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BEST APPROXIVATION
IN CERTAIN CLASSES OF NORMED LINEAR SPACES

by
¢. GODINI

Introauctlon

Some results on best approximation in concrete spaces, e.g

.0. 9

the Space of continuous functions or the space of integrable
functions, lead us to introduce in E8],[103 two classes of
normed 11néar spaces, called with property (¢) (181) and =
property () ({10)), which seems to be particulariy well
suited for appii a,tlonq to best 'Dprbximation. To support

thls idea, here we added much new materl al which we hope to

be enough convincing on the utility of these classes. Trom
“our oen eral results proved for a space which belongs to dne

or both of these classes, we derive many known results int

the concrete spaces which are contained in [l],[E],[G],{S},
e i iied ol Bohl e sotiice hiere Slatithose ot
from the concrete spaces which we referred above, are sometimes
formulated and always provead, uSihg the specific- properties

of the spaces under consideration.

Another way of generalization concerns the approximant

set. In this paper we consider best approximation by elements

of suns. As it is well known, any convex set is. a S, . bub

the converse is not true. Hence, some results on be
mation by elements of linear subspaces or convex sete in the

concrete spa .ces; can be extended to suns, using our results.,

.
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On the other hand, the simple fact that a concfete spnace
belonge fo one or both of these classes, furnishes (by the
definitions ef these classes) geometrical properties of that
space. In particular, we obtain common geometrical properties
for the main concrete spaces C(Q), CO(T),'Ll(T,fL), LQTT,f~).

This paper contains four sections, Sect._l being'a ore—
sentation.qf known results or.facts'from functional analysis
and the theory of best appreximation, as(Well,as the termino-
logy and notations necessary for en easy understanding of the
other sections. Sect. 2,res§. vects 3 deals with the class of
spaces with property (C),resp. (/). The main result of Sect. 2,
givee ainecessary"and,sufficientvconditionuin order.that’a sun,
in a space with pré?erﬁy;IC) to be semi-Chebyshev. This result
is used in Sect. 4, which deals-with the class of spaces having
both property (C) and proverty ( A), to prove a characterization
'of a seml-Chebvshev sun by the strict Kolmogorov criterion. Appli-
cat;ons are given throughout these 1a<t three sections.

In this paper we consider real normed linear spaces, but

the results can be extended in the usual way to the complex

normed linear spaces.

5 Prellmlnarles

Throughout this paper E will stand for a real normed
linear space, its unit sphere being denoted by By sande bs
5]
* = = 2
conjugate space by E'. For x,y€ I let us denote by (x,y)

the one sided Gateaux differential at x in the direction e

W+t = {lx |
.t

Tlx,y) = 1im
t—0*



e
Tt is well-known (see e.g., [T]) that':
Cw(x,y) + x(x,-y) = 0. (L.1)

For each x € E we denote:

|
@)
L~

N(x)

i

No(x)
A ()

§ yeB| tlxyy) + ®lx,-y) =
@i Bl ) e, M

]

It
=
(SN

_Then by'([lil,[Bl) we have :
N(x) = A(x), ®[x] | ' (1.2)
and byb([lG])‘we have ¢

BeRy = (v en) Hay) = ¥myy =0l 0 S0
where for a set A < EY, A = i:geﬁl\ f(x) = O.for each feeA},
Summarizing some known facts in the concrete spaces
(see [ll],[B},[lO] for formulzs (1.4),(1.5) and [30d for
- {1.6)=(1.8)), we have the foilowing useful formulas.
l Liet C(Q): be thé Banach space of 211 real-valued continuous

functions over the compact Hausdorff space U with the sup norm,

- and for x €C(g) let us denote by crit x = {(16 G \x(q)\=llxﬂ}
ang 2x) = {’qe Ql xlo) = O} < Bhen: Gy ;
N(x) = § yeo(®) | erit x € 2(1)] @ [x] @4

When (T, pm) is a positive measure space, let Ll(f;fb)
‘be the Banach space of the equivalence classes of measurable
real-valued functions x on T for which W xl = gT\xldr-A oo,
and for xéILl(T,r—)”we denote by Z(x) = g.teeT\ mt) = O}

(defined up to a p-null set). Then:

Wx) = % yeiLl(T,TV}l»Z(x) e g aden 3 (1e5)
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and for each x,yeIﬂ%T,}w) we have :

