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BEST A?PROXTI,IAT]ON

Cffi.TAIN CTASSES 0F NORliICID LTNEAR SPACES

hr r

G. GODINI

rnt roc iuct ] .0n============

some resu l ts  on  bes t  approx imat ion . in  concre te  spaces ,  € .g .

the space of  cont inuous fu-nct ions or the space of  integrable

func t io i l s r ,_1ead us  t ,o  i .n t roduce i "  Ig ] r [ ro ]  t rvo  c lasses  o f

normed l inear spaces, eal . ] .ed.  wi th propert ;y (c)  ( [g])  and . i ' i , .

pro.perty ( A ) ( irol ) , u,hich seems to be particularly rryell

sui ted.  for  appl icat ions to best approximat ion.  To suplrort

th is lc1ear 'here v/e added much nev,r  mater ia l  r . ,h ich we hope to

be enough convincing on the ut i l i ty  of  ihese elasses. From
-our 

general  resul ts proved. for  a space rn 'h ich belongs to one

or both of  these cl-asses, u/e der lve many. knov,rr  resul ts j .n

the  concre te  spaces  wh j -ch  are  conta ined i r  l l l  , [5 l r Ie  -1 ,  I  a ] ,

I r z J , 1 r + ) , I r l ] , i r z ] , [ 1 9 J , I z r l  .  i y e  n o t i c e  h e r e  t h a t  t h e s e  r e s u ] t s
f rom the concrete spaces vrhich v,re referred above, are sornet imes

' 
formulated. and. alrr,,a;rs pr.oved., using the specifi-c- properties

o f  the  spaces  under  cons id .e ra t ion

Another way of  general izat ion concerns the approxi-rnant

se t .  rn  th is  paper  we cons ider  bes t  approx imat ion  b ; r  e le rnents

of suns. As i t  is ' r ie l l  lcnolvnr anx convex set is a sun, but

the converse is not t r i re,  I lenc-:er sone : .esul ts;  on best appi .oxi . -

mat ion  by  eJ .ements  o f  l incar  subspaces  or  convex  se ts  in  the

ecncre te  s 'paces ,  can  be  ex tended,  to  su-ns ,  us ing  our  rcsu l - ts "

rN
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On the other hand, the s imple fa,ct  that  a concrete space

be longs  to  one or  bo th  o f  these c lasses ,  fu rn ishes  ( ry  tne

d,e f in i t ions  o f  these e lasses)  geomet r ica l  p roper t i -es  o f  tha t
'  space.  In  par t i cu la r ,  v /e  ob ta in  conmon geomet r ica l  p roper t ies

f o r  t h e  r n a i n  c o n c r e t e  s p a e e s  c ( a ) ,  c o ( r ) r ' L 1 ( T ,  t ) ,  t * ( T ,  r ) .
Th is  paper  conta ins  four  sec t ions ,  sec t .  1  be ing  a  o re-

sentat ion of  knov"r t  resul ts or facts f rom funct ional  analysis

and the theory of  best  approximat ionr 3s wel l  as the termino-

logy and notat ions necessary for  an easy und.erstand. ing of  the

o t h e r  s e c t l o n s e  s e c t .  2 r r e s p .  s e c t .  l  r d e a l s  r r y i t h  t h e  c l a s s  o f

s p a e e s  ' r : i t h  p r o p e r t y  ( c ) ,  r e s p .  ( A ) .  T h e  n a i n  r e s u l _ t  o f  s e c t  ,  2 ,

grve$ a .neQessary- a.nd.., sltff ieieirt eond.it ion..in or.d er: that , a sun ,

ln a $,eae9 vrr th pr6;oerty- ' !c)  to, ,be semj.-chebishev. This resul t

i s  used-  j -n  Sec i .  4 t  rvh ieh  dea ls  v r i th  the  c lass  o f  spaces  hav ing

both  proper ty  (c )  and proper ty  (A) ,  to  p rove  a  charac ter tza t ion

af,  a semi-Cheb, ' , 'shev sun by the str ict  Kolrnogorov cr i ter ion.  Appt i -

ca t ions  are  g iven th roughout  these las t  th ree  sec t ions .

In th is paper u;e eonsi-der real  normed. l inear spaces, br,r t

the  resu l ts  can be  ex tend.ed  in  the  usua l  r ray  to  the  conp lex

normed. l inear snaces:-v i - ' u L v v u '

l-. p=lgllElggrlgg

Throughor.rt this paper E vri11 stand. for a real normed.

l i -near space, i ts unl t  sphere being d-enoted by sg ,  a,nd_ i ts

c o n j u g a t e  s n a e e  b y  E * .  F o r  x  t y  &  T  1 e t  u s  u e n o t e  b y  z ( x r y )

the  one s id"ec l  Gatea ,ux  c i i f fe re r rb ia l  a t  x  in  the  d i rec t io i l  1 r1  i .€ .  y

T( :< ,y )  =  i1a  l \ x+ t i l l - i l x t l

t+ o+ tl
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r t  is  rsel l -knorr ,nr  (see €rg.  r  [ t ] )  that  :

t ( x , y )  +  z ( x  , - y )  V  o .

F o r  e a c h  x C E  w e  d e n o t e :

( 1 . 1  )

N(x )  =  No (x )  =  Lv  nn  I  z ( x , r )  +  z ( x , -Y )  =  0J

A ( x )  =  A E ( x )  =  l t  r s * l r ( x )  =  l t x l l  r  l t f  l l  =  1 J

Then by ( t11]  r  [Al  )  r .e have l

N ( x ) = A ( x ) r @ [ t ]  
)  ( r ' z )

. ?  , -

and by (1161) vre have ' ,

( r . 3  )

)
v r h e r e  f o r  a  s e t  A c E * ,  A I  =  f  x e E  I  f ( " )  =  0  f o r  e a c h  f  e A J .

Summa.rizing some knovrn facts in the concrete spaces

( s e e  [ 1 ] , [ e ] , [ r c l  f o r  f o r m u ] a s  ( t . 4 ) ' ( 1 . 5 )  a n a  [ r o ]  f o r

. , (1.  6 )-  ( f  .  B )  ) ,  we have the f  o l lor ; ing useful  f  ormuias;

Let C(a) be the Banach space of  a.11 real-valued. cont inuous

funetlons over the compact Hausd-orff space Q vdth the su'p norrnt

a n d  f o r  x € C ( , ; )  t e t  u s  C . e n o t e  b y  c r i t  x  =  L  q .  C : l  t * ( q ) l  =  f t  x f t  J

s ( * ) I  =  |  v  e n l  r ( x , v )  =  z ( x , - Y )  =  o J

a n d  Z ( x )  =  t n u e  I x ( t )  =  o ] .  r h e n ;

N ( x )  =  t o . c ( a ) l c r i t  x c z ( v ) i  O t " ] (r-. + )

'  , , ,n /he .n  (T ,  / r )  i s  a  pos i t i ve  measure  spacer  le t  f , ] ( f ' r f  )

be the Banach space of  the equivalence classes of  measurable

real-valued funct lon's x.on T fo: '  r ' , 'h ich i t  x l l  = J*t" l  df  t  F r

a n d -  f o r  x e  r , 1 ( T , f  ) ' w e  d e n o t e  b ) r  z ( x )  =  I t  o  r  I  x ( t )  =  0 J

( defined up to a }r '-nurt se'i; ) '  Then "'

i { ( x )  =  . - r u i l ( t , f  )  I  zG1  r *  z ( t )  u ' . " '  I  ( l - ' 5 )

i
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1
and. for  each xt l f  € Tr-(T,  f  )  we have

: ( t r : r ) -  f (x . -v ) ' s ign  x  a  y ( 1 . 6  )

( r .  ?  ) "

l{hen a 1s a compact }iausd.orff space and. y a positive

Radon measure  on  Q such tha t  the  suppor t  o f  y  i s  Q,  1e t  C l (Q,  v

be lhe  l inear  su 'bspace o f  L l (Q,  v  ) ,  o f  the  equ lva lence c lasses

of real-valued- cont lnuous funet ions on Q, wi th the norm i lx(  =
r 1

= J , . ,  l  r ' l  dv  .  fhen fo r  each x  €  C ' (Q,  v  )  we have ( t fO l )  t i ra t,.1

