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TH:II S.ROJilcTIVii lIi!;]T OF FII{rTltr :[.]R0CiJSSrlS

liorj-s Sin;;er

' ; ' ie can i: lodel a s'uoch.sstic lhenoi:renon ti:rougi: el -ol 'oce$s

vl i t l r  f in i ie set  of  'b j - i : :es e,nr l  states,  the nor le l  be: i -n$' | ry '@re-,"  :

radecu-e,te af, ' ffe -b*,ke into con$idorntion aore :nom^e;nts ofi 'binre and"

obscrve f ine r :re tir,ei '. lcs of sta'bes n !r 'e shal--l lLae the notion of pro*

j e c , c i v e l - i n i i t o C r e f i n e t h e p r o c e s $ e : . p p r o x i r : r r , ' i ; c c 1 b ) t E ; u c h & $ e c i l : - * r r c Q

of f in i ' ' ;e i t rocesEle.s.

In $l  the i l .ot ion cf  projcct ive l i i * i t  af  a seqt lence of

r'1easu-i.abl-e -bopo-l-agica.l i-rt)acos is s.lso exte:rci.ed over n:'olrabilr"t i.es

and ts 'ansi t ion ;orobabi l i t ies in orf ,er  to d-ef ine 'bhe proiect ive l . i in i - i

of  a seqr;-ence r : f  r l l :ocesses. I r r  $2 i t  is  shor, ' , rn.  that ,  under certain

circrr-:astaneesr thc :pra jecl; i 'rre l i 'ni 'b'of a secJuencc of f inj-te i i iarlcov

procesgcs i .s elso a l l iar l rov proce$s l ' rhose trensi ' 'b ion systen is

obia,ined. as a l irrlt of "bhe r:ie.lucnce of 'uransition systesrg of f ini 're

procee$e s.  In ,$4,  i t  is  shcwn thet rather '  € ienera} proce*.ses. . (noi l -

, r ' h  "

-hor, iogep.eol ts in t i ; le,  wi th $tates in a conpact l ' tetr ic speee),  c8"rr

be  red iscoverec l  by  pcc .ns  o f  thc  p ro jec t i ve  l in i t  o f  f in i te  p rocesseE

a.nd, a.t the sane tine, a, clevice of constrrrcting tir-ig $eq.u"QRce sf

p r o c e s s e s  a s  g i v e n .

1. frs-rs.9-Us9-*&i*:!
y..Je- shall d-ef j-i:e the pro i ective lir:rit of a eor-r:rtable slrster*

of measr.rrable to:?ologicn,l f i j )ece,s, enclol ' ie* vo' i th . i l r"obs,bi l i  t i -es r of,"

t r s r n s i t j . o n p r o b a b i l i ' b i e s . : . '  .  i  - .  .  l ' ' r  ' " ' r

r '  These tO't ioht are. . :  used in this ' ' . r , 'or ir  only i- :r .  fhe gASe o$ ' '

.pFolectrve lrnnits p{ f ini te pro'cesses " 
/ ' \  :J r- .-

1 . 1 "  . D c f i . n i ' J i - o n .  L c t =( $rr) 'N be & seq.-l ' rr i lce of se ts encl Y t (Y;;)

a fanj- ly of einpl icnt ionsr .sc that,  for i i .ny m(n(pr f l rsrr* ' l  
s*

U



ti

and Yfic:Yn = Yff .  ,rr* poublet (<r,Y) i* cal l-ed- a proj 'ect ive

synieir of [ je'rri ( nr', in snorfb, n' s],rs'ue:r-) '

l ,et i i  be a sc+-i; ei.nd. Y =( V.)'I a farnily of appJ-ica'Lions

Yr.  i  [ i *_-e snr nf ; r : i .  (S,V) i r :  ce*] lecl  'd,  pTl jeet ive ] i rn i t  of  -b]re

*.rister* of *ets (gr,S) i":i nnd- r:r:-l-y if f'or any se'b lit anil fa::ril.y of

o.n*1 -i aq*-.i n-re (V';)i, i  r ,, ' i i th VL, $'--+5-rqr'P^=Hr-birerc 5.r: ql;S':*CI , ]J . I . . J .L  J -  VGr '  U  ;L  VT I  K

$CI thn-bu for r,ny n<r--:r in i'{r th.e fcll.o;ring clia,glrtirli i3 co:runu-i;e."'cive

\P /i

Sw, e?o
\ \'l'n t^rv f

\  \ - /  /
rr\ i /s'. r " r \ l  

/ , n
st

r ,c t  g= f  - tu ITrn/  p t , r ,= t ' i i ( l "o , r ) ,  t *<* ]  ,  t ' ;here

, ; / *

pr.,_:TT$u*:* S.,- is the l.c-ca::onical- pro jection. tr,et Vrr*fi 'o/Sr neN
- - J r N l J L

ancl *f  *tV*),rr .  Tire d-oublet (SrV").  is 's.  proiect ive l*$i t  of t l re.

systcia (q!,  Y). l le sh-alI  i t ' . r i r ;c Y* thc anpl ica'uicn Y f i - ' ,  n€ I f  '

t L f r ? 1
U6 l rnverfor  ony n1ir ,  y l= V,"o f  ,n*- lo . . ,of  **1 and

5 = f  , r € T f  S . -  i , r : : - ( * ) = f - - ( i " *  ' r - ' \ ' l  i
-  v  N  i i -  

t ' = ' a l+ /= r r r \P r r t ' .& t " x l J  J  t

L,z" sg'3;.'ir1.fj0g. r,et tr =($rr)il , V =( yl;) ,, (4, t' ) be a -ero jec-uive

systc i l  l :arr j .ng i ;he i t rc jec ' i ive l in i t  (SrV ) .

l-. }{e slr-'r-oottlc th.,.-,t, foi' rj.ny ri*--}'l , t]-r.e Bcrel a:,1,,3eir:ra. 9^

ie giv 'en on $,o ancl  for .n(n,  Y * ,  Srr .*  S,o f*  r1ea,s1tr ,s, f : f .e '

let V *.B {Yr. ,/n€ fi ) e* the inini;r"ruil Borel a]-i;cbra o:r l i , for

wl:icl i a1-l ap'i:1ic1.'Lions V* are ne$sllre,ble . ( (8rV )'rV ) is calle6

a project ive l in i t  of  ihe sy$ter:  of  r , rcasurahle spaces (6rY) '

2,  i {s sui lpose that,  for  a i l ; r  pg i ;1,  7: , -  is  a '  tonolog! '  cn

Sru and the {r.r.rp1.i cation f fi t S** Sry is contir:uo}s, $ ( n. lbt 
{

6; =top( Vn ,/ n6 i'{) be the nj-nj-iirun toirol.og}r on S for t','hich al} &B

nn] ica . t inng  V.^  e r "e  cont in r r -o l - l s .  Ih .e  c ioun le t  ( (SrE) ,V)  i s  ca l ied-
L i

the pro ject ivc l in i t  of  the s l r$tein of  to: ; :o logieal  s l r r l 'ces (rY) ' '

3. l iVe sui.rpose tha't, for any rn€ i{, S* is end-olved. rvith the

toBolo6;S,?," and the Cf-algelrru. 9, 
=,Dia,r,1 ancL n,* is a probabil-ity

"*EFry?



* 3 *

olr (.$r*, 9*)t anrl the applicaticns Y il' i $* -:P s* are rses's1'I'*

r a b l e  ,  n 4  n .  l , e t  ( ( S , y ) r Y )  b o  a  p r o j e c t i v o  l i n i t  o f  t h e  s y n 1 , c m

of neai;grai.rlo space$ (f rf ) a.nc1 p ;-a. probabi-l ity on (S'$). p is

calJ-ecl -Uht proiec-bive l-i ir. i t of t lre €iecl,r-etlce (Frr)'t* ifn for any

'or1- '  
*  :1"Y] '  in 'b}re spi lce of  3:rol icr . } r i l - i t j .es on (S.^rE.)r,r 6 i{ r .cnoY'. , * -+eo .- r:r

(p= l in p, . , )  "<3- r*

t,,o r,et (r,Y) , ?ron V* , ( ( srg) rY) {r.rl tn
' 3 1

let % bu a transi'bion probn,i": i)-i 'b;r f rc;r ( $nry*)

Q a trnnsi,r ion irobabir i-b;;  f : :oin (srf)  to ($,9; ' '

the pl.ojec'bive l- i i : l i i ;  6S t i1e,: ' 'sequence (Q*) Lf t  for nrry x 6.51' the

se cuence ! ,%t  
Y"{* )  , .  )  ) i . ,  has the pro iect rve l in i t  Q[ : : , '  )  .