\'f(X,Y)E x(x,-y) =‘(T‘\Z(x) y~sign x dfp (1.6)

dist (y,N(x)) = “(Z(x) Frl dp : i sliow

When Q is a compact Hausdorff space and » a positive

Radon meééure on Q such that the'support of 3 fle @, et Cl(Q,JJ)
be ﬁhe linear subspace of Ll(Q,v )y of the equivalence classes
of real-valued continuous functions on Q, with the norm»nx‘\=
= fé s dy . Then for each.ﬁeeCl(Q,>2) we have ([10]1) that
NC‘(Q,y )(x) is dense. in NL‘(Q,xJ)(X) and (1.5)-(1.7) are
true, replacing L+ by Cl, T by § and by

| Let £~ be the Banach space of 211 real bounded Sequences:
endowed with the sup norm and for x=( ¥ )e ™ , let I_ =
b {n\ l?n\ = nxn} and let JV; be the set of all sequences

(m_ ) such that 1im ¥ = tWxl} , =izl =7 2z il o, Then
¢ e o

N.('X)'———_iy=( ”kn‘)ef""lnnzo, nel , lim °7n1,=0" (mﬂ)e‘./\/;} @izl .000.8)

The last part of this Seétion contains the background‘
matérial from best approximation théory; which will be used in
-the-other sections. .

Let G be a nonempty subset of E; and for x €8 let ué
denote by,PG(X) the set of all best approximations of x out

B, e

Po(x) = {goeGl x-g 1l = dist(x,G)}

The set G is called: 1) proximinal if PG(X) # @ for each x € E;

M i A S s R e N o S .
2) semi-Chebyshev if }1(,()&) contains 2t most one element for
T

1 e e N < T = :
each xe E; 3) gyebigggf 1L PG(X) contains exactly one element

forYeach x e E.
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An element 8 € G is called a stronesly unique element of

best aoproximation of x € & if there exists s number fe > 0
such that fogéach.g;éGj hx=gil > ux—gou +f%\g—gou o G ig said

to be a strongly Chebyshev sét, if each xe & has 7 strongly

unigue element of best approximation in G. Clearlj, i goe(}
is a strongly unique element of best approximation of x in @,
then PG(X) = égog - The converse is not always true .

For x € E\G and g, € G, we recall that the pair (go,x) ig

said to satisfy the Kolmogorov criterion (with respect to G)

aae *r(x—go,gofg) > 0 for each geG, and the strict Xolmogorov

criterion (with respectato Gl f ‘?(X—go,go—g) 08 sor each
gé(}\.%goi « In the literature these criteria are given in
another (equivalent) form. Namely (see eegey L15]), the pair
Q(go,x) is said fo satisfy the Kolmogorov criterion (similarly
for the other criterion) if for each geh, min,{f(g-go)i’fé

€ ex A(X-go)} < 0, vhere ex A(X—go) is the set of the extreme
iad

points of A(x—go). One can see iﬁgaiately that they are equiva-
lent using formula (1.9) below (see the first equality in [ 13],

[18] =and the second in [2]). For x,ye E we have :

(x,y) = max %f(y)‘ fé4A(X)} - max-if(y){ feex A(X)} (179)

A set G € B is called a sun (see e.g., L20]1), if for
ea'ch er» and _goePG(x), we have goéPG(mx:+(l—¥)£§O)'for
each of > . ANohi oo tHati for B = oo i, the relation
goeIPG(o<x+(l—<x7go) holds for any set G.The Kolmogorov criterion
was used to characterize the elements of best approximation
when G is a sun, since Brosowski ([3]) proved the following

result:

.
()]

I

Lalo Theovem (T31) . Aset 0 3 2 sun if and onlv if

foriicach weB o G, goé(ﬂthe_followinﬁ stetements Are equivalent ¢




) g, éPG(x).

ii) (g,,x) satisfies the Kolmogorov criterion.

Notice that ii)=>1i) is valid for an arbitrary set G.
We shall need the following simple, but useful results.

1,2 hempai{5])yccbetribetal iloet 0P8, xe B\ & and

go»e'G. I (go,x) satisfies the strict Kolmogoroyv crlferw on,
then PG(X) = icgo} ;
-

|* "When«G is'a linear subspace of E, we denote by P, (0) =
: T

= %.xe‘E ]OGPG(X)}

- 1.3. Pronosition ([5)). A linear subsvace G of E'is

Chebyshev. if-and only 1£6G Q L(O) —

2.1. Definition ([8]). The space E is called with

property (C) if for each x €S, and each a ehA(x)

e el = 4 ye

Zn =7
have a = -—]—“—2——2- JaroT. Some Z; € Soiwasth Az A(zi), el

Notice that by (1.2), zie?ﬂ(x) and we have Z =E+a, for some
ave Alx =i
1€ Ax), 1, 1

