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AFstre,:*!

.Usingj some recent results, concerning the tine-optinal

feedback eontrol ( t} l -Li l , [10J-[1U ),  i t  is proved that for

sone classes of singularly perturbed linear eontrol s;rstenst

the time*optimal feedback control of the ilreduced't system

obtained by neglecting the snall tine constants has stabilizing

. propert l-€sr

1o The problem

Tfecons ide r thes - ingu la r ] . yqggLu . rbe$ l i nea reon t ro l

systeu described by the equationsl

r  x € R n ,  Y € R n ,  u € u c R P

€  > o

( 1 . l )

(1 .2  )  t

where the natrices

control spqlqr Ut

81, A21, azz, 82 and the

following conditionei

hedrorr containi

Al]-t Alat

sg, ; i  ; fy the

(1 .5)  ucRP is  a  comoact ,  eon! 'ex

orie,in" o e Bl. iq i3,P-iptgrig'i

(1.4) Azz€t(RlnrRIII) i.s -a.-gtablg natri*. (i 'e' it has only

eigenvalues with negat've real part) so ,there e.xigl

the

dx
o t

dy
ffi

* Allx * A1ZY + Blu

= A2I* + A,22Y + B2u t

o t -  k > O  s u e h  t h a t :



- . . . . - ,  I

I

- ? :

ll < k ( e r p ' 1 - * t ) ) f o r ' t - > O(1.5) l l  exp(A2zt)

If we denotet

( 1 . 6 ) A = *rr - otrfi]eaal t B = Bt - Erre!]e,

(eZZ is invertible sinee it is stable) then we assume that:

(r.?) The paig. , l '  ^ 'r i3!]9 ( i 'e'

rank(B1AB' n.o . tn- lg) = n )

The epntrql problem we are consLdering ie the so called

tine-optinaL eontrotr Problemt

Rrob.l"e4 l: tind a feedbagk egqFglr v lRlxRn * Ut s-ueh-thqt

?nf{ ,so}utign of the sygler:rrl

= A11* t AreY + Brv(xtY)

s A2L* n AAZT + Brv(xrY)

reac4eg lhe ori$.in, (C.o) €.RlxBn (or a given neighborirood of

(Or0)) i+ niniqal t ine.

the ftsmall parametQf'r t> o, in the Left-hand side of

the equation (1. i)  nakes the eecond component, Yt of the state

(xry) of the, system to be ve{f fast and therefore dificuLt to

measure or ts eontrol it (either technologically or even

computationally) .

In the engeneering practice it ' is often used only tfue

nreduced'|  syrstem defir ;d by (1.1) and the (algebraic l)  equatior

0 = A Z l x + A Z Z y + B r u

obta ined f ron (1 .2)  for  €  = O"

using the hrypothesie (1"4) and the notat ion (1.6) the

sys tem (1 .L ) r  (1 .9 )  becomes i

f '  dx
l a 3

( 1 .  B )  {

L,$t

( 1 . 9 )

dx
dt

( 1 . 1 0 ) ApE + Bu
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fhe prob}en 1 is considered norr for the syetem (1'10)

but the obtained time*optinal feedback control is used for

the nrealtr  system, (1.1)-(L.2). }r tui t ively, the t ine-optinal

feedback control" of the reduced system, (1.10), shoul$ stabi l ize

also the raaL systeml (1.1,)-(f  ,2r,  and, roughly speakingt the

pnoblen ve are trying to solve in what follows is' to find

conditions under which this, happens.
' 

$ order to etate more precisely this problem we recall '

that fron the now clessical textbsoks in Control Theory, I f],

[9J, etc. ,  i t .  is wel l  known that i f  the ]rypotheses (1.3] and

(1.?) are sat isf ied then for the control s;rsten (I .10), the

control labi l i ty set to the origin, Ge Rn, is an open convex

neighborhood of O € Rn and there exists a tine-optinal feedbaek

c'ontrol,  v(") iG - Ur with values in the set of the vert ieeu

of the polyhedron U. This meaRs that for any point x €Gt t'he

t ine-opt ina l  t ra jectory  o f  (1 .L0)  through ,  
t ,  I  t . ;x )  is  a

cLassical (Carath6odory) solution of the right-hand eide

diecontinuous differential systen:

(1.11) *+ = Ax + Bv(x)

and reaches the origin in the ninimal tine

the rnini$gl-t ine funei ion, T(.) iG* R+ , i"

