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MAXfMAL SUBALGEBRAS OF CX-CROSSED PRODUCTS

by

C.  PELIGRAD .ANd S.RUBINSTEIN

t .  In t roduct j -on.  In  L4f , l  J .h ler rner  has.pr 'oved that  the a lge-

b ra  o f  a l l  con t i nuous  func t i ons  on  the  un i t  c i r c l e  l z l=1  wh ich  can

b e e x t e n d e d . t o t h e u n i t d i s c I z t . < l s o a S t o b e a n a l y t i c i n t h e

inter ior .  is  a  nax imal  subalgebra of  the Banach a lgebra c  (T ' )  o f  a l l '

c o n t i n u o u s , c o m p l . e x - v a l u e d . f u n c t i o n s o n t h e u n j . t c i r c l e

I n L 4 l A r e n s a n d S i n g e r h a v e p r e s e n t e d a g e n e r a l i s a t i o n o f

par t  o f  the theory of  analy t ic  funct ions in  the uni t  d isc,  esta-

,  b l idhed by observ ing the ro le  p layed j -n  the c lass ica l  theory by the

. g r o u p o f i n t e g e r s a n d r e p l a c i n g t h i s g r o u p b l z a l o c a l l y c o m p a c t

a b e l i a n g r o u p G p o s s e s s i n g a s u i t a b l y d i s t i n g u i s h e d s e m i g r o u p G + .

Fur the r ,  . i n  16 l  K  Ho f fman  and  I :M '  S lnge r  have  e>

t o t h i s c o n t e x t . t h e m a x i m a l i t y t h e o r e m o f W e r m e r . I n t h i s p a p e r

we extend .the same theorem to the context of c*-crossed products '

. , *
.  we ment j -on that  the analoqous study for  w -crossed products  was

made succesfu. ly  in  L 9 l  for  the case G=2.  r^  |  4  
I t  

so lve the same

quest ion for  a  cx-6ynamical  system associated wi th  a von Neumann

alqebra wi th  a homogeneous per iod ic  s tate

2 .  P re l im ina r : i es  and  no ta t i ons

,z  A .  Dynamica l_svs tems j rnd  spec t ra .  t e t  (A rG,  ( {  )  a  c * -dyna -

m ica l  . sys tem w i th  G  abe l i an ,  i . e - .  
l a . c * -a lgeb ra  A  and  an  abe l i an

local ly  compact  group G of  Je-automorphisms of  A wi th  the proper ty

that  for  each d A,  the funct ion g**?{a (a)  is  cont inuous '



W e d

operators on

I
f € L *  ( c )  w e  p

t\

G a n d f i s t

Le l

where

e f i n e  a ' r e p r

A bY c( (f,) a=

ur z(I) = h
he Fouri-er t

Sp o( be def {) | + €t(G) ,
. { (+ )a '=o }  '

esen ta t i on  b (  ( .  )
r
J  r  (o)<n (a)  ds
2 r , a l

€ r "  |  * ( p ) = o  ]
rans fo lm  o f  f .

i n e d  a s  n l Z (

( t ) l  S e t G ) ,

of t  r  (G) into the bounded

(ae A) where re r ,1 (c i  .  For

where G i"  the dual  of

"c ( {  ) '=  o  I
I f  aeA  l e t  spo  (a )  =  n IZ

'  
.  ^ t

o f  spec t ra  and  spec t ra l  subspaces .  
. ^

Throughout lhis paper *.u'"rrono"" G . iFcrete and hence 
'C

.  I .

compact .  Suppose that  there ex is ts  a subsemigroup G+CG wi th the

fo l l ow ing  p rope r t i es :

G*U( -G* )  =G

c+n(-c+) = (0 )

Let  tB, t ,F)  be a cx-dynamical  system. Denote f l t " ,p)=
{  r  , t=. f  uee f  sp , ,  (b )cc * ! .  By  the  resu l t s  i n  L3 l  ,  AG,p )  i s  a  no rm-c losed
(  '  - f5

non-sel fad jo ih t  subalgebra of  B.

Now, for each geGr we conside:: the weak integrat ion:

r f )

,  b € O "

dp  i s  t he  no rma l i sed  Haar  measure  on  B .