Geometrlc 11y, the space E has proverty (0), if for each
X € S, the closed linear subspace N(x) of E has the property

dd

described as follows. Since x is a smooth point of Sw( F o

there exists 2 unigue ¥ QSN(X)* suech, that  C(x) = U1, Het
P, = §2eSyy | (=) = 1], Then F, is o face of sy, with
x€F_ . Propenby (gl requ.ire's that each aeA(x)L (:«f € N (s )“6 (z)= C})

ffall =1, to be in the middle of a segment with an end-point

P 1
£
o
ot
£a
¥
i
(1]
+
(£
J
@
@)
<t
e
=5
(§]
ks
[
=<
o
¥
t
2
-
°

2.2. Pll\./..f.'

=t
Eh
=]
S
(\'\
&)
Jo!
=
(@]
3
¢
H

(€); then For each xeSy
ad

Zo —Z,

- L (4
L lall £ We naVie i al = s e oo T ome % S
LI Hal 1L hav > Tor come 7, € Sy



e

with Alx) < A(zi), i=1,2. _

In ([81) we have shown that the spaces C(Q) and Ll(T,fv),'
(1Y = 1°° have property (G). Using ([10], Lemma 2), the
assumption (Ll)*-; 1,722 ‘can be deleted. (We recall&that for Xe{SE

and ae.A(x)L , lalt = 1, we can choose in Definition 2.1, for

E = C(Q),-z1 = x(1-lal) + a, 22 = ®(1=yai) = a @nd for E'= Ll(T,fJ;

Zy = & %la\sign Xy 2, = -2 ipallisionac ),
If A is a closed set in Q, then the following subspace
of C(@); I, = ixe&C(@)\ x| A = O} has property (C), the_proof
being similar with that for C(0). Hence, the space CO(T) of all
real-valued functions on the locally compact space T, vanishing
at infinity, endowea with the sup norm, has property (C). In
particular,-co has this property. Since prbperty () is invari=gt.
under linearly isometries, it follows that L°°(T,;»} nas
 property ey |
2.3, Remark. No smooth or strictly convex space By
dim E > 2, has property (C).
' 2

. Remark.  Property (C) behaves badly with respect to

IS

.
the heredity. We shall show below (see Remark 2.1%), that the
space Cl({a,bj,x)), Yy the Lebesgue measure, has not property (C)s
though it is a dense subspace of Ll([a,b],>J)'which has this
property. If E is an arbitrary 2-dimensional space, then E hés

property (C) if and only if its unit ball is.a parallelogram.

Hence by ([10], Proposiigion 1, Theorem 7) and Remark 2.3 above,

it follows that when E is a space with property (), dim 8 > 39
theﬁ there exists a 2-dimensional subspace of E which has not
property (C). ‘

The main result of this section is the following

characterization of a semi-Chebyshev set G, when G is a sun in

a space with property (C).



2.5.

Theorem,

Let E be a space i vronerty (C) and G

Then

a sun of H.

x € E\G and each

Proof.a:e Sup

G is semi-Chebyshev if and only if for each

nose

there are x e

goezPG(x) we have (G—go)(vA(x—go

By

)J_ ={03 .

and g eE’

ﬁ(x) such

that for some g € G, ~l¥ g, We have glvkk)e("—f‘)(\A( -g )L.‘

Since =G 1s 2 sun, Wwe.can suppose Nx=g il = 1. The space & having
property (C), there exist z; € S, with A(x-g ) < Az ), Nl on
2 ! JE]
such that
€175 damel i B
(e = e 62.1)
181 =2, || 2 :
Since goeg?G(x), by Theorem 1.1, we have ‘r(x—go,go-g) > 0 for

each.g;éGn Then by A(x—go) C;A(zi), i=1,2, and (1.9), it follows -

‘r(zi,gcfg)j;,o for each g €G, whence 0€P,_ (z B e, ani
__;N s G : lli g]_—go (‘\ .
since G-g  is a sun, O ePG_gO( -—§*——»zi), i=1,2. Hemee,+by
z; € Sg, i=1,2, and (2519 twe have:
Ho = ] : =5 B i
— 181 =8, i g [ S‘ Ilﬂgl ol “
,élSt("—"§‘_“ Z 4G h z, || = e = )
Therefore O -g €7D Jﬁ&w§9ﬂ 7 ), that 39 Gt i hot
181780€ “pp 5 Bl o

semi-Bhebyshev, and so G is not semi-Chebyshev., This proves
- the "only if" portion of the theorem.

