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MAXIMAL SUBALGEBRAS OF CX—CROSSED PRODUCTS

g

by

C. PELIGRAD and S.RUBINSTEIN

TS nErecducEion. In[ﬁz]J.Wermer has‘proved that  thelalides
bral of all‘continuous functions on the unit circle [z|=1 which can
be extended to the unit disc \zl(l so as to be analytlc in the
interior is a maximal subalgebra of the Banach alcebra C(T) of calils
continuous, complex-valued functions on the unit circle.

ik L{] Arens and Singer have preseﬂted a generalisation of
patat #oEsthics theory ©)IF analytic functions din the unit dise, ‘estas
blished by observing the role played in the cla531cal theory by thic
group of integers and replacing this group by atlecally compact
abelian group G possessing a suitably distinguished semigroup G, .

Further,'in LB Ik Hoffman and I,M Singer have extended
to this context the maximality theorem of Wermer. In this paper
we extend the same theorem to the context of c*-crossed products.
We mention that the analogous study for M/icrossed products was
made succesfuly in L %7 for the case G=Z. In '§4 we solve the same
question for a Cx-dynamical system associated with a von Neumann

algebra with a homcgeneous periodic'stete.

D Preliminaries and notations

ZA Dynamical systems and spectra Let (4, G,d;)'a Cx—dyna—‘

‘mical system with G abelian, 1e@s e € —alqebra A and an abelian
locally compact group G of %-automorphisms of A with the property

that for each a A, the function g—;vda(a) is continuous.



' We define a representation & (¢) of Ll(G) into the bounded
operators on A by X (f)a= 5f(g)xg(a)dg (a€¢A) where feLl(G). Ron
= A
fEL1 (G) we put Z('E) :{?eGl @(P):o k where G is the dual of

G and f 'is the Fourier transform of f.

; Let SpX be defined as {ZC{) \ &QL(G) e((&\ -‘ &
If aeA let Sp (a)= {Z(Dt)‘ &e[_(&) A4) o O}

We refer the readers to L3711 for the elementary properties.

@it spectra and spectral subspaces
Throughout this paper we suppose G g\crete ancdhenece G
compact._Suppose that there exists a subsemigroup G,CG with the
following properties:
G+LK—G+)=G
GLAEG )= (00
s ; E it .
Let (B,G,ﬁ) be a C"-dynamical system. Denote d?(G,ﬂ)=
: L v
={beB‘Spp(b)CG¢§. By the results in [ 3] ,JQ(G,ﬁ) is a norm-closed
non-selfadjoiht subalgebra of B. A

Now, for each g¢G, we consider the weak integration:

Egcb) = S<‘g,p>/3,,,<b)¢% e 2

where dp is the normalised Haar measure on B.
Then Eg is a bounded linear mapping from B onto
B3={bgB ‘@p(b)=<g,p}b, pea} . We have also the following preper—

ties:

; ¢ - 2 :
o & =S E s
Sy %*%z o 2 %4 ’%2 =
(Here 8 is)the Kronecker symbol)'

28(3 bal) ..3 Sa(b‘)a ) ng )queBo by AEB
Clearly Bb=juG,&)(Wﬂ(G,p) is the algebra of all fixed points

with respect to{E, and &5 s Al fanthEue ﬁ -invariant projection

=

e

A S S A AT



of nerm one from B onto Bg. i li i, A e s e

The foliowing Lemma is a slight generaliéation of [ 9,,
Lemma 1 ].
'2.1. Lemma (i) For any % ,% Ba Bgl— BS*% and B 3, B“d
(ii) Let b“b e B TE C Cb) = %(b,)for all geG
then 54:’32_ : »
(1ii) For beB, we have S’}aﬁ(b) "{%eG | E%(b) -,éo} g
T en| crelP)e fa1}.

ithe following_Lemma is well known and easy to prove:

2.2. Lemma B is linearly spanned by ‘Jgg% in the norm topo-
(& :
logy.

2.3. Remark. If beB is such -that gg(b)=0 e ssomecic N Ey

. — - “d :

then there exists a sequence bn':— 3 b(%), b (%) c 33 whilehl con=
Ve rde shitos b (Hn nosm) such that bn(g3=0 for alil n.siindecdy, by

Lemma 2.2. there exists a sequence C :éZC".(%), Cnf%) G.(%a which
converges to b. Since ngcn) CZC%)(by emumel ik, dk (b)) gunl 83

is bounded for all geG, we have that €%<Jin) converges to €g(b) =0

: Therefore. b, :Cn-'E%CCn) satisfies the desired property.
=)

2B c*-crossed products

Let (A,G,Q% be a Cx—dynamical system 'with G discrete,
- abelian. Assume that ACB(H) for some Hilbert space H. Let S(G,A)

denote the set of "'trigonometric pblynomials“

QP(G,A)={f:G f— A‘f(g)=0 for all but finitely many geG}

Define a faithful representation of Q%G,A) on‘lZ(G,H) by



| e [ &,+)
§ GOy O el e dE i

We identify P (G,A) with its image in B(12((GA,H)) e by
CX(G, »A) the Cx—algebra generéted by gWG,A). e camnl be shbwn
that-Cx(G,«,A) does not depend on the representation of A on H o
We say that CX(G,Q,A) is the crossed product of G with A.

