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ASYMPTOTIC EHEPANSIONS
POR COUPLED DIFFERENTIAL AND DIFFERENCE ECUATIONS

WITH APPLICATIONS TO A PROBLEM IN HYDRAULICS

Vasile Dri#gon snd Aristide Halanay
Universitatea din Bucuresti,Fac. de Matematic,Str.Academiel
14 ,R~%0103, Bucharest , Romania,

_ .
1. Introduceren

A'simple problem in hydraulics if considered by the
method of characteristics leads to coupled differential
and difference ejuations.Such equations may be solved by
Ueing o steb—by-step procedure.If the step-size 1s small
this is inconvenient and does not allow a sizple discu-
ssion of the role of paramneters. involved.It is why asymnp-
.totic expansions seem to he a better way to compute. |
7e shall describe such expansions and discuss them in co-
nne2tion with the study of nonstationary motion of the wa-
ter in a system consisting of a reservoir, pressure tunnel,

throttled surge tank and valve,

2+The model prdblem

A hydraulic system consisting df reservoir,pressure tunnel,
throttled surge taﬁﬂ and valVe'is qonéidered. The nonstationa-
€Ty notion‘of.the water in the system 1s Stﬁdied corresponding
to the flow suddenly passing from zero to some constant'value.

The mathematical model after the linearigation 1is
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>t el ¢ d e gf ot

e n A
H(O ;t Je=0 oy Q(‘ﬁat J=q+E (_*_(;_Eji)

H(L,t)=2(t)+R] w—gﬁc—l

Mwith zero initial kondiktions,
We consider a nondimensional form hy seting

1 1 e e AT
y(2= ¢ 'f‘ii) , n(5emg 1l &

a(¥,2= 5’71"" gEls, ale o

|4l
We get the equations
¢ "2 /
i R e e e
96 gQ_ a? _,._......+/? =0
g ° % c@lrs 2%
. : R ooy
n(0,83=0 , a(l,%)=py £ y(&)

' Sl o
h(l,5)=y(&)+ g—}-ily‘(é)

Introdmce Riemarm invariants g=u-v , h= :,ﬁﬂ
g{f
Then
Ju lal2n 5 Sy l§lev g
9F Lp 96 TRy AT R A
(0,8 )+ (0,%)=0 , U(l,5>~v(1c,'6>—~l-§£| +% (@
ey ot S £
”"’“[ (1,%)+v(1, c;] (¢! 2 )
u +V JloEpele——— .y
be lef
It follows that
: i
u(g, b)= 4(} ,Z 0) o ] é‘E%’f
9 ek 4
u(§,g) =0 (0, %: }) Fory 62>—~3$;
‘}V(E %) v(j :E j for 54.&11&1&@
= e O
(et R IR N C L S
cf i ox

T O
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snd“Iromihere

. el 15|

u(l,8)=0 for 0 £ 0 éé{, v(Q,B)=0 , 04T g;i%
4’ ,A
wll 6 =u(0y6 = .{-%7? 3 fox Gl Ii,,i
C»I’Lﬂl CIL/
S y ¥ ; ; o :\/
v(0,%)=v(1l, & - ,’%— S far v T 9_;,

Denote v(l,3)=w(s) and use the boundary conditions to get

finally

A
oS ma il O o (L
f"/l"(}z} +:\7<é’>+:‘w<£; ?ﬁ—— ) +./"(Z,T-)” =0
1@ \Z > }(’A/ St
'—zz*"_y' (¢) +§/(é) = }L(C\ v(g - . j )J(

y(0)=C , w(®)=0 for Fz0

Tntroduce the fundamental parameters 2 g
2131 elg) : 9/ G Re
e = 9 e % s 9 =”7\—J”;"
cﬁ 0{8 (2( o
and write the model in the standard, form
y (&)= - -—? y(@). = —— We=£) - il
1 ¢ f& +"
J~+‘[f' 1+7/‘
ol ' Je A
(%) . RN g 7y —
W bJ)= WG )k 5 ., JhB I~ T s
W €14 df 1+J}j g1
ey Rl
Remark that T = - . Remark also that
aF
A 2
8 ) = s ({ _9’_. B W Py -.%.. £
9_Cf,E)~~‘-J(G°C]£ (1= F)) oy v(EBIm-w(E o7 (1-3))

/Al 14’ i ,
hiat= Lf(c—7(1 iz >-w<'c-(f (1+§> ‘
hence our model allows the stuiy ol the level of water in the
surge tank and of the pressure in the rressure tunnel .,
The above model will be used for large values of the coefficient
7§lof discharze ; for smaller values up to the order of U%
'we_sét
T Gl : 4 i A e
J(C, €)= Ve ‘/<V:§, s &) s w(&,&)=w( 2= ,€)
: ve

and we get for y, w the equations



~ 7 N ~ kF F_ o
T (T)= -\ % ()= —F=r w(a-VE) = e A
A v i3 At g /Z/
s A
2 l"" J’Z;”E e \’rg A( 1_721_5 Q
w(a )= w(q = Ve )+ e I = e me
1+ I ctir %) e
We shall denote 2f h A
S = E £
hei JKE A e o
o e o
I L Y 1+ =
FVE 1V 4
s T - ﬁ""“*%%?‘ ks ;e ';ﬁ
kel > ) ’ L - Lot - Z
and the model can be written
97 ()= NEAF (@) +3W(T-VE )+
G T)=VE 5y () +(L+VEH )T (T~-VE )+VEL, &

It correspons to a 2ritical case.

3, The noncritical case (larse coefficient of

dis~harsge )

The model corresponds to the general problem

R(t=Ax(t)+Bz(t-E)+E (L) x(t, )=%,
z(t):Gx(t)+Hz<+-s>+f2<t) 2(t)=@(t, , -€<t&0
Tt is assumed that H has the spectrum wniformly inside the

wnit eircle. In our specific situagtion ¢t is rorla“ed Hy B

: T e
X by-y and z by w ; H corresponds to the number--~e—;}_ and
: &
an inequality of the form L
e J¢
7 4f : 'l-f Tg ]+F
- P £ means £
= . - 1+ z- 1~
s l+f€ _ f f
l/

and these iﬂnqnalltles describe the range of values for the
coeffinient of discharze considered in the asymptotic expan-

sions we shall establish.



The problem i1is a special tage oia situation considered

elsewhere L_l] ‘he first epproximation ds defimed by
Foty=Aeefet) g(to):xo s ZCE)=0X(t )+HZ(t- £t 2(t)
BRI el ey o
A RTeRT G i—"(t):fj‘ (t)+3(I-H) " £, (1)
In Ouiﬁ specific SltuaEiQﬂ Jf :
me o R S P s £
: v S gt J¢ S Telg !
4; = Ae A ety
4 Jé A
e Gl TSt T e
o g e
. s ~ , o l// ~ o A o ~ -
hexice . yHlg)=- 2 v(&) o o @0 )=0 - and wrl 520
Then -~ w(z)= 4 WL =E) = s = =
A+ 1€ 1+ ]Zé /f;/
?J(’C =0 6 <0

For the solution of this difference equation we have

[ A -

L T e
e aERRRTL R A
o 1w 7 1+ 1yl 2131 T %;

hence
rezl+§ il % A
S el G UT R )
# ) ’ =
h(?a E>:2u!?" ( e s {l- ( P .Ti) }
'Y 1+ 3¢ 4
: K
If we return to the iniﬁ} al variables [h. J [tc—x 1
A 1 =% 4 A
~ e cfF ~alRe\ 3T —EJ pFa] e 2 e
Hix,t)= 2‘% (-7j“4£7{ ) _{A ( ___Jﬁl—_>
;9j2 ¢ +t§3» c cHMRC
For T£<~1 that TR % ;?‘ the pressure is' monotoni-
S ooF

hallv dec roaaing while for: R >~;Z it is oscillat€uy - and
, g

Lor R, —5co gives the usual water hammer in the pre-

sSure tunnel. Arzordinc to the ceneral theory in [4] the ex-

ransion is uW1form1v valid for t 20 and the errer is of grder &.
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4. The critical case

(small coefficient of discharge)

m

To -study -the éritical case we shall use the same notations
as in the model problem.
y“(Gﬂ;V?Ay(J)+ENQT~V8)+fl(v)
w(a)=\E Gy (T)+(I+VE H)w (o~ VE D+ Ve £o0)
y(0)=y, y W(E)=@(@) § -lEe T4 0.

The reduced model is
y “(3)=By(9)+£, (@) ; w’ (7 =Gy (C)+Hw( T+ 5(7)

)

y(0)=y, =+ » w(0)= ¢ (0) .

Denote by ?l the first component of the 5olution-, and. by
% the second one 4 define % from the difference equation
wW(aT)= VEGY ()4 (I+7E H)W (7= )+VEL, ()

wic)=W (o) e §

Jrite y(G}&)=§kT)+Vﬁ‘?(V}E)

= oy .
w(T,&)=w(T &)+ V& J(T,¢&)

‘Tos validate the expansion we have to prove that\z audg?

are bounded., From the equations fow y and w we get eguations

for ) - and 1.

' Qf(v,g):V?AJZ(V}E>¥B:TCTﬁJE?a>+A?(G)+

s e Wit
1€

j (\T-’E):\fg(};z (G-,E)P(I+V(€ H)f (G." lfg’ g.)

Oug main assumption , whath is satisfied in the model probdlem,

15 that [T+ 80 ] 45 bounded ( with respect to k ).

We write

- Ay ‘ . i S
w (0= VEGy (0)=-(T+igH)w(@-vE-Vef, ()=
=w (&) -w(T NE )-VESF(g) ~VEAI(T-VE) -VEL,(T)=

G

= [ \v4 ‘_'\ ] w“,.v e iR .«
= {’Gy(s)+ﬂw(s)+f2(s)}da -VE g y(@)mvenw(G—VE)—VCf?(Gj =

J-VE



o :

= J La[5(s)-5(8) T +u[W(s)-w(5-E) ] +,(8)-1,(T) §ds =Q(e)
siggé all functions involved are Liepschitz.

