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THE PROJECTIVE LINMIT OF FINITE PROCESSES
Boris Singer
We: can model a stochastic phenomenon through a process
with finite set of times and states, the model being moreo:
adequate as we take into comsideration more moments of time and
observe finer networks of statées. We shall use the notion of pro-

3 ¥

jective limit to define the process ¢ approximated by such a sequence

of finite processes.

in §1 the notion of projective limit of a sequence of
measurable topological spaces ig also extended over probabilivies
and transition nrogﬁb111t1 es in order to define thc projective limix
of = ‘sequence of bprocesses. In §0 4% ie’ shewn that, wnder certain
circumstances, the projective limit eof a sequence of finite Karkov
processes is also a Markov process whose transition.system is
obtained as a limit of the sequence of transition systems of finite
processes. In §4, it is shown that rather general processes . (non~

’t'
-homoge cous in time, with states in a compact metric si pace), Ca&

be rediscovered oy meansg of the projective limit of finite processes
and, at the game time, & device of cons tructlng this sequence of

processes is given.

1. Projective Limit

We ehall define the projective limit of a countable system
of messurzble topological spaces, endowed with probabilities, or

tpansition probabilibiess L0« o, oL g SIS il

21 .

These neations are. © used in this work only in the case ogﬁ

‘P"’Ogectlve Timits E;-f «ffﬂ?ﬁ’e'Pl"ote_sses g 2




and \? o p = ’13 . The Houblet (o, ) is called & projective
Let S be a set and V¥ =(Y ).‘II" a family of applicatioens

S e g (s5,¥) is called a projective limit of the

system of sets (o ,"?) i€ and only if for any set 3' and family of

B ' 3 D < ”V‘ N be A o o i °<31'.. 5"("\‘
oy Wieh \}/,ﬁ i 7;3%."%0 ﬁi‘»— wy bhere is 1,].0 —_—
the following diagram is uO””vL.U.'J eLiames

pY_X= ‘f"‘{‘“r_ h\,) , ML D } , where

11\,1_,1 Pro j’ec*’{;iorl. Yet Wn-::p:r?q/;% , nell
a4

and (\Vﬂ)q + The doubletb (S,\%)T igea prejective limit of the

) YL

ys*ﬁ;c w0 \f’) We shall note \{}p the epplication \f i né N

Wb have,for any n< 1;«.?\,5’ n—: \Po W i ‘.0)0 e e
o= [L:ZéTTS}m /’ D )_wgﬁ (“I‘U}z\ ‘)) h ¥
e \’0 (iﬁﬁ) , (@,%¥) be a nrojective

system having the nrojective Limit (8,¥ ).

,-0

1.2. Definition. Let 0" =(5

T
+

I

1. We suppose that, Tor any mesll , the Borel algebra EJQM
3 R o s et e B o IS o il
is given o 8, and for m<n, T 1o —2 0 SUSHHEAN sble.
£l il : it

et F =B (Y /nen be the minimunm Borel algebra oa S, for
n : : s

whiel: a¥} applications ‘PV] are measurable. ((8,50),“!" Y is called

L4

h

s orojective limi% of the systen of measurable spaces (G’\?) ;
brod . 3

2. We suppose that, for any me N, < is a topology on

Srr* and the application “f; : on——” Sl?l’ 18 Ce ntlﬂuau” nuc it et

=t0n( \Vn / né ) be the minimum topology on S for which all ae

. : : s - e 1%
pplications . are continuous. The doublet ((5,%),7) is called

£L
the projective limit of the system of temological spaces (@7
3. We suppose that, for any me I, ‘Sm is endowed with the

topology:

o ©nd the g-algebra jc;n =B(zw) and v, is a probability



m:?)""‘“

« . : wn : ‘

S ) @ e s v g B e AL
on (_‘um, :?m) and the' applications D 2 By are measu
rable, m< n., Let (¢5,9),¥) be a projective limit of the systenm

o 5 .\ g = -4 : .
of measurable spaces (¢, f) and p a probability om (S5,4). p is

called the ‘“1"07(‘0‘01 ve limit of the seguence Pr'n daf o e any
; S sl 4 e

melN, poY. i ..-—;;; Je‘f’ in the mco of  pro L)E*bl" ities on (uy ,“C )
"R, p—rpc 68 a
(p= lin 1 )c =
"'?‘3" Let (v,f), < ") ‘fm = ((5.9),F) ag in 3. Por sany nel,

