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"m+?�`2bi@a?2Mx?2M AMi2`M�iBQM�H J�i?2K�iB+b *QM72`2M+2
"m+?�`2bi- CmM2 kN Ĝ CmHv R- kyke

hBiH2b �M/ �#bi`�+ib

GB�M� .�pB/ UAJ�_V
hBiH2, :2M2`�HBx2/ +QKTH2t bi`m+im`2b QM *Qm`�Mi �H;2#`QB/b, i?2 MQM@/2;2M2`�i2 +�b2
�#bi`�+i, A rBHH bi�`i rBi? � b?Q`i Qp2`pB2r QM p�`BQmb #�bB+ +QM+2Tib 7`QK ;2M2`�HBx2/ ;2@

QK2i`v- M�K2Hv ;2M2`�HBx2/ i�M;2Mi #mM/H2- *Qm`�Mi �H;2#`QB/b- .B`�+ ;2M2`�iBM; QT2`�iQ`b �M/
;2M2`�HBx2/ +QKTH2t bi`m+im`2bX h?2 K�BM `2bmHi Q7 Kv i�HF Bb � +H�bbB}+�iBQM Q7 MQM@/2;2M2`�i2
;2M2`�HBx2/ +QKTH2t bi`m+im`2b- r?B+? �`2 ;2M2`�HBx2/ +QKTH2t bi`m+im`2b 7Q` r?B+? i?2 �bbQ+B�i2/
SQBbbQM #Bp2+iQ` Bb MQM@/2;2M2`�i2X A rBHH /Bb+mbb 2t�KTH2b- �b r2HH �b Q#bi`m+iBQMb 7Q` *Qm`�Mi
�H;2#`QB/b iQ �/KBi bm+? ;2M2`�HBx2/ +QKTH2t bi`m+im`2bX h?Bb i�HF Bb #�b2/ QM � DQBMi rQ`F rBi?
oB+2Mi2 *Q`iûb U�`tBp, k8RkXRy93kVX

aQ`BM .�b+�H2b+m UlMBp2`bBiv Q7 "m+?�`2biV
hBiH2, :`�/2/ 6`Q#2MBmb �H;2#`�b
�#bi`�+i, 6`Q#2MBmb �H;2#`�b 7Q`K QM2 Q7 i?2 KQbi BMi2`2biBM; +H�bb2b Q7 }MBi2@/BK2MbBQM�H �H;2@

#`�bX h?2v ?�p2 � `B+? `2T`2b2Mi�iBQM i?2Q`v �M/ i?2v Q++m` BM �H;2#`�- iQTQHQ;v- MQM@+QKKmi�iBp2
;2QK2i`v- FMQi i?2Q`v- K�i?2K�iB+�H T?vbB+b- 2i+X q2 +QMbB/2` � ;`�/2/ p2`bBQM Q7 6`Q#2MBmb �H@
;2#`�b- �b r2HH �b bQK2 b?B7i2/ p�`B�Mib- rBi? T�`iB+mH�` �ii2MiBQM iQ ;`�/2/ bvKK2i`B+ �H;2#`�bX
a2p2`�H 2t�KTH2b �M/ bi`m+im`2 `2bmHib �`2 T`2b2Mi2/X h?2 i�HF Bb #�b2/ QM b2p2`�H T�T2`b- DQBMi
rBi? *QMbi�MiBM L�bi�b2b+m- G�m`� L�bi�b2b+m �M/ S�mH _2#2M+Bm+X

�/`B�M .B�+QMm UlMBp2`bBiv Q7 JBMM2bQi� � AJ�_V
hBiH2, JQK2Mib Q7 L@7mM+iBQMb
�#bi`�+i, AM i?Bb i�HF- A rBHH /Bb+mbb bQK2 `2+2Mi �/p�M+2b BM i?2 bim/v Q7 KQK2Mib Q7 L@

7mM+iBQMbX h?Bb Bb #�b2/ QM DQBMi rQ`F rBi? b2p2`�H ;`QmTb Q7 +QHH�#Q`�iQ`b- BM+Hm/BM; "2`;bi`ƺKĜ
S2i2`b2MĜq2bi2`H�M/- AQMĜS�ȔQHĜSQT�- �M/ JBHH2`ĜS�ixiĜS2i2`b2MĜq�M;X

h?Bb Bb DQBMi rQ`F rBi? h�Q 62M;- >2MF >QHHK�MM- �M/ q2B+QM; GBX

a?BDB2 .QM; UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, 1M2`;v +�b+�/2 7Q` MQMHBM2�` r�p2 bvbi2Kb
�#bi`�+i, A rBHH T`2b2Mi bQK2 `2+2Mi `2bmHib QM i?2 2M2`;v +�b+�/2 T?2MQK2MQM 7Q` MQMHBM2�`