2

d i s t ( y , l I ( " ) )  = t zu)
t . '  z ( x )  Y

l y r  a r

N c ,  ( Q , v  ; ( x )  
i s ;  d e n s e ,  i n  N 1 , r  ( Q , ,  ) , ( x )  

a n d  ( t , 5 ) - ( r . l )  a r e

true, r 'eplacing l i  by c l ,  i  by a

I,et L* be *,i: ie Banach snace

endov,;ed rvith the sup norm, and f or

t ' , 1  r *  r  . .  ' )  -  n D= tn l  I  ? "  I  =  l l x  t i j  and  1e t  , / [ *  be

(nk) such that l . im Trrn = I ,  l lx l l  r  - l txt t  zY '̂^k

N(x)=fy=( 4,n.)  eL*11r.=0,  ner* ,  1 im In =0,  (q-)  e. j f - .J  e t " l  ( r .81
.  - 1 ,  . r r k  K .  . " ' X

The l .ast  par i  o!  th is sect ion contains the background

mater ia l  f rom best approximat ion theory,  which vdl l  be used. in

t h e  o t h e r  s e c t l o n s .

let G b.e a nonemnty subset of

d .enote  by  P* (x )  the  se t  o f  a , l l  bes t

o f  G ,  i . e . 1

P r , ( x )  =  l * o e c l r r x - g o l l  =  d i s t ( " , c ) J
t t '

The set  G is  cat led:  1)  pro:c in ! ! .a .L  i f  pG &)  /  f l  tor  each x  e  E;
2i sert i i -Cirei- , , r is j : : i l |  i f  Pn(x) contpr ins r . t  r r rost  one eler1e4t for

each xe E; 3) SSl lE4gg i f  P*(x)  conta: ' r -ns exact ly one element

f  or  each :r  c E.

a n d  f  b y t / .

of al-1 real bounded sequencesr

x = (  Y  n ) e  t *  , .  1 e t  I *  =

the ,set  o f  a .11.  sequences

E ,  a n d . f o r  x  € 5  l e t  u 3

approximations of x out
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called rr, stron.qly unt_que

E i f  there exists a number

such that f  or feach g e Gr l t  x-g l l  > l lx-gott  + f  l tg_gol l  .

to be a strongly cheb. ' rshev_ set,  i f  each x a E has a

un ique e lement  o f  bes t  approx imat ion  in  G.  c lear1y ,

is 'a  s t rongry  un ique e lennent  o f  bes t  approx imat ion

t h e n P ^ ( x )  = t  1  - '
L r .  2go l  .  , rhe  converse  is  no t  a lv rays  t rue

elenent of

f > 0

G  i s  s a i d

strongl.y

i f  g o t G

o f x i n G ,

For  x  e  E  r .E  and.  go€ Grwe reca l l  tha t  the  pa l r  (gor* )  i s
sa id  to  sa t is fy  the  Ko lnnogoroy  c r i te r iog  (w i th  respeet  to  G)
i f  ' r , ( x - t o r g o : g )  

> O  f o r  e a c h  g e G ,  a n d  t h e  
@

cr i te { ion  (v r i th  respec t  to  G)  i f  r (x -gorgo-g)  >  O fo r  each
g e G .  l e o l  .  r n  t h e  l i t e r a t u r e  t h e s e  c r i t e r i a  a r e  g l v e n  i n
a n o t h e r  ( e q u i v a l e n t )  f o r m .  $ a m e 1 y  ( s e e  € r g . ,  L  l 5 l ) ,  t h e  p a i r

- (eorx )  i s  sa id  to  sa t is fy  the  Ko lmogorov  c r . i te r ion  (s i -mi ra . r , ry

f o r  t h e  o t h e r  c r i t e r i o n )  i f  f o r  e a c h  S e  C ,  m r _ n  { f  i e _ g o )  I  f  <
E ex  A(x -go)J  =  o ,  v , ihere-  ex  : \ (x -go)  i s  the  se t  o f  the  ex t reme
po in ts  o f  A(* -go) .  one gan see i * ta ia te ly  tha t  they  are  equ iva-
l e n t  u s i n g  f o r n u l a  ( r . 9 )  b e l o w  ( s e e  t h e  f - i r s t  e q u a l i t y  i n  t r : i ,
[ fg ] .  and the  second.  in  t  2 f ) .  For  x ry€  E vve  have 3

? ( x , ) ' )  = m a * [ t t r ) l f  e  a ( r ) ]  = T t e . x { r ( r ) l f  e e x  - q ( * ) J  ( r . 9 )

A  s e t  G  c  E . i s  c a l l e d .  a  s u g  ( s e e  e . g . ,  [ 2 0 ] ) ,  i f  f , o r
e a e h  x < E  a n d . . g o e  P * ( x ) ,  ! . i e  h a v e  g o € p G ( * . x + ( f - . . ) S o )  f o r
ee ich  o< ) - I .  Not ice  tha t  fo r  O <  x  <  1 ,  the  re la t j -on

g o €  P G ( ' < x + ( r - o ' ) s o )  h o l d " s  f o r  a n y  s e t  G . T h e  K o l m o g o r o v  c r i t e r i o n
was used to charact  er tze the elenents of  best  anproximat ion

when G is  a  sun,  s lnce  Brosov , rsk i  ( t : ] )  p roved the  fo l lov r ing

resu l t  i

1 . 1 ,  T h e o r e m  (  [ 3 ]  ) .

f o r  e a c h  x € E \  d ,  g o e G ,

A set G C E i:c--a ;;gn *if a.q4_ontJ_if

the_ foLlo:.,,in,.ri str.,te.Tgn!11: 4le equirrellent 1
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i  )  8o  € r : * ( x  ) .

i i  )  (S^  r * )  sa t is f ies  the  Ko lmog 'o lov  g r i t c r : ion .

N o t i c e  t h a t  1 i ) : ) i )  i s  v a l i d .  f o r  a n  a r b i t r a r y  s e t  G .

i ' r 'e shal1 need the fol lowing simnle,  but  useful  resul ts.

L 2 ,  L e p r m a ,  ( [ f f ]  ) .  I , e . t  G ' b g - a  F g ! € g ! - €  5 ,  x €  E  \ d  a n d

IE (g^,* )  sat is f ies  the s j r : r . .  ,
n  / - - \  (  -  )r c \ x /  =  t g o J .

g o ' €  G .

then

I

I=  i x
L

t r ' {hen G is a J lnear subspace of  E,

e E  l o e P * 1 * ) J  .

1 . 3 ,  P r o n o s i t i o n  (  [ i l  ) .  f , l i n e a : q 5 _ g b s n a c e  G  o f  E ' i s

we d"enote  by  p ; l (o )  =

Qbebyshev i{ s.l i . on}:, i i f G @ P;1(0 ) = B,

2. gggggg=gr!4=er9!9r!g (c)

2 . 1 .  l e f i n i t i o n  (  [ B ]  ) . The space E ]= cal l .ed.  wi th

pg:gp-g jg  (c )  i f  fo r  each xeS,  and eaeh ae .A( "L  r  ua . t r  =  l - ,  y re

z t  - z n
h a v e  ^  =  

#  ,  f o r  s o m e  
. r L e  

S U  ' , ' r i t h  A ( x )  c  . q . ( r i )  ,  i = L r } , .
. . . ' '

I ' Io t i ce  tha t  by  (1 .2 ) ,  z re  i { (x )  and r ' , re  ha .ve  z i=x+a i  fo r  some

a r e  A ( " ) ,  ,  i = L 1 2 i

. i r . :  i o o  
G e o m e ! , 1 i c a l r  y ,  t h e  s p e c e  E  h a s  p r o p e r t y  ( C ) ,  i f  

. f o r  
e a c h

xd S,  the  c loseC l - j -near  subspace N(x)  o f  E  has  the  proper ty

d"escr ibed as  fo l lows.  S ince  x  i s  a  smooth  po in t  o f  S t t l * ;  ,

there  ex is ts  s  s .y l ique  f  €  S l i (x ) r  s l rch .  ' " } . . " i t  f  (x )  =  l t x l l  = .  1 .  Le t
C  ^  l , n ,  )F *  
L " ,  

S t ' i ( x ;  I  \ ( z )  =  } J , .  T h e n  F *  i s  a  f a c e  o f  S * ( x ;  r d t h

x  €  F*  .  P roper i ; r  (C )  rec lu i res  tha t  each  a  e . { ( " ) f  (=  {  z  e  l ,T t " l  lV (z )=C] ) ,
f l  a.t t  -  1, to be in the mid.ci le of a. segnnent yr j- t l i  an end.-point

ln I '* ;Lnd -Lhe other i-n -1rr- .