( Q=li::ro*) "€ - "  -  . : l  g ,
t. i, Rgryrrks .::- . --i-. ,Ihe set ,:./ Y;(yo) ic a f r"nily of Sencrfr-

F6w
tors for  y c- l -osecl  -bo f in i 'he intec.sr :c-bj 'ont  : ' ' r :

. ' ' ,  
2} Tlre i;rojective ]"j,nit of a ' jeo,uence of. glrc-

probabl ,1 i t ies or of  & sectuence of  t ransi t ion 1:rotrab3- i i t iesr i f

*lrere F.re ar\V e is rrt:*lclue '
-/.t,

1.4. In tire-fo1-io,,+in.g, trtr/c sb;lJl. prese-fve the rrotatioirs intfoducecl.

i n  1 i l ,  -  1 . 1 .  f b r  f i r r r  s r  € n ,  v r V * r 9 r p r r r i l r Q n r Q '  W e  l i e e p  o n
n

supposi::g tlr i i t for any n€ i ' i , $r, is f iniie arrcl S;€rr=U (Sr.).

Obviou,sl;" Y fi , S*a Sr;, is continuo$ii '

r 
'. ,R*r*gtks. l- ' s / 4

, . . = 1  ,  \  ,2,6 ='oo?{Yrr(s) /  :re ls, s€,s' .}  '= LOr#qisr.) lsn* s**,rr}<h"(," }
=i] ( t ,lri.,t ,:) 1n6 i:r, s e srr! ) "-3 (a) .

3:  For  any  nE l ' i ,

#n f q V ) ir.ndUU \  r r n ,  r /  r ] /

Q is cal led.

, *i€ S*i , ie t't ! " i"le hnve

Secatl*e for any m { n, SG g,n}, nt'* %

\l/

Praa-{' , :i-. !trc consrd,er ,  for  ra6 lT anc l -  se 5rn,
-rt

Yf i ( " )=4 !  ,  n i r r t *oo  '  r t  i s  obv iousn(.s)=lr i :n tot  I i  /  i l . )  r r i r

that nt x fn( s), ,/ s € So ! = .ro . We chrjose so vrith the property

n(so),= or. l lcpecli;ing this rea.sonitrg i.re xray find. a secltenee t*r.)}.

=f i  ancL VU(nfnf  ) ,=si ;  '  t *  x 'esu- l - ts thei t  (sO)an6 S'so that n i,sr.)

zo ret 4.= t ,y,*xr;( 
sr) / ni$ *inl

a '> (L-1 ' { * {< - l  /neT{ r  s€ l i , , !  '



rfla*{ *)
that 

"tr
have :t

; 4 *
. - t

anrl V'it,u') fi,re t1i., 'sjoitr't or :-nctr'utle eatch

i.s: *fon*,f *o ar'rritrnry r-rnion and' frnite

i :*cr r i i ry : :6:I ;1, r&1j." ,  W,l ts). ts c,J6s*"[

otherr it resul-' ' is

in tersect ton.  lYe

I

, " ) = 7:l/ 2, {,rr,,,,0r,

S .  r
a,

*i9 ('*V-Xrt r:),. I nelrl, rG srr),c,8{e7*i3M).!. 'r lrcr"efor"" 9'r}A)

r"l" -&€&3lEs,**.
and c ' i ; cn  in  (s ,a ) ' .

Zn ( ,  na)  is  a  l re t r iRr ,b le  f rp ,1ce vy i th ' r ; ] re  r te t r j .c  d( '

anil is induceit o:r Ii bXr -i;it* tor:o)-o1gy-producfi' eXr T.r;
3. ( Sr e.) j , ;-;  f l : .c ccl i t ;r i ic ' t  i : t t :1; i ' iC f irnce i:eceuse iJ is cl 'osr; i i '  on TT S, '

1"6" &gs-*tgS .,. ' '.. : 'r." Tllre rieq.trence of probp'bilj. 'bj'ep (1"',)tr cr'd'i ' lrbs

a project ive } i . l : i i ' i ;  i f  and onl) '  r f  ,  for any rrrf  I 'T a'nd ***o' , , ,  the
^;a d '-:l 7l , .r

$ec,,uelxce tn;f*is))11 is conversent. 1:. '  this case f in p;Tfi(s)=po\t,o(sJ

,i,'he::e p=].i.::l T-r- o
k-  l l

Zo T6e $eCl1.c:i1ce of t :"e.nsj.t ion pro'bl. l : i i j" t j .es (Qrr) '* racl:nits a oroicc-

'cive I j.r:ri-u if ;:i,'nii. c,iliy :i.f u fo:' aiiiy :rg S, n€ ll, Ye $,n , the seci"'lenee

(Qrf'fn Olrf|u1)))a i* convergent ' r-,et e=)E % . ,n"r, 
,3.,';;tfrr(x) 

X,$)
- t

=Q(x ,  V , "  (  ; ' )  )  "rr 
t:\.i ,{'lf*\r,.:ra fa:ril;i of

,-. " .Propf- .-.. : l ; . : .  "":,  *ott*lc-er t lr 'e clan

f t - . n r \ i 4 n - i - r , . r - . . .  
' a {  

= 9 V n f  , . )  /  -  '  } ' r  - r ' ( r  L  
m e t l  " '

i ;u . i ru . !c r ,uLr r , )  . . ,  -  ?  |  r1 \  
' - . . ,  /  r rg  jd ,  s€  S: .J  '  i : l c  c ie f inc  the  ep-n l rca 'b ion

- t \  r  t  = l -  ,  
- 4

p:*J---+ LC, l j  ,c l r rou3.h O(X"tr))=l in I r fYi f (* l  ,  fo: :  cr . i1 l , r  i r r f  l l  a 'c i

s6,$0' . o*.rr"orrsli\,rr 11 a[J ncnoto:r.oug nncl f inil;cl-y ad.ditj-ve on

I-b resu-1,;r: that p is extenciccl unicucLy to an finitelir aildit ivo

appiics.tion og V . $j.nce V t* a -iu.ir i ly of coti i i ;ac' 'oel j-n St l{ ith

the Cir.nr,i 'Lhcod-cr-y "blt.eoreli]r it resrr]- 'b$ tha-i; p is tr-ir. ir iucly extendcd

"i V ="B a€i o
2o l t " re3sl . ts j ly 'o ' rs - l - .  'ohat fo: :  any xG S, thcre i -s Q(>cr '  ) :  a l - l fo-

babi l i ty  or1 (sf , ) ,  vrhich is the :?r : 'o icct ive i i : * i t  of  the se-

'quence (Crr(Vrr(x) ' r "  )  )p.For en;y $€ S* r  u1 el ' : l  r  thc appl ' icat i ' :n
*{

o ( . = . y - l ( r ) ) = t l i - : n  o  ( V  ( ' ) . Y i l i , , ) )  i s  : f  - ' . o n , o u - : ' n b l c .  I ' b  r c s u l - t q
v \ .  I  r y ^ r . " z  r  . " I ] '  

1 1 .  
' ,  

I i I .

that ti:e eret $ AeJ /'Q(',A) i.s $ -rrreasu::rb1{is * Forel al-geirr'q,,

ancl inelr-Lc],es T ; Therefoi:e , for anlr A , Q('rA), is :neasrm.'l?,r1e.

1.?* &lS.*q-A*-!. iSg" Let (S,V) lc ihe p:: 'ojec' ; ive 3ir:r i t  of ' thc syst 'er:r

FWr



* s'-
(q, f  )ancl  (Trr) l l  an i$cresin$ $equenee of  f in i te sets,  T= U. T,"

h elf 
^r

For any rn < n in N, 
'v,,e 

clefine tlr.c anplicntionc 9ft : S[n --*--- ST-

q - ,  r h n *  f * f  f . .  \ ,  \  =  l r f l r r  \ \  f o ' )  6  S T r n  n n d .s o  t n a t  r ; l t * i J ' t e T r r l  =  \  r i r l \ : : * l i t € , r a  r  \ x t l t e T r r =  - 1 1

V ': sl l  -_-^. st*" so V ( (..r, ),, ,) '=( Y (: \  \  r, ,  \ '  <- Rt. 1 1  - . r : t  ,  -  , r . \ Y . b ) g ) = \  T m \ J 1 / 1 1 e T _ .  I  \ J 1 / . g g , I -  o  .