It follows that

fv(cr):\@ Gy (3 )+(I+EH )yé(;r-ﬁ JHIEL,(G) +Ot)
nence

;CT) “(G‘ £)=(I~NEH) ﬁw(u~\ ~“(O’bt,€))+(>(&)
Un the first ia;%rral we have

w( Y )= @0 )+ J ﬁ(g)ﬁi%(s)««fz(spj ds

o [¢]
W(T =VE )=1f( T = VE )

rr‘

hence on this interval | é(§>&)~ %(f-ﬁjé) f%:c WE if the
tnitigl furetion is Li%ﬁs%hitza
For the difference eguation

20 )= (T4VE H)2.(7 = VE )+£(T)

the solution is writfen as

{-4 _
S ) e L)+ = (T+ EH yieeeskiEl " foy
W-a)Vecoelk ang if (2(0-2%®) | & cVE 3 | £(c-kyE)|cc &
we have the estimate o ‘
Ve2(ey| & | (T+ EH )é.[ <VE + }:: 5 +Lm>l<] cE
K=&

Under our assumption the spectral radius of the matrix I«ViH

ig legs flmen 1+ e
_7- i

\q

s it follows that

? Oz N
= 4 k U‘(’L’Vg) @ b s <
‘:Zf;m” 21" | £ 2 el oo ~ame s e & R

€
and we deduce the estimate |z(d)| <c2VE -, We use now for ?
the repre8entation formula
& #
I’(‘(Q‘,g)z f X(7-5)[ Ay (s )+ ——’%(w(/& VE, € )=w %(e) ] ds
)
where X is defiied from the system
; L e voeE
X (o =VEA X(T)+G Y (1)
i T . I ,—:',*,. ?
X5 :[I+\-‘tﬁ] T(a-VE )+ Ve B X(T-VE)

R (T =0 o ra g L0 T(0 =1 g aa =y o T<0.



As in [1] we use a representation formula for Y replace 1t

in the wvariation of constants formula for X and write

’ iR'T ‘[VE.S ¥ \E P(T)
JE v 't : 3
'X(@>:e\t : ok oy j e G*(Tklt{* e B*K(s—kVE;ds

BL o feow
From here, using again the estimate for the spec tral radius

of the matrix I+VEH we get an estimate

X(o) | < Ny +ily £ [X€sy)-as

hence X 1s bounded by a constant that depend upon the intexr-

val Oonsideréd‘ ‘7e deduce from here that ? is bomnded and

then ]“ ‘regults also bounded. Remark that 8 similar critical

2

case hes been consic lered

by

i [0 .

Returning to the model prohlem, . the reduced first arproxi-

« mation egquatiwns will bef TR
Q =

qu)w - ¥ ) L A
; L+ I8 1+ If 131
‘7
TV T
‘() (@) - =2 W e
W % I = A =
E(4+Z8) A+ 3 1+ L€ 151
¥ (0)=0 s w(0)=0.

Taking into account that f is of oxder gL we have %; od

order V€ and we may write the reduced model as

e

0 A
(7)== ?g w(or) = %,%

S i T g

)

RTITN

We get for y. the eguation

oy Dy (o >»._£v‘<@>=o y ¥(0)=0 , y’(0>=—~f =
2 i)
50t ? 18 & solution for this egquation then y will be a solugion

SRITEE. Y oo g
(Br83+ = ¥ (Cy&ﬂ"&«—g v (G,E} =0

( recall that (2} =E§(7,8))

Returaing to the dimensional variahles we get

i of ol i AR -

B Iti Z + i@ 2=0 that is .z + —5;ig—-'§ + 4;. 7z =0
‘ e Tl Fi

and this is the usual egquation for mass ascillation in the



— \'Jw-

surge tank. ‘e have thus proved that: thisreguation is valid

as a flyew. spproximation/for .coeffi 1ent of dmuehar fe of owdm~fé ¢
: 2

nhat the samne equation is obtained if we neglect

spatial varisation of the flow , integratesthe egua TlOﬂ

et Wl
”ﬁj-kii 28 -0 from-0 to ' to get
¥ i

0

i

J
7 ’.) o 2 =
£ ‘j[;‘f +fg | HOL, 4 )-H(0,t) )
d

and coasideri#g <the boundary conditions

o

Vit m [ z+R} {’i%} =0 4erd

f
L —_— ?

dt ; d

which leads for z to the same eguation as above. Hence we

E‘-)>

o

3

have proved that for ‘7 pfcorder fé we may neglect spatial
/ g'~
Cr 5

variation of the flow.

Recall we nad

: % A~ @ ~
h(1,s,&)=k[ w(z, €)- W(e-¢e,e)] :kLW(V% )-w(~% - )]
# ; ! - ~ MR e
We provedthat f(r)=w @) + OE) and also w(a)=w(g+@(Ve)
We may now. aprroximate the pressure
e ‘«’[*Nr(v_g Y= ?&(%’— 'V'é)] where w  is computed
: 5 3
from i 5¢ L - Tt 5
(G = o w (T vg i g(a) - 1 —
. 1 JE k(’l+7’- : A+ L€ lﬁf
Z %
The pressure 1s thus approximated bJ T

~

FE: «

i o A <
—  kx - —— w(E ~-VE)
A opeiele ,i’ 1+ '-Igé Ve :

» L - : : A
Since ‘the érror is. here of order VE' and J:af order ofvg

we may take h(l;é,&)czy(z,s) wh@re we recall that y is

A
.h(l,G,&)_Q’, I‘J'“f'.}’(E; Eim

e e R L P
efined from ¥ '+ 5 ¥ S ¥ 20, y809=004 /(04 EAEL
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Die A special critical case

s

e consider now without a direct applif ation to our model
problen the special critical case
'Xl(t)mAllxl(ﬁ‘)-+-A12L:<2(t)‘—:/.tz(t-ns;)j +£, ()
xg(t):A21Xl(t)~(I+£A22)x2(twg)+f2(t)
; 2 o S : - 8 ¢
X, (@)= 1y 525 )= @by 5, -££1£0.
Aescume that A~ 1s Hurwitz‘; this uvaﬂptﬂon will dimply that
Gl
the spactral radius of ITS‘AQZ ia less than l-<§V€) aﬂd sy
: ~t :
4 5 Il
will follow®. that l(l+ Ao? g )
pefine §] from the reduced model
L i e S % r
}>1<t l—~-l'\0.1]‘}x1( L )+fl<t J ol g
and i; from ‘the difference equation
~
Xz(t) Apq % ](t) (I+EA, n)"x.ﬁ(t E)+iq(
/\
Let X, (t)=x,(t)- A (t) p 2(+\ yﬁ(t)~ﬁn(t) ;
A ~

Wwe have Ior Xy 9%y

~
=

the equations
s
% (4 )=hy g%,  (tyea [ 2,85 (6= £)] +A12[30(t) xQ(t-r]
X, (t)=hpp X 1\t) (I+EA, ﬂ)A (t~€)
~ N
X, (0)=0 X, (t)=0 ,—@:3546
Replace X,(t) ic the lirst equation by usinz the  second
one, and:use the reprezentation
45 —'-‘ } o : \_\j"l 7 s o‘,- N o
g(t; jff (1) (I+§A22, A21X1(t (j=Lleo ,

f(& et Qt,/ in the integral equation 4+

1(t) J 11 +A10A21 )Xl(s /do l"Alr-) J L}»2<o)"xx2(o°£>] ds~

[¢)



A

)4 ke .
= (Z-— j o ,1 f’IMAm) /721(5-(;}'-1)2)(15 +
Sy L
=6 ) £
o ae |
o J R (1&5& O)J .QJLX.L('S—-(jwl)é)ds =
[fle-e 974 : s ’
e Bl £ ‘
= = J (-1)37 (Tre, 3" 1a21§1(s»(j-1;s>ds +
it 5 (¢-1) :
i€ LEJ

el O g -] La,,% (s=(j-1)8) ds
[J%J& &A.A ]
13 szz

c

\,%_..
s o5
= J At L(1eca,, >J"lagl§l(s-(j-1>e>ds +
d:/‘ ((),_4)6‘ ’t'E
CEI”l 5‘3]4{3 J A o
il (T+€A,,) s X, (s=[3]e+e )ds =
- doie [Fle-e
Lg]'/l o
= - [£3-4 L
= Z J ( 1)“' (I‘\"’&k\q?) [\«.217( (q /dS +( 1) (I+‘ B
e O i e iyl
(2] -Je
I53-4 | j - b o i
FQAFA) AQigv, Xy (9 Jasts jﬁr'[ (-1)9 (T+ed,,)9 Asq l(b)ds
s e v

Denote z(t):gz(t)mi”?(t-—&) ; we get an equation of the form

z(tp=~(1+5A22)z(t~5>+A2fCil(t)wgl(t~e>j +1,(t)=L,5(t-€)
2 , ' v fori b2l
z2(t3=A,, %, (T) +f2(t)—2(I+E%f52)%Ktmg) for Gzte 28,

With corres TOl’ldl*l" notations it follows that

£ X i
2(t)=(-1) (I+£A22) W (b= LEye S (- 1)3 (Tretyy )3t f (1-(3-1re)

Y

Por beavewdsloe .
tl{v‘e deduf:g ,Eh‘?}l)& + 3
jz(s)ds=2;:. ?(S)db +J z(s)ds +J L// (s)ds =
0=, [$]e

3 3 L-Jc] (Pti)e :

J(ZU( )(,_» = f (- 1) (I+£/\ (/( fé‘)ds +

Lo 2-1

e i

+-J (-1) (I+€A22) %{a- é’]& Jds+



. i (__l4>h+5z’&,m 1 (s-(3-1)E)s +

=4 2¢ g +
o
Ll g A1 i \
2 (1) (I+&A22) (s-(j-1)&)ds =
I, [t]e L
et 0 e L
= | = (=1 (TxeAss) k]L (s)is + | (-1) (I+€A55) y/(évlg}f)d*w
o ¢ : [£]€
[k e t
= e L (reny, I p0)do
e g =T (l+m)2) =1 TH(-1) (I+éﬁ?2) )
2-0
and we may u&tlJaLC the terﬂg containing %’.
Wwe have next 15
: fZ %f 1%,'& 1 pe. L8 [-JJ
; 5 ;
%Alg ; i (I+&A55) HaYda. Alsz ( ( ) I+
| ’w% | (
+Qll D(E)AT 4 (14'2{\71) (Ph?) Gl
s h .[{;](c"‘& /
—fa £+ i ﬁ().
Lel-a [2)-4 e

:A12Z Z «( 5“1>j"1<I+SAgg>j”1¢(6) 05

=4 24 (L4)e
[] Ay -
= = I ) d
el 1 L1 T EEAL L) DT aY
125 dEe a2
Taking into account that

P ;J = Nf. ~ : g - ~— 1
<¥{§>_A21Xkl(u,wml(g-&)X+f2(0)_- f?(u-£4
we deduce ihat the above sum 1s 6f order &,

infthe same way

)L

£] t

Lx e

> J< 137 (Tr bR, ) A X () 4 =
= M O, R B L B

ey : gt gy 8 4
?Z‘ . =1 (If&Azg) AngICJ)dW =

C)
+

s A A
e o TG T e

~1

* > J “ ge 3= (I+&A2?) A, Xl(G”)dO‘



e

It follows that

[} b |
l;« (-1)97 (Teen, )37 A, X (a0 < i | FRG
1nduf1ndlly w% get an inegquality of ghe form
(% ()| cetsme | | %, (0)la0
% (V]

-

and X, js of order € on the considered interval LO,T] .
A
The estimate for X5 will have the order which results

from'the matrix A

217
In fact , we have e L)
[%,()] ¢ celay | S |T+e88,, P70 o elay|
J=d
References

1. V.Dr#gan , A.Halanay , Asymptotic expansions for coupled
difference and differential -ddfference eguations with
small délays,

2, A.3.Vasilieva,A.A.Plctnikov ,Neutral type equations with

small delays in Oriﬁical cases Qrussian) , V-th Interna-

tional Conference on nonlinear oscillations Lnev 25-aug .
b

4 sept. 1969 .T.I.Analytic methods.