ST o - e i~ ey By " 3 o £ o, / 2% \‘j a
let Q, be 2 tx ansition probability from (Sn,‘,/)n)- to S0 > ,) an d
e bUresnei i nreobability fron (c:;‘ \9) I (* £y 3 e =17ad
IR ecl i S RE SJlOn DropablLLlTy IX0om Dgw /) GO v} ,}:’ e Q is called
the projective limit #f ther sequence (Qn)- if, for sny x €S, the

(¥ lx),2 0 ) has the prejective limib Gz, )
n N ,

-4 »

- ' wi/ . ¢

1.3. Remarks » . L. The set Y (V¥ ) is a family of genera-
s s e

tors for ¥ closed to finite intersection. 4

2, The projective limit of a sequence of pro-
probabilities or of a sequence of transition probabilities, if
tne‘rc are z«'s'qy, ig uniquee.

Lol e 1n the foll owing, we sghall preserve the netations introduced

: : s R men ) AT - e

Lalank li«lwc e 1130 iOl S)n, bt g 5n9 Z, Jﬁ’ J f_}:.)n’ '9’(\)'11’(“2. ‘i‘!e Gl OOp Ol’l
supposing that for an] ne N, S dis finite and S =& - ‘?( S

PS) Lilch AES ..y > Aoy n S 19 LE 1 = jﬂ. n i e

Obviously \Pﬂ 5 —» 3 . i continuous.
Pt M ™
Rewmarks 1. 5 # ¢
ot % ’\;
g & =tel (\i’/tﬁ\&D f nel, se ‘-;‘n)-" %¢ el ”1»-)/“1*6 ’ka’nl\" 1 00 3
¥ =B W(s)/nen,ees Y ) =B ().

Proof . 1. We conrs-»__uer, for me N and se&S_,
- — o
ll(fi)::l"slil’l {1’.16— i / P My \?]12(8):“: ¢)_lf ’ min¢z o0 o b e ebviels
that max { n(s) / s& 503 = oo . We chgose s with the property

n( so)@: o0 . Repeating this reasoning we may find a sequence 2 ke
B & SeER

% - ) - = 2 ¥ » £ 2 =y
so thatb 11(»;.";1_,.)=00 and \??.-2(‘51:+1)'2§le .- Th oresults that (i)m)zmé 5

Ly 848 Sl”—‘-i , de il . We hove

Z‘f;ﬂw;{'\gzi{S) / nell, s€s_Y . Because for any m<n, Séﬁmys‘é%?



= :

h"m(s)? and \PT;( s') are disjoint or include each other, it rt?sul‘u)
that 6)4 ig closed to arbitrary union and finite in‘?"ersection. we ‘
nave ¥ =B A‘ g ) / nelN, sé& )c: /)[c) \B(w)c:‘f Therefore %-TE{-G)
1@ Ee’g»wéfg 2s 1o For any nel‘*%', s& S o (: is elosedh: clio o

2, (s,z) is a metriseblie space with The metric a(e- : 4/2 O(}'l) %)

and is induced on 5 by the "bO?'}OlO{’“},fe-'DI‘OO.QC‘ﬁ on i‘ f' Sj .
& 6' e
3. (8,d) is the ‘coblpact metric snace beoaus;@ S is closed on TT S
Al : reN
1.6. Remarks: 2. 1. The sequence of probeabilitiep (p'q)ﬁf gdmits
R R —r R £ s

a projective limit if and only if, for any meN and s éSm1 y nhe
X3 ’ 353

(5al . A5 X (ol e g s k{“
sequence (nl ( ))N is convergent. In this case lim p# (u,—-m =

’\.’here Pelim oo
T e— n

B

2, The sequence of transition probebilities (Q )N admits a projec—
tive 1imit if =nd only if, for any xe S, mell, Ye Sﬁ1 y the geguenee