To prove the "if" portion, suppose there is x ek ‘\G such

that go,gle i: (h), g gl. By Theorem 1,1 it follows that

‘t(x—go,go—g) =0 for each geG. For g we must have

:gl
-t(x—go,go—gl) = 0 since otherwise the pair (O,X—go) satisfies

the strict Xolmogorov criterion with resvect to the set

L, = {cz(gl o )I ot > Oj whence by Lemma 1.2, PLﬂ(k'%o) = ioj :
R o o e B | e G AT R ™ - \ AAAAA X
e iGE B UNEr ISty Oy ,g,l ¢ .L A) Wwe have,
fx=g )l = llz=gqil =l (z-g,) - (g g (2e2)
T
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5 = . >
hence 0 # g0 € PLl(x—go), contradlctlng PLl(x—go) =.{0j .

Therefore 't(x—go,go—gl) = 0, whence by (1.1) we get
T (x-g 8yr81" Oo)’“ ©. Then the pain (0, g ) satisfies the Kolmo-
gorov crlterlon with respect to the l-dimensional subspace [gl—gél

and so OeP
[81-2,)

- Let y=2(x—go)—(gl—go) e g'X(y) = 2P[gl_g6](x—gd)-(gl—go),

_and since O,c1 g eiP_ (x-g,), it follows"i(gl—go) e

2 ~85)

(v) whence, since this latter set is convex,

P
: [&1-2,) o
NDe P[gl-go—k(y)' Therefore we have :
Ny = Wy=(g =g N = hy+(g-g )N (2.3)

By OeEP{g gd](y) and Theorem 1.1 we get ct’(y,j’_(gl-—go)) > 0

165 ’t(y,gl—go) > 0, then the pair (0,y) setisfies the strict

A Kolmogorov criterion with respect to the set L2='%w(gl—go)[ S O}‘,

whence by Lemma 1.2, Py C— %Oj By (2 dp)a e get'g ~gleiPL (a7}
: 2
a contradiction. So, v(v, eEe, ) = 0, and in a similar way, usnnf
" the set I, and (230036 follows that Tf(y,go—gl) =. OBy (1.3)
we obtain that gl—gbwéﬁ(y)i_.‘Let w=y+g, . Then w=2x+(1—2)g and

since G is a sun and g]equ(x), it follows gle'PG(w) Jsing (? 3)
we have |w-gqll = ﬂ(y+go)—gln=llYﬂ \(Y+b )-g I”\\ =81l 9 and

S0 goe'PG(w). Since w-g =y we get O f'gl—goe;(ngo)(\A(w-go)L )
which completes the proof of -the theorem. .

We notlce that 4in the preof of the. i partcof. Theorem 2.5
we have not used the qvnoth681s that . Z.has. provertys (C) ,-s0s e
have a sufficient condition for a sun G in an arbitrary space
to be semi-Chebyshev.

An immediste conseaquence of Theorem 2.5 is:

€]

2.6, Corollary, Let E be a space with property (C) and

G a linear subsnace of ©. Then E ig semi-Chebyshev 1f and only

(x = ). By (2.2) we have also o ePt) F’Xx Do\

e st e P 0




8f Alz)j@Be=40d.; forseashinar (0
The necessity condition in Corollary 2.6 can be impnroved.

Indeed, an easy consequence of Borollary 2.6 gives:

2:7. Qgggllggﬁ;(ESI). Let E be a_snace with nronerty. (C)

and G a linear subspace of E, mhen G is %eml—vpebvshev if and

only if M(x)NG = $0} for each xezP"l(o)
Even when G is a convex set,we can not 1mnrove the Tonl v
FE condltlon in Theorem 2.5 by the condltlon N(x—g YN (G-g ) =
= {O} . xeam‘\G, goe_tG(x), as simple examples show.
For E = G(Q) (resp. B = 11(T, 1)) by Coroliary 2.6 ana
(1.4) (resp. Corollary 2.7 2nd (1.5)) we obtain the following
result of Cheney and ‘wlbert ([5], Theorem 10) (resp. E5ds
Theorem 21) which states that a linear subspace G < C(Q) (resp.
¢ «M(1, ;- )) is semiChebyshev if and only if 0 is the only
element in G which vanishes on an <q-set (resp. a ,BG—set),
where an c(G-set is any set of the form crit x for some x €P 1(O)
(resp. & /GG—set is any set of the form Z(x) for some xe?P l(O))
. Using (1.8) and Corollery 2.6 we obtain a result for £
of tne same form as those of Cheney and Yulbert mentioned above.