Tlren (sT,(  qrr) t i )  i r , ;  thc y i ro jcct i r rc l j . r i i t  of '  th;  s l r r i tcnt  t is . , |1 , (yf i ) )

anr l  the l ro ject ive l inr i ' t 'bog:oJ-ogy on $T' is the prot luct  of  the

topologiee on S ant l  the prbi lcct ive l i rn i t  Bore- l - ,a. lgebra is the

nr.nrlrrrr.l: n-i ' i:1.r,g .DO::C1 Algebr.if* On S Cr.nd., aLt the $lri*te 'bir-ren the
i J I U L r L ! U V  W &  U r $ v  - r J V r L r  c , l 4 i j v  

n l

s -a.lgcirra. of the ' i ;r:pol.ogies on. S- '

st-y f ;irV" =F* ,ia1 T\. Let ( s' , t Yiln l be a pto+..

, (?fr),r.,r). i?e d-efine the fu,r-
-.. | |

!r. lr.t/ ]r e s', 
1(x) 

i$ the only

It rei:rA,ins to shol thet, for
.  T  

- ' i '

,ic lx',.r.re V*" +l{tar) '= Ywff;V"{tt$

jectirre l-i iai"L of -i;he ̂ elrsten (tt l '

ction nl : f i '  ----+ l lf totherc, j ior
' v -.:l

etcinent of the sct n.rY* Y;.(x) .
hE|v IJ

any r:r€ H , Vn"a!-=Y;, . ict xe ;i' .

. 
frV1-*';hrc!) 

= f v; (qx.l) : tV; t'a1r .
Thc s;'bir,tei,ients E;bout 'Lopology an.C- -l;he -lii,tit ]lov'e-l- e,l-g;ebra ohta,inecl.

r]'t

ot t  S t  res :u - l t , , ' f ro ; . t  I .4 .2 .

$2. The construct j -on of  i fe: . rkov l l roces,$es

as E,t, j:r1'o;i cctivc 1i: ' ,r:L'b oll :, l i i l : i . ' , ' :c ?::o cc):J;i i

2"1i*; fn tire fo'll-o'-.rit1il i.'/e shE.ll- noie f s). totally orclered, set i"Ji'6r.r-

'b[e ini.t ial- elc;,:ent t^ anci the inereeisrng $ec1.uel1ce of f ini 'be

sub-eete (trr)* i '; j.th"t*o|6lJTo, ' i 'tre cons:i-d.er a"ny 
:*t 

f* rvith the ord"er

lnc1uced. froril T andr r,vith the ir:itial eler:rent to o, For given n €. j'i

v/e sherl]- notd P gna.x Tn I 
' Ir=T- - f,8\, , fr:r ' i ;  o'uircr than9,

I t

E=r:, in (ue't /- i ;< u\ is i  the $-ucce.For of 'b i r .r  l i*  a$c'L f 'or t / tor

f=,r*x {ue v/u< L' !  rs " i ;he , tredeccssor of t '  in Tn.

For r,ny n6I{r ' ,?c shnl l-  note by xn-=(-f) tet* t tre proccss

w:th stn'bcs s e.nc1 t j - i rcs Tn, , . lc i j -nci l  on (sF rY3, , l r . ,  i ;syt thc cir . ' r

rronic 1:r'o jectj-ons xf : S;

cess,  then i t  is  d .c 'berrn ine i i  by an in i -b in l -  ; r robp,b i l - i ty  Pr .o o:1 S*

t l
Dt



$nd- a

"q.ny

' b  < t r

* b -

, v \  \
ir:nns j-t iuri i :rysi cn ( S'tt, ) . lr".L re t-1 f ron S*

- t' - -].7

r y  - t / t  \  \  ( s ,  ) .  T T( c,_ ) ,,, € ;i-n Fl t s., ) . i-^,,, J =Tr- - t ' - f n -  i ? .  r  [ ' . ' [ " i i € ' - ' - ' ; : r '  ' n - o -  1 ; i '  t € - r ?
i ir rir_^ . ri1. - =cl-*o ':*+ . n o {#,l r-Llr rif I \itJu | -wr,,t'".i;t ' - - 

"j1i'

to Srr. ife
f I t

att t st't)

have for

Ernd for

r/e sira--l-l- :r.,.o"Le blr : ' ,*(: l*)*, t l ie 1)rocer,js o:f callonic proiectj-ons

jef i .necl  on the t ryol-rs,bi l i ty"  f ie l . r l  ($Tr i t r . l )  '  I f  x  is a l {arksv l i rocesist

:L'b r*r$uJ-ts tlr.eet "Lhere e:r.:r-etri a trnnsi."bion ry,s-bem (Q11r ).t"tt cor-

r-aq"nn:rr i  " i  r ' r . .r  j ;6 l i  o le-b 
'0^

. -  \ , u . : - r ! i r . ! s l r 4 ! i r  r - L )

0ro ce fJ5 "

?:e the iiii'i;ia"] -;roba'cili-t;' si the

2.2, lq.{:$}-t Lg,}o iVo eti:"tt "bhnii, t}.re $eciu.srrce of i lroce,1j$e$ (:1")uU }ras

the'proce,$ri e. Frojcc'ui.rre f. ir: i i  i f and. only 1f 1:=1iru Fr, (aiccor*

c l i n g  i o  1 " 2 . 3 . ) ,  i ? e  : a o t e  x = | 3 1  : : - .

n ? i lnf . i. i  r,- i s4" For n € i '{, 
- l 

el; Q.. be the tyansitien""prebabil itya l ) a  v _ * l + j . j | _ u - i  *  .  j ,  " ' -

on 11 and tc 'b I  he the t ransi t io i r  proirabi l i . ty  on S..  rve sta-be that
n

t5c ElccLtcr.:rce (,.)"")i,, h::.s 'bire u-nifcr',-t irrc jccti*"'c l- j.nit Q if i iYrti on1-;r i i
- - r 4

f : " - a r r ; 1 : l e i I , = € s , . ' ' } } : 5 ' - T I a ( a , f j 1 i . ) ) - . + , , ( \ . ( a ) ' f f i ( " ) ) l = g

2.4. f: io.Zo-ll i :-ri:. Foi' ' :r.J r:€ i ' l ,  1-ct (t: i. i ,, ).1a1,a" be a. fa:,ri l-y of
v  u t  t  F  * n

*r-ono;i t inn : :rohel: . i t ' t t$es on S"j 'STe'sirppos* t trAtej fcr ' .&ny m€lVr' ,  ;a , &  
a t , ' > J e

t :c t teqerx,  r** f t rnGh= G** '  .  i l ' l :c i :  (a l t , ) ' . ;s1,6g i 's  a t rnnsj" i ion

l} '$tere cn $. fn tir is situe'ei,on, ir le sta'|e th*i the *ccllcnce of systents

( ( { r r ) t c i 1 6 ? , . , ) r r : r e s  ' b i r e  s . : ; \ r s t c n  ( c , * . r , ) , - i , < - b , 6 T  e s  a  p r o j e c b r v c  i j - i : r i t .

Hfq-g. i .  ic ' ;  o"*"rr :L: ' i  T. . . , .  I "  is  enolr-&h to $i lo ' ; i ' the. 'b,  f 'or  arny be 3
*1,

and en;r i:r €i1r iJ ? 11, &vrel s.n;,' *, € S.^. r lve have :rll t

* 4

u 0

e*t Qtof t,v;'rnl) = a;- ( a r*j ral)
d* Qru(h,qk Q*u ( b, q (at) =-. f is,, E ql_ t | ,.{Io @)i:r-",#r**lu rf ,^'U
Qru (a,vf (a)) -. il ail-{*,,tt;,tfin{o)J -
su , * *  

t t g * t  f r l ( ' - i l ) ' / . A

[tYlah -+oc

= lr*, PiS tY1 E. el (Yi&), r' ) QIu,('l',vX^

- t
Qrt(b,4 ti'))

b t

;,:ffi**'$f 
L{lu \ 

"' h:ui'*ooYtSn

rye hevc t 5 el-(t*{yJ,t'j"fa)) Qrrt[l,'ly) - A;[hllr?,rolo f['q',l=

h al' $^$') ,f]^ (ai) * (,t,n
'u"(x',Yfi ta))

,- tt

vn

= | #r:1,_.(,t, r't' 
r[' t il [ arr

irherc ii g ti r i) 4n :r.nc"

ry-"E*!|Iq:.!,1

&,, Yiu t y,)l * a.!i ftii tD, y').11* dtr'p * lr"p ,



* # *

dt,u,* lF-tal- rr,, ffiial)-4.^ lf ity:) ,V{nt'ili'fds* r&vlu'l-afs&',iil1'v')31

&*F = irur--t *(t",y,[trat) | Gstu,,v;in'! * &:*{*^tl's,Y i'tr'!)31
since Cf;(i '- , f ,f l ,,1 I i lrc ecrrnt f or rr '* f; i l-n) " ive jrave