The following element of‘?(G,A):
y(gh=1 s (S =000 ForaaiiiNic g

will be denoted by :Rq'}

Also, the element y"egD(G,A):

y (0)=a for some aeA
y (g)=0 itous el @0
will be denoted by a.

A\
We denote by‘(Cx(G,M,A),G,Q) the dual system of (A,G,x) [40].

If G is ordered by a subsemigroup G, as int 22 thent e

A

may apply the results in 2A to the system (CX(G,Q,A),E}N).

3. The main results

We éay that a Cx—algebra A is simple if A has no nontrivial
closed two-sided ideals. We say that A is G;simple apd alie 0EIE e
nontrivial, closed, G-invariant two sided ideals. If G is oredered
by the subéemigroup Gy , we say that G ié archimedean ordered if
for any g, ,g2€G+\{O} there exists nelN such that ng,3g, . Then,
‘it is well known that G.is isomorphic with a subgroup of R.
Let B be a c* algebra with unit. We say that a clesed .
subalgebra = A ¢ B with the unit of B is a Dirichlet subalgebra if
Lﬂ+kﬂx 1S norm dense in B. Let & be a faithful projection of norm

one in B. A Dirichlet subalgebra Mg cB is said to be Cx—subdiagonal




if the pair 09,2) satisfies the following conditions:
GhE 2 multiplicative on 5 ’
G e
We call the Cx—subalgebra bﬂ/ﬁqu the diagonal of J .

Then using [ #, Theorem 3.1], the proof of | 7 , Theorem 2.4 ],

can be adapted to prove: f . i

St e orcm.  Eet Albe na Cﬁ—aigebra vl eiale, el 6 Joe
a diecrete, commutative group of automorphisms of A.

Suppose that G is archimedean—linearly ordered. Then
dﬂ(Gﬁ() is a maximal C —subdlaqonal subaldgebra of ch (G,%,A) with |
respect to the prOJectlon (§1) The following Theorem give a
St ficilentcondition For QQ(G %) to be a maximal subalgebra of

e X2,

3.2. Theorem. Let A be a simple Cx—algebra with unit and
b be an automorphism group of A. Suppose gt @ 18 clhilscrete and
archimedean-linearly ordered. Then J%(G,&) is a maximal subalge-

bra of CX(G,d,A).

Proof. The proof is inspired from Cohen'’s proof in the
classical case (tS]).Let ggilcx(G,q,A) be a subalgebra which
contains JQ(G,Q) and @3#‘ﬁ(G,&). Then, there exist be B and
ty € G+\{O% suchisthat E_to(b)¢0. Tt is easy to seestEhat the set

J={aEA[(%) beﬁ% ' -Atof;to(b)za} is a two-sided ideal in A.

Since A is simple, it follows that J=A. Therefore, there eixsts
braiaien it L € (D)=
By definition of the crossed product and Remark 2.3 tlilciee
5 : : : % : e > x
. exist two "trigonometric polinomials" p,qe\ﬁ(G,u)'and heC” (G,X%,A)

such that . , 5 A ! ' S



W Bk

for some t, ,tzeG+\{O} :

Let so_e G+ be s, =min {to’tl’tz)k' We denote» also bl=

. A \ -~
= )\to_soboe@), pj—ltl_sop; € J@ (G), 9,79 :)tz_soeé)(G, )
Then
3 % 2
J\sab1 s A bl d i . .uhii< e
Let M= “ql —l_ T“ . Since ql}s -)\_S qjl‘Z:i.h where h is selfad-
- o o

joint, we have for every 50

) M+ 8090~ X Tl < 4% X
Further, we have:

8(35051 "1")&)}3)-— gh
X (8, -p)=Sh -8
45,3 —3h -8

- (2) 8}\_%&:

e it

1)

where 9—554—?4(—,93.

i éﬂ(c &) be such that 2 AS :}Doi

From €1l), (2) and - the fact that || < 1/2:,= it folillewsthci:

e N o 5 S 2 s
Bl ey +A$°(j%+ogj)“_\<4+O.M-+é/2 :
If E< 1/2Mz thieny from (@) it e ciiliEst

@) 1+ + %, (389 < 148

e AT T N A A7 e




: o L0 '

Since obviously )‘s (—g+3-&1)66‘?} , from (4) it follows that
; (o PSR

this element has an inverse k in {B So :)\S (g+%qi)k=l. From this,

: o
it ol lowst Ehail =(g+§q1)k€@.
=

Let ¢ G, be Sl HeraEAECIce G is archimedean ordered,

there exists nelN such that ns_7 s. Then

3‘-5 = ‘)\hS;ST )\_nso (< g?) o

it follllowss Ehat %—"—‘CX(G,O(,A) .
In what follows we discuss some partial converses of the’

preceding Theorem.