2.8. Gorollory =4 llnear subspace ¢ < £ is semi-Chebvshev

idrcandonly i fY001s the oplv element in G whose coordlﬂﬁtes

S LCL

) o -4
vanish on IX and tend to zero for sequences (nk)e d?; “abione: xePG(

Using Theorem 2.5 we can also obtaln results of a 31m11ar

€=

form with the above ones, when G is a sun in ey, I (T,fv),

By Corollary 2.8 we can easily vrove the following_result
of Phelps ([17],p. 251} actually Phelps considered the space
y 1)t Let g=( ¥ )e £, llgli = 1. Then the 1-dimensional

subspace G = [g] of £™ is Chebyshev if,and only if inf)XnJ>O.

] N7 )

4,170, then by Corollary 2.8, G is Chebyshev.
. , _
SuUpnoOse now infi}{ng = 0. If there is an index n, such that
LVl ¢ ,‘ 5 el
=05 *then~forws="1w), =N ang t =0 For nt we have
n ’ 'n n n o!

‘..O L .\.LO



then there exists a subseguence (n, ) such that lim ¥, | = Oe

with proverty (C)_such that for each x¢ S., codim N(x)< oo, = i
% 5 i

sional and G contains an interior voint relative to M, then G is

==

xePal(O), IX=§no§ and ‘/1/;{ = ¢, Since the element ge G vanishes

on I, by Corollary 2.8, G is not Chebyshev. If 'Xh_% 0 fom all n,

k

s = _
and we can suppose X;l > Oifer all-k. Let: x=( ?n) et= e defined ;
K ?

by ¥ k= 1= Xn y XK=1,2544.., and ‘$i=o for ié.(nk).‘Then ux\\zll)_

i K .
kea?él(O), and we have IX=’¢ and UW; is the set of all subsequences
of (ﬁk). Again by Corollary 2.8, G is not Chebyshev.

Theorem 2.5 can be used to obtain necessary conditions for -
2wsun G to. be Chebyshév in some particular infinite-dimensional
SpacesAwith property (C). fhe condition O e G in the next results
is not a restrictive one, since G is a Chebyshev sun if and only
if G-g is a Chebyshev sun, ge G.

2.9,.{orollary. Let E be an infinite-dimensional svace

and let G be a sun in E, 0€G. If M= sp §G{ # & is infinite-dimen-

A
mion

not Chebychey, In panticular, such s space 7 has ng infinibe=dimen—

sional Chebyshev subspaces # E.

Proof. Suppose 211 the conditions in Corollary 2.9 are
satisfied and G is Chebyshev. Let 8y € G be such that

%ine M\ tm-g || < g} « & for somer-z.>0. In ([91) it was showm

0

that for any proximinal set G in an arbitrary space E the set

J%G-= { gebd G| there exists xe ENG with geiPG(x)} is dense

in bd G. Since K # E, we have g,¢ bd G and so there exists

g € bd G, llgy-g Il < € such that glfaPG(x) for some x € E NG,

Thien: there 1s ¢ > 0, suech that %nzefﬁ\ um—gln < J‘j <. G, whenge

§mel imy <d f C(-g,) . Since @im ¥ = oo 2nd codim A x-gy )y < oo

[y J€ \L =&,

we have A(3 “LXL |
The space E = £ satisfies the conditions gf Corollary 2.9.

I . :
F\(G—gl) # %_Oj , which contradicts. Theorem 2.5.



So by this result we obtain the known fact (see e.g., [19))
that s has no infinite-dimensional Chebyshev subspaces # Cy

With 2 proof similar with that of Corollary 2.9, one can
show: r

2.10. Corollary. Let E be an infinite-dimensional space

with property (C), such that for each xe€ S , dim N(x) = == ,

E
and let G be a sun in E, 0€G. If ¥ = sp3GJ # E is closed and

of finite codimension, and G contains an interior mnoint relative

M, then G is not Chebyshev. In varticular, such a space E has

to
no Chebyshev subspaces of finite codimension # E.

1

. The space E = Ll(T,f’), vhere (T, ») has no atoms, satisfies
the conditions of Corollary 2.1C, whence we obtain the knowm
: = R - : % ]
fact (see e.g;,L19J) that if (T, ) has no atoms then.T (T,jk)
has nc Chebyshev subspaces of finite codimension & Ll(T,;»).
By Proposition 1.3 and Corollary 2.7 we get the following

necessary condition on a space with property (C) in order to
have a Chebyshev subspace of codimension n .