Then t -  is  a  bounded l inear  mappino f rom B onto- g

t  I  fn151=qfr2u,  
p€e)  .  we have a lso the for lowins proper-

., n;={u<

t i e s :
i

l^

t q o  ' ' q  =
o{ d1

\ " 4

(Here  dg  *  i s
. L ) t U g

the Kronecker  symbol)

: 4 ,  t . .Cb )d r -' o
f

the a lgebra of

a  fa i t h f  u l ,  l J' l

€A (an b a.)

c lear ly  no=. { (c ,p )  n f  t c ,p lx  i s

with respect to p ,  and €o is

,  d n  , 3 r € B o ,  b e B .

al l  f ixed points

- invar iant  pro ject ion
:

Ee(b)  =  
J .3 ,P>( ' r (b)+

a^furt3, '  3 ,  ' ? t ' G
Co
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2 . L .  L e m m a

3

rom B onto 85. i .: :.-.; ' 1'r. . '--' '::-;:i-: ' i >:l ' ' '--'; ' i: i- ': l i 
"-'--'

! . ; t . -  : .

' , r a r

'  The fol lowing Lemma is a sl ight general isation of L y ,

-l

Lemma I J .

then 6,, = 6z ,

.( i i i) 
For beB, we have sFp(b) =t,g-.t 

l l l t i) 
+ o \

1 i v )  F o r  s € G ,  B a  = l b e B  I  S p p ( b ) = t a  !  J  ;

The fo l lowing Lemma is  wel l  known and easy to  prove:

.  i ' l '

2.2.  Lemma B is l inear ly spanned fV l?^B*in 
the norm topo-

ae* o
logy.

Lemma 2.2. t l rere existq a sequence 'cn=Zc1t?t '  cnrX) €ts3
4

converg ies  ro  b .  s ince  SACCh)  =cnt1)  (by  Lemma 1 .1  ( i r i )  )  and €a

is bounded. for  a l l  l tG, we have that %,t t^)  
converges to €g"(b) =O

, 
'  

Therefor" .  bn = cn -  ta"can) sat i -sf ies the desired property.

{.
2 B .  C ^ - c r o s s e d  P r o d u c t s

r  - L  t ^  ^  , * . ' 1  x ^  -  . X - , l v  m ' W i t h  G  d i s c f e t e ,_  Le t  (e rc , c t " ]  be  a  c * -dynamica l  sys tem 'w i th  G  d i sc

abel ian.  Assume that  ace(H) for  some Hi lber t  space H'  Let  U"(G'A)

d d n o t e t h e s e t o f ' ' t r i g o n o m e t r i c p o l y n o m i a l s . ' : :

Q ( G , a ) = l r , c  1 +  a l r t s ) = o  f o r  a l l  b u t  f i n i t e l y  m a n ) l  g € G I  r

(i) For any 20,X, , BA.'B 
er=BAiZ, "na B{,.=B-a,

( i i )  Let En,breB. rr  € 'a(b,)  = 
%,b.) 

ror alr  g e G

which

.  2 .3 .  Remark .  T f  b€B is  such ' tha t  t r " (U)  =O fo r  some Zot .  G,

then there exists a seguence br= 
?8'g),  

bn(?) 
.€ 

BZ whicir  con-

. i " rg.s to b ( in norm) such that Ui ts;=O for 
.a l i  

n.  rndeed, by

.,

D e f i n e  a  f a i t h f u l  . r e p r e s e n t a t i o n  o f  t l ' ( C r a )  o n '  1 ' ( G ' H )  b y



w e  i d e n t i r v g ( c , A )  w i t h  i t s  i m a g e  i n  B ( r 2  ( c , H )  )  a n d  d e n o t e  b y
lE

c* (c ,  ,A )  t he  c * -a lgeb ra  genera ted  by  f  ( c ,a ) .  r t  can  be  shown

tha t  c * (e ro ( rA )  does  no t  d .epend  on  the  rep resen ta t i on  o f  A  on  H ,

we  say  tha t  c f  ( c ,q rA )  i s  t he  c rossed  p roduc t  o f  G  w i th  A .

The  fo l l ow ing  e lemen t  o f  f  (C ,o )  ,

Y  (9 )  =1  ,  Y ' ( s  )  =0  fo r  a l l  s t ' q

w i l l  b e ' d e n o t e d  b y  ) o  :

Also ,  the  e lement  ye  O(G,a)  ,

y ( 0 ) = a  f o r  s o m e  a € A

.  y  (g )  =0  fo r  a l l  g f \

w i l l  be  deno ted  by  a .