2 , 2 ,  E g n g l l ! .  I f  E  h a s  p r c l e r i y  . { C ) ,  t h e n  f o r  e a c l :  x 6

f  or: gonte

lr

Q

1
anc  csch  a  e  : r . ( x ) ,  ,  l t  a l  4  i  \ " , ' e  have  a  =

' r - ' ?
n s E
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u r i t h  g ( x )  d  A ( z r ) ,  i = r . 1 2 .

I n  ( t A t )  w e  h a v e  s h o v ' n t  t h a t  t h e  s p a . c e s  C ( a )  a n d  L l  ( T ,  f  ) ,

( r ,1 ) *  =  T , -  have proper t ; r  (c ) .  us ing  ( t r -o l  ,  Lemma 2) ,  t i :e

assumption ( f l l ) "  = L* can be deleted..  ( ' ,Ye recal l  that  for  x e Sl ,

a n d  a e  A ( x ) ,  r  l t a . l l  =  1 ,  y l e  c a n  c h o o s e  i n  } ) e f i n i t i - o n  2 , L ,  f o r
. L

E  =  C ( Q ) ,  z t  =  x ( l - l a l )  *  & r  
" 2  

=  x ( t - l a t )  - a  a n d  f o r  E  = L J ( T r f ) ,

, I  =  a  + l a |  s i g n  x ,  , 2  =  - a  + l a l  s i g n  x ) .

I f  A  i s  a  c losed-  se t  in  t ) ,  then  the  fo l low ing  su-bspace.

. t  
- )

o f  c ( a ) ,  I A  =  l x e c ( r " ) l  x l A  =  0 J  h a s  p r o p e r t v  ( C ) '  t h e  p r o o f

be ing  s i rn i la . r  w i th  tha t  fo r  C(a) .  I ience,  the  space Co(T)  o f  a l l

real-valued. func'cions on the 1oca113r compact snace Tt viLnishing-;

at  inf in i t i , , ,  endo'ved vr i th the sup norn,  has property (C).  In

par t i cu l -a r . r :  co  has  th is  p roper ty .  S ince  pro ' r le r ty  (C)  i s  invar ian t '

und.er lrnearly i-sonetries, it f o11o', ';s that I-, 
- (T r 1r.. ) iras

proper t l r  (C  )  .
t  ' '  

2,3.  R.e43r ic.  i ' {o smooth or str ict}y convex space Et

d i i n  E  7 1  2 ,  h a s  p r o p e r t Y  ( C  ) .

2 ,4 ,  Renark .  Proper ty  (C)  behaves  bad- ly  w i th  respec t  to

the hered. i ty.  1: /e sh.al l  sh.ol  belo ' ; ;  (see Remark 2. I?)  t  that  the

1

s p a c e  C I ( [ - r l r ]  , y  ) ,  y  t h e  T , e b e s , g u e  m e a s u r e ,  h a s  r i o t  p l o p e r t y  ( C )

though i t  i s  a  dense subspace o f  L l ( [ " , ,b ]  , y  ) ' , ryh ich  has  th is

property.  I f  5 is an arbi t  rary ' i  2-di !1ensj-onal  spacet then E has

property (C) i f '  and. gnlrv i f  i is  uni t  bal l  is  'a t : . ra l le logram'

H e n c e  b y  ( [ f O ] ,  F r o p o s i t i o n  1 ,  t h e o r e m  ? )  a , n d -  F - e m a r k  2 . 3  a b o v e ,

i t  fo l lorvs that  v, 'hen E is a space with property (C) t  c l im E 71 3,

then there exj-sts a 2.-clinensional su'i:spac* of E r," ', 'hich has not

p r o p e r t y  ( c ) .

The na in  resu l - t  c f  th j .s  sec i jon  is  lhe  fo l - i .ovv ing

charaet eyt.zzt:_o.n of & semi-Chebysliev set G r v', 'hen G is a sun in

a  space w i t i r  p roper t l i  (C  )  .



2,5. j]rSpfSg. T:-e_! n bq -g-;ipa-cq-1ry1th--plg:Srfi. (C ) eld C

?_gllp_.ol E. ri.en G il pe!-1.Cl3!lsh9l:{ o.nd- 9It1y il8>r eg'gh

x € E rG an4--ea€ so e F*(x)  rve haJr-e-  (G-so) nr i (x-BoL ={ oJ .
,  T  ^ - ^ r  , n  ( * )  s u c hPrg€ .  Supnose  the re  a re  x  €  E  \Gr  and-  go .PG

that  for  some gLe G,  eay ' .  Jo we have 8 l -8oe (G' -Bo)n. t ( * -so)r  .

Since G is a,  sun, ! ' , , re can su.ppose l l * -8ol l  = l .  The space l l  having

p r o p e : : t 1 r  ( C ) ,  t h e r e  e x i s t  z r €  S -  r v i t h  a ( x - s o )  c - , q G ) ,  
' t = L 1 2 ,

sucir that

8-t.-8o u\ 'z^
( 'z.t  ) :=

f  lsr-so l l  
-  2

S i n c e  5 o € ? G ( * ) ,  h y  T h e o r e m  1 . 1 ,  w e  h a v e  g ( x - B o r 8 o - t )  , .  o  f o r .

e a c h  g e G .  T h e n  b y  A ( x - g o )  r -  A ( z a ) ,  L = l r } t  a n d  ( t . 9 ) ,  i t  f o l l o v r s  -

t ( r t i .$o-s )  ? ,  o  f ' c l r  e i : . ch  t  GG,  ' ,d lc t :ce  0e  ?* - .  (z i  )  ,  i=1-121 an 'J .
" -60 .  

r

'  : ' -  "  
4 a, ,h n 4, ,  r  : \9r ]9o[  .  . . ,  i_.r  ,  1s ince  * -Eo is  a .  sun ,  O *p6_So(  " - -T-  z i ) ,  i=T t2 .  I - lence,  by

z r  e  S *  i = L r 2 1  a n d .  ( 2 . t )  w e  h a v e ;

dist(tlqisl: ^r,*_8o, =li {1#rll "r\l=ll EF-u. u, rsr_s"lll

Tlieref ore c ,81-Bo 6 rG-, ( l l9#"11" za) , tr iat is , G-gois not
- o

semi -0heb; rsh . t ,  and.  so  G is  no t  semi -Chebyshev.  Th is  p roves

the  r ron ly  i f ' r r  por t lon  o ' f  the  theorern .

To prove the  r r i f r r  por t ion ,  suppose there  1s  x  e  I  rF  such

that Sort le P*(x) r  soy'e1. ly Tl : reorem l- .1 i t  fo i lo ' ,vs that

t (x -Eor8o-6)  >  0  fo r  ee .cn  geG,  For  B=81 ! \ ie  must  have

? ( t  -8o  r8o-81)  =  0  s ince  o ther r ru ise  the  pa i r  (0  rx -go  )  sa t is f  ies

the  s t r i c t  i i c i - lmoqo: :ov  c r i te r ion  \ ' , , i th  respec t  to  the ,se t
/  . i  

' )

11  =  1 *  ( e , . - eo )  |  o  r ,  o f  ,  v rhence  by  Lenma  1 .2 ,  n rn  ( ' - go l  =  l o ]  i

( . 2 . 2 )
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hence O /  s r -so .  oo . . ,  ( * -so) ,  con t rad ic t ing  lo r (x -so)  =  {g i  .