She problen we are trying to solve in

,nay be stated as follows:

T(x)  > O.  Horeover ,

continuous C$ ,|81!9J

the next sect ioas

prellem _?.r if v(. ).lG * u is_lhe ti4e.-,optina]_ fee{baqk eo4tro]

of ttrq: rg5igse9_sLstela (1.10),- -the* fi+-d congitiols-3nggt- vrhich

any_so-lution- of the .4iffereqtigl svsleml

( d x
I a T

(1.12, "l 
, g*

[ '  d t

= Al l* * A12y n Btv(x)

= 421* * AZZr + Btv(x)
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og.. poqsihqv, gnly,*.ts firql,.co,npggent. reaches- s given neighb-

oqhood pf tl$ origin {and ln a time close ts the nininal one

associated to the first eomponent of the initial state by the

sys ten  (1 ,1 l )  ) .

Sio"* the t ime-optinal feedback control of (1'10) t

v(.)sQ .-+ U, is discontinuous, we can consider only tr ' i l ippov

sol-ut ione ([7]) for the system (L.12). 0n the other hand, in

order to solve the problen 2 rce have to oestinate the distance

between the first component of a solution of (1.1?) and the

eorresponding, optirual trajectory of (1.10) which is a elassicel

eolution of (1.11), Therefore we have to assume that the optirtal

trajectories of (1.10) coincide with the Fi l ippov solut ions of

(1 .11)  (hence the F i l ippov so lu t ions of  (1 .11)  are un iQue) .

In  t5 l  -  t  f  l  and t l0 l  -  [ l l ]  r  some c] .asses,  o f  l inear ,

tine-optimal control systens of the form (1.10) are etudied,

for shich the fundamental hypothesiel

( 1 . 1 3 )

corregpo$qlng tr.i l ippotf solutiots of I

is  sat is f ied.

In what follows (section 3) ste shalL prove that if the

reduced system (1.10) sat isf ies the fundamental hypothesis

( l- .13) then the f i rst component of any solut ion of (1.12)

reaihes a given neighborhood of the origin in a time no longer

than the nininal one.aasociated via (1.11) to the ini t iaL state

lf the parameter € > 0 is snall enough and if we restrict

ourseLves to a certain eompeet neighborhood of the origin.

Moreoverr w€ show that if the control variable doee not infl-uencl

the  equa t ion  (1 .2 )  ( i . e .  i f

eecond component of any solution

Ba=  0€  L (RP,R* ) )  t hen  a l so  the

the opt inral  t ra jector ies of  (1.10) eoincic le

of  (1 .12)  reaches a g iven
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neighborhoott of the origin.

In order to prove the result we need a generalization of

the theorem l in t4 I concerning the continuous dependence. of

tril ippog solutions on the right-hand side of the equation; we

prove thie preLininary result ln section 2'

2,.. Stabil.ity of 4ilippoY-soluliqns gith,{ggp-qgt;to pe$'u$batiogg

gf the,Jight-Land-side. 9f !'he,..eqr€tigF'

using theorem 11 in t ? I we prove first the following

result  l

Iremma 2.L

for gny xE 9-cEn, Lhere Rxisls a gniqge, *'l3'*lopov: solutigg
tu

Y ( . i*) l [ 0r "o1 
'-----{ Gr o{ ( 1.1} ) throus '

Tiren, .fo{-glny ggnpqct subset Go c G @ t"n

1^>o  the re - : x : i . g !g f , t o  (depend ing  on  Go ,  so r to )  such ' tha ! -
r u

f q r @ r I  1-. t  
.1[o,ro] 

-- f  ,  thgt satisr ieqr

n
< d  ,

0

f o r  any  x€Go and qny FlliPgov,gol-ution through x-, 9J ("  ;x)

of the differential systenol
i -

( 2 . 2 ) $ + . A x + B v ( x ) +  j t t l

thg f.o.l-Lo1vine -esli,naf ion holdeI

t t  Y r t t ; x )  ? t t ; * l l l  . 1 u  r o r  t e [ o , t o l
J

To

5  u f  ( t ) i l  d t( 2 . 1 )

( 2 . 3 )

Proof l

By contradicti-on: Let us

the' le'nma is false. Then, there

that the statement in

a eompact subset GoC C

suppose

exist

Let ue considg
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and the reals Tot

kqN there ex is t

f  r ( ' )
through

( 2 . 4 )

such that

( e . 5 )

f the differential sYstem:

= . A , x + B v ( x )  +  f  * t t l

fol1owing eetinat ione holdi,

f -(t) l l at < L/k
J A

to>O 
such that  for arly positlve integer

tbelOrtol,  x*e Gor a measurable map t

RB and a Filippov. solution , Y g( ' ;**i;[or tJ*o
l [0 ,?o l

x k o

dxm
the

li

Jn
0

( 2 "  6 ) l l  Yr( t* ixs) 
-  ? t t* ixg) $ tnl  o

W e n o t e t h a t t h e e x i s t e n c e o f t h e F i l i p p o Y s e l i u t i o n s o f

the systems (1.11) ,  (2 .U and Q,4)  on the whole in terva l  IOtT" j

follows from the, theorelns 4 and 5 fn [ ? J ' Sinee the nap

fs  ( . , . )  :  Gx[gr1ol  - - - .  Rn def ined by l  t I  (x , t )  =  Ax + gv(x)  +

f,*,  is measutuiru (aceording to the' theoren 10 in [o] the

t i n e - o p t i n a l f e e d b a c k c o n t r o t v ( . ) r Q ' + { J i s m e a s u r a b l e ) a n d

e ince  l l  r n  ( x , t )  [  - (  [ * l l  * t *  [  [ * | l  
' l  

xeGo ]  *  *u * [ t r  eo i l l " *u ]
r -

+ [ f ttl l l 
' 

, it follows that the trypotheees of the theorems

+  and  5  i o [ t ]  a re  ea t i s f i ed  fo r  t he  sys tens  (1 '11 ) t (2 '2 )

a n d  ( 2 . 4 ) .  '

s i n c e 0 o c G a n d [ o , t o ] c R a r e c o m p a c t s u b s e t s ' w e m a y

suppose  tha t  the  sequences  [ *nJcco  and  I t * ] c [o ' t o l  
e re

Convergent (we nay, trtossiblyr take some convergetit subsequencesi

and therefore there exist *o€ Go and toclo'To] such that

xk -* 
"o 

and t* * to as k --+ o€'

o b v i c . e l y , t h e h y p o t h e s e s o f t h e o r e n l l i ' ' [ ? ] a r e

satisf ied by the syste!f ls (1.11) and (2'4) and henceo
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according to t i : ie th-eorem, Y g(.;x*) -4 Q t.  ixo) unifornly

on [ 0,To] as k -+ o€ r and this contradicts (2.6] so tho

Lenma is proved.

I 'or aqy t>O we denote by R,W c s the reachabi l i ty

set of (1.10) at a t ine not grester than L, that is,  the set

of points x € Rn which may be steered to the origin by neasu-

rabLe controls with values in U in a tine not greater than t.

r t  i s  wer t  known ( f l l r [ g ] l  t ha t  f o r  any  t i p ,  Q , t t  i s  a

conpact, convex neighborhood of the origin O €f and tht! nap

t [-.. R, tt] is inereasing with respect to the eet inclueion

and continuous in the Pompeiu-Hausdorff topology of the

compac t  subee ts  o f  RD.  obv ious ly ,  o  =U[ .? t t l  I  t r r c  ] .

Y{e prove now the following extension of the theorem 1 in [a]l

fheorern 2. 2

LeL up qoqsid-er the, control sl 'sten 11.lo)_sgcL that, lhe

hypo theses  (1 .9 ) ,  (1 .? )  ano  (1 .13 )  a re  sa t i s f i ed .

g\e$. for qny rg.ale G ,\) 0 theqg exi.st$ d > o (ae

dine on E and ? ) s qleble ryap_ ,

F ( . )  : [0.  oo) -"*  Rn that  sat is f ies:J -  
(n+r l r

. ( ^
( a . 7 ,  \ | n f ( t ) f l  d t < f ,  f o r  k = o r L 1 z s , . .

h " E , J

any Fil ippov solution through x

Yp(" ;x ) ,  o {  t l re  s f ,s tem (2 .2 )  -$a t i ,e f les :
J

( 2 . 8 )  l l  Y f , t ; x ) [ < t  f o r  t > f ( x )

w h e r e  T ( . )  :  G *  R + is  the  n in i rna l - t ine  funet ion  o f  ( l - . i0 i ,