-'|
*,.jrd t u;jt,f tf.,(]",V,1'lnl)*,if",( f it;"1, V;f?ur))l nnc.1r1:- ?,.,",,=0.

tre>A, 
-- 

Pst!+@'-r
Terefor"eu for ; in) .  8 '> e ,  t i rcre as pr€I f  so that ,  for .  n7 Ttc

f"nonl <L t 
i ;U 

bn!: =0: sr- ircing a f inite r.reto

2,5 .  $c jQ] r * "  Le t  ( * , "1H b*  a .sequ.once o i j  t r roce$$es ( r , , :e  p i :e r {cyve

the rre'b'ber-n frorn ?-oL. anci 2.2,) co the,-i; (prro)nq has the uniforrn

:lroie ctivo l ir:r it po *.rr. i (ef*r) ]ru.s the u.niforx j lrojective l i i5"t

(Qr*, )*"-i,og it l? Ther: ' i ;ho se it lr,ence ("o)' lt *. i i" irr,. i  ts a,s s, pro jectivc

lir:iit a havlio'r j)roce;:is ,'e ',''':i-'Lir i:rr.j-'i;j-al- distribu.tion po anii- tire
' 'crarnsl t io i r  syster:r  (  Qt. t ,  ) ,1.-1r6.g. .  r

4J:of . l i ince tir.c fani-l-y (Q*trr )iair6:g lurs i lre pro;:er-i;;r chr.pnan-

*1t'olirrog;o:'ov, it res'-r-tts f i:*t t]:cre e:ris-b* a pr.oblbil i . i j l i  p on .sT

so tha.t  t i ic  i ) r ,ocess x=(x.r)1 r : i roul t l  bc i ;  I i r i r , l , ; .v . t r 'ocessi  v; i th th.e

i  r r i  t ' i  l ' i  r 1 - r , n  h : r ' h i  1 i  * r r  y 1  r , r i  - l - l r n  r ? . , . . . . . i ' t  - -*:,*us*s .;,.-..,i;i)i.1-ii;r po rr.nd tj:.c fr:,r'.ti--l_]r of" tre.nsi*ib:; dis.irrj_i-.u-i;iclns

(  Q**  r  ) - r4 .g,6 l i  
' . ,  

I t  7 'e i : i i : t -ns to  shc, ' ,v  t l r r . t ,  i .? ;ccor i i i l rg  to  , .  o  .  ,  f  or

arrsr p14 p n.nd- s=(*.,)r,rr* *.:,'3 , :" t:arrc 
#':rrr( f ft") ) = o.,V,lC"l.

T.,c't  n6 i{ be f i : leci, nrt l i - 'cr*r i-}y. Iret 6-r i6r. i i  t ln e:,ncl T,='I** t6!,

For nf  i ' i ,  ive i i .o 'de 6= f  . ,  = (u_r) , ,nu 6 uI ' / { f i - (**)  *  s t ,  t f  t rJ  .

we have fu. ( f 
'Iu ( r) ='4 a;*(^n,flttil) rn( tu'i)*r,)-^ [")

r"Y;l ,-, * ,-^ - %* qg ,flrssfi ),p ({zrlu*C*r{yr);or')

rF,v; (e'l 
, -.,

Let u, =l r^, VI^c') *p ,V:/s) | '= I ZI F*' &X)i4-F"{'r.;11=
u.eA

= t l^ tcl o(' ,,\ ,'t -!1s.1) 7^@fl*}*r^) J ._, ar.rU,t,4t+'nJp,ria6frr;{
ito 

vv i ' ' l ' ' 
_grf",t__i 

'i '

,l*4#o[4f -ry;^r.oril-iuttl'",,*1alil'Lp-f nit,Wh')-P'{a'f;'f ff*lq'}:l*

W'



1 , 1

* 8  -

s'ru 1 rri, ('l* ral, v{'t'lS *'iu(V-rc),fF'i.,lr 1
. c 'x e e
se Si.

----pO
&tt

L S

i{d A
'#e nats tr.- f 

-, i:.(rJ.*),,n6gr€ '$;

fie lrnve

.-c

: '  /Yf1....) '=5.u

oe9J,'ile) aeQ-

&,:-,, r-i4n 6 r, Yf,'rtnl) "if,fu ' tui #f )" {rqH- p"&i,(ff{'t,,r/)lll
vl9- " (5a

' | "n  #

ri lroin,f i i ;-cd", it ::er:r '--l.ts t im.'b -i,-].tc r+ct f , i t ") 
j.s f it l t 'ue. I ' t is

enou.3h 'i;ci rihow l.;ha'i f or e::.;,. v{ S:r , o.f lf$t*f ( -i} u, f (u} .-

r,r( (,,,) r,, I '  t1fV].,t,r.rl l l f convcrr{.r lro**u, r--i ' tcr n; a.[ in
+ed 

'r

treer' 'red- si.:: i ler-l-y i;o 3ra, t ir i. ls t l ic set cif the i i,*e$ ccnsid-erei. in

f  bei :rp l 'oc-; .1; lce( i .  .*n

3in;;.-l-i-1', it i'ci:lr:,ir:$ -ho sho,.'l ,tirc,t, fcz' fizt:d .Fr !7 Tt\t
-:-f - -t t

r r . f i : rcd.  i "n i j , , ,  ,  
* i l l  

: r r "o"Yf ; ( r . ) ) -Fot  Ynt")) l  =c; t " ; r l : ich 1s obvio i - ' i '

2 "6 , k*e.g-i+oii. l ,et ( ri-;-f , ),r41,g . tro 'bhe t.rr:. j-:f n::::t irro j ective l-i::r it

of  t lne seqr. lcnce of  s l rs{s:^n (( i ; f . r ,  ) tct ,e-T*) i : t r  ,  l , ,et  V be "bire vec*

'i;cria,l sli;a.ce c'f -bh.e :i:eal func'i;ions ilefiv::ct.i cr: . S g;enerr"i:i,;ii by 'Lhe

ret irQqellnotl,r-$} r,.nci l-e'b e be tlre s;et cf i:he co::.rti:ti-rou;: r:eaL

furrc-bicns cieili-irci]. on li. iTe hr.vc

q \

l-) V j- ' : ' :nl. iori;t l)r C-t- 'nse :n C nnd

2j r,rhnterrer :.f6 {i i in.c.'L tdtt ir: Ur t}r1 x'ea-l- n;r-:: l icatjon rLcfj.neci on

S, yts-^g' {j-bt, (tf rf ) is continrrorls:i"

- $3. l lhe t::cLnnf oirre.tion of ' 'c.ne . ' ipn,ce of statee

3.]t.  ) j-c_i i ,1it j ,c, l l .  I ,e i  (SrE) f" a to;-16l ogi-ci i l -  $pt-rce a..rrr l  / \ /  i ln

ecruivt i . l-cnce re,l  *. ' f ion-on S. T.,et i j t=S/r.,  .n'rrr l  Wi l i ' --> St tre :bhe

canoni-cai surj ection. \, 'ce note t ' h [z'):-i .2, = L Ot/ Nc s'.orttf Dt; eZ.\:

f t  - ,7 , (G ' ) ,  Yo"=  q  A '  l  A rcS '  r  T t  (A ' )  tY - ! "

et &7 0o Jlire::c e:l is'us :: Ei\t so 'bh*'l;, for G.nY n>T? rde ho"vo dnr<€ "

l lhus, \ ' /e f i:c

e** *l,h ,4;df&j, f{'trr;fi.i rif { *ib: (1 iQ7,1- P'h#,ryJ,t, /,k}l I
,  ter'*f QI' f  | tr:e ) '*r, ' ]

8r,, = [ L."* ai ur",{,,nitt,).ff r* fuilri| ft,+lr)*P"(ut)rl*"hi(rr,t t
t * r ' n

'r'(-.*))li

"' '"TIFWF C



*9 . *
-," B *nc1 A=ia(f(efi ;ic

corrsicier t l : .e l loi :el  al-ge1:ras' f  = e{f l /  . l }c. 'B ,  - fn(D)C14 }) t

q *Lr /  t lcr j  ,  fd( l ) ' r , f r t  , t3"  rJrcn 
' \  = 'Tt ,

Pr,rof'. oJ:rriorrsl-;r 4*{.r" f '(q ) is a. Borel a1-glehra and" A a"{ttt; '

lhen ] Ir t4i*$rt t^)  a"rnT"=fstf  f*(r , )err( 'S)]  o.r t  re:aa. j . :ns to siro, ,v

that I, T/ ;:t(t) e r-{t{ )3*. Tn " let }€ s anrl aeq ,so tha*

g-t(rl)=f{(ci " rt ::e s:r-:.J-'cs 'tjuL'c ,r\lecl* gl " t* is easy' to e;}rcw 'r,}re"t

q='fitZJk1!) . *,r*n is0 = ii qq . It v'enul-ts 'Lhet lJ = c6i € 'f

3"3.  . i?c: : ia : '1rn.  1)  z t  is  & to- i io)^ogy er .n" tL  { " i - *  e .  6 l *a lgebra;

e) G? iet 'Lire rar.:sitilu;irbopo)-oi,;;r r.or t':'htch TE is continuoutsi

3) * ' ,  t" . rf = *v'$Cl1 -i;i'Len f 
'* 

f "-

3,4" Ig-f ; ; ; i lgg" I ,et a=(,":*). t" , t  ] t*  a I ' i$"r icov lrocess definecl on

the ,rrobr,bi l i ty f iel"n (Q,X r,r)  i - ; j . 'h ir  ihe set of t i r ,r .cs [  'botal--L; '

oril,ereci a.nc1 wj-''ui:. thc initinl clc::icit'; to , irav:ng thc rse'f of c''i;ates

( .S ,  f  )  i ,nc .  the  f i : : r i l y  o f  t renr ; i ' b j .on  ; : i ' ob l rb r l - i ' b ics  (Q* . to  ) t r41 ,  .