Q (¥ : = -~ e oeed =
(.Qh( 7’//‘?’ (“j})w s convergent. Let Q=lim Q_ « Then Tdim {"}“ni\fn(x)’;(‘}):

e ot 1~ o
zQ(x,QYn&y)}~

P?’Q@.‘- - 1,_ We consider the clan ¥= k_ﬁ\l;(\f \and family of
" men M
generaitors f' 2\{/ (.,) 7 nel, s€ qu . ‘We define the application
D 4\%“——*’ [0,1] +hroush p(\)‘/”(“‘)www 7 °; }(,d) for any nell and
s(:\Sm . Obviously, » ig monotonous and finitely additiveron “‘f;’;

1t restilts that p is extende & vniguely to an finitely additive
appiication on \,Q « Bince \{)1“ g Tamily of compacts in 8, with

the Caratheodory theorem, it results that p is uniquely extended

f -
on Y = (6

Nl
°

C

5, T+rrezults from 1. that for any xé 5, there is 20(x,+) a pro-
babhility on ($h°)', which is the projective limit of the se-

uence (Qn(\k (x),- NNoFor‘ any s€ S_ , m ell, the application
-

i : : 5
Q(; /f“)\ =1lim Q, ‘4’ (e) j(u)) 15 F -measurable. It results
that the set § Aézf Zo0 0 3% Y measurabl j*f:;.f* o Borel algebra
and includes u’j . Therefore , for ony A , Q(:,A) is measurable.

.

. o LY » . - 5 0l T
7 Proposition. Let {8,Y) be the projective limit of the systenm

proRmmEe



o

(@ ,f)and (T gy an idcresing sequence of finite sebs, T= L{,Tn
5" W

s e ; l : Bie- o8 ik
Por any men in N, we«define the applications \? o N e g

m n m
= e J 1 f il - f"Th s
S0 tﬂ.c.u ¥ \? }:1( \,-ﬁ-.t. ) .!G I ( \g ( »-J ) )_bé,r; § (:X"t) "t é‘ Tne Ql’]_ anc

n .

Woveglie. slughe 1o ¥ et = e ot ot
Vo' 8" —= 87 s0 Y (rdp=(Yolr)hhen » (pdee g 5

e T) is the projective limit of the system ( ‘““’ ; ? )

n'N
i) . rT‘ + o or
and the projective limit topology on S8~ is the product of the

L<4

Then (5°,( ¥

topologics on S and the projective limit Borel ,algebra is the
and, at the same time, the
opolegies on S.

Proof. Obviously 2, \P “%" J< ., Fetid s ,(\Vn):N)_: be a pro=.

i

¢ —-algebra of the

(\? 11)3’11@ n)f- We define the fun-

jective limit of the systenm ( r“l
otion i §' ——> 87 where, for any x l(’”) is the only
: A .9 : .
element of the set /) \(j \?/ (}:). It remdins to show thw, for
any mé€N \%——1“‘*'712’:\%’;; « Tet xe 5%, We have VWC? /4 %"ﬂ)’ {f\\é/ ‘f‘(‘ﬂ-))
= Sy = =g ; ;o
en ¥ Hen) = Q¥ (40) =L L (=) &
A Wi v

The statements about topology and the linit Borel algebra obtained

p ;
on S~ resulf,from l.4.2.

§2. The construction of Markov processes
ag e preojective limit of Finibke procesgcs
2.1 In the following we shall note T a totally ordered set with

+ L.

the initial element t . and the increasing sequence of finite

sub=gete (T ). with M= U We consider any set T with the ordex
At hé{ 1’ : ‘n '
induced from T and with the initial element "t;o. Por given nel

we shall notd g =max T , T'=T - 4¢eY% , for t other than#,

- m it 1““

t=min iue Tn/ t<uly  is the succesor of 4§ I and tor *‘c;é‘to,
. = &

t=max {ué Tﬁ/u(‘t‘( is.the predecessor of & in T .
- - n
For any né€ N, we shall note by X = 31"[;)4'&‘3"‘ the process

iR U S

with states 3 and #imes T, defined on (Sn ,}fl{ﬂ s pn) by the caw
2 ey iz ‘ 5 n ° r‘rwl L] N T Qers e, o B
nenic projeebions x. " 5 t—w § -, HE W IF xauie a larkowspro~
T : G jat 1 bl n e
cess, then it is determined by an initial probability p_ _ 0615




o 3 5 S 1 T I (1% 4 7 o o - 43
and a trangifion syeden (Qﬂ*g>ﬁ<tgeiq %LOﬂ B, U0 bno We have Tor
&
mp—————
- = ; A o i and for
oL (""i;)f’i.? € ) "-)n<>< "‘13;,) : *té'!r‘i U (st_ng) *

=(x,) .. the nrocess of canonic projections
l"i

defined on ! field (S gﬁ x is a Markev process,

it results that there exists o transition system (Q _A,) Lgpt COF-
res ponding to x. Let p,=pex, be the initial probabllity of the
PLrocess.