I f  G is  ordered by a subsemigroup

may apply  the resul ts  in  24,  to  the system

3.  The  ma j -n  fesu l t s

We say that  a  C*-a lgebra A is  s imple i f  A has no nontr iv ia l

c losed two-s j -ded ideals .  we say that  A is  G-s imple i f  i t  has no

non t r i v i a l ,  c l osed ,  G- inva r ian t  two  s ided  i dea l . s .  f f  G  j - s  o rede red . .

by the subsemigroup G1 r .w€ say that G is archimedean orde.red if

f o r  any  g r  , g2ec+ \10 ]  t he re  ex i s t s  ne  IN  such  tha t  n9 . , )g r  . ' r h . r r ,:  - I  ' " 2 -  
+  r  '  _ L . _ Z

i t  is  wel l  Jcnown that  G is  isomorphic  wi th  a subqroup of  tR.

Let  B be a cx a lgebra wi th  uni t .  we say that  a  c losed

suba lgeb ra  Ca  e  w i th . the  un i t  o f  B ' i s  a  D i r i ch le t  suba lc reb ra  i f
l l  ,X

dpt+J( - -  i s  norm dense in  B .  Le t  8  be  a  fa i th fu l  p ro jec t ion  o f  norm

one in  B .  A  D i r i ch le t  suba lgebra  , f rCe is  sa id  to  be  C*-subd iagona l

) -
t - R"-*( !cs))  I (Z-s) y e f C o , A ) ,! e I'G,a),

:
i

i

dual  system .  o f  (A,  c  rc{  )  f40 l .

G* as in_ 2A,  then we

(cx  ( c ro (  1A)  ,6 ,Q  )
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i f  the  pa i r  t , , { ,E)  sa t is f ies  the  fo l low ing

( i )  €,  is  mult iPl icat ive on ' f l

(ii) €. (+) = JLrl J+*

We call the c*-subalgebra ,A' n rt* tn"

Then  us ing  t  ? ,  Theorem 3 . r ] ,  t he  p roo f  o f

can be adaPted to  Prove:

re_spect to

su f f i c i en t
Ir

c ^  ( G r \ r A )  .

3 . 2 .  T h e o r e m .  L e t  A  b e

b be an automorPhism grouP of

arch imedean-  l inear lY ordered '

{F

b r a  o f  c ^ ( G , d r A )  .

cond iL ions :

d iagonal  o f  ,X

L f , Theorem2 - 4  J  .

3 .1 .  Theorem.  Le t  A  be  a  cx -a lgeb ra  w i th  un i t ,  and  G  be

a d i s c r e t e , c o m m u t a t i v e g r o u p o f a u t o m o r p h i s m s o f A ' '

suppose .tha.t G is arcir imedean-l inearly ordered. Then

" { te  
,& )  i s  a  max ima l -  C* -subd iagona l  suba lq feb ra  o f  C* (G ' { 'A )  w i th

the  p ro jec t i on  €o t { r l  .  The  fo l l ow j -ns  T 'heo rem.g i ve  a

condi t ion for  u4tcr&)  to  be a maximal  subalgebra of

dr
a s imple Cx-a lgebra wi th  uni t  and

A.  SupPose that  G is  d iscrete and

Then ,fr" tc,Ql is a maximal subalge-

P r o o f . T h e p r o o f i s i n s p i r e d f r o m C o h e n , s p r o o f i n t h e

c lass ica l  case (  t5 ]  I  .  Let  B C 
"u 

(G ro(rA)  be a subalgebra wh j -ch

conta ins  A tc ,Q)  ana 8+ A(G,&)  '  Then '  there  ex is t  be  f i  and

to€  c+ t lo l  such tha t  E-ao(b)1O'  r t  i s  easy  to  see thaL the  se t

s = { a € A l ( e )  b € E  ,  l . o 5 - t o ( l ) = a  }  
i s  a  t w o - s i d e d  i d e a l  i n  A '

s ince  A is  s imp le ,  i t  fo l lows tha t  J=A.  There fore ,  there  e ixs ts