ASYMPTOTIC EXPANSIONS FOR COUPLED
DIFFERENCE AND DIFTERENTI AL - DIFTERENCE

BQUATIONS WITH SMALL DELAYS

Vagile Dr3gan eand Aristide Halanay

Universitatea din Bucuregti, Faesde Matematich

Str. Academiei 14,R-7010Y,Bucharest, Romania

1 Imtreduction

I

We shall ‘eonsider o systen of the form
Xq (0)=Agq (007 (E)+Ay 5 (£)x,(£3+B1 (£)xy (T-€)+

q<t/.1’>2(t E,)

%, (%)= Azj(t)ﬂj(t)+?01(t)n1(t s)+32?(t)x2(t &) L)

with xl(t)z‘fl(t) s xg(t): %%(t) for . s-£<t<g Xl(S):Xi
e S0 ution may:be obtained dkreetly using a step by step pro=
cedu u.But if the delay &> 0 is small,as Vasilieva remarked
more than 20 years ago [1] such procedure will be very tediousj
*to get the solution on 4 reasonable lntQTVd] a large nunber of
steps will be needed and there is no hope to get informations
concerﬁing the asymptotic behavior of the solutlons. That is
why & procedure that might give in a simpler way the ﬂain termu
of_an asymptotic expansion. with respect to & comid be hu@le»
Such expénsions have he en provoded by Vasilieva and her collea-
zues( see for example L 21 ). our results differ mainly in:that
¢ we are interested in uniform expansions oc_[:to,co) ; ohtaining
thus as a necdsary step estimates for the " .fundamental matrix
sotution' from which a stability regult of Gradsteil-iliﬂugve

Krasovski type follows.



Special cases of systems with constant coefficients have been
considered in connection with a problem in hydraulics and have

been published separately [3]

2@‘mst1mﬁuko for a difference . equation

Consider the difference equation
y(t):ng(t)y(tm€>

Denote by C,(t,s,£) the fundanental matrix solution defined

by the initial conditions C2(5,8,8)=I and Gg(t,s,e):o Tor

-t = t<s ,Agﬂﬂﬂe that uniformly with respect to t the spectral
.radius of the matrix ng(t) satlsfies IO”(BEZ(t))\é;\P =1
Assume alsc that t—"?ﬁzg(t> le unifeormly Lipsechitz and uniformly
bouudooa

LI 1s‘lnown fact that under such assumption

(t-s)/c 5

tCQ(t,s,-s)l LT e for Paap =t

B,,(t)| (for a slightly

=

where o depends upon ¢ and . su
dif ferent version see [2} rage 262 ).
Fix now s <6 £t and write :

we have for s+(u~1)£<ﬁt$s}rﬁc

s ¢ 7 : .éié : k e
Cg(t,s,£>=L822(€)j SRET LA R e (B (t-x € )-
=0

"522(5>J C2(t-<k+l)£,5,£)
the formula being diredtly cheeked by- induction.
For & =t it fellows

- A
2 . - 0 1 : - k
e s n oo telis R ;Z;,L ety Bttt -
1{:’



=B by O Ce-(il Jegs, e )

amds Fors -G =S

) -é"dl //
t e N ™ T = L/ £ T ¢ - \ :':;“ I S N
¢ i L;agg(sﬂ Co(t=fe,8,8 Y42 | Bss(8) [ Byo(t-keg )-
. k=0

""322<S/j ?<JL» &1(”'.&>€«’Q,L )
(recall thav s+(ﬁrwl)£‘émtess+,ﬂﬁ Do

For t=s+ f¢ e 1 ast forwad glives,
¢-4
2(>+ﬁ€ e b>] Fen (322(0,] [ Byo(s+(d-k)e)-
k=0 '

27“(5)} uz(m(@ Rl bbb w8 85

henrce é’ e-,;C"L ¢-4 é (é =
I 2<~)“1 [/é,u,& ) {5q“< )} ‘ < ‘) ¢ f"(g’k)E? :Céf T
=0 : '

Consider now the equation

y(t}:Bgz(t)y(t« £ +f0h 50
el (Lot )
and assume lf(t)\ < noe 5

We look for an estimate for the solution defined for t;;td
by the initial féomction (( given on l,t -£ , } Tor

to+(zwl)% énth%O+Q€, we have
4
)} - (7 o : ~ G B 4 i
y(t):c2(t,t~f8,g )%:(t»ﬁt}kgiguz(t9t~5&.,E,f(t~&e J

'!,:O

( the formula is checked by  ~induction).

It follows that

4ot £

4-1 2 (ndngeit )
. = il )
\y(t)}é&tfe_cup | @1+ o g;‘f e
[t - t,é.) k=0
t-t N
=0 £
= y - b (tmt P e A
2 c\f _sup _!?} +0 e = 7 (f’ec<& )k
Lto o E, ko’] : k=6 -
e : L €
ahd for--2 —small enough since f7e A we pet
&
: (- 2
ly(t)[ £ l_f tnr\&ﬂ + e o to>] or with f>=e(£



Teof stauii ity Tecuit.

o system (1) we gssoclate the reduced one obtained by
Lo o = et .

formally setin
equations of the form X :.-,«}k("r,)t'::_l with

3 L
i Ty s "]-'hr\
ACE) (143 () LAlg(tH;l?(t)] [ I-3,,(t) L‘Hm_(t)-k

<Ay q
B,y (1))
Our main assumption will be that the reduced system is eXpo-
nentially stable and that all coeficieunt matrices are wiformly
pounded and uniformly Lipschitz. We shall prove thaunder:
such aasunyii@na( recall that we assuméd also that
A

\0(3 2(t))} ptil.) system (1) is also gxponentially stable
(this is what we call a result of Gradstein-Klimudev-Krasovski
type by analogy with the usual ~ase of singularly rerﬁﬂwhed
systems).

Consider an arhitrarybsqlutign of . (1) . - From the d ffcrence
equation it results that for s+(ﬂ—1)£4 t;.s+ﬂ&

L
= (F)=0, (0 = ke &) O, (t-0e % 5 6 (tyt-ke,e)r

k:O

'E\?l(twk5‘);«:1(t-‘ggi)-mgl(t-—ke)xl(t—(k+1}%,):S e
From the first egquation we may write,by usiag the fundanental

o s #
matrix C(t,s) assoeciated to A

R

2
t\
= (t) u(t 8 )%q (s)+ 5

1

(L G)L (A 1K0~J “(U-) )X1(0)+51J‘(0 /Xl(\)-£)+
S

+A] (T >>w)(¢,+s S (T)x, (0= )] AT

e shall replane here x, by using the above representation for-

/

(28

mula to get an- integral equation for Xy
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+
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et
TN
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!
,>
~
)
\/
}.J
2N
q
Nt
Er

e e ) (Apy (6= (Ierl e )% (T=(k+1 )€ )+

+321(0-(k+l}g)xl(0%(k+l)g))jj G

X
+ j See,0) {50 [ (0,0 }hﬁ,u%(@ (JZ?—»AJ*'A)S)
rh=s
- | e b
+ i?_ L2(6,5—k€,g;(Azl(f?kﬁ)xl(G~Ka )+

3oy (¢-% €)%y (6-(% H )5))] +"312(<~ J:’" (T~ 5,6-([%}42)2;&)* J: =

)

.c&(@ ([JC 21 *Q>E}+Z,v2("\s g TR T (Agl((»‘-(kw-l)g)}tl(U{L+4)a)f

+Byy (6= (k1 )E0%, (O-(k+2)E 1T} do
Here we have ageumed . 1 >s#€ ;for ss<t<s+€& the sum i€ missing.
The representation foraula for x, works only if s <t ,hence

in using this formula for £ =1 we consider it conventionally

-~
the 1mp051ble sumsation =2_ being delated ,which gives
k=0

the same resalt as if we took xl(t):o for t£s-€ .
To get from this integral equation an estimate for X, we

shall perform a series of transformatioens.

consider the terms

L jef - Q
. ? Sleus) 4 sl 28 (03 v—mc-l)E,g)(AQl(oz(k-l>g)x1(qw('k~4)e)+
K= /1 :
4 mne '

+357 (0=(k-1)8)%;(T-ke)) +3. ,,(mZ CZQG-Q)G/IZE)“c)(,’\?l(O‘f\{%jt"%l(q,\cﬁ)ir

+821(U>k€\ x1(¢4kﬁﬂgﬂ aq
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L e
aud periorm the permutation of the, order of sumation w 9 mV
J [z ~Al ,\U&
= J S(t,T )gw,«.xm((r',,ﬁ(; GG (=T )& E )(ml(o’w(k -1 ).£)%(G~lk)E)*
k= 23 /)ﬁ((/'l)‘c

(crm(W -1 )g;a‘u(rra(fr %';;,})+~312(o“)0250’«ag_ ﬁo“m}-:g,g)(,qgl(o‘_}:e;)}:1<o‘~/<£) +

Ca] e L2
+B,q (6 -%E)% (0~ ’\"‘x;"rl)é'.))} dea® c';(-t,@"){Am(mcg(o;cp(/«-/l)gz)—
/ k=4
b hrlk-4)e

c(AQl(ww(k~1)é)xlcrm(kol>£)+821(€~(km1)a)xl(ﬁwké))+

+312(59C2(Gm5¢7—kg,g)(Agl(Gmke)Xi(J~k5)+%21(€—kéaxl(q*(k+lJé)%ﬁf

If we add now the terms not containing the initial fuction

?2 in the last integral we obtaln the integral equation
r\/
Xy CE=U{L 8%

: T -
l(s)+ j v(t Q) L(ml(r) ﬂ(0’3/Xl<0—) +Bll(¢>xl(a’mél}dﬁf
[i_f,\J )).;,/zt S .
&

=
S (t | A, (r)C,0,0-4e,€) ,(MEH
Pon Al [3150¢ 2

*312“”3::2("3”*/’5"(@*'-‘->55¢)Y'2<<f~<€+1)51§d_¢+

t
v (B4t m1a) (90,0 0~ ([F T 6,0 @ (L2110
5*{’ =1e

n(Q‘) ?(fr &q’.—rLtAJ +2)¢, g)( @ S [E2] :9>£>} —

¢ 1
L{“‘CAJ t
o

= 20,0 ) Ay ()0, (0,0 =16 , € ) (Anq (T-(k-1)€ )%y (@ - (eAlE) ¢
k=4 At(k-1)e , 12 et -1)€, (321 ( / ._L( (c-4)e)