- 4
Lci  pn= pox, l  be the inr 'u ia l  probabiJ- i ty of  i ; l rc i l roce$s x '  Ve

cicf ine on 'S' 't ire j lollov,t-r:,.q ecuj-var-l-cncc ::e-l-n'bion for r 'ny' r 'rrv€ S,

LL^/'v j-f anii or:ly if Q,r1, (t-r, )=Qtt, (v, ) r lvir*"-bevei' t d r)t in T.
, t

For St r i fT,Y'  i : is  r : r i : ' * i lerrre the : :otat io:rs in-brc€uced" in : i ' l  *  Fc: :

s.nlr  -b <t* ,  \ : ' , 'o i "ef i r :e the fu-nc-Lior l .  Qi . f ; r :  StrV'-* [Or] ]  by

. ) r  ( ' , r i  { , r  \ * - , ' : .  .  "  (1 . r t l ( l t  ) ) ,  , , . r l i a ro  L te  u - ic  S !  and-  A t+ t ' '  .  0bv io t - ts l ; , . ,k l . ; - r c t  \ 1 1  r i \  , - r " t t 9  \ u r t  . v  \ - '  t  t ,

thc C"efi i: i t ion cf Qtto d-oes not c)^epen(i on tlrc choice of u i i1 u.r "

I?e notc :for c,tty t € f , *| *f ioxt n l{t=Tlol: '{T['c' *t)tu 
? :

Irg$lq. Unci-er the circrrxrit i i"rlces of the C-cfinit ion 3./1.' .Let f :$1*-'pii

he V'*rr"a, . ,ou.reblcr  Fo:; i ' i i r re or bcunciecl .  Then, i ' ihatev*r  , t  4 '$,  ut€$t e

u-  €  u r  
:  a l * (u '  , f  )  =  c i * t (u . r fu i l )  .

.L)r^oof . 
'1j: 

is cpor;gh to pgoo'i '  this -l cui:.t i ,L f sv f='/-gt , Bt o!), ' i lecallse

f /g/ ytV'! 
":o 

cl-oderl 'uo i:rccl.r-rc-b ernii ,  c'hviousll ; ,  Yi= B(/rr '  f  B'*-J')

vfc l r i r .ve,  : for  l . i r ; , r  s< t r  r€ ut6 St ,  Al t (  u '  , ' fuBr)=t i l t ( t - r t  r i i r  )=g-.r(rrr r f t ( l l t  ) ;

=Qi*  b  rLg, -* ) .



3.5* {5g-ng",r.fr}ij*. l-), 
'Iho: far;rily of apt:l:lcr.".' i; ions (eitr ),r41r r tle-

r l incdr i . rr  J.21", iei  a tv ' l , t t l i t ion ; , i ; '11; 'Lelr fr :oi :r  (St ,*:?'  )  to (S' , ' t ' ' ) ;

2) lfhc tlrocor,Jrr i i t *Ttc x -*r-n a i; i :,:: l iov i lJ"i)cclifr ' . ' ; i th t l:o 'branr:i 'ci-,:n

sycrer:l (t)i"f , )1a1, l. i lr l- t irc ini. ' l , i .nl- rri: 'oi- 'r it-ri l i-ty ]16=poo if '  ,

I'gg-q_{- 1) j:io:: r,:.n;1r "14-i:* :i-r.i u, Qi"ir,=(i.bt ,(Wt,)rfi'f . l) i-s; i:. rroni;Lbil-ity

in thc seconcl. f i;,.rfn,'b],cr r,r.nd.'r*e;rsux'i l . 'ble r:: thc first. Jret i:r<'b{v in T,

'd€  ur  €  Su,  ^ ' tg ' i f l '  , vc  l t i r . r re  Q,1 , .Ua i r r (1 . r .e  r j l ' )= { , ) tu i (u - t  rQf - r ( ' . rA t  } )=

= f t  ( r t  { t  { ,  - # t i ' . r ) \ * r r  i . , r  - r i l f  r i r ) ) . - f , s  ( . " r r r A r ) .* t d $ t \ L r t r { t v \  t , L  \  i  . r / * . t c " v \ L ! t ! ' /  \ r r  , , / - " L l 3 v \ L r  t *  / }

A) frct f .: $t.-* i l  bor-lndcd- rtnrl ri i f lr,*: l1rr'; lble airci- ict f, '  'E(X, f sit),

'= E(As (T,Xr,  { l  t t ;  )  = ct 's i  b ' r ,  h '

3.6"  H. tp : tS.* - ! ig* .  r ,e t  { ( t i r l -  ) , (1 . , ) j { )  hc thc i : ro ject ive l - j . ln j . t  c f

topo-l-o;;ir:::,J- $pi:r.c!)s of 1;l:e ll i 'o jec'Livc l:1rs'cett { (5rrrdr.)il r Cf pi,:ry1)

( i ,rcco::r l in,3 1;o : l-* 2. ) .  l{c ;tu-tr,Jcse 
". l i l i , i - l ,  

o for anjr n € }1, t}rc 'Lo1iofol ly

is given b.r,r a lrtotric ,i., ir.rtil rrc hi;,ve 
'.

1 )  1 i - r r  r i u r . . r  .  d - . - ( l l r c ) -0 ,  f d r  a ,n ; r  n .eS
lAJ l  -4&A 

.  -V i i  
t  ' -  l  

' '  '  r '  p  !  L 'J ' !d  L '  l ;  v

gvtz v1 -?-- lt 'ffnkil

A) 'bl:cre exiri;s ;! ; $;'rS .----i"11+ $o "i;ha,'b J (r,e1:)',| i*

a o b  €  i I .

T ;  = ' i 3 ( x ' r i S t i )  ,  i e ' L  r , o *  s < t *  i T c  l r a v e  7 , = i + '

E( f .o "  l f ; )= - f  (€ (  { ,o , ^n l  f r ) /T ; )  ' t  { ' re * t  ( xs ,N ' r i l t ; )=

clrr(V*(a) ,Prr(b) ),,

l ' fe d.cil lno on- S i;he fol". l-ol '; infi equival-eyrce rclation e,eb

if t j.nil onl,3:' i f J'(rueb)=,p. Jret i j{=ii l .v . t ire fgnction C,"ri Srtx;jtt-+'R

$o " i i ra t ,  fc r :  i - i ,131r  gr ,  g  { : ,1  *  i j r r  Et t t r l  i :  €- } : t  t#" ,  c1t  (n t  r } : t  )  = .5 (erb)  is

-u, f i lc-h:l ic oT $t '" Tire cn:ro:.:rc;t, l-  sr-rr jee'cj.oi: .  Tf :  [ . ]  .  - ' :  SL =tj i l  j .$

con 'L i i turo l r r i ,

Igg.g.g.  J . 'e ' i ;  i r , t  rbr€ I io  a: rd i i r . r&"1 & f r , t  rhrb- . ,€  bt ,

15 re,,hr) -  S t 'd, I ' ) \  = 
lXl dn(*;{{rqhqi(b4})*d,(*; , to), \b)) l<

f r l< f ':l i d^ ( k^ (,),Y^b,)) al^ (t, tr)X {b,))l =c, :
Vl+eo

: f i rere: ic ; re  dt  i r  r tc l -J  i le f  incc i . .  L- , ] ; ' . r :  c l r .L ; ly ,  c1t  t -s  e : , lc ' t ; r ' i -c ,  X,et  ( *n)*