/ a ) 1 ^
b o €  g  s u c h  t h a t  ] . n  € - t o ( b o ) = r '

. B y d e f i n i t i o n o f t h e c r o s s e d p r o d u c t a n d R e m a r k l , . 3 t h e r e

ex is r  rwo , , r ; r ; : ; " ; . : ' ; "  por inomiars"  p ,qe  r t  (G,& )  and he  c*  (c ,c { 'A)

such that



ll hll' 1l z

f o r .  s o m e  t ,  , L 2 e G + t 0 1
L & l

o t  
t l ' t 2 \ '

\= r t- ' t  - s
o o

Then

"_ .o  
so .€  G*  be  so=min  {ao ' t l r t2 t .  We denote  a lso  b ,

bo€g, B=l.r-=o?, e , i l  (c,A) , e1=Q ).r,=ou 4,", &-

,.bn = I + )r 'h * l-*?i + h ,  l lh l l< t /z

)r"b. = 1 + lqF + dr"t'+ h

LeL M= l l  e. , lo -1-^ qT l t  .  s ince er l= - l -= ul
l l  - I - ' S O  r ' \ - S O ' I  l l  - t  

" O  

- s O

j o in t r  w€ have fo r  every  E>o .

(r) l l  I  r  5(?n trs.- )-r"{ l l  < 4 * Stmt '

Fur the r ,  w€  have :

O  ^  - d'(z) d .n-s..l,

Lie A (G, a
F r o m  ( 1 ) ,

t ( } r " b , t - 7 -
] s " ( 6 b ' - h )

f,..,? - Eh

) u. such rhar g l.  = 1. g'
/  . z - l  - ' b o  - ' ) o  

{ t

(2) and the fact  that  l l  h l l  <

w"here

I /2 ,  i t  f o l l ows  thd t

bt { t

h  i s  se l fad -

)."?^ ) -
h

- d h  - d

5

E h

where

Let

-  t t  *  A .
a = o br - r{ € ;p.

( 3 )  l l  l * 6  t . t r r "Gg+5g1 l l l  s  l  o31va *6 l z

r )
r f  b <  L / 2 r 4 '  t h e n ,  f r o m  ( 3 )  i t  r e s u l t s :

' . '

(4 ) ll I " 5' + lr"( -!+ 87',)I
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since oniousry )= 1-s*39i1 €S, f rom (4)  i t  io l lows that
. o

/ ; \  _  , \  ,  ,S__ r
t h i s ' e remen t  has  an  inve rse  k  i n ($ '  so  1 "^ (s+bu i ) k= r '  F rom th i s '

o

i t  f o l l ows  tha t  l - " ^=  tg+5q i )  k  €S '
/ o

Let  T€ G- be arb i t rary '  S ince G is  arch j -medean ordered '  '

there exists n€(N such that nso) s '  Thdn 
.

1 - r = ) n r . - s  } - r r . " € q '

'  A  *  .  n \

-  r t  f o l l o w s  t h a t  9 l = c ^ ( G ' { ' A ) '

I n w h a t f o l l o w s w e d i s c u s s S o m e p a r t i a l c o n v e r s e s o f t h e

preceding Theorem'

lE

3 . 3 .  p r o p o s i t i o n .  L e t  A  b e  a  u n i t a l  c x - a l g e b r a ,  a n d  o ( ' b e

: f  A (L , ,a )  i s  a  max ima l  suba lgeb ra  o f

f t  -  1 -

c ' ( ( z r ( r A ) ,  t h e n  A  i s  s i m P l e '

g * g . S u p p o s e A i s n o t s i m p l e a n d l e t J c A b e a n o n - t r i v i a t r
n

, two -s . i ded  i dea l .  we  sha l l  
" r ro *  

Lha t  1Q6 ,& l  i s  no t  max ima l '  I n

-  1 f f l z  +

order . ; , .  tg  do th is  we shal l  produce a subspace Tr lc  cn(x"( 'A)  wi t 'h

the fo l lowing Proper t ies:
h a

(i) aW c TT) for every b € ;l{' @"x)

( i i )  r r r i r "  . r l r= .= g€c ' (  (2 , \ ,A) \ i (z ,a)  such that  sT\ /  c  7T/

( i i i )  ? I l  i s  no t  a  le f t  idea l  o f  c *  (z 'd ' 'A )  '

Lelc  l tL  I )e  cne c losure of  the set  o f ,  po lynomia ls  b:Y 'e-+ A

n

n

L e t p e 0 { a n d t e . | . Q a p o l y n o m i a l . T h e n . " l n . ' ) ( n ) = q y f ( n - p ) .