r�p2b- r?2`2 2M2`;v i`�Mb72`b 7`QK ?B;? iQ HQr 7`2[m2M+B2bX h?2 +Q`2 Q7 i?2 �M�HvbBb Bb iQ 2bi�#HBb?
�M U�HKQbiV b?�`T HQr2` #QmM/ 7Q` i?2 L2 MQ`K Q7 i?2 r�p2 +QKTQM2MiXh?2 }`bi KQ/2H Bb i?2 k.
EH2BM@:Q`/QM@w�F?�`Qp 2[m�iBQMb- �M/ i?2 Qi?2` QM2 Bb � r2�F MmHH r�p2 bvbi2KX

R



ov�+?2bH�p 6miQ`Mv UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, :2H7�M/@hb2iHBM `2T`2b2Mi�iBQMb Q7 bvKTH2+iB+ GB2 �H;2#`�b
�#bi`�+i, q2 rBHH /Bb+mbb `2+2Mi �/p�M+2b BM :2H7�M/@hb2iHBM i?2Q`v 7Q` bvKTH2+iB+ GB2 �H;2@

#`�bX

ai�p`Qb :�`Qm7�HB/Bb UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, *�M vQm +QKTmi2 i?2 ;2Mmb Q7 � FMQi\
�#bi`�+i, � FMQi Bb � +B`+H2 BM j@bT�+2- �HHQr2/ iQ KQp2 �b HQM; �b Bi /Q2b MQi BMi2`b2+i Bib2H7X

1p2`v FMQi #QmM/b �M UQ`B2Mi2/ bm`7�+2V- �M/ i?2 bK�HH2bi ;2Mmb Q7 bm+? � bm`7�+2 Bb i?2 ;2Mmb Q7
i?2 FMQiX h?2 ;2Mmb +�M #2 +QKTmi2/ mbBM; 9@/BK2MbBQM�H K2i?Q/b- bm+? �b +�i2;Q`B}+�iBQMX A rBHH
/Bb+mbb +H�bbB+�H �M/ [m�MimK j@/BK2MbBQM�H K2i?Q/b i?�i HBF2Hv +QKTmi2 i?2 ;2Mmb- �M/ BHHmbi`�i2
i?2K rBi? +QKTmi�iBQMb- 2K2`;BM; T�ii2`Mb �M/ +QMbTB`�+v i?2Q`B2bX

S?BHBTT2 :BHH2 UlMBp2`bBiû /2 GvQM � AJ�_V
hBiH2, :�HQBb *Q?QKQHQ;v Q7 G�m`2Mi b2`B2 }2H/b BM TQbBiBp2 +?�`�+i2`BbiB+
�#bi`�+i, h?Bb Bb DQBMi rQ`F rBi? Ax[mB2`/Q �M/ Gm++?BMB@�`i2+?2X h?2 :�HQBb +Q?QKQHQ;v Q7

i?2 G�m`2Mi }2H/ k((t)) Bb � +H�bbB+�H iQTB+ 7Q` � }2H/ k Q7 +?�`�+i2`BbiB+ x2`QX h?2`2 �`2 M2r Q#D2+ib
r?2M k Bb BKT2`72+i- 7Q` 2t�KTH2 rB/2Hv `�KB}2/ +2Mi`�H bBKTH2 k((t))@�H;2#`�bX q2 b?�HH T`2b2Mi
� p�MBb?BM; `2bmHi BM MQM@�#2HB�M :�HQBb +Q?QKQHQ;v r?2M k Bb Q7 p@`�MF RX

.2HB� AQM2b+m@E`mb2 UAJ�_V
hBiH2, LQMHBM2�` 6`22@am`7�+2 q�p2b rBi? �`#Bi`�`v oQ`iB+Biv, .vM�KB+b Q7 �M 1K#2//2/ SQBMi

oQ`i2t
�#bi`�+i, q2 BMp2biB;�i2 i?2 irQ@/BK2MbBQM�H r�i2`@r�p2 T`Q#H2K 7Q` �M BMpBb+B/ BM+QKT`2bb@