'he 
a r:rc(luerrcc o^f r: .Le,Li; ir- i ; l  j , : :  i j ,  i , ' i t i l  L-:L:-r i i .r=1;. lo, i ,  t  > O . Thci 'e

h*oa  
r r



p n i i . * *
t t  ' t

ei i j -st$ nr6 1 ' [  r , ;o th.r* i : ,  for  n) i1" r  
b, : : - ,  

-  i l * (b1c) e €. ,  r

rh. r.c c:ri u+;s i:r d i{ rio ur::t , j.f ,) >'1 , r*r!" ,'l:'l;" ,", . r}rr;re r.o'c

for i 'r.r:y l, lr) r:r, o)ns, d*{Yrr(,t^) rfr.,(*)) * e- . It re$ults 'bhr,';, ' t

l i rn dr ( iar.1 i i)  =0 d

. t i4 .  Thel  a lnrox: i - i i ia ' f ion of  Lr l .  s toc l ,o ,s t ic  prooss$

v,;j"th fj"irj"'b e pl.-'c) ce se iiss

*r l / iarlcov l trocess trein.,q; url t iven! r?e wrt"nt to :f ind.i : .  $ect.ucnce

of f ini,uc proeessss wi--[]r i . ' ;hose proiectirte l j- iait  Yv"e can rei i iscover

'bire 
i l ivcn pro cci jsn

4. .1o ] ;e t  the i : :arkov pr 'oce,$s l , '= ' ( ) r -1) - r rU ,  d-ef inec l  on the prohai : i l - i ty

f ie- l -c1.  (&,  J .  rq) :  l ' ; i th  s ts*ee in  -b l :e  coni ) i tc t  t te t r ic  spCI .ce ( i I rC.)

and-'t , ]re ' i ;ei 'ba1.J-1g orrierci l-,  cortntr,, , ,ble set of, t iraegr f v, ' i th the rnitra}.

e l -eu ierr " t  to  o Lut  A be the nore l .  e lgo i r ra  of  thc -bc l - i ro log$,o: i  i i ,

' - / .  r  .  r .  a  - - - , r  -  l +  \ '

Q.o=F"y; ,  the i i r i t ia l -  prcr"n-a i ; : i - i i i ;y  o f  the proce$s ) r  e ind"  I t r t t t  J14. i , r

& -cransi t ion $; ) r ; : i ' i :en for  Y '

J.re,q.,"(So.)r ' ,  bc en j"nc:.,ear.sitr$ sjrcciueiiccj of f inite sind

;tielr*:u-lrr].bl-e 1-rilrtiii-on* of trl lro 'hhat '.

( r l r f  . j - " )  l j " i , : Lna : . ;  9 (o ) *A  , ' , ' ' r ' l t e re ,  f oz " i ' g$ ,  9G)1  5 , t l  pd t "a , l " )
' ) '  t \re* *eSr, @he'A

j-s thc; cl i i : . : :rctr: i '  of -bhe l;ct A;

(4 .1 .2 . ;  Fo f  a i r y  n€  i ' { ,  uCSr r r  t ;< t r  i i r  i ' ,  t he  , : upp l i " c r l ' i ; i on

i?  f  , . , , . 1 \  o  u . * - -9 'R  j . n  cen . i ; i r 1 ;o r l f 3e* " t i l  \  t L ! , '  '  . U

Thc no''r,:L-bions i-n i,2 i'dl]-I l'.'c r-l::ec1 fi-rrbher ott'

iYe d-e"fj"ric 'uilc fn:;ril-y of iip,'r-!-icn.'i;lons i/fili)l< n so *h*.'b

for r.n;, n,r.ri* f./,, 9,T: Sr, * ii," ' Y iltu-)*v if rr'ncl- otrl-l/ if uc v'

t','ha,tor.rer tl € ii-" a.nc1 v € 3* .

I , c t  ( : , , . ( V  \  \  ' ] r o
\ r r \ T n/:r,i J hCI i;ire :i-iro j cctj"vcr h.lyrj.^i; of t,]:e slys1iein

{ (:, : ,  i  i rP ir ' t  i  -  za "ht.ro r:ro joctivc l . i . :rr i t  1;o-pol-ogy' irr.ncl. { th-c
\ \ * r 1 1  / i , r  r \  |  . , 1  

/ i , 1 < I I 1  t  ( r  . , . ' " & v , r

p:r: 'o j  ccl; |vc 1i.: :r i 'b i ioycl algeir::a ( n.oc'orri i : : :"g to 1 '  2' ) '

nqn,r,* i .  1f i ;he incr'cnri lL{-f IJ0rl i . l { : l :Cc 
' f)f  

t la.r-bi i . ior:rs ( Srr) l t  sati f ier:

(4 ,1 - .1 . ;  D r : ) r l  (4 "1 .2 ' ;  t ncn  f r  ( , k1 ,  ' s , ^  )  t f '
\  -  : -  '  - ,  . .  : '



,J1,. it j , i .,, (,+( *.(,.)), f,t(t,) ) .
F ' " p g q  u u  t L

l i : 'coj l  n i , i : "b t .4 " i j  t  j -n t l .  T: :e r ;Qci iLoj jce

'blre set t, x t -birere

e.*gehra i.a,nci. j.::chlcl"e s

4 .5 " l) i i f  i1'1j- i ioi lo l i 'o:r- '

Qi-b * I iI dV '-+[ t,) r ]ll b,y-

i l l ty_r iC S nni l -  l i ,6* .

4 " ii , S,r',.r, i!!. i'ilr r,:i::.r,r

--D ( ,, r&-1,' ,r t t: t * - b t t \ " t  
|  \ r r , I  , t e

" l t i : ref  
ore c0r lv i ;J. l . l  cr1t

./|
n E  l i o  u  #  l j , . ,  Y i r t t  = :'  1 : 1 '

. Irot 3i be corapaet in

{  " . -  ( t P  / . , \ \ \( f''"t 
'f 

," l. i'. ) / J 1i i l* UaucirSr

in  t1 l "  l ,c -b b=l i r : r  .g .^(Y*(=t ) )€ E.
li _+ OO r.i. . rl

a € S . ,

a l3o::e1

-:? r', ., ^e I s&

Plggi" Crbviousl l . ,  d)(H jrr)-  8"
l.t

& a

h r r i ' n  o .p v -L :rir-)I ,ot lrr- ta"(s /  i1(,,rnK) 
"tb 

prrcl f i r ,=^V* ta*'B$1 S*) o 8,,

6t"+ >F!
unh.g$'s'flfu)a$t

: i r r * ' .  Ck  = "VrA*  € ' / ' t

i3 {,1d, s*} .
{ uN%}

tl:e ccx,r:r-t;,rtr"i-c .uni.o:n of o-l-eilten"brl

f t t  tLv; I  Y; cc:: i1; i rct  in l i ]  )*  S'*
i r _

4u2,, Igrlir:"I=lLq'*. .|,e-h Yt U F--orF $ -i;ile ai:pli"ciitron. ciefi::ed- fur

i l .r : ly r, € Li i , : '  t ' (1,)=( 6::)r:.e i tr ,  r irhere r,€ 1.1.n, ' ,rhi ' ."dc\rex' n€ i\T" Sir lce

(Sl  )  i ,F1 r )n i r " rnr . .crcr i i . r i '  r -1  n{- i t . t .c i t *e  cr f  , , , r l r ' 'u r , r ton, t - : ,  f  , *  v .e}1.  t le f ined-"
\ ' " n / j , {  * , - ,  L  . .  r r r , u . L v ' ! i , j 4 - r ; . 5

' i ic 
tl|n,l -i- ir.t,"br' -"-,=f :r 'l i;'r' '.e l).foce s.13 lt:-Wntr=( fo -'. ) . 1ry1 " Iloll ilnlrr  - . . . - - \ r " t / t g t  u .  _ .  r " u r - - \  J " " t r t b ,

n€ i',i,. r,,'te chcof;e a),r']. a,,3i-.lic;:,tion gn: Sn *-----{F Sr i';herc firr(ri) €u",

v.,'ha.teve:: ueli c
T}

4.3" 39il*t*' I t* rir-jec-i;:- ive nn<i' ,:rea,*urak'1eo 1

Froof - i i i i tce the l lor'e} e'"l$e}:::s, is sfrpir.ri:.te r 1t r esul"Ls that r . .,

i ' lha-bcver;.abe :, i ,  thcre, exir; 'Ls r i  61'{ ai i ' i  uov€ f}r, ,  u{vr $o -bhr'- ' i ;

a Gu'j be v; 'Lhc:"cforc 
% (f rat'# v. (p(h)) " Ito:r any :,r si ii, r,.e sr.,

- 1  ,  ^ {

{t(Y; (a.il =u-e€. " B,rc,-...,r,;c 
' D 'n /r r'ri4/\-8 'dY=.JS{ff\; '(Yr}} r.t ::esutts ttu{; Y i*

aci i t i l l , l j 'e l :1o.  
.^ t . , .