H e n c e ,  L f  n ( 0  w e  h . a v e  ( \ f )  ( n ) g o ( t ( J )  : : 1 .  i : i - i  r . : : r  : ' ' - - ; - ' ' 1 - : '  ' A l s o ' ,

i f  a €  A ,  w e  h a v e  ( a . f )  ( n ) = a ' . f  ( t ) e  c f  
n ( l )  '  H e n c e  ' " t T l t \  f o r - ' - -

all b€.r{ (z ,a ) a"d (i) cs lrov 
e'l '



- t
T o  p r o v e  ( i i )  l e t  x €  c { ' ( J ) .  T h e n  t h e

I  f ln ,  whence ( i i i )f i e s  ( i i ) .  o b v i o u s l y  ]  - 1 1 t ,

There fore  A.<2, i , )  i s  no t  max imal .  r t

s imple

e lemen t  x .1  .  sa t i s -- ' - l

fo l lows that  A is

3 .  4 .

a  d i sc re te ,

o f . A .

I f

( i )

( i i  )

)  is  a  maximai

order  on G is

G - s i m p l e .

subalgebra

archimedean

o f  c * ( c r q , A ) ,  t h e n :

' I t

Propos i t i on ;  Le t  A  be  a  un i ta l  C^ -a lgeb ra  and  G  be

commutat ive,  l inear ly  ordered group of  * -autororphism"

,f rc,Q

The

A i s

Pro_of , Suppose the order on G is not  arch imedean.  Then,

there exj-st  t ,  , t2e c*\p, |such that ntr( t ,  for  every ne0tr . .  Then, the

aleebra $ s.r , . tated uv,4(c,Q) and )- r r  sar is f ies d(g,a)  F$ ?C'(C;,n)
Hence ; | t e  , i )  i s  no t  max imar ,  and  ( i )  i s  p roved .

.  
Now,  we  show tha t 'A  i s  G-s lmp le .  Suppose  A  1s  no t  G-s imp1e .

Then ,  t he re  ex i s t s  a  non - t r i v i a l  G- inva r ian t  two -s ided  i dea l  JC  A .

Dbno re .nv  9= lnec * ( c , x ,A )  I  6 . t u )€J ,  r<0 ]  .  r hen  S  i "  an  a l seb ra

and , , .4 t " ,&l ; f3 F 
cx(c,c. , ,A) .  rherefore A is  G-simple

3 .5 '  P ropos i t i on .  Le t  A  be  a  un i ta l  c * -a lgeb ra  and  G  be

a d iscrete,  commutat ive,  l inear ly  ordered group of  J<-automorphisms

of  A.  Suppose that

( i )  A is  pr imi- t i -ve and post l i rn inar

( i i ) ' " 4 ( c r Q )  i s  a  n l a x i m a l  s u b a r q e b r a  o f  c x ( c r c { r A ) .  T h e n  w e

have : - :
t

.  ( i i i )  G , i s  a rch imed .ean  o rde red

( i v )  A  i s  a  f i n i t e  d imens iona l  f ac to r



proo f . .  ( r i i )  f o l l ows  f rom Propos i t i on  3 .4 .  Le t  us  p rove

( i v ) .  Le t 'A  be  the  space  o f  i r reduc ib le  rep resen ta t i ons  o f  A  and

Pr im(A)  the space of  pr imi t ive ideals  of  A wi th  the Jacobson

topology. Then, by [4 tfrSorb*e 4 . 3.7 I the mapping ' l t  r--t  kerTl

i s  a  b i j ec t i on  be tween  A  and  P r im(A)  .  By  [4  Theoreme 4 -4 .5 )  t he re

exis ts  a maxlmal  open set  LJ C Pr im (A)  which is  separated '  S ince

A  i s  p r im i t i ve ,  i t  f o l l ows  tO lg  P r im !A)  .  ob i r i ous l y ,  (O)  i s  dense

here fo re ,  (0 )eu .  s ince  eve ry  open  se t  vcPr im(A)  con -

r a i n s  ( 0 ) ,  i r  f o l l o w s  ( 0 ) = U .  r h e r e f o r e  I t o l = { " . P r i m t a l  l . l +  t o l  }  
.  i s