B#H2 ~mB/ rBi? � ~�i #2/- � 7`22 bm`7�+2- �M/ � ;2M2`�H MQM@x2`Q pQ`iB+Biv }2H/X h?2 MQMHBM2�`
;Qp2`MBM; 2[m�iBQMb /2b+`B#BM; i?2 BMi`B+�i2 BMi2`�+iBQM #2ir22M i?2 `Qi�iBQM�H KQiBQM BM i?2 #mHF
Q7 i?2 ~mB/ �M/ i?2 bm`7�+2 KQiBQM- �`2 7Q`KmH�i2/ i?`Qm;? i?2 .B`B+?H2iĜL2mK�MM QT2`�iQ` �M/
i?2 :`22M 7mM+iBQM �bbQ+B�i2/ rBi? i?2 G�TH�+2 QT2`�iQ` BM i?2 7`22@#QmM/�`v /QK�BMc M2r 2tTHB+Bi
`2T`2b2Mi�iBQMb 7Q` #Qi? Q#D2+ib �`2 /2`Bp2/ Ub22 .X AQM2b+m@E`mb2 �M/ _X Ap�MQp- CX .Bz2`2MiB�H
1[m�iBQMb je3- kykjVX �b �M �TTHB+�iBQM- r2 bim/v i?2 /vM�KB+b Q7 � TQBMi pQ`i2t 2K#2//2/ BM i?2
~mB/ �M/ Bib BMi2`�+iBQM rBi? i?2 7`22 bm`7�+2X AM i?2 bK�HH@�KTHBim/2- HQM;@r�p2 "QmbbBM2b[ �M/
E/o `2;BK2b- #v mbBM; �TT`QT`B�i2 �TT`QtBK�iBQMb Q7 i?2 :`22M 7mM+iBQM BM �M BM}MBi2 bi`BT �M/
�bvKTiQiB+ 2tT�MbBQMb Q7 i?2 .B`B+?H2iĜL2mK�MM QT2`�iQ`- r2 /2`Bp2 � +QmTH2/ bvbi2K ;Qp2`MBM;
i?2 2pQHmiBQM Q7 i?2 bm`7�+2 p�`B�#H2b �M/ i?2 pQ`i2t KQiBQMX Pm` �M�HvbBb b?Qrb i?�i bm`7�+2 bQHB@
i�`v r�p2b �`2 MQi /2bi`Qv2/ #v i?2 BMi2`�+iBQM rBi? i?2 pQ`i2t �M/ `2K�BM T`�+iB+�HHv mM�z2+i2/
Qp2` � bB;MB}+�Mi `�M;2 Q7 pQ`i2t bi`2M;i?bX h?Bb Q#b2`p�iBQM H2�/b iQ � 7m`i?2` bBKTHB}+�iBQM Q7 i?2
KQ/2H- BM r?B+? i?2 pQ`i2t KQiBQM #2M2�i? T`QT�;�iBM; bQHBiQMb Bb /2b+`B#2/ #v � /2+QmTH2/ bvbi2K
Q7 Q`/BM�`v /Bz2`2MiB�H 2[m�iBQMb- +�Tim`BM; i?2 [m�HBi�iBp2 72�im`2b Q7 i?2 BMi2`�+iBQMX �M�HviB+�H
`2bmHib �M/ bmTTQ`iBM; MmK2`B+�H bBKmH�iBQMb �`2 T`2b2Mi2/ Ub22 .X AQM2b+m@E`mb2- _X Ap�MQp �M/
JX hQ/Q`Qp- CX LQMHBM2�` a+B je- kykeVX

k



*2x�` CQBȥ� UAJ�_V
hBiH2, PM i?2 T`QD2+iBQM Q7 +QMM2+i2/ ai2BM QT2M bm#b2ib pB� QT2M ?QHQKQ`T?B+ K�Tb
�#bi`�+i, q2 b?Qr i?�i 7Q` 2p2`v QT2M bm`D2+iBp2 ?QHQKQ`T?B+ K�T rBi? BM}MBi2 }#2`b f :

X → Y #2ir22M +QMM2+i2/ +QKTH2t bT�+2b- i?2`2 2tBbib � +QMM2+i2/ ai2BM QT2M bm#b2i Q7 X r?Qb2
BK�;2 i?`Qm;? f Bb Y X "�b2/ QM DQBM2/ rQ`F rBi? JB?M2� *QHȥQBmX

A`vM� E�b?m#� UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, wB;x�`@HBF2 �H;2#`�b �M/ i?2B` `2T`2b2Mi�iBQM ivT2X
�#bi`�+i, q2 ;2M2`�HBx2 i?2 >m2`7�MQ �M/ E?Qp�MQp MQiBQM Q7 xB;x�; �H;2#`�b �M/ BMi`Q/m+2

xB;x�;@HBF2 �H;2#`�b BM i?2 7QHHQrBM; r�vX q2 +QMbB/2` � /Qm#H2 [mBp2` 7Q` �Mv ;`�T? rBi? M�im`�H
BMpQHmiBQM σ �M/ KQ/mH2 Qmi �HH i?2 `2H�iBQMb ab rBi? σ(b) ≠ aX q2 i?2M /2b+`B#2 }MBi2 �M/ i�K2
xB;x�`@HBF2 �H;2#`�b BM i2`Kb Q7 i?2B` mM/2`HvBM; ;`�T? �M/ i?2M �TTHv i?Bb +?�`�+i2`Bx�iBQM BM Q`/2`
iQ /2i2`KBM2 � `2T`2b2Mi�iBQM ivT2 Q7 CQ`/�M �H;2#`�b rBi? `�/B+�H b[m�`2 x2`Q rBi? `2bT2+i iQ i?2B`
bT2+B�H `2T`2b2Mi�iBQMbX h?Bb Bb DQBMi rBi? oX "2FF2`i �M/ oX a2`;�MQp�X