+Byq (= (-1 ) €)% (T-X£))+By 5 (T)T,(T-€,T-ke, € ><‘[\,‘21<mk€>xlw'k5)+

+B21(<\'-ka)xl(¢-(k+l)é?.‘))} da + jmg(t,c)-{Alz(o’)oz(m_[%/s]e,g).
: A+ Te ;
(Ayq (@ [*“Ks>" (7= [E2]e) +Byp (T~ [ Fe )x (o= (L2 ] +1)6) )+

wd

12(G)u (0= g, T~ ch ‘:‘“A J+1 )E 5)(“01(0."0:#%] +l)&)xl<¢’([{€s_]+&)£ )t

+8216T—<E%?3 #1830 (C-(L52 ] 26} ac

e R e R e - : : : :
Perforninz now a chnge of variables in the .integrals we get

o = |
l(t)—v(i )% ( (s)+ 5 C('t,c‘)[(f-xll(o“)—/\(q)))XI(O‘;-JrBll(G)xl(o"-g yjad+
[ 5+ ¢ | '

+2> J C(t,q){.:ﬂulg((S*) ’)(Q/ Q/E 8)%9(0’ E‘b)'*‘
L miepe

¢}



+ Ji J(t,g>£mz?(6 (L . +1)£,£)7267«([i%?}+1)&)+

(o')c,\(.)»ésa-([ ]+2)£,£;((2(o"« rfﬂ]4?\e)}d0‘+

+
.'(\/,
)5 Sk

b3

G(t$6+k5)[A12(c+k6)©2(€+kg;z+£,£)821(C+£)+

(@’f—“’é}v (71%{_“/5?@95)“@1((;:5“ (6)de +
i 5” .
e j u(t o+ (x +1)e)”lm(6+(‘rr1)e\f‘2(5+1?£ gﬁﬂ,p)jgl(’{gj({[@)({?v‘-
_l_c: =

Azt

S
3‘1
_ A

i f c(t, E+’r£\L"12(Z+1’8) Co(Etke,o+€,E)85 (B+E)+

)a”(t,6+( <-1)€)A) 5 (5 +(k-1)E)C, (5 +(k-1)eF %L)Agt)x &)z +

e

+812<€+k6>32<6+<k~1>a,€,%>A21<¢>J x,(2) d +
- (kt)é 7
o~
& S C(3,0+(kr1 )08y 5 (B+(k+1)e)C5(BHKELE +E,€)3,7 (B+£)%, (8)dEy
A '

B. We consider the last sum and rewrite it as
+-(k-1)E

[£): %
fz:_ { JA G(t,z)zlg(z)02(é+(k—1)E,é,i}Azl(C)xl(E)débr

=+ J ¢(L,E /[1\,],-)<6 /u?(zi']’{ G & E,) 3r\l(6)+3 Q(G)Cr (é,“‘f‘(k‘?‘l)g ,.G ,E)"

't u.fﬂE -
] (2)d% + j B(t, ‘@)312(@)w(e+k£ ZrE gw\](c)xn‘(a;dgﬁk
- ]Fif %—-U(-IL)E; A

= { Lo0t, z+(k-2)8)A) 5 (2 + (k-1)E)%

~ % P o N
«g(t,g;A12(g)] Cole+(¥-1)€,E,8)A, () %y(8) Ak +
the
: ~ — : S Tty 2 P LR VT by s £ i
+ ,{ { C(t,u+kerla e e ke 0 BBy (€ ) BErkaC (ke lier,e)

{A21<g>1vmu<t,z,[A12;z>u2<é+k& B+€,8 8,1 (£ +

+8, 1 (B0 (B L0E 516 A5y (RO § Xy GR) 4%+
-(ksp)e : ~
+ L (§(t,%+(k+l)a)312(c+(k+l)&)Cg(z+k£ﬁﬁ+6,£0821(é+g)_7\
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«g(t %)B 0 Bl q(mﬂw b+ e, &)%,\Eﬂk (C»>ué}

Rewvite the first-sun-.as

L) .
2_“* : j gl '5(‘9/):1’\19((;/ (g F(k-1)E5C, E/'\ é/,_h{,\ﬁg(g){jg(“gka}Efé}E)’}?_l(é)A,
K=d %
: : 5 See 0 ST iy w234
+g12(“)32(€+(k~1;%,G,&)Agl(@)Tvl2(57u2(64k£,6*E,{,Bgl(é) Kl(g, T+
Ptie - |
+2___ { S v(i‘,(a 1;12(@J O(Tko -1 { T, é)zlpl(ﬁ/al(@/dé*}'
k=4 % =Leg)e” =
- J G(t,z)Lglz(g)ﬁz(é+k€,é+f,9)BZl(E)+Bl2(E)CZ(G+(kﬁJ&Q£).
tka e - : 2L
s e S = el . : S : : 1
21(5)] X4 (g)ag + 5 C(t,&)$12(G)w2<6+k€96+£,i)321<5>X1(5)Q?f

£, -(k+1)t

Consider again only the first sum and write it by replaceing
- Siwith the formula

: 0 -
:32(g+ﬁe,z;,e)= [ ’?/, e FQCE,Q;@

.

“

IE bl coey Ll g

We fet

L%&]M ‘ k-1
I;?—- | Gt,e{ A8 (8,500 g (as v (@300, (EE]
K=A

b

o - bk Sl ¢ 5 k-1, Ve
(321(6) +312(G)i_522(6)j Agy ( 315 Gz L‘ (E+5/J l(fi]éA z) L+

M1y ¥ : :
(AT RS
S (e & - -
- 2_—- S ;‘:‘«tf\{?)L‘{\12<G)r2<€21§“158)iﬂLL)l(é‘)*AlQ(.@—) WQ(GTE,J(-A,E) 521LZ§)-4—
3 k=4 A :

+812(G)I (Eka ¢ )HQl(EJ +312 (E) YT(G+{k e € )321(€5JX1(G)QE;
sider® szain only the first:sum and write it
i R b"f« x 3 B ""1' :
S\ C{t,8) h'i‘v] ?(C>+7’12<é>] LI"322<C>>] ﬁ‘-21<G)+
i et : :

+
=i 7 i \ . T ] TN
{ Seeoollag, s;+319<G>J{;3?2<é/}“ Aoy (B)+

+LAl?rc,+s e e T

Write finally the first Integral as
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s
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b
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B,y 5843 (@] { [1-3,5 (0060 ] H-[T-355(0 ] 7Y

* By ( Q)K1<G>d G

A

C. We have
e
i ClL @ [LA1]67/~L(u,/X (G%r>7jér xl\qsg)]ﬁq:m
Ate &
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At iy .
je see now that the integral ejuation for X, may be written
/5 &
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L -t:é}]kx A.. A E i . -
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e are now ready for obtaining the estimates.

for the terms ~ontainig the initial fu_nction(f1 we get the

estimate.
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S

Wz”]*



'\-J a = . 4
/%t t & _ff:,t ,\‘ E
+QF(T,£)8" S K dﬁ’+£@%(@,£0@ 2 S e~ Uis

o
St A
J«‘Q/f(!fsg) S G“E\b 6) e €<+V“€‘> ag +
‘ 2 I ; o~
Polni. - 2 Ly S e
e if‘“*c - g e” ﬁ@+g(“~1)J3‘ .= S e” dE})A(TS&)
le=1 tnX§
i '
Hence go
QL')
)i(T,g)é;U‘Ch LlY 8|+ £(Svpj@l _uu1“€2, 5] 4
-.%{ [i/)lfi T 1 _;‘(:‘)I_E
+3y(T,&)(l—e = )+"EW(T E)+“;7 {Y SR
= k=1
®a,
e

L

,-

5 .
Ve see that,f((T,g)é;k : L_xl(s)}+8(supkqll+sup(?2f)] and,

+e(k-1)F le

!'\

i

f\

wiiformly for s<t ,
Z(t-8)

lxy ()] 2ce @ [lx ()] +eCsuply,] +sup 15 )]

If we replace this estimate into the formula for X, we finally

get : o
B S(-s) -
L it = Qf sur{%2]+@e ‘ L)\l( 4+£(buw(f] +bup[@ }\J

Let us state the finesl result as

THEORWM -1, Consider the system (1) and assume.

a) All matrices in the coefficients are uniformly bounded
and - unifernly Lipschitz on (a9,
B) The spectral radius of 322(t) satisfies
| (8,502 <P & 1.
¢ ). the sgstem £1=K(t>xl v Where .
Rt )=y (£)+81 (04 Ay 5 (£)+B) (1) [I-ng(tq]‘l[gélgt)+Bgl(tj |
is ‘exponentially stable, thét fs - te fundamentél

(e

95) )”é &e

Then , for e 0 smnall enough all sedutions of the system sa-

sfye: the es tlﬂ&i@“ sJuniformly fér s €4,
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5. Consider & standard neutral-tyvpe sybtoﬂ

%t y=A, (£3(E)+A (8% (8-€)+3 (tIx(t=¢2)

- 5 @ N 5 - 2 5 o o~ i ~N
Denote xy(tgzx(t; > Xl(t):x(t; to get a system of the forn
et 25y =
1y with All;bﬁ A12”I
= : =2 I~
The main assumptlons are G’(o (t))czf e 1 5 -and
Rtr=[1- B4 (t)] (A () +2 A (1)) defines an exponentially sta-
ole sysieua
Under these assuznptions theorem 1 gives the exponential sta-

bility with oorresponding ectimates for Ix(t)l an

\Y
>4
N
ot
ot
ey
2

4= An adjoint system and the variation of

constants fornula

A, vonsider the adjoint system
1( )+z (b)h 1(5)+vl(o+e)%1.(o+z)+22(s;A21(
+22(u+€)321<5+ij =U

zg(s)zzl(s)Alg(@)+zl(g £)34 ( +e*¢72(u+e)322(s+6

WMultiply the first eguation by -Yl(s,t), the second hy
Y (g,t) ineograbe drom £ tond oy add and integrate by parts

o= cet .

4



T
](m>11kT?U>_ £BL (1, t)+Sz () =Y (s,t)+A  (83Y(s,t)+
.t; S

+By 1 (80X (8-€,8)+A; 5(5)Y (5,1 )+By 5 (8)Y,(5-€,1)] ds+

T+e $+E
4 j L (8)B,1.(a)¥, (=¢ L)quS s (3B B T (8- ,%)ds+
= 7
r'lf e an +E
+j 2) (838 ()Y (8-£, )88+ | 2,(5)B,,(8)¥,(5-€,1)ds=0
I - T

Choose Xy 1, defined by

Y’(u e é(s)Y <S9u>+3 )Y, (s-£,1)+A q( Yio(s,t )+

+By 5 (8)Y,5(5-¢,%)
To(s,t)=A5, (807 (8,10+3,59 (8)Y (5-8,t)+3,,5(8)T,(5-€,1)
Yl(t,t):l . Y (s,t}sO for s«t Ym(s t3=0 for sat .