2.11. Corollary. Let E be a svace with nronerty (C) which

has a Chebyshev subsnace of codimension n « Then there exist at

least n linearly independent elements xl,....,xqe;sﬂ y. sueh
¥ i S

that dim N(xi) S G e

Hence for & = Ll(T,ﬁ') we obtain the "only if" part of the

1

following result (see e.g., [19]): The space L \T’f’) has a

Chebyshev subspace of codimension n if and only if (2,7 ) has at
least n atoms. For E = C([a,b]) we obtain the known fact (see Ty
[19]) that it has no Chebyshev subsvaces of codimension n for
24 n< pe (since in this space for x=1, by (1.4), N(x) = e
and ror each ye 5., , v # tx, we have dim N(y) = oo ),

Finally, we give the tollowing consequence of Corollary 2.7.

2.12. Remark. The space C ([a,b],>)), ¥ the Lebesgue measure
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has not property (C). Indeed, suppose 1t has this property, and

let G be the,set of all algebraic polynomials of degree < n

e

defined on [a,b] . By Jackson'Theorem (sce ehiz uidOl ), ¢ is

D

a Chebyshev subspace of Cl([a,b],ll). Let Pt

of degree n+l defined on [a,b] , and let v, € G such that

be a polynomial

: 7 : o

D o 7 — = Vi
*G(pn+1) = &pn} + Then x = p_ 4 P, € Pn (0), is a polynomial of
degree n+l ; it has at most n+l zeros in[a,b] , whence by (1.5)

for ¢t y we get N(x)

Il

e ) T W) B0 8, incont
diction with Corollary 2.7. Therefore Cl(ia,b],JJ) has not

preperty (€).

3. Spaces_with property (N)

————— T e - L DS XY o 2l

We remarked in ([10]) that for each x,v e E we have :

) e,y < 2 anstily,N(x)) ' (3.1

3.1. Definition.([103). A space E is called with pronerty (A)

EEe T(x,y) + ¥(x,-y) = 2 dist(y,N(x)) for each X,y e S, (equiva-

Tently, for each x.7.&.8).
In ([10]) we asked vhether the space C(Q) has property ( A ).

An affirmative answer is given in the next result.

3.2, Theorem. The space E = C(Q) has_property (A ). lMoreover,

for each XESp N(x) is proximinal.

- Proof. Let x,y €S, such that y &N(x). By (1.9) we have
T (x,y) = max § v(a) sign x(q)\ Gie erid X} (3.2)

Let us put

N ?(X;V) EKE(XJ”Y> : (3;3)

e s




and denote by I, = jae Q| x(a) =1f and I, =fae@|x(a) = 11,

Define the following continuous function on crit x ¢

)\—W( I ..
v(g) = e it (3.4)
-X-y(a) gel, '

Using (3.2) and (3.3) one can easily show that | v(a)]| <
£ Pt(XyY)_"f‘ t(Xx"")

~

for each qecrit x . By Tietze's Theorem

there exists a contlnuous function w on G, such that w(q) = v(g)
sl {570 y)+ z(x,-v)

for eaoh.q,ecrlt x “and- {lwil £ o« Let z=w+y .

Since for gecrit x , w(q)=vlq), by (3.4) ang (1.4) it follows

e (x). We have dist(y,N(x)) <|y-z| = lwli< '““(X"‘"); s Pl

whence by (4.1), dist{y,"(x)) = t(x’*"); =HES SRR

which show that 0(Q) has proverty (A ) and that N(x) is proximinal.

With a proof "similar with the above one, it follows that
for any closed set A < Q, IA has provnerty (]\)Qand for each
xe:IA ; N{x) is proximinal. In perticular, CO(T) hes these proper-
ties. Since property (A) is invariant under linearly isometries,
the space L“XT,J») nas proverty (/) and W(x) is proximinal for
each xe I (T, ;v). In ({101) we remarked that any smooth space
has propert ’]\) , and we proved that the spaces Ll(T,f~) and
Cl(O v ) “have property (A). Ve noticed there that for each
ye;L (m ’f')’ N(x) is proximinal. Property (N\) ( as well as
property (C)), behaves badly with respect to the herealuv([1C1

We do not know an examvle of a space with property (C) but
without (/\). Notice that proverty (C) implies that for each
X & SE y any face of SE containing x has the diametef O ori2,
while property (f\) implies that. for each xe SE y tﬁe dizmeter

of the set A(x) « E° is 0 or 2.