- t
c losed .  i n  p r j -m(A) .  Thus  nL (0 )=Jo lO .  Now,  i t  i s  easy  to  see  tha t

J  j - . s  G- inva r ian t .  S ince  by  P ropos i t i on  3 . ! ,  A  i s  G-s imp le ,  i t
o

i o l l o w s  t h a t  J o = ( 0 ) .  T h i s  c o n t r a d i c t i o n  s h o w s  t h a t  A  i s  s i m p l e ' '

S ince A is  un i ta l ,  pr imi t ive and post l imin l ,  i f  fo lows that  A

is  a f in i te  d i -mensional  factor

4.  Subalcrebras of  a  von Neumann a lqebra  w i th  a  homoqengeuE

per iod ic  s tate

Let M be a von Neumann
g_

.  \ 1  .

homogeneous peraodac sgsgsr l-n

acts  ergodica l lY on M and the

o f  M  assoc ia ted  w i th  I  as  a

of  such a lgebras was made bY

algebra,  SuPPose that  M has a

t r
rhe  sense  tha t  G( f  )= lo  a  au t  ( l { )  l goo=91 .
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Let T)0 be the period of o.,P . Put

J
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I

I
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iser Mrr={ xeu I o.f{x) = ftt*},

For each ne, Z , we consider  the
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t J.9 o*t*,

n € E .
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Then
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zr f t e

f t , f t

Col lect  some
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( i i  )

state f , 14

r o 1 1 0 w s :

f o l l ow ing :

4 . 1 .  T h e o r e m  ( i )  T h e  s u b s p a c e M ,  o f
I

- r rX l ^ "
that for nztL, l4-=lr{  Un and M

n o - n o

In the pre*Hi lber t  space st ructure induced

is  decomposed in to an or thogonal  d i rect  sum

.o u* f1o @ l* lo @ Mou @

( i i i )

( i v )

Mo is of  type l f , ,

M is  of  type JI

€ z
a ,  b €

11, nz

n e

Let  B:  denote the C*-subalgebra of  M generated by l {

Obviously B is Of- invar iant ,  t€ iR
tp

Moreover  s ince the mapping t  e  oal  (x)  is  norm-cont inuous
I

for every xeMn , ne Y' ,  i t  fol lows that the mapping t i--) -Ot'(x) is

-normcont inuous for  every xeB.  Therefore,  we can consider  the
' . F A

C*-dynamica l  sys tem (B ,  s - r r i  {R )  .  By 'Lemma 2 . r  and  Theorem 4 -  r  ( i )

i t  fo l lows that  Sp (OY) is  isomorphic  wi th  Z.

-a
A s  i n  | z  t e t  / l W , O V )  d e n o t e  t h e  a l g e b r a  o f ' a t l  e l e m e n t s

of B wip.h non neg:ative spectrum

(D

4 .2 .  P ropos i t i on .  , i t@,  g ' )  i s  a  max ima l  suba lc reb ra  o f

i f  and  on l y  i f  Mo  i s  a  fac to r

Suppose M^ is  a factor .  We fo11ow the proof  o f
uP r o o f .
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rheo rem 3 .2 .  Le t  %CB be  such  tha t  A  W 'uY  )  
- *% '  rhen  the re

ex j - s t  Uoe  G and  ne tN  such  tha t  € -n (bo )10 .  We ma l r  suppose  n= I '

r , e t  x = { x €  t ' { ^  I  t l )  b e $ ,  t - ^ ( b ) = u *  "  } '  
K  i s  a  l i n e ' a r  s u b s p a c e  o f

l -  
-  o  t  )
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Mo. If  we put 
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'  at cal
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t h ;  f o l l ow ing  poss ib i l i t i es :

not  ergodic

.  I n  t h i s  case ,  t he re  ex i s t s  a  p ro j . ec t i on

(g  )=q .  Then  q .be longs  to  the  cen te r  Z  o f  M '

nt

There are

r .  o  i s
q€  Zo  such  tha t

Therefore,  the
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