T h e r e f o r e  T ( x - g o r 8 o - S 1 )  =  C ,  w h e n c e  b y  ( 1 . 1 )  v r e  g e t

? ( x - g o r g 1 - S o ) )  O .  T h e n  t h e  p a i r  ( 0 r x - g o )  s a t i s f i e s  t h e  K o l m o -

gorov cr i ter ion r , r i th resnect to the l -d. imensional  subspa.ce Igf-gol

and so 0 ePrgr-go l (* -go) .  By (2 .2)  we have a lso 81-8oeP[sr -sJK-gc) .

r ,et  y=z(x-go)-(sr-so).  Then t1*r-*ol  (r ' )  = ,n[*r_-* 
,  

(x-s5)-(sr-so),

and s ince 0rg.  -e  e  P-- .  -  - . ,  (x -so) ,  i t  fo l lo 'v ' rs  J(sr -so)  u
I  o o - * [ g t - 6 o l

€  ? r . ,  - -  .  ( : r )  t ' r hence ,  s ince  th i s  l a t t e r  se t  i s  convex ,
lB1-u6 )

0 €  P . ^  -  -  ( y ) .  T h e r e f o ? e  w e  h a V e  :
Lsl-6o J

l l  y t r  =  I \v - (sr -so) l t  =  l \v+(sr -so) l l  (2 .3)

By  0  €Pro  _ -  - , ( v )  and .  Theoren  r . l -  v , i €  ge t  Y ( ) ' r ! ( s r - so ) )  ) .  o ,
L6t-6o J

I f  , y  ( y r g 1 - g e )  >  0 ,  t h e n  t h e  p a i r  ( g r y )  s a t i s f i e s  t h e  s t r l c t

Ko lmogorov  c r i te r ion  v r i th  respec t  to  the  se t  L2= l * (s1-go)  |  *  a  o ]

w h e n c e  b ; r  T . , e m m a  L , 2 ,  P r .  ( y )  =  [ 0 J  .  g ) t  ( 2 . 3 )  v r e  g e t  g . - S t  €  P T , ^ ( y ) t

a contradict ion.  S",  l r i i r r31-86) = 0,  and. in a srmi la.r  ' , r t 'U,  t , l i t *

t h e  s e t  1 . , ,  a n d  ( 2 . 3 )  r i t  f o l l o r , ; s  t h a t  z  ( y r 8 o - s 1 )  =  o ' B y  1 r . 3 )

vie obt: . in t iat  g l -Eo e:A(;r) ,  .  Let  \ ry=y+go. Then rv=2x+( i -Z)g,  and-

s i n c e  G  i s  a  s u n  a n d  8 1 .  ? C ( x ) ,  i t  f o l l o v ' ; s  8 1 .  P g ( u u ) .  U s i n g  ( 2 . 3 )

we have l i !? -E t t t  =  l l  (Y+go) -St l t=  l l  y l [  =  l l  ( y+So) -Sot l=  l l  v ; -go l t  r  and

s o  g o e  P * ( v r ) .  s i n c e  v / - E o = t r -  r , e  g e t  o  /  s ; : a o e ( G - E o ) n , l ( * - g o ) i  ,

lvhich .coropl-etes the proof of  the theorem.

' *e  no t ice  tha t  in  the  proo f  o f  ihe  t ! i ' f *  par t  o f  Theorern  2 .5

v , , 'e  have no t  used-  the  hyoothes is  tha t  f  has  proper ty  (C) ,  so  i ' re

have a suf f ic ient  condi t ion foz '  a sun G tn arL arbi t rary sr lace

to be semi-Chebl, 'shev.

An- iurr ied. iate c 'J l i .ssquence of  Thecren ?-.5 is :

2.6. Cqr-ollaf;. Lq.! E be a'=opa.ce v€!h-3l-9l-e:-!.ri. (C) i: 'nd

G a l-inear subsnace of u. Then :i is 'tle-tr:9*9gi*h.9Jj.i-!'tll*o''U-



i f  * ( x ) r n c  = t o J  ,  f o r  e e c h  x e r [ 1 ( o ) .

The  neeess i t y  cond . i t i on  i n  Coro l l a ry  2 .6  can  be  i -np roved .

fndeed .  t  &L  easy  eonsec 'uenee  o f  Ooro l l a ry  2 .6  g i ves :

2, '1  .  CoTg11gg. '  ( t8 l ) .  te !  E be ? sn?.ge wi th  n loner t l  (C)

and" G e-_lf4g!l:-_E@space gi E. Theg G is selir:C4eb11shev if ancl

qn l t l - i f  I ' t ( x ) f rG =  tc i  fgg_Seg i r  x€pA1(0) .

.  Dven r ," . 'hen G is e eonvev- setrvJe can not improve the ,ronly

i f f '  c o n d i t i o n  i n  T h e o r e i r  ? - . i  b y  t h e  c o n c r i t i o n  N ( x - g o ) n  ( G - g o )  =

= {0J  ,  x  e  E  t  d ,  go  u  FG(x) ,  as  s lmn le  exar r : ,p les  sho, r . , , .

F o r  p  =  C ( a )  ( r e s o .  l f  =  I , l ( f  ,  f  ) )  b y  C o r o l 1 a r 1 , ,  2 . 6  a n d

( t .4  )  ( resp .  Coro l la ry  2 .7  a .nd  ( f  . l  )  )  ! ' ' e  ob ta in  the  f  o l lo rn r ing

resul t  of  Ch+nelr  and i ' i i r - l -bert  ( I5 l  ,  Theorem l0) (resp. [5] ,

Theorem Z] - )  wh ich  s ta tes  bhe, t  a  l - inear  subspace G c  C(Q)  ( r tsp .
1

G aL-  (T ,p  ) )  i s  semi : -Cheb l rs lev  i f  and  on1; r  i f  O is  the  on ly  . . , - \

e leneni  .1n G , ' , 'h ich vanishes on an o(--set  ( rosn o n -  r  \)s  on  an  *G-"e t  ( resp .  a  F  C, - te t  )  ,

v ;here  an  d* -se t  i s  a r ry  se . t  o f  the  fo rm cr i t  x  fo r  sorne  x  e l * ] (o )

( r e s p .  a  P g - s e t  i s  a n y  s e t  o f  t h e  f o r m  z ( x ) . f o r  s o m e  * . p ^ 1 ( 0 ) ) .

. . _ , _  u s i n g  ( 1 . 6 )  a n d  c o r o l r a r y  2 . 6  l " r e  o b t a i n  a  r e s u r - t  f o r  t *

of  the sar:re form as those of  Cheney and. \ ru lbert  ment ioned. above.

2-.8.  Corol lef l r ,  t  l i4eqr sr : -bsra.ce G c t*  is  semi-Cheb., ls] :err

i { -  anc l -  o4J. i l  0  is  the only  e l -enent  in  G ln , ,hose coord inates

v?n igh  on  r *  and.  tend to_zgJ :o  fo r  seqgenceg (nk) .  J l r * ,  fo r  xe l j (o ) .

Us ing  Theorem 2 .S we can a lso  ob ta in  resu l ts  o f  a  s imj - la r

f o r m  v r i t h  t h e  a b o v e  o n e s ,  r , - ; h e n  G  i s  a  s u n  i n  C ( q ) ,  L l  ( f  r p ) ,  e * ,

By corol lary 2.8 w'e can easi l l r  prove the fol lowing resul t

o f  Phe lps  ( [1? ] rF .  25 l * t  ac tua l l y  phe lps  cons id -ered  the  space

l , * ( t ' f  ) ) i  l e t  s = (  V r r ) e  t * ,  i l g l i  =  1 .  T i r e n  t h e  l - d i - m e n s i o n a l

s u b s p a c e  G  =  [ g ]  o f  9 *  i "  c ] r . e b y s h e v  i f , a n d  o n l y  i f  i n . f l x - l > 0 .

fn . j .eec i ,  i f  i r r f  lY - i>0 ,  t j re r r  by  Coro i la r , l r  2 .8 ,  G i  s  Chebyshev.