-

Tnen we get the rerrefentation

2 ($3=2, (1Y, (B, )+ | zl(s;[Bll(s;Yl(s~g,t,+312(s>32(s-g,tzjds+
m

T+ :

a 25(8)] Byq (8)¥; (5-6,1)+3,,(8)¥,(s-€,1)] ds

i
From the system of equrations ‘and the inltlel-cenditions we
see that Yl(s,t):x (5,8) , Yp(s,t)=X,(s,t) (eee remark 1 )
and under the assumptions of the theorem 1 we have the esti:
[T (Tt e o~ % (T=%) ,Lyl<swg,t>)‘+1Y2(s-e,t>léee‘ q :
If the Tinltisl" “Tenotions: for 24 and z, are denoted by %jl 5
+¢

%% resye t1v07y y We deduce
S Eg o
e . (s=é=4) ds

l2y(t)lece e Bt 4 ()] 4o (ourl%‘ «aup!%

‘hence

le(t){éce’&(T"t){]zl(T)l+v€(sup)%il+su?(¥§/}]

3 \,_.—\PB’

for 00 < sital 1icenongh,



e senond equation in (2) gives then

£
zﬁ(h)mqéﬂﬂw-be)Cq(s+f6?ﬂgg)+

d A
=~ f. T e e ; Trn] YE VA SR i \W“ Gl o
ﬁf/aLzlCbTh&/muzyb+Kg>wzl<S+(g+i)g,mlzfﬁF(ﬂ}L,££1v2<o+wgsiiL)

<=0

and we-deduceg

(z_(t){éch s gup{%é/‘“e (Tt ) (= “\{+E{Sup“iﬂ =

For tng matrix solution with Q/j:O ;‘fgzo s Z7(L)=1 ~we
55 = (=5 3

A
get the usual exponential estimates
5o Q(
e T 2okt Ty oo ohe D
For this solutivn we shall have Zl(t*”) 1<T5b) L Sl

Condider now the affine system
xl(t)zﬂlﬁ(t)x.(t)+Alc( JE, (t\+j l(t)x (t-&)+
. 7 s

.+31)Qt/£2(t £) +£.(t)

%,(t)= xgtffyv7(t>+321rt>;7(tag>+ | (3)
(4>Y»{t et (1

under the same assumptions a2s in theorem 1 and fj,f? continuots.
a A by .

Writesthe equations in the varisble s, multiply the first

equation by Z,(s,t) , the second one hy 22(s,t) intesrate

5

from to to t+-add, integrate by parts ,ase +the "fhitiai"

conditions for Zl SAd 0%
de get the variations of constants formula
i :
= ' N - VO B Q_‘ i e : [ Ner g N\ \
Xl(t)~zl(to,t)kl(tgj+ 5 L_bl(vrg§t)Bll(u+g>+22(s+£,t)321(5+§}ﬁ@ﬂbf

to«g

[zlcs+g,t)312<s+e)+22(§+e,t>,2 (s+g>]%§(s) +

+
,ﬁs’\—ﬂ\-

[Zl(é,t)fl(;?fzg(s,tbfg(s?]ds

0

=0 (t £ e %)(% (t-le )+

lw

B (N

£
= o

. Co(t,tuke, &) [Agl(t~k&;x1(t~kg)+321(t~k&QX1(t-(k—l)5)] +

S0

Q-

¢

M

b
£/
G

Op(tyt-ke,e)f (t-ke) - for t +(-1)ect ¢t +Le



nce of the term
ence of e Y AIZ(

Benarks. I+ The pres

art since

bifieial

wo
we

(1) may seen

by using the second equation. It
deration of the adjoint system a
ding variatione of constants fo
ted the form we adopted for (1).
2. Under the assumptions in the

mulae ahove give for the solutions of

system the estimates

e s 0N o Sl e toum Pl

+c(suplf]l+suplf2$ )
ay
2 Lt

lx2(t>ié«3f "S>[le(to>l

sup Y, |+ce

+sup[?2()+c(sup{f1l+5uplf21)e

55

Asymptotic expansions

t)x,(t) in system

may -replace xg(t}
is just the consi-

nd the corespon-

raula that sugges-
Theorem 1 the for-
the affine

'supfﬁezl o

+£(sup}@1]+

Consider again systém (1) under the assunptions of theorem 1,
o ; & o 3 ~
define X, as the solution of xle(t)xl ‘ *1(to):$l(to) for
e . o e : : 5 A4 pe

tzt, , Xl(tjzﬁfl(t) for 'to~£g tzt. , and %, from the diffe-
rence equation

N \"). oy : :;-J &= 22
Xg(t):A21<t)X1(b)+321(t>al<t”&)+322<t)X2(t)
~ R ‘{-,::-_. o =
x2(t):'22(t) for towe,s tc-to .

#e shall prove that X1 %5 PepEcsEnt e
go=
asyaptotic expansions of Xy 9 %o vwith resp

- cisely we write

L ) e,
and prowe»that } 1 and \72 are ubnifermly

main part of the

eet toe ; more pre-

e)x € Fsltse)

be and m

(ala 2

nded, a e

9]



B . ol 3 = = s s ) 7 K3 o e
—over we obtain for them exponential estimates.,

e get for “31 and 52 the equations
" (i— \""l. (t s (,t - \";”A (_t\t (4, ¢ -\‘{’g:; (t\;y (t-g E—;“:—{-
?1\‘_ -lféz“"‘lq_ /jl g /TRy o )]2 Uspcoy oy J3 &l

+372(t)fﬁ(t & &)*g 11 (T L” (b""tti”yl("t ] +
S
s

72
{

{»4

1\ _“N: { 4 e .}’.; n \'-‘
+ g"f[ll?;(t/L 2(“’55/ )j - 0 0( >LX2(T 8- 7*2( {_f

§2(b €)=, (1,]1(t S b (Tt tet)*3od<t1}2(t ey
with zero initial conditlons.
A L : ~ ;
Here we have et x. (b= I 90(1)1 [Agl(t)+321(ti]X1(t)n
&

By using the variation ol bhdtmﬂi& formula we may write

+
§1aayay:%-} 2. (5,8)[3) 1 (9)(F; (5= (3024 p(8)(Fp(s4£)-
: : ‘»/?':;?u))nm(s)(%?@ £,8)-X,(87)] ds
je have ¥]<Q\IS<S,L§}X1(TU, s.pence
l-"{r’ (3_.,“&)“';1(5}! z 'S.u.,&,to,ﬁ(s;é%;«) ‘Xj(to)\ =
_EI\S C’(s-6€,t )26 lxw(ygﬂ—~&ifx<b—@é{t 2 (5-0E, t aeﬂxjﬁ))_
L neeg ”¢<S )]xl(to)( for Z 2t &

We may then write
t

l}é LZ]_<SSJL-'/‘-31_'IL<5‘)[Ag:l(s‘”ﬁ)";l(ij)] dS] &

+£‘I§ ijb, f%)[ 13 &) Xy (u,\dg

£te

’t ,,ﬁ SN --(,V Py 3
¥ e e dS\Xl(to)[QCP 0

{ggfe
where the constant ¢ depends upon ‘Xl(t )l .

o

e write next



A
‘1 i " ~ e RN
c S Z2) (8,88, 5(8)(X,(8-,€)-X,(8) )
; i::{.()o»-é - % ”
. g J Zl(u,t)3|2(b)L?2(&»£,t/mXZ(b/J ds +
.tO
+
1 ‘ Ly a O\ ~- _ (o -
+g: kZT(’gt>)]£(U/L4\)(LJ 6&) X (C)JO.I« =
ote
1 i‘;é‘t T
e En S 71(’?‘9{’ ]q]f\(E))LXg(S“‘Eg'C)‘ 2(3 /J ‘%E} +
e

: 5 P W 1
S_Zl(S&g,tO)?12(s+aJlx2(s,a)ax2(a,] ds +
1o '

4 %y (8+E, )3y o (8+€) sz(og %, (s+g)] ds
-t(’, y . "
e deduce
£ 3
Torfs, [~ X o o= (%
’Ef} 21 (8,83, 5(8) | Kp(s-¢5e -8ip(s1] as| 2 :
‘g :
gl ) i e~ o« D - .
+)? § zl(s+g,t)312(s+gJLX2(s,é)"Xz(é)] db\
e may finmally write
%
- _
._\)(; o n N ::’
\fl(t,g)lg ce & to> 4[3 _S Zl(s,t)alg(s,(\g(sﬁF;w
/\. . gt ] g o - .\-—/:’,‘ £ \/\ g T :
~X2<SQ dbl +[€‘{ 71(s+&st)312(u+&)LA2(u,€/-Xz{oilisl

(%
~ A

N s
Dencte n(t,t, O(t E)= xp(t; . e have xz(t)-ﬁzg(t}XZ(L):

o~
)i

)% ( t~a)+322(t3k2(t~g}+
dl(t LX (t/“x (t E}J *‘32?(t)£ 2( )"X2<t°"£J

W8 deduce that

yE<t§&D:322(t)QIQ(T/"E,E)“BQI('E) Lxl<t)“'}:1<t"’£>} ™
ﬁ "
=B (1) [ £5(6)-%, (-6

" hence -for't.+ﬁﬂ—l)&<\t gt +Qg

Fo(t,€)=Co(t,t-R€ )y, (t~ Le,e)+

04 —~ - R
#5555 Co(t,t-ké,e) { 3?1rt-ka)t_xl(t—<k+L>a;-
4/<L)

(f V&)] +R .1£ﬁ[ 5 (b (V+1)&\~X)(t'k&J§



hente

fyg(t,g))gﬁgw €

We deéduce that
1 ; . ;
: 5\ g & ~ ﬂ/: 10 = } =
‘:..,, S ZI(S,tjAl‘?(S)(}&,Z(Lﬂyéj"4\2<f:;)) dol + s
B ' ‘ :
1-€ : :

K 3 _~~ - =<r S 0
{'{i’ / (Sﬁ’"g,u‘)u,, \S“{“&/‘JX;;(S,&/mﬁ.,\Cb/J dS} —
li & L & &
%4
- :
2 ~ . Fdfgeta)
) - (t=a S O 2 g ) :
o J jL e ( )[@ & & T & Ar)(a‘)""‘ ,—\(\T} H
ol g ;8¢ T4%,
b = 0
wo< @ ) o ' ma(tmc.‘-g’\ E ,_‘«é&_?_';:_,o) ~
g v Yo ]} ds+ %~j e T L@ = ( supixz(ﬁ)-
£°%, e apet
L (gt X (tet )
- -l {(g=-t )7] - -1
~X,(5)]|) +Ee > o’]éd(~ £ O (t-%4
o =
¥ith this estimate for E | We use the timate  in secltion
2-to get the vorresponding estimate Ior }9 and the validity
of the ssymrtoiic expansion’ ig stahlisned.