Proo{i

We take v(O) = 0€U and therefore we nay consider thnt

and fq.r gnf, x e R,(G) ,

pen"

?
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argr t iue-optinal trajectoryr ? (. i") of (1.10) (which,

according to the hypothesis of the theorem is a Filippov solution

of (1.11)) is defined on the whoLe real half- l ine f0roo; by

? ( t ;x)  = o c nn for  t  >,  T(x)  '

Se note first that since Q, t A

origin and the nininal-time function

eontinuoue, it foLlows that for any
qlo'> a, Tu , \t, such thatr

(2 , i l  E"  (o )c f r . ta )  a t ra.G

) is a neighborhood of the

r  T ( . )  :  o * R * r  i s

G ,  t t o  t h e r e  e x i s t s

!

i l  ? tt;x) l l  -< nltn ror te[0, GJ

and
--

wheqe BD
t o

a t  O € R 3 .

, -  Indeed, i f  we def ine G I  
= *"*  { t  >0 l f t ' t t )  c : '  '^ '  ' )

,1-'trr'ur J
a n d  T e ^ * n i n ( E r E r )  t h e n ,  s i n c e  6 a ( 6 r  w e h a v e

Q, rc  z)c6 ?/zrc)  
i  s ince !? ,  ta  , l  a  ne ighborhoec of  the

origin ther l  exists ? o> 0, \o <' l / ,  ,  such that B?" (0) e

cR(U 
z)c  R. (  G )  (s ince G 2 -<G ) .  For  any xe Et r (o)  we have

[ ( x ) ( 6 a  a n d . s i n c e  t ( ? ( t ; x ) ) = T ( x )  t  4 G e  t ( 6 2
 .

for  ar ly  t€ [0 , r (x)  
]  

t .  fo l - lows that  Y t t ;x )  €  RlAr)  cF ,7p$)

f o r a n y  t e [ Q , t ( x ) ] . A s  f r t t ; * l = Q  f o r  t z f ( x )  i t f o ] l - o w s

t h a t  ( 2 . g )  h o l d s f o r a n y  * e F ? , ( O )  a n d  t € [ 0 , 6 ] .

Let G , t  >0 be arbitrary poeit ive real numbers ,

G "  =  Q ,  t A  )  a n d  \ o ,  u ,  
? o  

a  1 , t ,  s u e h  t h a t  { 2 . g ) . h o L d s .

Aecording to fsmms 2.1 ,  for To = 6 and t n>0 there

ex is ts  f , t  o  such that  for  any measursb le nap,  
f  

t . ) r [o ,F] -oRr

that sat ief iee (2. ' l )  and for any * eQ-( 6 ),  any I ' i l ippov

so lu t i on  o f  (2 ,2 )  th rough  x  ,  Y*  ( . ; x )  ve r i f i es  2 .3 .
J

x € 81, (O)

(O) denotes the closed bal l  of radius t ,  eentered
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Since for  ar ly  * .R (  G ) ,

t>rT(x) ,-  l t  fol lows that

Moreover,
P .

. tha t  f  ( t ; x r )

t ( x ) < u  a n d  Y ( t ; x ) a Q  f o r

(e .e1  ho lds  f o r  t  e  IT ( x )  r  6Jo

(2.9) and therefore we nay apply again lernna

T^= 6  and ?  o> A tha t  sa t is f iee  (2 .9 r .
[ , L

eatisf ies (2,7) we define the neasurable

b y  } r ( t l ' ' l t t + U )  f o r  t € [ 0 , 6 ] a n d

the systeml

tr'urther on, xl * ff , G ix). W

I  f l t t ; x1)  -

' v e r i f i e s  ( 2 . 1 )  w h e r e  t t o  =  O  .  '

Ageording to lenma 2*L, any Fi l ippov solut ion,

through *a = fI ( E ;x) e

(2.10) $t = Ax + Bv(x)

verffies I

(  2 . 1 1  ) ?( t ix r )  l l  -<  n lor ' l t ,  ror  t€ [0 ,  G]

1"(0, 
of

+  j  ' ( t )

f f  9=(.;*) I  [or"o,o1 " -o Rtr is a Fi l ippov solut ion of
I _

(2.2) through x then obviously the msp t t .- .-r  9' ,  t t*G;x)

is a tr ' i l ippov solut ion through x1 s Yg tA ;*) of (2.10) and

therefore i l f, tt+E ;x) I f t;x) l l  < 'b.\t, for te[0, G ].