Supnose no \ .  ln f  id . ,n l  =  O.  f f :  there  is  a -n  index  ,e  such tha t

X - o  0 ,  t h e n  f o r ' x = (  Y " ) ,  Y r r o =  1  a n d  t " =  0  f o r  n / n '  : , - / e  h a v e



x€ ,P ;1 (o ) ,  r *= { ro \

on I * ,  by  Coro l la ry
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A A
- i l tJ Jand. J(*  = V. Since the element g€

2 . 8 ,  G  i s  n o t  C h e b y s h e v .  I f  Y n  / n

Y- > o
K

vanishes

for all Tr 2

l = 0 ,

fo r  a l l .  k .  le t  x=(  Y  n)  ,  { *  b "  de f ined

. k t t \. . ,  a n d  ? r = O  f o r  i  {  ( n n ) .  T h e n  l \ x l \  -  1 r

.  t p
f l  and J[*  is  the set of  a l l  subseciuences

by Yrr, = J-: V
K * k

x e l [ ] ( o ) ,  a n a

1r-1 t
t  r r - !  r L r . .

lve have I*=

of  (nk) .  Aga in  by  Coro l l -a ry  2 .8 ,  G is  no t  Cheb l rshev .

then there exists a subsequence (nk) such that 1im I Krr ' -

and- v' le can suppose

Theorem 2 .5  can be  used.  to  ob ta in  necessary  cond- l t ions  fo r

a sun G to be Chebyshev in some part icular inf in i te-C. j -mensional

spaces  r ,v i th  p roper ty  (C) .  The cond. i t lon  0  eG in  the  nex t  resu l ts

is not a restr ict ive ore i  s ince G is a Chebyshev sun i f  ancl  only

i f  G - g  i s  a  C h e b y s h e v  s u n r  g e T .

2 .9 .  0oro l l  a r1 ' .  Le t  E  be  an  in f in i te -d inens iona] -  s i ra .ce
#

rv i th  t r ro r re r t1J .  (C)  such tha t  fo leagh x€So,  cod. im i { (x )2 .  v  t

a n d  l - e t  G  b e  a  s u - n  i n  i i , 0 € G .  I f  M =  u r t $ q l /  5  i s  i n f i . n r t e - c l i r n e n -- '

s.Lona] ano. G conta. ins an inter ior  ncint  rq lat ivg to I { ,  then ut  j . i

hot  Cheb., 'shev. In nart icul-ar,  such a s l tace I  has no infrni te-dinen-

siongl_lk\ysbev - sr.rj lsi:ac es y' n.

Prg?f .  Sunpose al l  the cond"i t ions in Coz'ol lar i r  2.9 are

sat is f ied.  and-  G is  ChebJ,shev.  Let  8oe G be such that

t  - . .  l  ?  -

|  * .  I i r  I  t t m - g o l l  .  L J  c  G  f o r  s o r n e  : .  >  0 .  I n  ( [ 9 ] )  i t

that  for  sprr  proximinal  set  G in an arbi t rary soace

f r c  =  {  sn  l a  C  I  t ne re  ex i s t s  x€  E  \G  w i t } r  ge  PG(x ) j

in bd. G. Slnce l { .  /  Er w€ have god bd. G and so there exists

g l €  b d  G ,  l l  8 1 - S o l l  <  €  s ' u r e h  t h a t  S t  e  P * ( x )  f o r  s o m e  x e  E \ G .

T h e n t h e r e l s  [ >  O  s u c ] r . t ] i a t  f r , . t i \ t i m - g t l l  < f i  c  G ' t " h e n c e

{  * . 1 1  \ i t m t l  < , i  i  C ( c - S i  .  S t n e e  d r n  i "  =  o . ,  a n d  e o d i r . n  , q . ( t - S r L '  r : } 3

r , ;e  have r \ ( : r -g rL  n  (C-g f  )  /  t  O l  ,  r , , ,h lch  cont rac l i c ts  fheoren 2 ,5 .

The s lg l .ce  l i  =  .o  sa t is f  ies  t i re  con i l i t ions  o f  CoroL la r . r  2  o  9 .

was shol'it't

E  t h e  s e t

is d.ense



S o  b y  t h i s  r e s u l t  u i e  o b t a i n  t h e  k n o v ' a :  f a c t  ( s e e  € r g . ,  [ U J )

tha t  c^  has  no  in f in i te -c imens ionar  cheb l ;shev  subspaces  /  e^  .o  r - ' ' ' - - -  r  - o

l ' / i t l t  a  proof  s j -ml lar  wi th  that  o f  Coro l lar l r  2 .9r  one carr

shovy:

2.19. Corol l_arl / .  Le'b E be ein ipffgle-Cimensionpl slr?rc

r r , r i t l r_r : roper t t r  (C) ,  sugh t1 :a t - for  e?ch xe Sr '  ,  d im lT(x)  =  oo ,

gnd,  le !  G be a.egn i l r  E,  0  €  c .  ! ; f  L i  =  sp l i t  I  rJ  is  c losed and

g{ finite cod.inensiog_gg G _cp4!p.ins an interior noj_nt ne_t_a.tive

to l i i ,  thei l  G is pot Chebr,rshev. In gar l icql?r.  su_ch Lspace E has.

no CheF:,.ghev qr,r"bsg.?ces of finilS_S_ggig_e4g1_9q / n.

.  T h e  s p a c e  J  =  f , l ( f  r , r  ) ,  r , " , ' h e r e  ( T ,  f )  t r a s  n o  a t o m s ,  s a t i s f i e s

the cond, i t lons of  corol- lary 2.10, v, ,hence we obtain the kno,.rn: .

f a c t  ( s e e  € . g ;  r l r q - ] )  t n a . t  i f  ( T ,  r  )  r : a s  r : c  a t o m s  t h e n  r , 1 ( r  ,  f )
has  nc  Oheb l rshev  subspaces  o f  f in i te  coCi rnens icn  /  t l t r ,  i l .

By  Propos i i ; ion  1 .3  and coro l la ry  2 .7  we ge t  the  f  o l l c , r , ing

necessary cond. i t ion.  o11 a space v, . i th propert ; r  (c)  in order to

h.a.ve 
"a 

Chebyshev subspaee of  cocl inension n c

2.1l- . .  Cor3l ] -a.s j r ' .  Let-  E (C )  v lh i ch

exis t  a thas  a chgFrrshev- subsnace of  eodig5:nsion n .  Then there

I  eas t n !1l-eaf1;l-1-_nd51 endent elements x. ,. . . . r. z s
L ,  t - - n =  " I  , q r :  r ' h

that d i n  i ' I ( x ,  )  €  n r  i = l  r  . . ; 1 1  .

Hence fo r  r  =  La(Tr f  )  we ob ta in  the  'on ly  i f ,  par t ,  o f  the

f o l - l o r v i 1 E  r e s u l t  ( s e e  € e  g . ,  I i g ] ) :  T h e  s p a c e  L f  ( T ,  f  )  h a s  a
' !

chebyshev subsi :ace of  cod, imensj_on n i f  and onl ; r  i f  (Trf  )  r ras at

leas t  n  a toms.  ! 'o r  E  =  C( [a rb ] )  v /e  ob ta i -n  the  kno l ' , , . r , r .  fac t  (see  €rg .  I

[ f  g]  )  t ] rat  i t  has no Chebyshev srr .bsnaces of  cocU_nenslon n for

2  <  n  <  o " "  ( s l n c e  i n  t h i s  s T l a c e  f o r  x - 1 ,  b ) ,  ( t . 4 ) ,  i { ( x )  =  [ " 1
and r 'or  ee,ch ye S;r ;  t  : , ,  /  lxr  we ]rave d- in i  l { (y)  = oc ) .

t r1na.1l ;"  v le give the Ic1.Lol . ; ing conseoi-1enee of  Cor.oi lary 2,7.