AHv� EQbbQpbFv UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, aiQF2b S?2MQK2MQM BM *_ ;2QK2i`v
�#bi`�+i, AM Qm` DQBMi rQ`F rBi? a?�}FQp UC1Ja- kyReV- r2 T`Qp2/ i?�i i?2 7Q`K�H p2`bmb

?QHQKQ`T?B+ 2[mBp�H2M+2 T`Q#H2Kb BM *_ ;2QK2i`v �`2 /BbiBM+iX h?Bb b?Qrb- BM T�`iB+mH�`- i?�i
*_ ;2QK2i`v 2MDQvb i?2 aiQF2b S?2MQK2MQM, i?2 2tBbi2M+2 Q7 �//BiBQM�H ?QHQKQ`T?B+ BMp�`B�Mib
bmTTH2K2MiBM; � 7Q`K�H MQ`K�H 7Q`KX .2b+`B#BM; i?2 aiQF2b T?2MQK2MQM 2tTHB+BiHv ?�b #22M �M
QT2M T`Q#H2K bBM+2 i?2MX AM Qm` DQBMi rQ`F rBi? G�m`2Mi aiQHQpBi+?- r2 K�F2 � bB;MB}+�Mi T`Q;`2bb
BM bQHpBM; i?Bb T`Q#H2KX AM T�`iB+mH�`- r2 b?Qr i?�i i?2 `2bT2+iBp2 U7Q`K�H p2`bmb ?QHQKQ`T?B+V
KQ/mHB bT�+2 Q7 �M�HviB+ *_ ?vT2`bm`7�+2b BM C2 Bb- bQK2r?�i bm`T`BbBM;Hv- }MBi2@/BK2MbBQM�H
U�M/ ;2M2`B+�HHv 2KTivVX h?2 +QMbi`m+iBQM i?�i r2 mb2 Bb #�b2/ QM i?2 JmHiBbmKK�#BHBiv i?2Q`v
BM .vM�KB+�H avbi2KbX

E�M; Gm UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, hrBbi2/ u�M;B�Mb �M/ �{M2 :`�bbK�MMB�M aHB+2b
�#bi`�+i, �{M2 :`�bbK�MMB�M bHB+2b �/KBi `B+? +QMM2+iBQMb rBi? u�M;B�Mb- *QmHQK# #`�M+?2b-

�M/ MBHTQi2Mi aHQ/Qrv bHB+2bX AM i?Bb i�HF- A rBHH /Bb+mbb �M B@�M�HQ;m2 Q7 i?Bb biQ`v- Q#i�BM2/ #v
BM+Q`TQ`�iBM; BMpQHmiBQMb +QKBM; 7`QK [m�bB@bTHBi bvKK2i`B+ T�B`bX �7i2` `2+�HHBM; i?2 `2H�iBQMb?BT
#2ir22M b?B7i2/ u�M;B�Mb �M/ �{M2 :`�bbK�MMB�M bHB+2b- A rBHH BMi`Q/m+2 b?B7i2/ irBbi2/ u�M;B�Mb
�M/ i?2 +Q``2bTQM/BM; �{M2 :`�bbK�MMB�M BbHB+2b- /2}M2/ �b }t2/ TQBMi HQ+B mM/2` M�im`�H SQBbbQM
BMpQHmiBQMbX A rBHH 2tTH�BM ?Qr i?2b2 �H;2#`�b [m�MiBx2 i?2 �bbQ+B�i2/ }t2/ TQBMi p�`B2iB2b �M/ ?Qr
B:EGP@ivT2 `2T`2b2Mi�iBQMb H2�/ iQ i`mM+�i2/ b?B7i2/ irBbi2/ u�M;B�MbX AM ivT2 �A- i?2 `2bmHiBM;
BbHB+2b +�M #2 B/2MiB}2/ rBi? MBHTQi2Mi aHQ/Qrv bHB+2b Q7 +H�bbB+�H ivT2b "- *- �M/ .- 2ti2M/BM; i?2
ivT2 � TB+im`2 Q7 GmbxiB; �M/ JB`FQpBÉĜov#Q`MQpX