Tet us state this result as a theorem .

THIEOREM 2., Under the same assumptions as in theorem 1,
we have for an arbitrary solution of sys ten &)

) (68, (e ey
Xo(Tye )= z(t)+y£(t £)+€ }2(t £

and X, are -defined by
1 : y .l('to '}::X]_C?OP-&‘)

X, (t)=[ I- Jqq(b)]”l[;&21<t)+321(t)] 515

e b

‘where X
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and ~§1 NOT §; admit the estimates St od {4
eI st e cf'e‘“"‘““to)

|5 CtE 2] < ce e e - Ll

» Gl B ) | B

ly?{t,e}(éc,e e sup |x (t E¢~Aﬂ( )\ + & Cce ml to)
i tog o iAi

Gw ‘Higher order approximstions

: ~ o~ P : : . :
Let X7 9 X5 , X5, be as ahove and write the expansion in
the form
- e
X](t,a}:x](t)+3;%m g }”‘t,s)
g ; ks, 3
1?;1 e
2<t £>_‘2<t E/“*‘> EJ‘E;(J‘UE)
: ; o k . - { S et
where 5 5 3,) }2 dcek g y are defined by

;;f (t u»ﬂ(tﬁ“@ S i e R R PR

x .
+ %;“1;(46’[? }2{“1(‘{3,8)“’ 1;'«-1 tsE)J * ":é:’ Blg<t>[.}};‘l(t"gﬁ&)°
A
- i)

k | } ; e : >
f (e )5 (1) ﬁ(t,gnggl(t) F(t=g,e)43,,(t) gg(t-e,w

ok
}2(t € )= LI Tazj(t] L/qu\tﬁ"%gl(u;]}l(t £

and we navm set } 1 =% t '§g~}2 5 EZ :%2 ;.finally
0 ‘ ; AL : = feh
fl (t5€)=413 (1) §4 (F58)+A 5 (1) j (tyE)+3 l(t)} (t AR

: : e b |
+'}312(t_)~j21(fc-E,£)+'% S }l(t-‘e,w - }%(t,‘e)]

Emewlieo- T ] 3 o[ Fhogo-fi



0
o=l
5 —5: ko i r
j ét € )= Aﬁ(f)h (t &) +Bay (80T cbn&.ga)n,_?\t § (*r £,
: e .k :
i < : / s :
We have to prove that with J ! jg , Llek <l as above the
(+4 ¢4 5 _ i N
equations for . . }O are the ones we have written ,
then that ﬁﬁ 3 gzz 1¢k ¢ £+1 are bounded,

To eheck we have to set the

expansion in the terms not

matrix by Using

o A
:’ sl
o © o T I )
the formulae for A and for f? and take into account ‘the

~4
eguations for x, .,

A ¥ Tef el il have zero initial

j—
NS
Sy
R i e
(S
e}
{—
i~
~
N
=
*

Assume by dinduction

]}yﬁ (t,c)- F l(t»éﬁt)( - c[E e; Lo diiai e

-

1 — v PR ol { ';___t ~\ )
’E‘A Lt,e)- % §"1<t,z>$ & £ Lﬁeﬂéf(t”fo) ve” TE %b i

o

: e e ~ A :
These assumptions are satisfied by Xy 5¥p%s hence fTor k=1.

Then a direst look gt the eguations shnows that the esiimgtes
b 042 ’

propagate. What concerns f7 and }? the proof of the boun-
dedness procecds as 1n the cgse 45=c by using the estinates
above,

REMARK . The asymptotic expansions desnribed above does not

regquire more smoothness than assuned in Theorem 1. If more smooth-

=

, ke :
ness 1s availlable the terms Fl . 3 5 May be descompoded in

"interior" terms not depending mpon & and "houndarys luyer" terms.

e ——— e



7+ Expans iONb for affine systems

For the affine system we have the repregfentation formumla

xl(tég)uzl<ﬁ09tgfl(to)+ {}£[21<5*& t)Byy (s+E)+
o0 J,

-+Zz(s+g,ﬁ)321(s+g)J o 1 )+{j [ 2 (m% f)dlm(a+¢)
€

(¢

+7 (g*i t)drq ‘*é)] %’ (s) ds+

o
J[jz.(sgt)fl(s)+Zz(sst)f2(52]ds
Rer ?11 that Z.(s?t};Xl(t,s)

Zz{s,t)=zl(59t}Al2(8)+21(8+6$t)%l2<5+6)+
+7,(8+€)B,,(5+E)

Use the asymptotis expansions
lﬁ‘i ] g“" ’;Q 3
'8 (t,o)mu(t,u>+ iz; g e Cilkel
I s

}

: e R
with ¥, estimated as above ,

S
define Zz(s,t)«[b(ugu)kfj(s)+ (tys+£)B l(u+&,J [ I-B,, <u+&/~] o

. 4 ﬁﬁ. 1o e
write Z,(s4t)=Z,(s,t)+ >_ € Aq(d £y
e 2 Ay :
prove in the usual way that
A _d{t=s) e
fzg(sst) =25 s,t)’é c (e € + &e (t S>)

and replace in the rofreﬁcuiutlon Lornuld.
Be have to.look Closer only gt the principal term of the
eXré”ﬂﬁon given Hy't
Tet,t ECE J[;“rt,ﬂ,f (8)+7 2fs t)f,(s) ] ds=
'=5<1 t \x (t )+§ { (t,g)f (v‘+5 1,5)[A91(3)+ :
+3,>](u)] [1-3 2@)] f2(b>jds v {9080, ()0
+C(t,s+&)?21(s+t)l LI—BQQ(s%é)J_l iﬁ(t,s)[Agl(S)+
+Bgl(s)][1-322(s)1 -gfg(s)ds

e
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: A i » . i A U n, - & 4~ e
We see that here the principal term can bDe wWritvien &as

’\I
Lz

('tsto )X

' < L= ;
with Igg):fl(b)+Lan{a)+521(Q)1 LL Jgg(aj J fg(s,

and the principal term is naturally defined by fornmally

6:0a

B, The monlinear  case,

The system considered had the general form

kl(t):ﬂlgﬁ,xl(t),xg(t),xl(tma)pxg(tmg)J

xh(t):ﬁg(tgxl(t),xj(twa)sxﬁ(tmgf

-
S

-

The reduced model is obtained by seting €=0

e
~
(—-b
Mt
i
Ly
~~
ot
3

4

¥

~
S
B
b

4

ey
e’ i
-
.
AN
i
R
&
—
1wl
g
v

2
~ v,\z N/ At %
Xz(t,E)m?g(%,xl(t),x1(t-2),f2(t-ﬁ))

with coresponding initial conditions.

o
G



ASYVPTOTIC EXPANSIONS FOR COUPLED SYSTEMS

CF D r”?"{CVCAwDIFFBRH=fI \L,

AT ! TR RNOm PO ITAMm
AND) DIPIFRRENCTE AQUATTOAS

A CRITICATL CASE

Vasile Drigan and Aristide Halanay
Universitatea din 3Bucuregti,Fac. de MNatematicd,Str. Academiei,
14, R=¢0103 , Busharest. , Romania

1. Introduction

We consider again & coupled system of differential-difference
and difference equations with small delays which arises where

03

considering wave propagation with boundary conditions contai=-

ning ke ntial equations.
-As it happens often in applications this system is now criti-
¢al.;in the senmse that . the spectrum of a: matrix dis ¢lose to the

stability boundary. To be more precisedy we consider the system

xl(t):All(E)xl(t)+A12(&)X2(t)+311(&)Xl(t«6)+512(8)x2(tw&)

£ (£ )mEAs (E)%; (1)4EBp: (£)Z, (t-£)+[T+B,5 (e 3%, ($2)

The main problem will consist€ in getting asymptotic expan-
sions ‘and estima tpo tor the fundamental matriges associated
to this system, as a basic toolifor the study of affine systeums.®

W#e consider here the case of coq tant coefficients; variabie

coefficients for the first part of the system 2ould he ~onside-

red with no major Changes » but the problem is compliﬁated

enouzgh as it_stayf and we leave the FOSblhle exte isions  for

further: considerations.



main assumptions

2. Repregentation formulae and

The Tirst component of the solution may be represented in

the form: %

< iy

Xl(ﬁ)z (t | Box

: €2, (s+¢, tjﬁgﬂ(é ]({iCS)dS £
‘t < S 5
f {Z (s+£,t)B Q(h) <S+E,t)[jI+EBP?(&)]%(F2(S}dS

% o %
where (p‘ is the initial function for X, and %g the dniti-

Zl and 22 are the solu-

‘».11

a1 fumction for X, the matrices
&@

tiens gf the problexn

l())+21(s)All(&)+zl(s+£)311(£)+£zg(s)n91(£ JHEZ, (u+@, LE}(

M

P<S) 71\s)ﬂ19\ ,+/Lku+8)?12(&)+22(s+&)(I+£822(6) )

f(),&) 0 sfor s>t ., Zq(t,8)=I , Zy(s,t)=0 , &5t
o~ ~~

Denote 7l(s,t):21(t—s; : Zz(s,t)ﬂzz(t~5) (since the =

system is autonomous ) to get

e Rl i : s unrn : SRy 5 o
Zi(3)=216@)A11(€)+Zl(5'8)311(8)+t;52(6)A21(&)+é;Zg(€~&J32fé)

x ’,}/ (",-‘\Mﬂz [Z:v\’f\ (f )+:\; (5"5)3 (E'\ —‘vr;; -f_g:‘\{':[*_gn) (C‘)7
2] 6J)= FLE )xa-l? . c_.)l ; xlg ) diny - ) o <)

~d ' : ~ ERASE

Z,()=0 for €<0 , Z;(0)=I , 2,(&)=0 €0 -

The repregentation 1014H1a is now with tO=O b

xl(t):b (f)x1(0)+‘/'L/ (t-s-€)By (E)+
e 72(t -5-£)3 1(&)] P (s)ds +

f [7, (t-s-€)3, (g>+22<t~s»s>£1+3322(8>§J f (555
it

and our main prohlem ls to study the beuavior of Zq 292 75,

To have a system of the same form as the oane for Xy 5 %o

T T



B

denote ‘Yl{ (Z) ooy y2<5>:£;z9(g> and we Sﬁﬁﬁ

for '3'.'~1 o

5 the Problem

Y'(f/ mll(ﬁ) 3(@)+°il(b)41(o .£) A;i(&)Y2(6)+
+3 2](6,)1,)(25"’5)

: ¢ K e W
Yo (20207, (E)Y, (B)+ EB) (€)Y, (6-€)+ (T+E32,(€))Y,(6-€)

Y, (2)=0 for 8 <~ 0 , Y, (0)=I s Y,(2)=0 €«0.