2 , L 2 .  l g f e r l ! .  T h e  s i a c e  C l ( [ a , b ]  ,  |  ) ,  e  i h e  L e b e s p r e  m e a , s u r e
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has not prop erty (  c )  .  rnd eed.,  suppose i t  has th l  s prop ert ; r ,  a.nd

let  G be the set of  a l l  a lgebraic polynornials of  degree s n

d e f i n e d  o n  [ a r b ] .  B y  J a c k s o n r T h e o r e m  ( s e e  e . g . , L 1 9 ] ) ,  G  i s

a  chebyshev subspace o f  c l ( [u . rb ] ,  v  ) .  r . ,e t  Fn+ l  be  a  po lynomia l

of  d"egree n+1 d.ef ined on f  arb]  ,  and 1et p. , , . ,  e G such that
/ \ r 't G ( p n + t , l  =  l p n l  .  T h e n  x  =  p n + l - p n € ? ; l t o l l  i .  a  p o l y n o m i a . l  o f

d .egree n+ l  ;  i t  has  a t  nos t  n+ l  zeros  in  ta rb l  ,  l , , ,hence by  ( t .5 )

f o r  C 1  ,  ! ? e  g e t  N ( x )  =  C } ( [ " , b ] ,  y  ) .  T h e n  I f  ( x )  n  G  =  G ,  l n  c o n t r a -

d ic t ion  v r i th  coro ] - la ry  2 .7 .  There fore  c l (L r  rb l  ,  y  )  has  no t

p r o p e r t y  ( c ) .

3. Eg3ggg=gl!!=pr9p9r!g ( A )

. rTe rema,rked. in (lro] ) ttrat for each xty €E vre have z

? ( * , y )  + z ( x , - y )  4  z  d i s t ( 1 r , i { ( x ) )  ( 3 , r )

3:1. !Sginl-!:-ge. ([,r01 1. .A space E is called rvith plg:S.f-!.y. (A)

i t .  z ( x , y )  +  t ( x , - y )  =  2  d i s t ( y , N ( x ) )  f o r  e a c h  x r y e  S ,  ( e q u i v a -

l e n t l y ,  f o r  e a c h  x r y  e  E ) .

-  rn  ( [ ro ]  )  v 'e  asked v , ,hether  the space c(s)  has ' roper ty  (  A ) .
An aff i rmative ansr ' /er is_giqen in the next result .

3 .2 .  Theolen.  The space a = C(Q) bp_jgroper tX (A ) .  ] . , :or -egver ,

"=trttr:-*'j:l ffiy+r{(x). sy (r.e) we have
z  ( x , y )  =  m a x  I  r ( r )  s i g n  x ( q )  I  n .  c r i t  

"  
j

Let  us put

\ = 1*")-#]1*

( 3 . 2 )

( 3 . 3 )



and clenot e

Def ine the

€

x

r z
on

b''r I- = )
L

fo1.lowing

q e

q 1

^ r  /  \  7  -
q €  Q l  * ( q )  =  U  a n d '

continuous funct ion

- . l  / \
r j  I  x ( q )

I

. f, et z=tN*Y r

( 1 . 4 )  i t  f o ] . l o v t s

= 5 q
L - '

cr i t

=  _ L 3 .

( 3 . + )

U s i n g ( 3 . z ) a n d . ( 3 " 3 ) o n e c a n e a s i 1 y s h o r n i t h a t 1 v ( c ) | <

for  each c1 e cr i t  x .  By TietT'ets Theorerc

there  e>< is ts  a  cont inuous  func t ion  w on  Q,  such tha t  w(q . )  =  v (c , )

r1

rz
f  x -rrot

v ( q )  = l  
_ \  , , r ^ r

L - ^ - Y * t i

|  * r _ _  _ - ,  .  z ( I , _ 1 , )
for  

'each 
q e cr i t  x.  and- l [  vr l l  .  "n 'J) ] -

S i n c e  f o r  q  e  c r i t  x  r  v r ( q ) = v ( , q )  r  b y  ( 3 . 4 )  a n d -

z eTI(x) .  ' i ie  have d is t  (y , lT(x)  )  l  l l y -z l l  =  l l  r , ' r11< 'z (&J) ! ,  t ( * ' - : r )

3 . .3 .  Theoren"  J - ,e i  E  be  a ,  no rmec l  r  j nea . r  qcace .  T i l e  j l o i i o l v i r t q

asser t ions  are  eru iva len t  :

x )  )  -  z (x r : r ) t  r ( x , - : " )  =  \ \  y -z  r t  rw h e n c e  b y  ( 4 . f  ) ,  d i s t ( ; r r l t , ( x 1 1  =  - * L

lvhich shc' .v that  C(a) has prope: ' ty (A )  ano. t ] :at  l i (x)  j -s proximinal .

'#ith. a- proof sinlj l-p.r wi.th the a,borle or€ r it f ol-}o', ' is that

fo r  any  c losed se t  A  c  Q,  IA  h .&s  proper . .by  ( , \ ) ,and fo r  each

x  e  In  ,  N(x )  i s  p rox imina l - .  fn  parb icu la r ,  Co(T)  has  these prcper -

t ies.  Since property (A )  is  invar" j -ant  under '  l inear] .y isometr les,

the.  ppace l*( I ,  f  )  ] ias prot?erty ( / \  )  and l l (x)  is  proximinal  for

each xe T,*(T,  1r-  ) .  In (LlOl)  vre remarked that any smooth s1race

has proper ty  tA  I  ,  and v re  n roved-  tha t  th .e  s r races  T , I  (T ,  f )  ano
'l

C r ( Q r ,  )  h a v e  p r o p e r t y  ( A  ) .  l i e  n o t i c e d .  t h e r e  t h a t  f o r  e a c h
-r

x €  L a ( f  ,  r  ) ,  - { ( x )  i s  p r o x i m i n a } .  P r o p e r t y  ( A )  ( '  t =  ' r e l l -  a s
I

p r o p e r t y  ( C ) ) ,  b e h a . v e s  b a c l l y  w i t h  r e s p e c t  t o  t h e  h e r e d - i t y ( l l 0 l ) .

' rYe do'not knors an example of  a s"pace v+i th propert ; r  (C) but

w i thout  (A  ) .  l l o t i ce  tha t  p roper ty  (C)  impt ies  tha t  fo r  each

x .e  SU I  3o ; r  face  o f  SO conta in i -ng  x  has  the  d . iameter  O or  2 ,

v , 'h i le  l roper i ;y  lA  I  i r :np l ies  tha t  fo r  each x€  S-  ,  the  dra t , ie te r

o f  t h e  s e t  l ( x )  < :  E *  i s  0  o r  2 .
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i )  E  h a s  r r o n e r t y  ( A ) .

i i )  F o r  e a c h  s u n  G  o f  E ,  g a g h  x e  E \ - E  a n d -  8 o .  G ,  t h e

c o n d i t i o n :

z ( x - S o r 8 - S o ) - z ( x - g o  r B o - 8 )  <  z  d i s t ( s - s o , l ' I ( x - g o )  )  ( s e G )  ( 3 . 5 )

i s  a  g ? c e s s a r y  a n d  s u l { i c i e n t  c o n c l i t i o n  t h a t  E o €  P G ( " ) .

i ' i i )  For  e?c4 l lnear  sy"bspace-  G aE,  each x  e  E  fG ang goe G

t h e  c o n c l i t i o n ' ,

I r
.  l t ( x - S o , S - 8 o ) - t ( * - S o r 8 o - S ) l r z  C L i s t ( A - S o , l l ( x - g o ) )  ( S e G )  ( 3 . 6 )

iF ?.  negsssjLry a.nci  sr+! [ f ic ient  co+Cit ion_that So €P^(x).