.

5,2, Definition. We state that the sequence of processes (Xﬂ)w has

the process ¥ as a nrojective limit if and only if p=lim »  (&accor-
pLx B> « (2 Al n

G

ding to 1.2.3.). We note x=1in X .
T 3. Defirmtienk Poron€ B ket Q. Derihe transitien probability

on ﬁ,&n@ let Q be the transition probability on S. We state that

the sequence (P )Y has. the uniform pwojective ]iﬁit T s ey 1f

B

2 : 5 4
for any mell, se S, lim sunlqla 7)) =-Q (41(u,, n\ ))};:0
e " .

4

17 v 3eS o
«. Pronosition. For aIfy néiﬁ,,-i,(rhﬁ,), oo be me Pami by ol
s tetfe L :

-+
S b b G

¢

L]
e

4>

transition probabilities on S. ¥We shppose that; forcany méj?}-'
5 : :

bt i e L3 0 3 i e | traneihi

.t(:t é:'k-}n 3 W ; Eﬁ’ﬂ th) Q*{:t' o AL e (Or 1) ) e Grane el 0L

= 52, - <l YR W S . SR L e s s e -1 A L - - £ 4 - -y
systenm on S. In this situation, we state that the sequence of systems

SHs S S i SR - i S sk S s
e ,f)tthfén‘)w has the systen ('\g_‘_,,)_,u_{,g,é:m as a projective limit.

Proor. Let s«<teu in Tq. It is enough to show that, for any be S

ghd any o éﬂ5LL>ai&ﬂé any aéii” e vp
et Qw(b Yial) = R, (boY, (a))
5% Q‘é‘gg((" (é}) g!?‘/l Z 7 \//'" [3)) ng(b \fJ (!\]:])

ma oo Ye S

Ry (4, () = Lm Q1 (»5,“7 {78 =

m<in ~»oc

= bion QL0 (h (4) ¥, () = Cuem Z c:z w(@/,,)& RCRR/ "'@)

m<n-n0 M ?00

&
n

5 0 oA s
We have i )C"($’(ﬂzmx » (b "@sup%(b}\ﬁhfmﬂl;:

C 62 ) L U B G IR & b

V'eSn :
where wéiw Den and



Me—nﬂa

&y = }Z[ S0 \ff“ (a)) &T (‘F {y] ‘P’P /4)) ﬁ[@ féf‘f’ = i;,('s%),y‘)‘i};f
ES
By (b ‘h(/’) Q (Y, (L);fm /7’9)_?

since @@ \f’ ( 2) ) are egual for y'e ‘fa *") We hov

i
anp 2 oup | & (7, ¥ (a)) - mH‘”:f‘)? Y2l ant 1im a0

bu I : Ny
yesy, psi-boa ~ L
Terefore, for any £>@. , there ie el g0 thit,iferins Pe s
o T ~ il (d v"! e e ) P 4 1 af ot ad
[(.,.,npzj <53 F‘fgﬁl b, =0, S5_ being a finite set.
& s 1 ~20% s g
2.5+ Theorem. Letk (:-:Y))H. be a sequence of processes (we preserve
shetpatternsfron 2.1 ahd 2824 ) so that (nno) + has the uniform
5 : ake CEE s 2 oy (ﬁl’i TR L e = K3
projective limit P, and LQ ., has the uniforu 110 Je€etive 1limit

(Qt't')"b<~i;'e p? Then the seguence (x ) adnits as a projective

limit @& Markov process x with initial distribution » and the

transition system (Qtd_,)’:t@,,éf. S

Proef. Sinee the family (Q.

m">u»u'&‘“‘ has the property Chapman—

o ) B S S o A
~—}i\ols‘zm;§§ox’ovg it results that there exists a probabilitv » on S

t. R

go that the process x= <*t)T should be a Markov process with the

initial probability Py and the family of transitieon distributions
(Q,J_!) soktem L It remains to show that, "*cc(’\’c«"“i_zflr* W 10, on
e @

¢ 4
= e
any mé N and s=(g, ), & S, we have lim p (\F ( 2)) = \V ( ).