N -~

3+ 3. Theorem, Tet B be 2 normed Binesrsspices dae 10

1._1
‘_.l

owing

assertions ere eoulvalent:
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i) B has property Ry,

ii) THor each sun G of E, each x< EN\CG and g e G, the

- condiitiion:

B yerc )-EEte 2 mahe 2 dstg—p Nz ihh. c(peG)i (3.5)

is a necessary and sufficient condition that goeiPG(x).

iii) PFor each linear subsvace ¢ < E, each x € E\G and e =G

thie condition:

| ¥(x-g,,8-8,)-7(x-g,,8,-¢)| 22 dist(g-g ,N(x-g,)) (ge&) (3.6)

is a necessary and sufficient condition that goeaPG(x);

Proof. i) = ii). Let G be a sun of E, x e E\G and g e G.
it goelPé(x), by Theorem 1.1 we have t(x—go,go—g) >0 for
each g e @. Hencé, using also (3.1) we have f(x—go,g—go)—
-‘T(x—go,go—g) = Y(X—go,g—go)+ f(x—go,goég)_é 2 dist(g—go,N(x—gc))
for each ge¢ G, so we have (3.5). Note that for the necessity part
; weihave not used the hypothesis i). If E has property (A) and
(3.5) holds, then cleariy the pair”(go,x) satisfies the Kolmogoroyw
: ériterion, whenoe by Thieoren 1.1 8o € PG(X).

The implications ii)=> iii)=%>i) follow by ((10], Theorem 3).

In the class of spaces with property (A ), statement i>
or ii) does not éay more then Theorem 1.1, soonly the impli-
caion iii):; i) is worth to be noted. e

. When B = Ll(T,;A), if we replace in (3.6) resp. (3.5)

‘the expressions given by (T.6) and (1.7), then'iii) is asresult
oif Ko plae and ko vaian(T12 ], Theoref 1,3) and ii) is & result of
Deutsch([é]).

3.4. Remark, It was observed in (|15]) that when G is a
set im an arbibrary normed linear spaece
x € E\G and g € Pplx) the mlr (B4 9%) e tantace et bioh

Kolmogorov criterion, then G is a semi-Chebyshev sun. This

e g e e

e ot Sy




follows by Theorem 1.l and Lemma 1.2.

Using Remark 3.4 and Theorem 3.3 ‘one' canfessiliysorovie::

3.5. Proposition., Let E be 2 space with pronerty (]\)

and G a set in E. The following assertions are eguivalent ;
i) For edch x¢E\G gnd g eG, the pair (gd,x)isatisfies

the strict Kolmogorov criterion.

ii) For_each x € ENG, goe'PG(x), ge.G*\{gogj we have

¥(x-g,,8-8,)- T(x-g,s8,-8) < 2 dist(g-g ,N(x-g ) = (3.7)
Bor B = Ll(T,sL), if we replace in (3.7) the expressions

given by (1.6 and (1.7), then Proposition 3.5 gives ({151,
Thecren 2,8,'(2)4=$(4))-

By Remark 3.4, the condition i) in Proposition 3.5 implies

that G is a semi-Chebyshev sun in an arbitrary normed.linear spacé.

The converse is not always true even when E has proverty (A )
and G is a linear subspace, as simple examples 1r g ashrietl v
convex and smooth space show. ‘Ye shall see in the next section,
that under some 2dditional assumptions on E, this converse

statement is true.
ies (C) and (A)

As one can see by Sect. 2 and 3, the following spaces

have both properties (€) and (A): C(q), IA»( A a closed subset

of . Q) QO(T), LM\T,ﬁ’), Ll(T,f~). By Theorem 3.1 and the comments

after the proof of this theorem, in each of the above concrete

snaces, N(x) is proximinal for each x e E,

4.1, Theorem. Let E be a normed linear snace with prover-—

ey ]
N A ’ 35

=)
i
—~

:
prenirinal .

s
[65]

|

v)
<5

and lev G be.a subset of B, The followinoiasserntions arec

eguivalent
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i) G is a semi-Chebyshev sun.

ii) For each x € EN\G and g e P,(x), the pair (g, ,x)

satisfies the strict Kolmogorov criterion.

~ Proof. By Remark 3.3 we must only show that i)=>ii).

Let G be a semi-Chebyshev sun and suppose there are xe Z\C¢ and

gOePG(x) such that ?:(x-go,go—gl) = 0 for some g, € G\{gO} 5 ‘

. Without loss cof generality we can suppose g = O and Noxl=-3 o

Since OEPG(X), by' Thooremt 1.0 4 st £01lows ‘Z‘(X,-gl) =508eBy (i.i)

we have ’t(x,gl) > 0. Then ’t(x,gl) >{0, sincesotheryiseiby (Li8),

0 # g € A(X)_L N G, whence ‘ou{r Theor‘em 235G alis a0t semi-Chebyshev,

a contradiction. Hence, by (1,9) there exist fl,fge.&(x) such that
T(x,8) = £y(gy) >0 = : (4.2)
Txi—gy) = ,(-5)) = 0 ' ' (42