j



PHBpB2` J�i?B2m U*L_a- GvQM � aQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, >Qr iQ }HH � am`7�+2 rBi? 72r avbiQH2b
�#bi`�+i, :Bp2M � +HQb2/ ?vT2`#QHB+ bm`7�+2 S- � +HQb2/ ;2Q/2bB+ Q7 KBMBK�H H2M;i? Bb +�HH2/ �

bvbiQH2X q2 b�v i?�i � b2i Q7 bvbiQH2b }HH S B7 i?2v +mi Bi BMiQ TQHv;QMbX :Bp2M g ≥ 2- H2i Fill(g)
#2 i?2 bK�HH2bi BMi2;2` n bm+? i?�i i?2`2 Bb � ?vT2`#QHB+ bm`7�+2 Q7 ;2Mmb g rBi? � b2i Q7 n bvbiQH2b
}HHBM; i?2 bm`7�+2X �M/2`bbQM- S�`HB2` �M/ SBii2i ?�p2 b?QrM i?�i

Fill(g) ≥ Ag/ ln g 7Q` �Mv g ≥ 2
7Q` bQK2 +QMbi�Mi A > 0X
h?Bb HQr2` #QmM/ Bb- 2bb2MiB�HHv- QTiBK�H- �b b?QrM #v Qm` `2+2Mi `2bmHi,
h?2Q`2KX 6Q` bQK2 +QMbi�Mi B- r2 ?�p2

Fill(g) ≤ Bg/ ln g
7Q` BM}MBi2Hv K�Mv ;2M2`� gX

h?Bb `2bmHi BKT`Qp2b T`2pBQmb FMQrM mTT2` #QmM/b- M�K2Hv
Fill(g) ≤ 2g 7Q` �HH ; Ua+?KmixV
Fill(g) ≤ Cg/ ln∗ g 7Q` BM}MBi2Hv K�Mv ; U6Q`iB2`@"Qm`[m2V

Fill(g) ≤ 57g

ln(3) g
√

ln g
7Q` BM}MBi2Hv K�Mv ; UA`K2` �M/ PXJXV

1m;2M JB?�BH2b+m UAJ�_V
hBiH2, .vM�KB+b 7Q` � +H�bb Q7 +QmMi�#Hv /2}M2/ 2M/QKQ`T?BbKb
�#bi`�+i, q2 T`2b2Mi `2+2Mi `2bmHib QM � +H�bb Q7 +QmMi�#Hv TB2+2rBb2@/2}M2/ bKQQi? 2M/Q@

KQ`T?BbKbX h?2b2 i`�Mb7Q`K�iBQMb 2KTHQv BM i?2B` }#2`b i?2 aK�H2 +QM7Q`K�H bvbi2Kb BMi`Q/m+2/
#v JB?�BH2b+m �M/ l`#�MbFB- �M/ �`2 MQM@+QM7Q`K�H ;HQ#�HHv �M/ TB2+2rBb2 ?vT2`#QHB+X q2 Q#i�BM
� /BK2MbBQM 7Q`KmH� Q7 G2/`�TTB2`@uQmM; ivT2 7Q` i?2 T`QD2+iBQMb Q7 2[mBHB#`BmK K2�bm`2b #v mb@
BM; i?2B` 2Mi`QTv �M/ Gv�TmMQp 2tTQM2MibX � o�`B�iBQM�H S`BM+BTH2 7Q` >�mb/Q`z /BK2MbBQM ?QH/b
�M/ i?2 /BK2MbBQM 7mM+iBQM Bb T`Qp2/ iQ #2 `2�H �M�HviB+X JQ`2Qp2` i?Bb �TTHB2b iQ i?2 T`Q#H2K Q7
mM7QH/BM; i?2 Qp2`H�Tb 7Q` +QmMi�#H2 +QM7Q`K�H Bi2`�i2/ 7mM+iBQM bvbi2KbX

_2Kmb _�/m UAJ�_V
hBiH2, *QKTH2t >ûMQM K�TTBM;b rBi? M2mi`�H #2?�pBQm`
�#bi`�+i, AM i?Bb i�HF r2 /Bb+mbb i?2 /vM�KB+b Q7 +QKTH2t >ûMQM K�Tb- � +H�bb Q7 TQHvMQKB�H

