =0,2y =t} U{y = 0}.
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Let us notice the strict inclusions: |J, Sing F; = {y = 0} C Sing F' C Sing F.

The equality (Sing F');;—o = (Sing F )jt=o0 however holds, thus the preliminary condition
(6) is satisfied. The discriminant A := F(Sing F') is the union of the germ at 0 of the axis
{0} x K with the germ of the curve in K? parametrized as {(—t*/16,t)}.

By simple computations we see that condition (3) is satisfied, thus Theorem 1.3 holds,
whereas condition (17) is not satisfied precisely at the origin, and therefore the hypothesis
of the Jacobian criterion Theorem 5.6 does not hold either. In the complex setting, such
a deformation of a line singularity with singular locus L was called “admissible” in [Sil],
[Si2] and in more other papers, and has the property that the line L = Sing F}; preserves
its generic transversal type (which is A; in the above example), while from the origin may
spring, when t # 0, finitely many special points along L (i.e. with a different transversal
type), as well as finitely many singular points outside L.

In the complex setting, it turns out by a proof similar to Lé-Saito’s in [LS] applied at
some generic point p € L\ {0}, that the ¢-constancy of the generic transversal Milnor
number implies condition (3), thus the “admissible” deformations are in fact tame, by
our Theorem 4.3.

EXAMPLE 6.2. Let us consider the deformation F(z,t) = 27 + 25 + 282522 + t2}23 of the

polynomial Fy = 27 + 25 + 282822 with Sing Fy = {21 = 2, = 0}, either over C or over

R. Note that the inclusion (0F;) C (0F,) doesn’t hold since 2322 € (OFp) \ (0F) and
2222 € (0F) \ (OFy).
One easily checks that the inclusion (0F;) C (9Fp) holds, hence our Theorem 5.6

applies.

EXAMPLE 6.3. Starting from the Whitney umbrella equation x?+1%z = 0, let us consider
the real analytic function Fy(z,y,2) = x® + zy*z and its deformation F(z,y,z;t) =
(22 + y22)(z — 1).

The singular locus Sing Fy, consisting of the two axes {x =y = 0} U {x = z = 0}, the
first of multiplicity 4 and the second of multiplicity 1. For ¢ # 0, the germ at 0 € R? of
the singular locus Sing F} is {z = y = 0} with multiplicity 1. There are two more curves
in R3 x {t} which emerge from Sing Fy:

{r=2t y=0}Ufo=1, 2 +y% =0}

but which are no more germs at 0 ENR3. Their union over t, together with U;Sing F},
constitute the singular set germ Sing F'.

By straightforward computations, one establishes that F' satisfies condition (6), that F’
does not satisfy condition (3), but that F' is tame, cf Definition 3.5. Indeed, the Milnor
set:

M(F) = {y? =222,32> = 2ta + 4> = 0} U {y = 2 = 0}
intersects {t = 0} N Sing F} at the origin of R? x R only.

Our Theorem 3.7 then tells that this is a deformation with fibre constancy, and moreover
that F' has a Milnor-Hamm tube fibration.

Let us point out that in [Hof, Example 9.2] the author considers the same Fj in the
complex analytic setting (moreover within a 2-parameter deformation) and shows that
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his algebraic criterion [Hof, Theorem 1.2] applies to conclude that this is a deformation
is “admissible” in the terminology of [ST2]. Through this deformation, Hof can compute
the homology of the Milnor fibre of Fy by using the special method developed [ST2] in
the complex setting.

EXAMPLE 6.4. Let us take a look at the deformation F' = y* + z%(tz — z) discussed in
[Hof, Example 9.3].

We have OF = (—3z? + 2txz, 2y, ta*; x?z), thus Sing F' = Sing ﬁ, and in particular our
condition (6) is satisfied. Note that the Jacobian ideal OF; is not constant for ¢ in some
neighbourhood of 0, despite the fact that the set germ Sing F} is constant.

The computation of the Milnor set over R is easier here; we get that M (F) contains a
surface germ in the 3-space {y = 0} C R3 x R of coordinates z, z, ¢, and the intersection

of M(F) with the slice t = 0 contains Sing Fy = {(0,0,2,0)}. This tells that F is not
p-regular, which implies that the &-Thom regularity fails* along the z-axis. As we have
remarked at the end of the proof of Theorem 3.7, the p-regularity is equivalent to the fact
that the tube map (7) is a proper stratified submersion.

Since this example over R is not p-regular (i.e. not tame), it cannot satisfy any other
criteria implying deformation with fibre constancy. In the complex setting, Hof remarks
in [Hof] that this example does not satisfy his criteria, then he computes explicitly the
fibres of the fibration (2) and finds that the homotopy type varies (actually one has S?
for t # 0 and S* v S! for t = 0), confirming that the deformation does not have fibre
constancy.
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