To this problem we shall assogiate: the reduced one

<r £ ,)"' 7 1,7{’ e 3 1 e Bk : e gl
Ll(a)z[All<&)+Dll<&)j {1<5)+ LA21(6)+323<5/J [2(6) (%)

2 r % o * : < - : SRRy = N
YQCE‘):L‘qlz(& )"’B]E(& >_I [l(é)”g‘BQZ(& )3-2(6)
Y1<O)zl ' 9 32(O>=O

Qur main assumption is that the matrix of thiés reduced

system

@

A71(6 )43, (8) . oo
;_(e)wp(e) B, (&)

is Hurwitz , uniformly.with Tespect to & . A second essential
assumption will be that 329(0) i1s - Hurwlita, |

Under these assumption we shall ohtain exponential estimates
for Yl and Yg and from hére we.shall deduce a stability re-
sult for the system we started with as well as the possibi-
lity of writing asymptotic expansions.,

Remark that the main assumption is invariant with respect
to truaspﬂ ition and it may be stated for the matrices in the

glven system,

3. A preliminary remark

Consider a system of the form
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e
ip(é):Lﬂlg(&) +B4 g{] Ll(@)+522(5;L2(6)

-l = B }/l ) cks of th

T e T C (O §S - e
et 11 ° | 10 521 y oo be the blocks of T
fundemental matrix. de may write the variation of constants

formula

g e
¥, (@) 1. (&) 15(%) T
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e B it
1 o
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7 a a
]‘*/7 /‘"a’
(6~ (-0
fou 5y (6= ) D 0
hence ©
= ' 7 3
(5y= o @ J 1 (8-0)E(TaT
1 ) i ey l 4
0
and we see that Yl may bhe repregentad by using only the

first block of the fundamental matrix., The matrix funetion
Yl is also solution of the integro-differential equation
ohtained by repreSenting Y2 from the second eguation and
replaceing into the first one.

vf(z,,Lqu(e,+le(£ i T
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Ay (£)+35 1(&)]@ LAl?(&)+312(&)J ¥ @x,d¢+
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How we ate in positiom to describe the idea of our proof.

Rewrite the first equation of system (%} in the form
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and ‘use the above reprefSentation formula to get the integral
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[lez(g)ﬂafg(g)] Ylg{y)daﬁ

egquation [
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6“7

+f/1, (6-m aX (er+5 ()] ¥, (02a0 +

*“ ! o
J L (=387 (£) Lff2<¢-g>wY2<c‘>] e
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35 ()] ¥, (rar
‘12(&) Yl( 7 8
where in the last term we have performed the change of the
order of integration.

Je use next the representation formula for Y2

!
¥, (0)= e > farens i 1[“1,3(9>\11(amv 1)€)+
st
+37 (€)Y, (T-3€))]

for (fﬂHE.é<T< ES repldce it into the equation for

/

Yl and use the integral egustion in order to get good esti-

ﬁates for Yl“



4., The main estimates
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may write
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2
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metelof the Leph. €¢ € Remark further thaf“
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§

is the solution.of the problen

X =[T+683,(8)] % which is the

Fo=T
Lrh i

Euler approximation for the former.



,‘..
<

Proceeding in the usual way to estimate the approximation

error , 'denote by :
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dE 4 bzz,(-{—/(&"/j)u = TR
~[L+EQ92(£{] Rjt= ® le+ng2(aJ] -
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r : 4»7* mo s el : g Jds
‘iLX (t-s-9By,(e0+ ¢ Q(L«ow;{£+¢522(&>} {f2<s;do
It follows that : .

St g . =gt

sup [&Ql'

:

[Xl<t>[ £ e [ xl(Q)F§€e sup (Wll+oe
We write now the representation formula for %5
: ! [§J+A :

%, (t)=[ T+ €8y, (8] ¢, (t-[2]e ~e )+
ko
L<]

3c // Ll%é? (S\]J B (BT L{t=08) 3, (e)x, (t- +l)8)>
. 22 Aoy (e L E=JE bt B (8 I (el



and we get ! xg(t)' < c(Ll~oE) sup \%21 +

Xt
ol

= s -

+ce Clz, 0 €sup (Y .1 + supl@, )

e =5 75

e stabe Tinally
M oy e o 7 A Ll st s
Theorem L. \ssume the matrices

£ Ao (E B fE

pphiptByg (80

fi 2B, 8
“12(&5+312<5)

'3/'7 -~y ( E.:. 9

P d
e Hurwitz , uniformly with respect to aéfL@,éo)
Then for any solution of the system

xl(t):All(a)xl(t)&Alg(éng(t +811(a)xl(ﬁm€J+812(£JX2(twE)

X5 (5 )=EA 0 (2)%, (1) Byy (£)%, (£-£)+ +[I+eB,,(e)] x,(t~8)
we have the exponeatial estimates

b
SN
(i
Nt
N
3
o)
N
54
o
N
C
N
4
o
w
33
[
’_-J
e
w
©
3
-
D
N

-at, 7 o '
e d(jxl(0)1+85ﬂqﬂ @1! + Suy& wgi)

where %’l and (g? are the corresponding initial functio

6 1\‘-"'" Pfotwh axopan (‘.‘LO/‘\C‘

b
S

Let ] B, Xg(t,a) a solfition of the given system and
© &~ (0t B} I
define Xy 9Xg from the probhlen

%y (t)= fAll(ﬁj%all(&)} e (8)+[A) (8048, (€] %,(%) »
(%)
X, (t)= szqcaw—%(a)lxl<t>+u,p<w2<t>
with initial conditions X (O)le x,(0)= %V2(O)
v
Define X, from the problem

% e = \N 3 ’.~:- Y i S %
X, (t)=EA, 1(%)u1(t)+&321(&1X(T”’€\ HIeeB,5(e0] xy(t-€)

xz(t)s L€9(t) for ~-€ £1<«0



: 7S : N e
Define now x; end X, by writing

~ i A S
XT(t @}:yw(t £)+ex, (t,€)
J‘ﬂ 4
x5 (t, g,w,z(uSE)r “Q(L €)

A

Fef Xy anﬁ-x? we get the problem
2L )=Ay g (£)% (1)4B, (8 )%y (b= )4A (€)X, (1 )+
}>.1< ,)-ml_iC )% ()48, 4 (8%, (L~ tA) o (E3Xo LT

+8) (E)E, (50 & {311 ()] F) (8-8,8)-%, (£, )] +4q o (03 [X, (8, ©)-
n’};'?(t’€>:\ +’73?i_2(5>[}%2('t«69f)-—Ym(tgE)l}
X5 (£ )=8 A5 (€)X, (1)+EB,y (€)%, (£-6) *[i*t‘"2<ai3 A ;

75 A - 7 : E o
XICO)xQ o xl(t)m %{_(fl(t)»xl(t,E)J for ~f {4

o
N

et i=0 Ror ydu
We have the representation formula

o

'}? (t,ﬁ)m g—— J[_xj(t =i (9))1—‘ (%)+*2<t” ""E)% l(&>](: ("( (da)...

3|
i

%
>1($,U/1 ds +L J Y;(tus){ 311(5)[,§1(3"8,5)~§1(S,€d}+

o
N ~ A% Tz
LA Mo - - Sosuca e i S e & SN AN ~
4&12(€1Lx2(bg£) K2<b,t)]4312(5)[x2\b E5%) Xg(s,i,]sds
We=hdwe now to-estimate the differences that arpear in

the second term. Ve renark directly that | % kl S=t &;»x {5y 8)[—

— oA : v _ ~ .
¢ cte A Denote V(s,g)zwg(s,&)~xp(s,gj ; we have

v(s, &)= (I+“2 (e))v(s-£&,€)= 12(5 €)= Xﬂ (5,8)=(1+€B P(t))x (A-EE)+

+[I+£3 (6)1 §,(s-i,f&:gﬂ?l(e}xl(a;€)+6321(&)§é(s§a)+

&

22

- o . \ —n.’ e A : '\I’ B
+6322(t)xz(8m&,£)-tx2(s,8)»x2(s~eée4}x 5X2(3,£;+

+éd£2(€)LA,(q &y &)mﬁz\sgi)] “&gj Eé(s+-§€,£)d@ =

oA

] =k g dd e
Bgz(E)lfxg(s«E;8)~X2(s,til+a{[X2(S;€)»X2(s+E ,8)} ao
It follows that ' ' .

o 3 ; I’)

V(S,E):LI+EB22(5)} v(s~€,¢€) +8“”Y)(s £)
~ &P

with \y/ (s,&)l c.ce : v(s)M({g(a\ (S,E) for

g

o

F e g



{_‘_%jé-/l

v(s,g)s'LI+a%99(5)§ v(sa,%jewit) +
e :
- (7] :
e LI»;—E[{SQ,_;,(E )2 W (s- :
g ) & 3 | i
We deduce tne estimate
-
Celed : .
[v(s,g)\é(lwiﬁj sup[(gz(g)wxz(sgﬁ)‘
3 £ eNLO :
/lE‘
Qi et K E
+c€%¢ q£ QL PO (c )j

- el i
and finally (v(u,g)[C—éﬁ e 1ok ((0 is Lipschitz.

3y using the estimates 43055 il and Y2 we see now that
> (’)‘Cl 'é‘ -y o
is bounded by c e » Wwe have further
=] '

%, (t, €)= 85‘&‘ [ zees,000)? [ Ay (£3%, (5-56)%

+
..«] =
2 2 -~y t ,‘ ,-‘4 "t ' R
+3,5, (€)%, (£=(3+1 )g})} el 1 +€B,,(€) ] ALY (e-chTe-6)-
14

Le

A
iy

Xy (t-[EJe -€) Ja e Eg [ 1ee3, (]9 [Ay (€05, (£-38)¢
. |
B,y (€)%, (8=(J+1)8) ]
It follows that
[£] It -2t

% :
P X (8 8}\4:c (l-vle) +C e £¢C e
2

N
We ha&ve proved

heoren 2o 16t xl(t,g) o Eo(tE) be a sglukion ol The

problem

Al(t> 1l(g,A,( )+ﬂ (g)xg(t)+311(a)xl(tmgj+312(g}xg(t—ﬁ)

X, ()= A, (€)%, (£)+EB,q (£)%) (t-)+[T+E8,, )] %, (t-€)
xl(t): ¢1(t) 22(t)=4f2(t) -£c¢t <O

~ 0 ] o Tt o~
xl(u):xl (pg z&ipsﬁhltz ; let xq(t,e) , x5(t, ©
a solution of the prohlem (%), Then , under the same
assumptions as in theorem 1.