$ince tot  0 
t t "  

chosen such that  (2,g)  is  oat is f ied,  i t

fo l lows that  | |  ? t t ;x)  l i  < l tz  for  re[0,6]  and therefore .

l l  fE(t+c ;x)  l l  < 1i  ' l tu( t+ G ;x)  ?rt ;*r)  l l  + [  ?( t ;x l )  i {  <
I t

(  ?  u  + l / z  .o l  f o r  
' t e [o ,  

6J ,  henee  (2 .8 )  i s  sa t i s f i ed

f o r  t € [ 6  , 2 6 J ,

s i n c e  T ( x r ) < 6 r  ( 8 7 , ( O )

* o for te[ 'r(xr) rG 1 and hence

I  cQ.( 6 ) according to

2 .1  fo r  Go=R (  E  )

For any measurable nap, 
ft.) 

r[oroo; . Rtr that

e Qp' l  cR,te t  .
By induetion

is sat isf ied for

proved.

on k€ l {  i t  fo l lows imnediate}y  t } ra t  (2 .8)

t € [k E , (t+f )G] and the theoreno is conpletely

' r lap 
Ir ,") l [oro.a]+nn

obviously j r( .  I

*I.0. ixr) r

c& ta t )  i t  foLlows

x'  = f r  QG ; i l€L J
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Rgnsrk 2.1

Froin the theoren 2.2 it folLows

l  i n  t 4 l r  1 r  l t  f  t t l  n < f , f t  E r € r

ver i f ies  (2 .7)  and therefore (e '41

inmediately the theoren
-

o n [ 0 , * )  t h e n  
I ( . )

holde.

Lar rturbed linear -cgntrol stemg. The nain reeult .

The ailo of tlttr-e section

tine-optinal feedback eontrol

for controLLing the singularlY

(1 .1 ) - ( r ,2 )  r  Na4e lv r  we  Prove

ie to justify "he use of tbe

of the rfreducedtt sy'stem, (1.10)t

perturbed linear control sYstem

the followjng result:

f o r  t ) T ( x )  * 6 o

Theorem 1"1

Let us eons,iQer tlre !94xr9]-gg€19

e that the o t h e s e s  ( 1 . 5 ) - ( 1 . and (1.t3) are sat igf ied.

Iben. for any co*pirct subse! G1* GZCGx,R$ and for any

l>  O ,  thq .Le  qx j s tq  €  o )0  such - tha t  fo r -3q f  g  e (Or  €o ) ,

gnd-ap{ (*ry).e GrxG, } gny. [ilippo]r gqlu.!.ion, lbl9ggh (x,v)

oL.( 1' 12 )-, ( fe (.  ixlr) r  Ye(. ixr l)  )  r  
Tl i tgt*:

f l  fs  ( t ;x ,y)  l l  <  ? ror  t>! (x)

where T( . ) :G " - - - ' .R- is the nininal-tine functio4-,eqee-q-lated. ?  - * .  : - i

!ei,]91-
MgIeov.er. if, BZ = O € t(RprR*) ther] ,for ianv -comppc.t

subset G., xtio c GxRm an{_any E o, 7, O there e{.istq I o t O
l - L

q q J : 4 t h . a t f - o r a E f ,  f  : ; { , Q ,  € . , ) ,  ( x r y ) e G t x G r r  ( } . 1 )  a q d

$ , 1 )

( 3 . 2 )

hoLd.

l i  Y € ( t ; x r v )  l < ?

'Proof l

In order to sinplify the notations, for any € >o and
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any (xry) e GxRn we denote byr

( 5 . 5 )  ( Y ( . ) , Y ( , ) )  s  ( ' ? E ( . i x r y ) ,  t ( . ; x , y ) )

a F i l ippov so lu t ion of  (1 .12)  through (xry) .

We denote also:

( l . i l  F  t t l  =
J

for  te  [0 ,  oo) .

After an easy computation it follows that ( f (. ) , Y (. ) )

is a F'.'. l ippov solutisn through (xry) of the differential sSrsteu.;

(3 .5 )  * f  =Ax* t sv (+ )  *A rzA? i . t l t . l

$ . 6 )  € $ t = A 2 1 "  * A z z t  + B r v ( x )

where A and B are defined by ( l- .6).