8 i Prigpesiition: Let A be a unital Cx—algebra, and etibe

an %-automorphism of A. If A (Z ,&) is a maximal subalgebra of

Ca‘kf (za,00 28 Elien: A s simple.

>_lP_1_“<lc3_f_. Suppose A is not silﬁple nd et Ul be a nen it

two-sided ideal. We shall siiow that ‘}Q(Z,&) is not maximal. In.
erders s to do this we shall produce a subspace 772C e (Z ,%,A) with
the folléwing properties:

(1) b.772 = for every b ¢ jg (Z,g().

(ii) There exists geCﬂi (Z,O(,A)\ﬂ:-(z,&) such that g77} & 772
(11i) M is not a left ideal of c* (2 ,«,B) . ‘
Let 772 be the closﬁre of the set of polynomials b:Z+—> A
with the property that b(n)e o(n'(J) foiadil n<0. ;

| Let peN and fe 772 a polynomial. Then (j\p.f) (n)=oF £ (n-p) -
Hence, if n<0 we have ()P-f) (n)écxn (Dipeesuion BB Eeeien: AlEe

if ae A, we have (a.f) (n)=a.f (n)é€ D(»n (T Henpe bmc 7‘)2 Forii

all bé\)?(z.,&) and @cs rroved.



~{ - . : .
To: prove (ii) let xe& « (J). Then the element x{)_l satis-
fies (ii). Obviously ) _,M ¢/, whence (iii).
Therefore LA(Z,Q) is not maximal. It follows thdat A is

simple.

34 Preposiitiion. Biet A bela unital Cﬁ—algebra and G be

a discrete; commutative, linearly ordered group of_x-automorphisms
of.A.

Iflﬂ(G,&) is a maximal subalgebra of CX(G,d,A), then:

(1) Thetorder on G is archimedean .

@i e =climpilcl,

Proof. Suppose the order on G is not archimedean. Then,

: : \ :
_ there exist t, Jto€ G+§§uch that ntl<t2 for every netN. Then, the

5 ;
algebra % generated by ,jg (G,Q) and ~>‘-t satisfies J«?(G,o(] %% % C (C‘aq' )
: ik

Hence‘ﬁ(G;&) is not maximal, and (i) is proved.
Now, we show that A is G-simple. Suppose B isinons G-simple.
Then, Ehierefexi skEshial non—£rivial G—invariapt twé—sided ddeailt s RERA
Denote by 55={b€CXﬁG,N,A)‘ Et(b)éJ, t<d}. Then 65 is an aigebra

and UQ(Gﬁi)ggg %» CX(G,Q,A). Therefore A is G-simple.

S5 S BroposiEllont ek Anbe et it el Cx—algebra and G be

a discrete, commutative, linearly ordered group of *x-automorphisms
of A. Suppose that
(1) A is primitive and postliminar.
(ii};Q(G,Q) is a maximal subalgebra of Cx(G,u,A). Then we
have:

(iii) G/is archimedean ordered:

(iv) A is a finite dimensional factor.

Y e T e PR T S G PR T 8 ST SR



. A is primitive, it follows (d)e Prim(A) . Ob%iously, (0) is dense

‘Then ' ; - » g : |

Proof.  (iii) follows from ?roposition g4l Ticth s prove
(7)) o Let A be the space of irreducible representatibns bf A and
Prim(A) the space of primitive ideals of A with thé Jacobson
tOpoiogy. Then, by L4 Théordme 4.3.7) the mapping T +—> kerT
is a bijection between A and Prim(A). By [4 Theoreme 4.4.5 ] ﬁhere

exists a maximal open set U Prim (A) which is separated. Since

in'Prim(A). Thiewe forecl () ell. "Sinces every openvseﬁ VcPrim (A) Gon—'
tains (0), it follows (0)=U. Therefore [(O)={JéPrim(A)\J¥(0)k Wits
closed in Prim(A). Thus f\&O)=JO#0. Now, it is easy to see that
JO is G-invariant. Since by Proposition sS4 RAsis G-simple, it
follows that JO=(O). This contradiction shows thgt A is simple.
Since A is unital, primitive and postliminar, it folows that A

is a finite dimensional factor.