> 35
vy s - V-2 2 n
Let me N be fixed, arbitrarily. Let f=max T, @nd D'=T - iéﬁ

E s = 4 g 3
Por née N, we note ﬁ_::g = (u, )= € ‘3111 b ?lz(,L i,) Sep GET X

e e L “75_ e /S)) ,4__ CQ .Jt 50}) Pn %t/{(—TJ) [‘*)
? ""tA .’-’ .—-
—=1
Pt )= § @Q@ (R AT LI RO AR
"TT’*}’ e

Let -,-;% fs)"#‘“* 's)] = bas. (2w -peF, @ll=

oo . <4 d
={2_ Ly, (%, ::(S;,))pﬂ((m i) - S Gee(f;;.»,(@)quc(/}f)T?}( ANE
wEA = “"?:o(“t)

o
e,

T

=

%E'ﬁ

< C'nr'}'eﬂk \Vi’{:’@'@ : m e re : . = N’ ’
o T A 0 IO (-l
= X g}/ -

h 7
2o



1
g

¥ (20,0 ()~ Cm S (k@) "))\ ot

)

i
< 2 supl@y,(
- el °

S€S, , - 2

Tt £7 0. There existsir el o that, for sy 1> ¥, We Have dﬂr<éla

.

: e e g
Lot = 147 C‘gf {4 ‘2&?: EHERS 0 (% )"? = F’f’ (?' }Ta (T? cz‘f}}.jl

Laal ]

e note B = { 1=l U

EE
W)lé

We have @r~ﬁ” Qmﬁﬂfé»Zf%Jf7ﬂ%M )(WW(NM

(ol

we?r(ﬁd web.
¢ 3 lab B A X )] (t’“‘f)‘1’77”DL(%)7’[ IS

Ve ‘f“ / 5;;) e Bim -
r being fixed, it results that the set ‘? ( 5) is fini%e, IV is

enough. to ahow that fTor any V{‘ST y F’“!Zik“\( ;,ny/ (Uﬁ —

- ps((;b,mg (“T‘V U¢>)li converge Y0, after ms. a' is

B
treated Sl%ll&fly to a , thus the set of the bimes comsidered in
T being reduced..

0
Finglly, 1% 5ins to show.that, for 1ixed p; vy,
U Lixed in 8- ,.Ifg D, ?”(u))ao (\V (u))! which is obvious.
-4 Ny

be . the unifeorm vrejective 1imit

is - T wm £ B P S S o X - 4 7 P
of the secuence of systems « et V be the vec—

4

5.1

&
toriel ‘gpece .of bthe reals funciions defined en . 3 generated, by. the

set %%, )/9¢H6e

iumotians &efine@ on 5. We have

' S’ |
“

be the set of the continuous real

R

%&nﬁ leb

1) V is wniformly dence 9n € and
2) whatever ££ C and t<t' in T, the real applicitiver defined on

SR T th,(y,f) is continuous.

§3, The transformation of the space of states

3.1 Definition. Let (S;&) be a topologicél space and ~ an

equivalence relation on S. Let 5'=5/L  and ®;5—>5' be the

SR Wo 1 .t,: j’_,.jl' ‘H' ; ' o e ) i DI SR :

canonical surjection. We note =5 (T Y, = :~§i)/i>c_$,TT(D)6Z 5
a ’?}, 'tﬁ ' ‘ .‘, P -

P By L AL Nes L e S



X - ‘4
3¢2. Lenma. Let the application ! A—=B and of?‘f (://Jﬁg,}l,
FU(0)eAd ),

)..H

consider the Borel algebrasg .)4 = V'){g D/ De

e

= Diled f’"( D)"-éaj%(;ﬁ}}, Then ;=g -

=1
5] e 2 - vé ""}
Proofs Obviousl 3 c.:J ol A is a Porel algebra and ﬂ@ (»-3‘4 >
's