do" '" .n; , . ,  er .€ $,  ^ i ;dt f  in ' I  a.n.cL A€* there ex: lsts

( f r o r *  4 , 1 " 1 . )

let rr, =. tJ*l

1>

( / " 4

{ i;. i .n 4 ,} ,3 . ) . }f lrr,rt ever
-t

( qr( Y, ( r ) ) 'f ( ;-) )3 :i.'o:rn re:' l i-r its -t. in
t VI-?'w

y q-{f*}
i).n:r t'< jJ t in, f , \''Ie S-efine the fun-c'l;ion

'd i i , t ,  (au-l)  * 
, :111. 1i . ," . ,6r ( , io(?,.(r .)  ) ,r fd(A) ) for

' v u  
h + ' t r D  r :

i : .S irJ, i,,hn'l,r:,,.rt;rr" A gf , Q.b.,r, (f (,,.) rA)=

F:XFI?
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anlr 6i€ E, ir.€ !l 
sr, , Q,rg,{ ffa} o S)=

*  - l - i r , r  Lt - i , { , , (er , (Y"( f ( , , , )  )  )  ,  t f - f ( , r )  )  ' :  Rrr , (erA} u. fmte -  i : '
tl '-rarrr 

t/ t/ rj 
.-,

l i : : rr  g;.^( V".t  f  t r : i )) . ' ;1" l j l ] : ie so'(  t" l l ' t ' *  f  ne:t /  Q*tt  ({(") eA)'=j l* ' r '  (" 'o ' | f l ' ) ) f

Itq* 
r"L rr'

in cl-oscd 'ij. i!.:r-r,;jcli.n't c,:rrn.tnblc u.n.;i^o::' *r.::r.cl to incre*'r:ing -t'i";rit

ay1-in.c]_u-i,,c;i ilr 
$rrl j.,c reE:u"l-tn 'i;h.:e-i: /ru in il. l:iov'r;l algi:bril*

4.'!, ;*t*g-il;*S,J" iiT:rn'Le're;' b4 S, tlrcre e'r' ir"i;s t'*S;t,({,(i") )e U

r i o  t l L l , ' i ; ,  : i c ; :  n n y ' i ; d t ?  i h : 1 ,  Q - i ; - i ; , ( l ' r ' )  =  l J t t ' ( f ( t t ) ' o ) o

t I . 5 { , 1 , , 1 , ' l ; b € i . " 1 ' l ; i - n s 1 1 6 1 r - , ' j l t . ' ' u o r : l i c ' v r - i ; l r e ' i ; " L h e r e e : l i - e ' i : s n e i i

$o lh i i t ,  v , i i l ia tcvcr"  t<r l t r  i ' ; r€ i 'T,  A€f i - - , r  Q-btr(O,Vot(a))- t i " r1 ' ( 'Y(o ' ) r f j f f i

l l re ,hc.ve att l  { ir,9.tA) )-;g; i?11r (rrr(V,r( i ,) ) , : i)=it**, (,a,4)'=

*Qit, (9(,r) , t{(A) ) ,  r:hr:re ,.. .=; j ; t} ' , i , .( ' ' l r(b) ) '

TiLc t ' t l l i l y  (Qt ,o,  ) t< t ,  is  i ' r '  t rens i t ion nJ 's ' te : i t

in 'r. For any A c V , l:y*R;.t,.{P*f4{'l}ry. 
{fA}i*

'D -^. ^'F il n r.
T  J - V \ r ' f ,  '  J .  V f , .

4 ,8 " !'ropo11{gqg.

o n  ( s u f  ) '

JJ :cooJ l "  J re^ i ;  t< t l

F ett( " f 
'A 

) is * l- iuri"b of ncrLsr,r-rer.ir l-e ap'l icatio*s, ' i :here:forf) i

Qtt l  ( ,  ,A) . is . i : ie i r .er-r-ra.b-1.e.  
0 i :v iarr-* I -y,  Qttn (nr ' )  j -s a probeibi j - i - ty ,

a € s  r :

,I!:"e Ci::-r:,'1nii.r:-iir:inciicr'0v irroper'cy re:rai-nc to he checl'leel'

"l.,et t <'l;r 4 f t, i ir T lLnd- i-r.4 l j* l-t is cnorrgir to clrcc

Qt t ,Q,o , i " , (a . r r l id ( r : ) ' ) *=Qt t , , ( ' ' 04(b) ) ,  
fo r  an l '  n r€  i ' t r  anq l  b€  so , '

et' et,t n (^,\ltrt) -'5 d**,t'z,u'' i 'tS1 G.ss,1a,r'lp) =

n  r  { n  ( + i ,  ' , d z ) =x  \ tw  5  Rs ,g , *  (  guL*nLz t ) ,h )  Q t t , (u
h"roa

= !-tw - - Rc*,, (g^(*I ,h ) Qtt' {& ' Vl'rc}=
t4- ' toe z€)Yr

= {. tr* lrtu* $. R*,*,, (Xrt*1,"b) R'ri' ( ?k 
(*u ca))' +)

h-tp<- k '*oo -<tn

esr,, ( u ,f*n (&J) = (XR.et,,c ?-:o^ 
(,rii ,L)

r  r &

fet --*1F.,' R2.,.s,, t -rl r-1, b) &*, ( ?k(Y* ia)) r z)'qr"(?t(Ufd)),ttl

( by, k *-;*; , $,rlu e re
a'



hi< = tr 
A^nf,,t,, 

( gu&t 2le) -R11, (3* (t {eilra) * Rsg,, ( got{ra)r a) t =

E s,rP I Rr'gl' (t'/r' &)) ^ R3'*" (*'*' h')l ffiCI
wrw,e E
V,t'f,t"ir=V;ff{04

sincc lt.g.1r (, ,L'J i$ continr-rou-s? -l; irorcrore rrn:r.foi: i:r l.y coir-Linr-rc,u$t

(.::, c ), ire in.g er;n rir,ct .

4 "9n  Ls rpga ' i ) ,  f - ' t { f )  = ' { "

2) i , , 'c note, for t in T , 4=J; 
(Ysrgst) " f iren 4 *E &s , **e)

irl-so , J3[Yt) , Ek"LJ for i,n;i ''u 4 f "'

3)i ' ,Slor a:y i14:l  a.nd. $ieasrlrab].e r,rr-" i .  " l i rr l i i ;ed f I  S--" I tr \",re have

^  l - ! a - \  - r )
V $ t a  |  \ ( r r '  t r l  !

t -  Ei  i : reg"f iu: , ' i : ib l .  c ' i ; l ic i :cf  ore { ' ( f )  c . f  .

3), i,e L a6 Ii, :,'re i.r r be ii,* Q,r"(f(rr) ,/qf4l)* a--i,t9(,u) ,'+l(l) ) =

st)*,. and ft(Y) * V 5," 5e ft(ft >Y,o.,

=,^:l-:i. l l i?"..,-( qt'f (a) ) , b) = i ',.*.i,( ro1;) *
14.+ Yl 

i:i (' ]"r

fu,r-c'i;j-on:; f X,ftul / ".,e t;, n e s* !

sults that f'o;: nn;i :Lcei"sura'lllo and-

^  r$1 , . ,  \  . c \
" r o T r a  l . \ ( ' 1  t r -  I  .

4,lo* J: 'ro.,r,ol i : i" ' i ; ion. l lho i l i"occt".r$ ir s

on ( {1 r  &  r r ; )  i - r i th  s ta"ber , i  ( ; ; r {  ) ,  i . s

'init:inJ- cl.istril:r-ttion ?u=e.39' i..i"Lci a

lkg_tg* Le:i; *<t i:r iil c.nd f : i ---ryR

bnk = |  R l ru* * R'g E"
-  , _ . > 0
fi, k+oc
6 a.!:

fy*c% ('d)),t,) I('3* ( fp (a}}, t ') a rtd

I t , , , - ( r : ,y f  c,$ ) ,

iggs;i. i-) Y

g: ='13 ( L'
hef'{

2)i  t lbviour '

H,.,. i r(  
",Zrqf i f) .  