4. Subalgebras of a von Neumann algebra with a homoqeneoué

periodic'state

Let M be a von Neumann algebra. Suppose that M has a i

" homogeneous periodic stateéYin the sense that G(@)={F$e Aut(M)lQoU=f}

acts ergodically on M and the modular automorphism group Sgi,

of M associated with ¢ is a periodic flow. A penetrating study

of such algebras was made by Takesaki Lo

Let T»0 be the period of'O';P . Puis gge'z’rh‘ o Ol Ity

intx},

o e v
set M_={xen| ofx)=7¢ ne z.

For each ne%, we consider the integration:

e ik :



_,10._

Bl a2

2,108;“ :gnmgn m,rZGZ'
En(a‘xb) e owb T g bed e
Mn Mm = Mn-rm n, m = s

" & ‘.
M"l = Mon_ h € Z :
Collect some results from [44] in the following:

4,1, Theeorem (i) The subspace M. of Micontainsiianiiiseomeciay

i}
' 5 n 50

B SuElh - Eheln Fer mpgl, M =0T ehael M S0

m © = o

(aLat) J0p EhiE pre¥Hilbert space structure induced by the

oitace P M dis décomposed into an orthogonal difect sum as

follows:

——

. , : | :
Moz -'-'GBU*"MO&J'--@U*MO@MOGMDU ® - OMV D -- .

(iii) Mo 18 ©or type-II1

(iv) M is-of type ﬂT

—

Let B denote the Cx—subalgebra of M generated by Mo and u.

Obviously B is <§f—invariant, teR.

Moreover since the mapping t\-—é?qf?x) is norm-continuous

 for every xeMn , ne Z, it follows that the mapping t r—e>C$?x) is

normcontinuous for every xeB. Therefore, we can consider the

Cx—dynamical system (B,<§f, R) . By Lemma 2.1 and Théorem AT (18)
e folloWs that Sp(Cﬁ) is isomorphic with 7,
Ag dm §2 let fﬂ%, GW) denote the algebra of all elements

of B with non negative spectrum.

4.2 Preposition. 14%Z,<3¢) is a maximal subalgebra of B

aiE eigel @iy aliE Mo is a factor.

- Proof. Suppose MO is a factoxr. We follow the proof of




fheorem 3.2. Lt %CB besuchEhat j? (Z, o?) g% . Then there
exist bog@, and. Rt suchiEhiatt = nEs (bo)#O. We may suppose n=1.
Let‘n K=§xeM\o b (3 beB, E (b) —u* x}. K is a linear subspace of
Mo' i B we S put e=uux, it can be shown ea51ly that the mapping |
Ad (u) (x)=u‘ x v¥ is an isomorphism of M_ onto eM _e.

‘ We claim that eKe is a two-sided ideal o.f eMOe. Indeed

fikfe beC\BlS such Ehat E1(b)=xeeKe and aeeMoe 7 chen

#
(U éu)Ux v aex
= J*eaex

LA

i

Therefore, since uxaueMocﬂ(z,s"P)c 53-, we have
21(0*30'&3) St co. Axec ke

Similarly

€ . (ba) 0" x A& . o xa.e‘eKe,
- » sk

Ssinece »M is a factor i Eoildllows that eM e is a factor. Therefore
eM e is simple. Hence eKe= eM el hent A thiere ex1sts b ¢ @) such that
S U= uFe= ux.

Byadefinition of B; there exist two "polynomlals

p,qﬁ-«)q(Z,O“?) and he B such that

bou=l+pu+uqu+h R Enlieee /2
.3,&- t?lt tl“& P&’I
The rest of the proofmme as that of Theorem 3.2.

Now, suppose thait ﬂ(z 6‘?) is maximal in B.
it Mo is not a factor,. let - @ be the automorphisms of

the center Z(; ©)E Mo defined as follows:

uzux=(é(z)e . (see [1f Lemma 120])




There are the following possibilities:

1o ré is not ergodic.

In this case, there exists a .projbectiori' qe Zo such that
g(q )=qg. Then g belongs to the center Z of .M. .Therefore, the
algebra @) generated by JQ @, oT) and qB is such that Az, <

%% % B gt chtradiction. Hence Mo 18 & FeCiEoE

~

I, Eisiengodic.

X o~ .
In this case there exists g€ Z_ such that q @(q)=0. "ihen

it can be easily verified that the algebra g% generated by \)@ (Z,D’?) i

and the set { 0% 6 (a)v|yen | is such that Aol g—g?? =

This contradiction shows that MO is a factor.

e
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