Sipce N(};) is preximinal, Ghere is ye ?N(x)(gl)' B .o,

= Ax+a for some A €R® and aeA(x)_L-. Hence, using the hypothesis

on: E to have pl"opertif (AN), ana (4.1),(4.2), we get :

Uz,z) £ (g2 )
&y - Ax-a || = dist(gy,M(x)) = — ;1 = 12 L (4.3)

Since fle.i.(x), we have by (4.3) that fl(gl)-—)\ = fl(gl-kx—a) <

< |l gl—)\x—a = f—l——;ﬁ-—)— silamd s s i—-;il—)- = \\gl_)x_an -

Byt (i, 2)ana f,€A(x) we have theit'! M= B )\x+a-g1)é.il}\x+a—glu)
and so A= | }\x+a-.glu = 0 e

| Tf.a.=10,/ $hen o) = ll..XX—gl‘l( = |\ XXU,and since OéPG(x)

and G is a sun, we get 0,2, € PG(A;:), whilch ‘contradicts "1 )s

Therefore a # 0, and using the hypothesis that E has property (G),

Zn =7
a i) <
we have —— = where z. € S., and A(x) Az =8 0
= ay 2 ’ Sy Alx) < A :1;)’ LE
; S 8s =8,
Newis 2. —=4=s = oy some = e hlx), o, =1,2, o s o = —— =,
9 2 2 i s el z
Bimee 0 el ) x) =md Sl eea =0 = lixl o, A=) 2, Wb Pollows ke
kA A : - 2

e

j\u,wl \«’M j(\ :



—iiCe
Ix+ea=1 forsdehibi e Sl PRI 2 (4.4)

Tk,

fla i
CAriaii)s + —%— 2,

Then by (4.4) we have:

Nzu‘= (A +Nau)”x + "Tjggﬂ“FT “ Adollail : ‘

Noﬁ, for each fe A(x) we have f(z) =A+lal = (z\ srand So
A(x) < A(2). Since OéPG(X}," by Theorem 1.1 we have T(x,-g)=0
for each ge G, whence by (1.9) and A(x) < A(z) we have also

T(zy,-g) > 0 for each g <G, hence O«éPG(Z). On the other hand,

lz-g 1l < u,\x+a-cln +llhau Jr""L a,-a | =
S (2y-a,) | =
= e nny+—§3| = A+yal =iz

Therefore, O,ulc:P (z) which contradicts i) and Vompleteo the
prQOf;m

Tor B = Ll(T,}~), the equivalence 1)&ii) in Theorem 4.1
wa.s provedlby Nurnberger ({15], Theorem oy (1)4;9(2)). Replacing\
covidition 1) fby WG s semi-Chebyshev", the equivalence of this
condition with ii) was proved in ([15], Theorem 2.4, (i)<=9(3))
for L = C(W) and G a flnlte dimensional convex set. Thecreh 4ol
generallzes this result for arbltrary suns Ao e(Q)

)+ The equiva-

lence 1)es i) iin Theorem: Al fisiailiso trie for IA’ ¢ (T), L&YT,/v).




1=

i) B G- o finite-dimensional Chebyshev subspace of E,

then ¢ is a strongly Chebyshev subspace.

i If ¢ is 2 one—-dimensional convex Chebyshev set of E,.
Sl 9.

then G is strongly Chebyshev.

iii) If @ ig a finité-dimensional semi-Chebyshev convex cone

with vertex in the origin of E, then for each x¢E with O ePC(x)
e Ay L, * A

the element O is a strongly unique element of best approximation.

Statement i) in Corollary 4.2 has been proved by Nevman
‘and Shapiro ([14]1) for E = C(Q), by Ault, Deutsch, Norris and
Qlcon (1) for B = CO(T), by ihlbents ([2010vBer & = Ll(T,;v)

and by Nﬁrnberger (E15}) IEORE = IA .. Statements ai) sand iii)

A
Corollarv 4.2 can be used to obtain sufficient conditions

- . . Les = 1
in Corollarv 4.2 have been proved by Nurnberger for E = I, or L (m )
Ik J % ’)

for the metric projection to be pointwise Lipschitzian since
Cheney ([4], p.82) showed that pointwise Lipschitzian continuity
follows from strong unicity properties. For E = I, or L%?,)»),
-results on vpointwise Lipschitzian metric projection have been
aivern.in (1570, =

It 1 eur-belief that some other results on best approxi-
mation in concrete spaces could be formulated and proved in the

framework of spaces with property (C) or (and) property e
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