Then ,}{(,,4):::&;; (T) and J, } f(D)ef (J/; ) } . It remains to show

: - N e ; S = :

thet ¢ B/ F(D)ef (T )= 2] 4 - Let D& B and G€J, so that
=t e \. - - - ’ . o :
N D)=Fte). It rvesults that T(Dac)= qf’ . It is easy to show that

o

e e 1o S i : s s Ny ¥ Wz .-y v g A e el
:a =) (u‘?**.im:*,() « Then DAC = E € Jy » It results that D = CAEE€ Ji

) b
3.3. Remar¥s. 1) &’ is a topology and is a @ -algebra;
2)  =?is the maximum bopology for which TT is continuous;
1) e P a ) g
3) < Uo s AR T ) S)) Bhen Jre -
3e4e Definition. Let x= xw‘:)'tc’ . e a Markov process (,,owr d on
£€1111 5106 . M T

the orobability field (R ,X ,n) with the set of times T tetally
I of 3 2 prndy s

Liet p = pox. Dbe the dnitial probebility of the precess x. We

define on St the following equivalence relation for any u,vé S
Hevy if and enly if Q"a'b'(u" )= QJ‘“{,‘(V’ ), whatever t<t' in T.
< ) 1 : . R 3 ; e 1
ol 8, ] e preserve the noteiions 1;%?0(;110@& 10 Jelesilior
' A s & 7 = of - 5
any t<«%', we define the function Ql,,% S'%Y —10,1] by
o b «btﬁ S ) o
e T - =4 1 te Gt 3 At '«f’ e
QL y o (at A =0, i‘(u,‘tc (a')), where nev'e 8' and A'e . Obwipuisl 7,
the definition of Q*i;'“ does not depend on the choice of u in u'.
U

r:T";,'oXJG s ‘ ! =T ”"“( ifiCie ZCL

C'a""'

We note for any té& l, X

Under the circumstances of the definition 3.4. let £:8'—= R

r

) 5 ; . :
be M -measurable, positive 01" bounded. Then, whatever s<t, u'es
i (ut Oy (0, TeTL)

Rt : (3 o (it o ~ < ot ,"’) 5 5 =
t i85 enough te proof this lemma foxr 1::)9-3» , B'eEY o beesuse
: 4 . - 5 e i)

fis cloded to product and, obviously, k¢ ':_Ja(x@:/é’e*f

=
roany 5<%, acule S, QL (u' ,X/l,,)—-fxé,t(u.‘ B ):Cgs,t(u,'ﬁ? (BY) ]



- v -

3¢5. Propositions 1) The family of applications ((th_t,)'JU<_t, , de—
J

o o A : - 3 : e - = Tl " NN
fined in j}.[; L85 o trensition‘eyotenm fren o, 3 ) e Gl T

oY The procesd x'=Tex 18 & rkov process with the transition

the initial probability :f_'_)éxt}_;) oG

I . 3 = e e
i Q%sz(gﬁ,&, Gl i) 15 & vrobabi LMJV
in the second variable and measurable in the first. Let se«tev in T,

MM(‘ 9'-—?’ ( ‘»s-a‘ﬁ-( ) )::

LTV
y.i{‘\:.’ ) #

b .
s ; :
2) Let £: 8'—= R bounded and measurable and let :7: =5 (g s<t)y
3 ok e : < : v : = e —
F o= B(%, s<t) , L €T. Lot s<t. We have F, 2793 .
t : : : s
5 # e . ; e o= SRS x ;}&.ﬁ-)/\j’):
E({Lx /f«.):r-t:[g(z‘“_cﬂf/'ﬁ el a0k i,
3.6 Pro \.ms::i'i‘;io:n.. Tet (“3?‘3')’(\?/-.@)?6’ be the projective limit of
AU S rn SEEST S xR et R TS e ) e fif i 1L
topological speces of the projective system \(Sn’zn)ﬁ ’<T§.‘{i)?ﬁ(1-)
{aceording to 1.2.). We that, for any ne N, the topoleogy
is given by a metric -;fln and we have .
1) lip mup d (b,c0=0, flir any 26 5;
W 2a, fape, AT
hil-tu é”"&‘im(%‘l@ .
2) there exisbs S :8xS —=3, so that 4 (a,b)=lin d_(¥ (a),¥ (1))
- ,.(. -t e 1 * » «-._+ L LA S ¢ ) B A }_’l l’l ;,m} g 11 L AN 9
S, D €0,
We define on S the following equivalence relation axb
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