�miQKQ`T?BbKb Q7 C2- #2vQM/ ?vT2`#QHB+Biv- rBi? � 7Q+mb QM Ub2KM2mi`�H }t2/ TQBMib- QmiHBMBM;
`2+2Mi T`Q;`2bb �M/ 7mim`2 /B`2+iBQMb BM i?2 }2H/X AM i?2 /BbbBT�iBp2 +�b2- r2 T`Qp2 i?2 2tBbi2M+2 Q7
?2/;2?Q;b U+QKT�+i- +QMM2+i2/- 7mHH- HQ+�HHv BMp�`B�Mi b2ibV `2H�iBp2 iQ i?2 +2Mi2` K�MB7QH/ Q7 � b2KB@
M2mi`�H }t2/ TQBMi �M/ bim/v i?2B` /vM�KB+b pB� � HQ+�H i`�MbTQ`i i?2Q`2K r?B+? bi�i2b i?�i i?2
>ûMQM K�TTBM; `2bi`B+i2/ iQ i?2 +2Mi2` K�MB7QH/ Bb [m�bB+QM7Q`K�HHv +QMDm;�i2 iQ � ?QHQKQ`T?B+
K�T BM i?2 +QKTH2t TH�M2X h?Bb Bb #�b2/ QM DQBMi rQ`F rBi? hX 6B`bQp�- JX Gvm#B+?- �M/ _X h�M�b2X
AM i?2 +QMb2`p�iBp2 +�b2- r2 `2pBbBi i?2 >�FBK@ú+�HH2 i?2Q`v 7Q` ;2`Kb i�M;2Mi iQ i?2 B/2MiBiv BM
i?2 +QMi2ti Q7 i?2 >ûMQM 7�KBHvX q2 mb2 THm`BTQi2MiB�H i?2Q`v 7Q` TQHvMQKB�H �miQKQ`T?BbKb Q7 C2

iQ bim/v i?2 HQ+�H bi`m+im`2 M2�` � /Qm#H2 T�`�#QHB+ }t2/ TQBMi �M/ 2t?B#Bi � ?QKQ+HBMB+ T�`�#QHB+
r2# BMbB/2 i?2 CmHB� b2iX h?Bb Bb #�b2/ QM DQBMi rQ`F rBi? CX _�Bbbv- hX 6B`bQp�- _X h�M�b2- �M/ GX
oBp�bX
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S2/`Q a�HQK½Q UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, "B`F?Qz +QMD2+im`2 �M/ }MBi2 2M2`;v 7QHB�iBQMb BM >BHHǶb HmM�` T`Q#H2K
�#bi`�+i, >BHHǶb HmM�` T`Q#H2K Bb � +H�bbB+�H KQ/2H BM +2H2biB�H K2+?�MB+b i?�i /2b+`B#2b i?2

KQiBQM Q7 i?2 JQQM mM/2` i?2 +QK#BM2/ ;`�pBi�iBQM�H BM~m2M+2 Q7 i?2 1�`i? �M/ i?2 amMX AMi`Q@
/m+2/ #v :2Q`;2 qX >BHH BM i?2 MBM2i22Mi? +2Mim`v- Bi �`Bb2b �b � HBKBiBM; +�b2 Q7 i?2 `2bi`B+i2/
i?`22@#Q/v T`Q#H2K �M/ `2K�BMb � 7mM/�K2Mi�H KQ/2H BM +2H2biB�H K2+?�MB+bX AM i?Bb i�HF- A rBHH
/Bb+mbb `2+2Mi `2bmHib QM i?2 ;HQ#�H /vM�KB+b Q7 >BHHǶb HmM�` T`Q#H2K Q#i�BM2/ mbBM; i2+?MB[m2b
7`QK +QMi�+i �M/ bvKTH2+iB+ iQTQHQ;vX "2HQr i?2 +`BiB+�H 2M2`;v- A rBHH 2tTH�BM ?Qr bi`B+i +QMp2t@
Biv Q7 i?2 `2;mH�`Bx2/ 2M2`;v ?vT2`bm`7�+2b H2�/b iQ /BbF@HBF2 ;HQ#�H bm`7�+2b Q7 b2+iBQM- +QM}`KBM; �
+QMD2+im`2 Q7 "B`F?Qz 7Q` >BHHǶb T`Q#H2KX �b � +QMb2[m2M+2- i?2 /vM�KB+b +�M #2 /2b+`B#2/ #v �M
�`2�@T`2b2`pBM; `2im`M K�T QM � /BbFX A rBHH �HbQ /Bb+mbb i?2 /vM�KB+b bHB;?iHv �#Qp2 i?2 +`BiB+�H
2M2`;v- r?2`2 i?2 iQTQHQ;v Q7 i?2 `2;mH�`Bx2/ 2M2`;v ?vT2`bm`7�+2 +?�M;2bX AM i?Bb +�b2- }MBi2
2M2`;v 7QHB�iBQMb T`QpB/2 � ;HQ#�H Q`;�MBx�iBQM Q7 i?2 ~Qr #v Tb2m/Q@?QHQKQ`T?B+ +m`p2b- H2�/BM;
iQ bi`QM; /vM�KB+�H +QMb2[m2M+2b- BM+Hm/BM; i?2 2tBbi2M+2 Q7 BM}MBi2Hv K�Mv T2`BQ/B+ Q`#Bib �M/
BM}MBi2Hv K�Mv i`�D2+iQ`B2b +QMM2+iBM; i?2 Gv�TmMQp Q`#BibX h?2 i�HF Bb #�b2/ QM DQBMi rQ`F rBi?
G2B GBm Ua?�M/QM; lMBp2`bBivVX