In order to get the est ieat ion (5.1) we should be abl"e

to apply theorem ?"2 to the systen (3. i l  and therefore vre

have to prove that the ileasurabLe nap t r+ OrrUrit 
I 

Ctl

ver i f ies  (2" ' l ) .

We prove first the following two preliminary resultel

Lemma 5.2.

Assgpe tpe hypolhqfles" in-lbeoJem 7"1 be ss-tssfie,l, Ltle4.

f-or any T^> O qn4_gnl{ .co_qgact sqb_ge! Gr C G there exists

r,. > o sucir -thqt tor ag tz, 0> o fheJ,$, ex'is.ti|, to ) o

qu,ch_t4at, fqr arv- te(a. t ) gnd (x,y)e erx{J6) ryg havg:' 2

(r ,7) l l  Yi  (ro ixrv) l l  -< f  + @

trlqT:LheTm.org-r, {qr qnL cgppaet .sub*set GrxG, c GxRm .e!+,.
grty Ier € ot O th.ere gxlst, Ifl,H2> O sqqh t,tlal: fgr -an{
( x r t r ) e  c * x c r ,  € e ( o ,  € o )  a n q  t e [ o r f o ]  ] r e  t - r a g 9 i

J, t .  ixrx;  = Aarf  t t  )*AzzY t t l+B2vt Y t t i  I



I

( 5 . 8 )

( 5 . 9 )

(r,ro) $f
(i.n) E $t

(7 .L2 ,

l l  f r t t ;x,y) l l  < u,

i l  Y.(t;x,y) l l  < Me

- L Z s

Proo{-of lennq 5. 2 :

lfle nste firat that according to ]"ewra 4 in t 7 J , for any

F i l i p p o v s o l u t i o n  ( f ( . ) r y ( , ) )  o f  ( 1 . 1 2 )  t h e r e  e x i s t  t h e

aegsurab le  maps  
" ' i . )  

l [ 0 r - * ]  *  B iU ,  i  a  - r2 ,  such  tha t .

( f ( . ) ,Y ( . ) )  i s  a  c lass i ca l  (Cara t t i dodory )  so lu t i on  o f  t he

\ ', differential system:

= Al l"  * AlZy * *1(t)

= Azt"* * Aazy * *2(t)

arlrl, therefore, from the variation of the oonstants fornula

appl ied to  13.3.O)  and (3.U)  we get :

f  t t ) *To(ar r t ) .x  +J 
"* (At r ( t -e)  ) . *1(s)ds +

+f  
" *o(Arr  r t -u l t l .A2r  Y (  s )ds,

Y(t)=exp r lru  ̂ zz).y * t4 
$ 

exp( ( t-s )  /6,Arr)w2i* ia*

(t l |exp((t-s } / ,  t rr)Ai i  f  tu)o*
0

l t le define now the following pozitive real numbers:

"rr*llarrll , "ta* ll er, ll , "2r* l[ arril, rr=rna{tBrul,u. u}

t .
(7. r3)

( 5 . 1 4 )
Lz = *"*[lsrurr,oeu] , rl=maxitt *it , x€Gt]r"a=r""{ihil.y6Ga

L e t  d r k > O  b e  d e f i n e d  b y  ( 1 . 5 ) .  T h e n ,  f r o m  ( 5 . I 2 )

*nd (J,Ll) t with the usual properties of the nonn, we get

rsBpectively

(9.15)  i l  f  t t l  l l  <  *"p(arr t ) r ,  + (exp(arr t ) -1)r r , /aa,  +
t
(

+ 
"t,  J 

exp ( ' t t  (  t-s ) )  l l  Y( u ) i lae
0



( 5 .16 )

(5 ,1?  )

changing the order ctr integration into thg Last term in

(3.L7) and applying the Gronwallrs lemma ([2],Ch.lYrleuma 2 )

we obtainl

(5 .18 )  f iY t t )  l l < " ( t ; r r )  +  0  t t ;  s  ) l l v l l

I Yttl l l-<exp Fo(L/g ]rlvlt + (l-exp (- ott/6 ))kuz/,t +
t

+ (karr4 lJ "*n(-(t-s) 
d/e ) l l f  (") l las '

6

ing (5 .15) ,  a f ter  hn easy conputat ion (3 .16)  beeoneel

l l Ytt )l l <ur'rls + exp ('ott/e )tl lv $ + rari(ar.rr+t1)/atg
f

r€xp(ttrt)+(karra aL/ t  rJ .*o(-o(( t-s! /g) .
s A

f f ' , . \ t r " 1. LJ "*o("r, (s- n ))llY( n ) [ aa]J os
0

Us

where:

1 3 . 1 9 ) r(t;rr) = kL2/g; + (kar'/A 
"rt) 

(arrrr+tr)exp(attt) +

(k"2t*tz /a, )(tr,r+ ku21(arrrr+t r)'t ' / a 
"tt) 

exp (karrurzr'1C

( 3 .2O)  0  ( t ;  €  )  =  k  
" *0 , - . oC  

t / e )+ ,  (E  
"ZL " tZ / l >c2 )u *p (k "21 *12 l r ' r j

i
obviously, if Io) o and the eonnpaet subset Glc G are

g i v e n r t h e n f r o r n  ( 3 . L 8 ) f o l l o w s  ( 3 . 7 )  a s  r = r ( f o ; r t )

defined by (3;19) depends only on !o arld' GI and

Q $ o ; e )  \ . 0  a a  f \ o .

If the compact subset GrxGrc GxRm and To, €oto are
| --_

g iven then ( , .18)  imp l ies  (7 .g )  whe i :e  h la=  r (Ts ; r r )+0( ro ; tJ$

In order to prove (5.8) vre note that from (5.L5) and

(5 ,9 )  i t  f o l l ows :

(3.2\ | f t t) l l<tru*p ( arrt) +exp ( arrt) Lr7arr+exP ( arrt) arrl,{r./a*



1.4

From (t.2L) i t  fol lows immediately (5.8)

th = (r1 + Lr/arl + at2MZ/aty'exp("r'to) and the

:

where

lenma is proved-

Lewma 5.7

Let ,tf.re hyp.olhesee ,9f lhgore-na 3.1-be sa,tiq{!ed' fhgn...for.*

any eornpaes,sgFsgL GrxGrc GxRa and for agv f,rnotO 3*r,gl"g -

exists € o ) o such that -for, ,anv € €(0r € o), snv {xryieGrxGa

and sny Fi l i .ppgv solut : loq (  Y€(. ;xry) '  VL, ixry))  of  ,  (1 ' -1.2)

tbrqpg4 (x,y) , the ,nap- F. (.;xry) de{ined-bv ().4) vq{1€-igg.:
7t '  'J '

t .  (
(7.22) J i l  I ,  

( t ;x,y) l iat  < d
c

Progf .of l,empa -2.3

ltre etatenent in the ]smma is equivalent to the foll-owingl
y'
\ t t  [ i t t x ,v ) [a t  =  Q as  €  \o  un i fo rn ly  w i th  reepec t
t

(xiJ) e Gnxcr.

Integrating by parts the last term in (5.13) and using

(5.L2), from (7,4) ,  after a strai t forward computat ion we 8€:t i

I ,  
, r ixry) = Arrex o&:r2rt /  6 ) tr  + exp(A22 L/ s )Anx +

1ln

to

(5 .23)

+ exv4rrt/2 )*2(t) * 
J**o 

$zz&-s)/6 )lrrd-(") de +

: f a
+ (L / t  )A " r \  exp (A>ps le  )  (o2 ( t - s )  -  *2 ( t )  )ds-*J

Ueing (5.8)  ,  (3.9)  and the notat ions (1.14) ,  f roro

(7,25) we outui r r :

(5 , "24)  l i  
f r , t rx rx ) i l - . r  

(a2r r r+a2sr1+L2)exp 1 'o ( t /e  )  +

t
(

* k"2t(arrur+alzmz+Lr ) t /6 +(karr/2 lJ."o G dt/e lf; *'(t-s)-*?Sfds
0
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and thereforel €
i

.  $.25, 
) 

l t  
f€(t;x,y1ll 

ot <k(aarral"arrr+t2) t /ot +
i  I : t  :

t r f  . .  -1
*kt2r ( arrur+atzuz*Lr )r otl* + .u^rrk/ e rJU ".0 F 4 s/el ll*2 ( t-" i -'*tlt[J:JJt

0 0

By usual procedures in singuS-ar perturbations we get:

7 lt

(3.2i l  \  l l  fr t t ix,Yl l iat <t[nrr"z*"2]"1*Lz*azL(arrMr+a12H2nlt)rJ
i r -

) t /e, + QarrLr/ec ) (ro-{E)exp(- o(/$ \+( t/* )exp ('ot\o/6 ) +

F 7
+ (arrk/e j -"oGds/{  [J j l *2(t-s)-n2(t) i i  at las

o o

The Le'ryna will be proved, if se show that the last tern in

(5.26) tends to zero as ' €' tends to zQTo.