Tl:c *el oj l ' . : ,  ; . '

i ; ,; clor:eil to nroc]-u.ct* I"i i  r"e-

l-i iaiteEl f ; iJ --*o E'r ltst(iLrfuf)=

'  \  
" l  . r . \ ,  i n i ' r n g f .\  ): .U i,"U( T 

= {. Yo Yil  te T 
iLQi ILI

a, iJi,irkiiv .l)r'occss ','ri'bh th-,.:

tr" angLt: i .on r, iystci l  ( Q**, ) "u.q1,

l:c :,,ci:rtiu-r*bl e, bor-,.11-c-l.ccL o

E ( (o ('1. y..)i 4 ) = E (' i ' io ' l) "it
: 4 t ( f ' l u ' i )

Tlrercfore Yo ,, is a i,; l ,rkov' :)-r- 'ocor,:1,$ l ' in<l }:,r,.s t irc "i;ransi-bi.on syttcrr

i trr) = Rs{ ( i, '{"'f ) =

'"sq{r?tr*-;

(t i r*,) . ,r*. ,0, anJ to (V"h )* * yo,,f"t  = Fu -
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4.11. U" ' f r - r ' . r . : " ' t ion,  tO" consicter on l i  thc eCuivalonco relnt ion .v

cic: f ined by : re lLn-r  of  i ;hc ' [ , r 'enr i . ' r ; iotr  s]rstcn (Q**r)  
5o; , ,  

accor i r - i t lg

to .1,.3" i i to shalf prc$erve "Ltr.e rlotl, 'bioirn j. i i . ' i ;r:oil-uccc1 1:r $: fo::

5, , fr r.:{t ,6!,9t " iJc rLo'i;c d;.I-_-e i, jr "i:}rcr ; i ir i l l- ication s( = TC o f

1;t r= 6qe, .r=r( , l.o F*),**,1

4..I2. j]Sij.. '*g$. l 'or i l€ I{, i1/c c,i"cflnc on S- tl ic netric d.r, rio

h a t ' d - r r ( i ' " y b )  =  a ( s r r ( a )  r . t r ( b )  ) '  a '  b  e  i i *

: igH i .LX:  f * : ;3eqr - l , i r l ce  e i f  r le 'L r ic  $ - leccs  ($noC-n)oe l l  na-brn f ies  (3 '6 " :L '

ar :"d" ( .3.5.2n) "  Accol l - rng 'bcr 3 '5.r  wQ shal1 f ind" the eqrr ivalence

relation 2 on $ e Sa-S/y c.nd. riretric ctt on l irtro

4r13. l;p:.pq.i-!"1-gyl. i?e r:jit-npor;e in 'bh.e fol-.1-o"',ing 'bha"'b the proceri$

(V*).,"n,1 r.: ir.-bis:f ' j-cs 1;hc conil i: i .on 
"

{ i4 ' . }3 .1 )  l ' o r  a .n ; '  a rbeS,  'bhc 'e  + . " i i$ " is i  i J<"6r  i -n  f ,  r "o  tha t

I l t , r ,  ( * ,  ,  )  f .  r t . , r . t ,  (b , '  )  "

Tir.en t;e shal1 hi';ve f ). T ne rel-artions /- e;l{' ;* corncid-c

f  th  r . i^o" i .nr .n S |  =-*- , t  )  .\  u $ t +  v r  v f ,  \ /

2).  I ro:r"  i r , : i . ) ' ' ta ' rb € E, wc have c1(ar l i ) - t l t  (x(a) ,d (b) ) .

gr:q.Sg, I,* '! rr,rbf S. i i ie $u-irpose tlt i ' . 'u l i-r* drr(Vrr(a) r*'o(b) )=O ' '({;nat
. - t

i s  t : .#h)  "  le t  t  e ' i ; r  i r r  T r  mg i i ,  
"  

5  i& ,  l le  l : .e r .vc  Qt t ,  ( t : iV* (c )  )=

l i . i i  R0.. ,  ,  ( f r . . (  r { ' . ( r=.)  )  r  c)=l- i . t :  Rl , . i , ,  ( , l r r (  Yn(rr)  )  ,  " )=Q-r- ' ,  
( "or{ t  c)  )  '

h4a- ! L- "ii, lr - h-+v,e 
v v r''

I t  rc:r-r. l- 'Us thg.t ? nth

Rcci;,rocei113r, i" ie $rl irpor;e ir.n'tb . Lct eif * l ira Arr(Yrr(a) ) * E"

ancl ht*- l- in Sr,{V,*(l) ) *n" *o sl l : jrroi: ie 'b}:"rr, ' l ;  d(*l t  l i t t  ) /6. '}h.erei: 'ore

t h e r e  c x i s t s  - b < ' b r  i n  T ,  n d N  t ' c Q  i i *  c o  t h i r t  R t * r ( a t  r c )  / * * * o ( b ' r c ) ' '

' r ro  l : .nve  Qt t ,1 ,n . , { l t * ) )  "J* , : i i . i , . i , , (s . ( t | ' . . , (a ) ) ,c ) ' -R . r , r , (4 , ' , c ) /

*1^,n-r -  ; t (  n t  r r  \= l - i . r : l  d(An( t r (a)  )  r * , " . ( - f l , " ( t , )  )  )=O n.nc1 r i#bo
U . L l r L l r  i . t \ i : t  , u  ,  

h n *  
f , .

z) I,e 'b r,rb( jI. ,:/e have ,it (*(r,.) ,d(b) )=.1,i,,r .1(,grr(Yr( f (,t) ) ) , S'n(f,';ff iei)il"

= c 1 ( a n 1 : ) .
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R,rr, ( a., c) =Qtt, ( ' f l( a),{t " ) ), *15 Qt* t rr,*, i l t  c ) )*Qt 1, ( b,9j i  *) l ,

sr ince, for : '  any t> O ,  
' i ;hore c: l is t$ 11g so tha-b r  i f  nrk>nu ,

V1, t}rn)c t* (6) :r"nd if  d,d, e Vr,{ i :) ,  'chen I *-*,ro (d, c)*R"tt, {d'rc} l d d .

,?l t . ; ;  |  =r in-It t t ,  (  ru(Vo(r:ro) ) ,  e )*

r.rlcreasin,g seciu.ence oli f j ,nite srrb*sets' of T

T^. (  Ob.r iouslyr  lJ  innst  be countab- l -e) .
o

slri:, l ]- u*e -bire notations in-brodr-rcect in 2,i""

=rrax tn,  Tf  = 'Jrr . :  €ek,  f  is  t i re successor of

l r
i '-,,nd, ir^ 4 N , \'Je i!"ef ine 1;he proixibi-l-aty po*

(-)

ru (41,t..,*for-,',i 0re ,

tirll-e Sg " obvj-'rusi

J - . 1 - l  \ , . . + ?  l . , r
g  U  l l  t ) a

-t- J-
I J L ii] fi-+tse

R_, r t , (S r r ( \ (1 : ) , c ) ) l  <  E  .  i t  r en r - t J t s  thc i . t ,  f o r  any  t< t t  i . n  T ,

n r e i i ' ,  c  €  t - i o r ' i i e  h a v e  Q . i , t ,  ( ' f ( * ) , q ( c ) ) = Q g 1 ,  ( u , f * t ( c )  ) , , ' L h a t  i s  
-

r<  (a ) *n  ( { (a ) ) - , t r ( t - - ' ) ' g  p '  .  T l : i *  con^brad ic ts  -b } re  h ; rpo 'ches is  o f

r.edr,rc'uio :r,cl. nbsu.rclrrr,t. 'T],Le:refor"er ct is continuoll$. ].ret G bn open

in gl  a. t rd-  a '  a c:ertaia ele:rent in G. ua' l  (G) is open in Er sor

th+re  e :< is r ls  E :  .  O r  so  tha t  3g , ( " { { (a ' )  )  e  &d (C) ' .  i r ro : :  l r ' 13 .

i t  fol lor, ;e that B'r.(r}  )  < s. That is G e6>>.

2 )  t e " b  t < . t t  i - : r  [ ' ,  e i 6 s ,  L e ' $ .  ' :ve hr.ve Qtt ,  (x(  a)  '<(&) )  =

=Qtt ,  ( ' . f  ( , l , )  ,  d(x( . i )  )  )=R.r t ,  (* . ,  f * t (d (o<(g) )  )  ) ' "Rt t ,  (  a,A) '

4.L5. I ,c 'b (Tr.) i . {  be I ' i l

wi-i;h o= 
o!!o 

Tr,, and- to€

Fcr sst l lb l ishccr- Ttt  l , re

f a r  {  t ! 2 & . 7 , 7 7  ( 0

't in T-'* ) .

ij'or any i'le it

1 .

r lc no' ic p,- 'u,rc
- i l

. 'k  -  1-" i lu lc1^i ' r .  -  \" t  ' tgr
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