PHBpB2` a+?BzK�MM UlMBp2`bBiû S�`Bb@a�+H�v � AJ�_V
hBiH2, *?B@BM/2T2M/2M+2 BM i?2 `2H�iBp2 b2iiBM;
�#bi`�+i, G2i S #2 � UTQH�`Bx2/V T`QD2+iBp2 +QKTH2t bvKTH2+iB+ bm`7�+2 UBX2X 2Bi?2` � Ej

Q` �M �#2HB�M bm`7�+2VX 6Q` � }t2/ +m`p2 +H�bb α ∈ H2(S, Z) �M/ � }t2/ BMi2;2` n i?2`2 Bb
� KQ/mHB bi�+F M(α, n) T�`�K2i2`BxBM; b2KBbi�#H2 +Q?2`2Mi b?2�p2b QM a r?Qb2 bmTTQ`i Bb QM2
/BK2MbBQM�H �M/ #2HQM;b iQ α- �M/ r?Qb2 1mH2` +?�`�+i2`BbiB+ Bb nX AM .QM�H/bQM@h?QK�b i?2Q`v
QM2 bim/B2b � ǶT`BKBiBp2Ƕ T�`i Ĝi?2 bQ@+�HH2/ "Sa +Q?QKQHQ;vĜ Q7 i?2 +Q?QKQHQ;v rBi? +QKT�+i
bmTTQ`i Q7 M(α, n)X h?2 +?B@BM/2T2M/2M+2 +QMD2+im`2 T`2/B+ib i?�i i?2 ;`�/2/ /BK2MbBQM Q7 i?2
"Sa +Q?QKQHQ;v Q7 M(α, n) Bb BM/2T2M/2Mi Q7 nX q2 rBHH BMi`Q/m+2 i?2b2 MQiBQMb �M/ bF2i+? �
T`QQ7 Q7 � bi`QM;2` 7Q`K Q7 i?Bb +QMD2+im`2 UT`QTQb2/ #v hQ/�V r?B+? HBp2b Qp2` i?2 *?Qr p�`B2iv
T�`�K2i2`BxBM; 1@+v+H2b QM SX h?Bb Bb DQBMi rQ`F rBi? "X .�pBbQM- GX >2MM2+�`i- hX EBMDQ �M/ 1X
o�bb2`QiX

_�Hm+� h�M�b2 UAJ�_V
hBiH2, hrQ@/BK2MbBQM�H +QKTH2t /vM�KB+b
�#bi`�+i, *`BiB+�H TQBMib Ui?2 TH�+2b r?2`2 i?2 /2`Bp�iBp2 p�MBb?2bV �`2 +2Mi`�H Q#D2+ib BM

QM2@/BK2MbBQM�H +QKTH2t /vM�KB+b- ;Qp2`MBM; K�Mv �bT2+ib Q7 i?2 ;2QK2i`v �M/ /vM�KB+b Q7
TQHvMQKB�H CmHB� b2ibX 6Q` TQHvMQKB�H �miQKQ`T?BbKb Q7 C2- ?Qr2p2`- +`BiB+�H TQBMib /Q MQi 2tBbi BM
i?2 mbm�H b2Mb2X AMbi2�/- QM2 +�M bim/v +`BiB+�H HQ+B- r?B+? �`Bb2 �b i�M;2M+B2b #2ir22M /vM�KB+�HHv
/2}M2/ 7QHB�iBQMb Q` H�KBM�iBQMb �M/ Q7i2M TH�v �M �M�HQ;Qmb /vM�KB+�H `QH2X AM i?Bb i�HF r2 rBHH
;Bp2 �M Qp2`pB2r Q7 i?2 /vM�KB+b Q7 TQHvMQKB�H �miQKQ`T?BbKb Q7 C2 �M/ /2b+`B#2 `2+2Mi T`Q;`2bb
QM i?2 `2H�iBQMb?BT #2ir22M i?2 ;2QK2i`v �M/ iQTQHQ;v Q7 i?2B` +`BiB+�H HQ+B �M/ i?2 iQTQHQ;v Q7
i?2 +Q``2bTQM/BM; CmHB� b2ibX h?Bb Bb #�b2/ QM DQBMi rQ`F rBi? h�Mv� 6B`bQp� �M/ _2Kmb _�/mX
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:2Q`;2 Ȥm`+�Ȕ U"�#2Ȕ@"QHv�B lMBp2`bBivV
hBiH2, PM i?2 GQ;�`Bi?KB+ .2MbBiv Q7 _�MF ≥ 1 �M/ _�MF ≥ 2 :2Mmb@k C�+Q#B�Mb
�#bi`�+i, AM i?Bb i�HF r2 rBHH /Bb+mbb +QMbi`m+iBQMb Q7 ;2Mmb@2 +m`p2b Qp2` Q r?Qb2 C�+Q#B�Mb