In order to prove this statemelrt we note that aecording 
'

Tro

to  th?  rheorem rv .8 .20  in  [6  L  \Ur ' ( t -s ) - *2 ( t ) l la t  
tends

t
to zero as g tends to-zerO, and therefore' ,  fOr eaeh h> O !

there exists X tnl > O such that Xf fr) ---'+ Q as h-+ O and

T.
( .  . r

\  l l  * t ( t -s)-*2t t ) l i  e t  < X0. l  &-€.  for  oe[orh ]  .
J
0

It fol.lorss that the last term in 13,26) is bounded byl
.IE T"
f  . ( ' , . )  ,  i r

(arrk/s ) [  
"*p 

(-ots/e ) [ l  f i *2(t-s)-*2(t) l  at ]ds -{  ,2zkroX(r jE ) /d
& L -  

)  J
o o

where X tr f t)  -+ O as t .--+O and lemma 3.3 is proved.

Ptgof 9'f ttlegreg 2.\

Let the compact GrxGrC GxRn and 7, O be givenl denote

6 = **{t tr l  f  x eelJl  choose r )  O Siven by leaima 7.2

(assoe ia ted  to  C l  and  € ) ;  ehoose  0 rO sueh  tha t  r+0 )  
"a
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(ra being defined by (3.14)) antl to TZ and A aseociate

t ; ro  by  Lemna 5 ,2 ;  choose 
n , l t r l  

euch tha t  gm' l  tGr

and to E and \' assoeiate d by lernma 2.L and d by A\ '  
0  r  - r u  

f l  n l '  t

theoren Z.Z. Choose j  =1r, /arr ta; | i l f t in( d,  d I  and to V rd>0

and er*E'l[idi assoeiate ei Uv lemma 9,7. Chsose finally

t u= nin( €'u, ti). As already remarkedr s€ nrirYe to ehow that

for arlv € e (0, to) and any (xry) e crxc, , the nap.

\  - - 1  E  r .  \  a  , ' \  - - - : * 1 -  f u
t ts-+' AreAii 

IJt,xrx) 
satiefies (2.7 ) with constant 6 o

6
, t

since €o € to we deduce from leruna 5.3 that 
J 

l , l rr t ix,gl lotcJ
O -

f rom lemma 2.L we deduce that  *( r )= ' f  (6 ixrJ)  e d,  to l  C Gt

r r ,  . - t * '  . *  -  -  

'

and fron rernma 5.2 r I( l)= Ye (B ;x,r leff i- l  c &r.

By induetion on k we Prove' that
k 6r
I  n  Y-atrx ,v l  l lo t  <J for  k=0,1 '2, .

J J E
R-06

.. , and thue' the

eonetant nrailA;lI t rorcond i t i on  (2 .7 )  i s  sa

-'l
the map t t+ \ZAZi

The second assert

esti.nation usirtg the va

SgserE-.Zst.
According to the theorem proveC in [q] , the hypothesis

(1.15) (and therefore 
"*1e 

statements in theoren 7:L) is

satisfied if n = p = 2 and if the polyhedron UCR2 ancl the

natrix A are euch that for any vertex v of U the polar
r l

cone A' =[] u R2 I <X ,tsu > ><],8,r'> for anv vertex o' or uJ

corresponding to v interseetq only that eigenspace of -i

which corresponds tb i ts large t  eigenvalue'

tht isf ied wi

T , t t ; x r y ) .
J c

ion of the

riat ion of

theorem foJ"lowe bY direct

the constents formula'



i .

:

l !

, '

'r 
"t- I'T

,,, I 'ron the results proved i"n [fl , [fOJ, [ffl, it fo].lows

that the stateaent in theoren 5,1 is valid also for the control

eyetens (1 .1) - (1 .e)  for  which p = 1r  U =[ -1r+] ]  and e i ther

n'f  3 orr i f  n)3 then the matr ix A (given by (1.6)) has

only real eigenvalues (provided, of course, that the hypotheses

(L.3)  -  (1 .  ?  )  8ro:  sat is f  ied )  .

\ r

. l^&J 4h)'6!
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