E r g s g .  i ) + i i ) .  L e t  G  b e  a  s u n  o f  E ,  x e E r d  a n d  g o €  G .

f f  g o €  P G ( x ) ,  b y  T h e o r e m  l . L  i v e  h a v e  z ( x - g o r s o - g )  > -  o  f o r

each t  eG.  I ience,  us ing  a lso  (3 . t )  , , ' " le  have ' r (x - to r8-Bo) -

-  
" ( * - B o r 8 o - 8 )  

<  t ( * - s o  r B - 8 o  ) + ' r ( x - g o  r s o - s )  I  2  d i s t ( s - s o , i l ( x - . t o )  )

f o r  e a c h  g e  G ,  s o  l v e  h a v e  ( 3 . 5 ) .  i { o t e  t h a t  f o r  t h e  n e c e s s i t y  p a r t

we have no t  used the  h ; rpo thes is  i ) .  I f  E  has  proper t ; . r  (7 \ )  and.

( 3 . 5 )  i r o t a s ,  i h e n  c l e a r l ; r  t h e ' o a i r  ( S o r x )  s a . t i s f i e s  t h e  l i o l n o q o r o r . '

g r i te r ion ,  l vher . rce  by  T l r .eoren  l . I .  ,  to€  PG(x) .

The imp l - i ca t ions  i i ) -+  i i i )  -4 r )  fp ] - lo r . r  b : r  1 [ ro1  ,  Theorem 3) .

In  the  c lass  o f  spaces  w i th  p roper ty  ( I  )  ,  s ta tement  i  )

o r  i i )  does  no t  say  more  then Theorem 1 .1 ,  so  on1-y  the  imp l . i -

c a t i o n  i i j - ) , 9  i )  i s  v ; o r t h  t o  b e  n o t e d . .  .  ,

Y , h e n  E  =  L l ( T ,  p  ) ,  i f  w e  r e r : l a c e  i n  ( 3 . 6 )  r e s p .  ( 3 . 5 )

t h e  e x p r e s s i o n s  g i v e n  b ; J  ( 1 . 6 )  a n d  ( t . ? ) ,  t h e n  i i i )  i s  a  r e s u l t

o . f  l { r ipke  and-  I t i v r in ( [ fZ ] ,  Tkreorern  l - .3 )  and.  i i )  i s  a  resu l t  o f

.  .  r i , - . l r
D e u t s c n t  L c J  r .

3 .4 ,  Reqark .  I t  v . ,as  observe< i .  in  i [ f i l  )  tna t  v , 'hen  G is  a

set irL an arbi.ir 'ar'",r norrneci i i-near snace E suctr that fcr cach

.  - .  F  - - - . a  -  z - p  f  ' . . \  * l r ax  g  I  \ G  a n d  S o  -  - r r  \ r , ,  - - - -  t a i r  ( 3 o r x )  s l ' - t i s f i c s  t h e  s t r i e t

Kn] n.n.onr, .nrr  n 'r-- i  to-ni  on ^ t l , ren_ G i  s a semi_-Cheb: lshev su-n. Tl : i -sr l v l r r r v { ) v I  v  v



fo l -1 .ows by  Theorem 1 .1  and Ler r rna  L .2 .

Using ; .1-erna.rk .3.4 ancl  Theoren 3.3 one ca'TL ea,si11; 'orove:

3 ,5 ,  [gp-os i t io3 . .  Le t ,  E  b-L-a-space w i tb  p rg ! -e f tg  ( , / \ )

ggg G a s.et- ig E. lllr_Ig]"1oviinfl ?.9serti.ons alg Srcluivalen! :

i )  F g l :  e a c h  x  e  I  r d  a , n d .  g o  e  G ,  t h e - r r a j - r  ( 8 o r x ) . s a t i s f r e s  *

the--j;-.[r l ct- K_o]no,o;orov cri t erigg.

j - i )  T g r  e a c h  x  e  E  r . d ,  e o n  P c ( x ) ,  g €  c  r { s o 3 ,  r . v e  h a J r e  :

" ( x - g o  
t E - E o ) -  z ( x - g o  t t , o - B )  z  2  d i s t ( g - 8 o , i i ( x - g . )  )  ( 3 . ? )

' l

.  F o r  E  =  L r ( T r , *  ) ,  i f  r i ' \ r e  r e p l a e e  i n  ( 3 . ? )  t r i e  e x p r e s s i o n s

g i v e n  b y  ( 1 . 6 )  a n d -  ( ' t . 7 ) ,  i h e n  ? r o n o s i t i o n  3 . 5  g i v e s  1 [ r i 1 ,

T h e o r e m  2 . 8 ,  ( Z ) < : ) ( + )  ) .

B l r  l lemark  3 .4 ,  the  conc- i t ion  i )  in  Pronos i t ion  3 .5  in -o l - ies

that G is a semi-Chebrrshev sun in arr  arb. i ' t re:cy norncf  l inear spacd.

ihe conyerse j -s not al r ' , 'ays t rue even r" , 'hen X has Drorerty (A )

and G is  a  l inear  su .bsnaee,  as  s imp le  examoles  in  a  s t ruc t iT

convex a"nd. snoot i r  space si ' r .o\nr.  ' i /e sha1l  see in the next sect ion,

thai ;  und-er sorne ad-di t ronai  assr i rn l : t ions on E, th is converse

s t a t e n e n t  i s  t r u e .

4. !pggg!=g:!!=!9!!=grge9:!L9g (c) ?*g (n )

As one ean see bi '  Sect.  2 and. 3 r  the fo l lovr ing spaoes

h a v e  b o t h  p r o p e r t i e s  ( C )  a n o .  ( A ) :  C ( e ) ,  I O  (  A  a  c l o s e d  s u b s e t

o f  Q ) ,  c o ( T ) ,  l * ( l  ,  f  ) ,  r 1 ( r  , , n  ) ,  B ; r  T h e o r e m  3 . 1  a n d  t h e  e o n r n e i : t ;

a f te r  t le  p roo f  o f  th is  theorem,  in  each o f  the  above concre te

s p a c e s ,  l l ( x )  i s  p r o x i n , i n a l  f o r  e a c h  x  e  l l .

4 . .1 .  Theorem.  le t  E  be  a  norned l inear  space -v ; i th  n roner -

/ a \  -  z  A  \  .r i o q  { f : r  a i i c r  ( , \  i  c i r n h  + r n ? t  f o r  o a c l : : . . c E ,  i ' , 1  ( x )  i s  n r o x i r i _ n n l - ,: : : : .  \  "  /

ru$_lgt G be a su,!sg-!"_gg E. Thc_-f ol=L-o"',vlgg- q.slgl€gns are

o n r r ' i  r r o - l  n - - l -  r
v v i . s l  v l . J ( i : l t r  d
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. \
i )  G is  ? .  semi -Cheb l rshe. r  sun .

i i )  Iglt*-e.gsb " 
e s rG q"ng so. PG("), l ] tS*peff (so,x)

gf:SIiSS t4e stri ct--K-o-1r:-ogofgv grit elig$.

?_Jcag.  By  P.emark  3 .3  r i ye  must  on ly  sho l  tha t  i )=+ i j - ) .

Let  G be a semi-chebyshev sun and. suppose there are x e E \8 and.

S o  e  P * ( x )  s u c h  t h a t  ' x ( x - 8 o r 8 o - 8 1 )  -  O  f o r  s o m e  g t €  c \ f * o l  ,

! '{ i thout loss cf genera}ity v;e ca.n suppose go = e and- it x [ - ] .