?�p2 TQbBiBp2 JQ`/2HHĜq2BH `�MF- Q`/2`2/ #v i?2 M�Bp2 ?2B;?i Q7 BMi2;`�H q2B2`bi`�bb KQ/2HbX h?2
7Q+mb rBHH #2 QM i?2 ;2QK2i`B+ �M/ +QmMiBM; i2+?MB[m2b H2�/BM; iQ HQ;�`Bi?KB+@/2MbBiv HQr2` #QmM/b
Q7 13/14 7Q` `�MF �i H2�bi 1 �M/ 5/7 7Q` `�MF �i H2�bi 2X

hBK2 T2`KBiiBM;- r2 rBHH �HbQ K2MiBQM +QMb2[m2M+2b 7Q` _2;2pǶb [m�MimK �H;Q`Bi?K BM ?vT2`2H@
HBTiB+ +m`p2 +`vTiQ;`�T?vX

h?Bb Bb DQBMi rQ`F rBi? _�xp�M "�`#mH2b+m- Jm;m`2H "�`+�m- �M/ oB+2MȥBm S�ȔQHX

ZBM; sB�M; UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, h?2 S2`Kmi�iBQM �miQKQ`T?BbK :`QmTb Q7 A``2/m+B#H2 *v+HB+ *Q/2b
�#bi`�+i, h?2 bim/v Q7 T2`Kmi�iBQM �miQKQ`T?BbK ;`QmTb Q7 +v+HB+ +Q/2b Bb � +2Mi`�H iQTB+

BM �H;2#`�B+ +Q/BM; i?2Q`vX � +v+HB+ +Q/2 Qp2` Fq Bb +�HH2/ B``2/m+B#H2 B7 Bib +?2+F TQHvMQKB�H Bb
B``2/m+B#H2 Qp2` FqX am+? � +Q/2 Bb bi�M/�`/ B7 Bib T2`Kmi�iBQM �miQKQ`T?BbK ;`QmT Bb 2[m�H iQ i?2
;`QmT ;2M2`�i2/ #v i?2 +v+HB+ b?B7i �M/ i?2 6`Q#2MBmb �miQKQ`T?BbK- �M/ MQM@bi�M/�`/ Qi?2`rBb2X

AM i?Bb i�HF- r2 ;Bp2 � +QKTH2i2 +H�bbB}+�iBQM Q7 �HH MQM@bi�M/�`/ MQM@/2;2M2`�i2 B``2/m+B#H2
+v+HB+ +Q/2b- mbBM; i?2 +H�bbB}+�iBQM Q7 }MBi2 bBKTH2 ;`QmTbX Pm` `2bmHi b?Qrb i?�i- �T�`i 7`QK
� bK�HH MmK#2` Q7 2tTHB+Bi 2t+2TiBQM�H 7�KBHB2b �M/ i?2B` /2b+2M/�Mib mM/2` +2`i�BM b2+QM/�`v
+QMbi`m+iBQMb- 2p2`v MQM@/2;2M2`�i2 B``2/m+B#H2 +v+HB+ +Q/2 Bb bi�M/�`/- �M/ mT iQ 7Qm` 2tTHB+Bi
2t+2TiBQMb- 2p2`v /2;2M2`�i2 +v+HB+ +Q/2 Bb MQM@bi�M/�`/X

1}K w2HK�MQp UaQmi?2`M lMBp2`bBiv Q7 a+B2M+2 �M/ h2+?MQHQ;vV
hBiH2, PM :`Qri? �M/ *QKTH2tBiv 7mM+iBQMb
�#bi`�+i, A rBHH /Bb+mbb ?BbiQ`v �M/ `2+2Mi `2bmHib +QM+2`MBM; UBV ;`Qri? 7mM+iBQMb Q7 ;`QmTb-

�H;2#`�b- KQMQB/b �M/ H�M;m�;2b- UBBV +QKTH2tBiv 7mM+iBQMb Q7 BM}MBi2 b2[m2M+2bX
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