S i n c e  0  e  P , , ( x ) ,  b y  T h e o r e m  1 . 1 ,  i t  f o l l o r r v s  f  ( x r - g r  )  =  0 .  B y  ( f  , f  ;u '

v / e  h a v e  t ( x r S 1 )  >  O .  T h e n  z ( x r g l )  >  0 ,  s i n c e  o t h e r r v i s e  b y  ( t . 3 ) ,

O /  qe  A(x ) ,  n  C,  t ' *henee bJ '  Theorem 2 .5 t  G is  r l c t  sern i -Chebyshev,

a  cont rac . lc t ion .  I - lence,  b ) .  ( t .9 )  l t i r " " *  ex i -s t  f l r f z  EA(x)  such tha t

" ( x , 8 1 )  
= f l ( s r ) > o

t ( x r - . g r )  =  f  2 ( - * r )  =  o

s i n c e  N ( x )  i s  p : ' o x i m i n a l ,  t h e r e  i s  y e p N ( x ; ( s 1 ) .  B y  ( 1 . 2 ) ,
\

v= z \x+a fo r  some A an  anc l  a  <  n (x ) -u  .  I {ence,  us ing  the  hypot } res is

o n  E  t o  h a v e  p r o p e r t y  ( A ) ,  a n d  ( 4 . 1 ) r ( q . 2 ) ,  v \ r e  g e t  I

z(xrsr )  f . ,  (g-,  )* T -  = - u * > o  ( + . 3 )

s i n c e  f r € : { ( x ) ,  v l e  h a r i e  b y  ( 4 " 3 )  t h a t  f r ( s r ) - i  =  f r ( s 1 - , \ x - a )  <

4 tt sr- tr*-"i l  = l$i)- , and s6 I > l"lql = \\*r-)x-ail .
By  (4 .2 )  and  f ,  e  . t ( x )  we  have  tha t  t r  =  f2 (  l x+a -g l )< r l \ * * . - s1 l l ,

and. so \ = lt ,\x+a-grtl > 0o

f f  &  = - 0 ,  t h e n  I  =  l t  \ x - g 1 1 1  =  l \  t r x t l r a n d  s i n c e  O  e ] * ( x )

and- G is a sunr v, 'e get 0rgle r*( |+/,  which contrad.icts i) .

Therefore a y '  o ,  a .nd-  us ing the hypothes is  that  E has oroper ty  (c) ,

.  a .  ' l - ' Z
vre have 

f f i  
= ,  r , r rhere z,  e SU and. A(x) c A(za),  i=1r2.

i ' iow, z i=x+a; for  sorne a* € l - (*)r  ,  i= l  p2,  a i iL l ,  so #;  
= 

$Z .

S ince  0  € ts ]  (x )  ( ; , )  and l i  x+a . l t  =  l -  =  l t  x i l  r  i= l12 ,  i t  fo l lo l ' ; s  tha . t
J.

S.uot l"$ ?l

( 4 . r ;

i 4 . z )

' '  \
1 \ s t -  A x - a l i  =  d i s t ( s ' t l ( x ) )  =



-18-

f l  x + * * i l l  = 1  f o r e a c h 0 < . ( 1 L . r i = L t 2  ( 4 . 4 ) '

Iret

z = ( , I * i l a i l ) x + 9 " ,

Then by  (4 .4 )  we have, ,

l lzu = ( l  *rrarr)f f  x + 2-#kl "r l1 = , \  + trart  ;
t '

Nov' j ,  for  each f  e  A(x)  vre have t (z)  = t r  +  l I  a l t  =  t t  z l t  r  and so

A ( x )  c -  A ( z ) ,  s i n e e  o e  ? * ( x ) ; .  b y  T h e o r e m  1 . r  w e  h a v e  c ( x r - s ) >  0

for  ea.ch ge G,  vrhence by ( t .9)  r ld  A(x)  c .  A(z)  r r ie  have a lso
^ (  ( z r -g )  )  0  fo r  each  g  cq ,  hence  0  e  ? *  ( r ) .  0n  the  o the r  hand- ,

l lz-srn s ll/.x+a-gr', . i i lra.rtx+$ ar-" l l =

4 I . l l  u a l t x + 9 " ,  - r y  ( a r - a r ) | } =

=  t r  n  r ru r r l l *  +  ? l l  =  )  +  i l a r r  =  1z*

There fore ,  0 rg1  ePr (z )  r ' , ' h ieh  cont rad- ic ts  i )  and comple tes  the

p r o o f ,

r o r  E  =  1 1  ( n ,  
r ) ,  i h e  e q u i v a l e n c e  r ) e = + i i )  i n  T h e o r e m  4 . 1

y i a s  p r o v e d  b l ,  t ' T i i r n b e r g e r  1 i r i ] ,  T h e o r e m  2 . 8 ,  ( r ) < = + ( z ) ) .  R e p l a c i n g

cond. i t lon i  )  by '  ' f  G is semi-Cheblrs luo.n ,  the equivalence of  th is

cond i - t ion  i r rJ - th  i i )  v {as  proved in  ( t r5 ] ,  Theorem z ,4 t  ( r )++  (3 ) )

fo r  E  =  C(a)  and G a  f in i te  d imens iona l  convex  se t .  Theor : .e in  4 .1
genera , l - i zes  th is  resu l t  fo r  a rb l t ra ry  s , i r l s  o f  c (a ) .  The equ iva_

l e n c e  i ) € ) i f  )  1 n  T h e o r e m  4 . 1  i s  a l - s o  t r u e  f o r  , 4 ,  C o ( T ) ,  L * ( T  ,  f  ) .
By  (  [ f  i J ,  i i emark  3 .3  )  .a .nd  Theorern  4 ,7 -  t  r , ;e  ob ta in  inned ia te ly

ln" 
fo l lorv lng resul t .

4.2. CSfc!lg:J_. ie! E 
't:c-a..Sirace 

j,. i .bir -prglg{j lgg (C) ang
( A), sr-,€h thqit l ' I(x) la -pIs4lqr-!.at for ench x e tr, and.le! G Ue_

a  g e t  i n  E .
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i) If- G is a fi3ite-dj_mengio.Iral 9!reb.ff;&Sy su-bgracel'f

then G is a strolrglir Clieb;'shev. s!ib!pqgs..

i i )  I f  G f  s-p one-d- i  E'

then G is r;-tggngll,' Chebl,'sb9v.

i i i) I.q G is a. f iqitd:g"inenqional semi-ChebJ'ehev cgnveJ:-gg3s

v; i !h vs{tex in the or i ,q in.of  E,  l&gE_ESL-eo.gE x 4.8 wi th O eP*(x)

Statement i )  i :  Corol laTy 4.2 ha"s been oroved by i i lev 'man

and Shap i ro  1 l f+ i )  fo r .  E  =  C(a) ,  b i ,  Au l t l  Deutsch ,  Hor r is  and

O l s o n  ( t 1 ] )  f o r  [  =  C o ( T ) ,  b y  . t t u l b e r t  ( [ Z r ] )  t o r  I  =  T . , 1 ( T , 1 ,  )

and" b;r  l t r r" i rnberger 1[ f i ]  )  for  E = 
h .  Staternents i i )  and. i i i )

in Coro11a1y 4.2 havgbeen proved. by i f t i rnber i ier  for  [  = IO or f , ] ( t r1 i ,

.  Corol iary L.2- car:  be used" to obtai-n suf f ic i 'ent  cond. i t i ,ons

for the rnetr ic pr:o ject ior :  . to be point lnr ise l ipschi tz:ran since

Cheney (  t4] ,  p.82) shon,ed that pointr^r ise Lj-pscl t l tz lan ccnt inui ty
' l -

fo ] . lows f rom s t rong un ic i ty  p roper t ies .  For  f  =  In  o r  L$ ,  f  ) ,

resul ts on ooini ; l ' , r ise Lipscl : i tz tan netr ic pro ject ion have been

g i v e n  i n  (  F 5 ]  ) .

I t  is  our beLief  that  some other resul ts on best aoT:roxi-

mat ion in concrete spaces corr- ld be formulatecl  and proved. in the

f ramevrork  o f  spaces  w i th  p roper ty  (C)  o r  (an6)  p roper ty  (A) .

n
u t

the element 0 is D' strongl;r uniq,qg-4-eme4!- o! lest 3lrlo 3'
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