. e : T . vgfi
| Xl(t,E/~Xl(t,£/|+ Xg(t,g¢~x2(t,€)]e el o s L

he






ASYMPTOTIC EXPANSIONS FOR COUPLED NONLINEAR

E-DIFFRERENTIAL AND DIFFERENCE EQUATIONS

WITH SWATLL DELAYS

Vasile Dr#Agan and Aristide Halanay

Universitatea din Bucuresti,Fac.de Matematica
Str.Academiei 14, R- 70109, Bucharest
Romania.

In this paper we extend previous results obtained for

linear systems to a class of nonlinear problems.

1. Nonlinear difference egquations with small

Consider a difference eguation
X(t)zf(tg}{ct“€>9g> ' tfzto

RELJE L) for - begat el

Assume f3 IﬁRQ%[O,EO] S where Ic R contains

3

3 | gt T ; ;
[to—é. ,+°°) ; assume f be & with partial derivatives

D,f and Dif locally Lipschifz ; for any compact KR

there exists LKf>O such that

)(Djf)(t,x; a’)—(Djf)(t,X’; X0l e 2l % =x Linale = e 1)

3=2,3 ofor "xEK 5 xiek &'6[0,60] ; E,,é[o,(io]‘
Assume also that the eguation x=f(%,x,0) adnits a solu~
tion x(t) defined for all t& I and such that

SN
\¢((‘92f)(t,gg(-t>,0))l <<l for-all el

~ R e

_f being inderendent on t ; moreover it is ascumed that
e (Djf)(t,zﬁt>90) s ~j=l 25 -are unifowmly bounded

0x. il



Consider -the problem

le =it EtEe=] )5 0] Z 20, X(E)zy/

g for = g6=0.

A general theorem 01 stability by the firel approximation

shows -that if
Pl s

| x(z; W,t)-5(t)[ ¢ k Pz sup [P(5)-x(1)/
independenf ou B , tand W, P=fals
Ne shall call “"domain of attraction " for

collection of functions 971[~1,O)4—afgy

Tution x(-;Y¥,t) satidgfies the inequali
Let AL I —> L (Rn,Rn) uniformly cont

ly bounded with ]cT(A(t))} £p<l for-al

is kxnown that for the fundamental matrix

It

ated to x(t)=A(t)x(t=¢&) 4 We have the est

IU(t,s,g)/gonéé

-ﬁ Z f < 1

JFroposition 1.

At wlo f =L @5

¢ RS e E
Iet A he as above and let
have for

A carid
-& (f—iaj/é

the same properties as

[ BEt, B)=h(t)] 2 C e for
Then there exists ‘O‘i‘ﬁ 21 and £
~ A
i i the fundamental matrix C(%,

L ; S o
too x(t)=A(t,e)x(t-£) satisfies LSt s,
A

. 5 A
for t s t, , ¢ depending on ¢ , %

Proof. Ye nave

sup | y/(g)~jz(t)[ is small enough then
2]

%ﬁih‘ﬁ and k

X(t) tne

S~
such that the so-
ty ahove.,
inous and uniform-
I e then 1t
C(6,5,8) ass0Cci-+

imate

I-0ec < &

suzh thet for
8,€ ) assgeiated
A

£)] é(%fi‘g

5

/ﬁ ? N A
Wk, S, =A(E e )0 b=E,556) T3

A
C(t,s,g):o 9 t <8 s

(Ethe identity matrixX ).

Cleysye =

AL
—



Foxr t z28+€ ¢ is the solution of the same difference

equation with the initial funotion egual .to E. for t=s.and
to O for s «t< s+& &
: - ’
T feet we hove. €6, 556050  for t# s+ke
A A ; ;
C(s+ka):A(s+K5,£)“.\k.+({ L E 8] < vewa A(s+£,g),
#Je may write
~ ! ~ o A
\ E ~ 5 3 - N AL 4 . T
Q(t,s,e):A(t)u(t-a,s,£)+[ﬁ(t,€)wA(52} GlE=g ;858
and by using the variation of constants formula we get
the r@nfegentation

-t L A &
(t90’5>"‘0€+ "géjis&)v(t"[‘é”J& 2 Bal ) F
Eail '
L
+‘> Cetyt-je, e Act-Je,€5-ACt-3e)] C(t-(3+1)&,s,8)
470

This rerrcsentation leads to the estimate
Leht 4 stk

o = J 3 ~ _" "
[J(t,s e)]en JQL +62¢§%; A»f . [ d(t-(g+1)&,s,a)[{
47" ,

ifs ; e e
we already know that we mgy take “73"%&
g &
k-n §+

[C(s+xe,s, 6| 2 Gf e, s +(k+ri-1)€,4,¢) |

“._.

()

haow
D
N
[ 6]

A
Let _uk(s,&)=j°A“ C(s+ke,s,e)| |
Our ipegualidty is 1ow :
:}(M’i A igta o
B8 <0ty o f Ja RIATEY
/\é;_t_-c k-4 /\k(} e
JWK’—(::’?%)&C—L“"Cgf & i)%?(}__f ﬁ uk‘é"i<596)
» e
uk(s,a}é_cl+cgf 3 %;K ¢ u, (s,€)
and slnge . t=saxlg

u, (s,

=)
2 s 5 3 ] - - « d
.kaVQf e ;2;_‘f W Cse) i then Wy ¢ 84V, an



/‘A-'(l.-G ﬂ[:_‘ /\g A f\»__'j_:_k_) A k
NN e 1 e €
Vil e -~ f uﬁ(b,a) vyt Cs ~f uk(b,é)f:
Ahzle p g A Al 2L Anl
£ e i (eq+vy ) = (L+o,0 7 i )vk+clcaf €
We deduce that v, £ W where wy=v, and
"‘/\_:__tu A 1(, A /) %v /\k
s o T &
e o tLiag e & e
We havekw’ by Ad
w=( Il aw+ = )f =
e J 52
where we have donoted 7 3 _
0= a J B z Q:ET") ’\J"'f
s (Lecy p Galman e sdh
¢ .for k=5 we have indeed
w3=a2a1w1+a2f2+f3:32(alwl+f2)+f5=a2w2+f3
and the fornul 15 true™; N” have further
14_
ol 77 La Wy - = (77 2, )P +f 115
» k-4 ,1 J'Q‘ (’:7)
aTW,u(77 a; )wy+ f’ (77 qg)f Aan o o
a4 & T2 Lo) =
L k
e Jl g
and the formula is a:ai“ true ).
We have then :
k-t /\/S;_tc,\- .,’i—_a A/L;EO A,,lk.A
Jw, | £ ;Z] (L+e,f = PO )| 4-c10252%1f 0 ' (1+
(j: E 4-
A Avio A A A'%O A L"l J
e & (? 4 e e
e G i f
The product
~[4~[ ( 3 /L_%Q /\4
4 1+02j o f ) s
Jed ey 2> A_r‘g,\‘) 0
is converggnt ginte the series = c P = - is sedy
and we have :
'Wib A /.3:.'.‘.%"-’ k-4 A A"l'vo A k-A
! Elew v
e Tt T p e
b : .

Sinme )94.1 we finally deduce that Wy, iss uniformly
vounded , hente so is v, and'also u; . We deduse that

~ le

X

C(s+kg, s, & )Jé,ﬁ -
.
2N

and thés 1is the type of estimate we were looking for.



In the proposition above we have assumed that A(t) .and
/\ . By

ACt,e) differ by asbern of boundary-layer type = ‘we
need a similar result for the case the matrices are uanls

Tormly —2ldse,

-

? e s B R U )
Bronesitign 2. et Ajz 1k LO,&_1-%ZkR ol

L T e

iala ) he uniformly bhounded and su~h that
5 3

o~
I, 0 e

6}

‘ )-A, 3 ) gl

(Al(tsg) Ay(t,8) | 2 pe for all 4

AsSume that for the Iunddmﬂnt 31 matrix Cl(t,s,g) associ~
ated to X(t)zﬁj(t € ,x(t- 6) the estimate

ﬁA :
) ,(34[)14;1,

e
: A : o
&8 fizwe. Then slicke exisks. ¢ < such that for 0 &8 o E
we have an estimate
toh
szkt,s,e)]é c, fQQb tzs for some ‘fze(O,l)

and ¢, , inderendent on t,s,e ;. here Cz(t,S,a) is *the

fundamental matrix associated to A?(t,e),

Proof. We proceed as in the preceding proposition and
write
= -5

t G, 01,5, 8)=Cy (1,1~ [ 25, )0, (t- L;az S, E )+

£
+. =0 C (t,tajé,&}[A Chaio co-A (h-de-e )1 0 (talicl e coe )

j;-‘:'“ 1 2 9 2
we get the estimate L4

s Lz )4
1A ;

ko s las 2 s i e pe £l eyt-(3+1)€,5,8)
e 5

since we may take t=s+ké

{G2(5+k£,s,£)ifaclf1 +c2ﬁglj;%~ 4 ‘ Q2(8+(k”j~l)€,s,g)
5 :
e e e
ineguelity - :
_ J : : i
et Eene Py TS
uk( 78/ = l*‘ /] < O‘J(- ,8)
r)' 2 ; { J=c
LEROTEe ',{_,i
€. = 5 ’ ‘
V;‘:——}Bt g..?__uﬂ.'(S,c) ; y Vy= __-,l]?,& : uo(s,g)



k

o S :

; A8 )=V = -, S a)
Y //}E u‘]<%’ A , i h( 9
vyt Fpe (“- +v, )= (1+ f”/’;& v, + 1% BEe
o / 2 ol R j; K Joll

V£ Wy where Wy=Vy

: = 1+_, Wy + ~Li £

Wk-i—l ( f) ]?)6 ) % /3

e deduces an estimate or the form
-1

“°1+("1‘*'cl><1+ F pe )
& & 2 A

Vké
k-1
(s,? £ (s c;+(v +Cq ><1+J9 pE )(
4 VAM‘A -
[2(s+y<g“ a>/4 1¢ S(8+E,8,8)] f - ; L /1+ é)ﬁ]
i “" s
we take ‘
fgz(l-r%/%e P 1
4
and for £ small enough we still have 0 & f,<1 , and finally

k
IC2(5+k£1S,€J/éQQ‘?2
the proposition being thus proved.

take an-drnttial - fupction %ﬂ on-

(Ey be bounded -,

4. Assume X
[tonE +o] and construct the solwtion’ x(i34 e). of ‘the
equation x(t)=f(t,x(t-£¢)j€) on tifto with initial function¥ .

t”,E,T)J where §I

Define 200, E )= 4 [ = b % €)= Y

satisfies
~ ~ : .
x(&)=1f(t,x(®-1),0) , >°<'&Z«)=<f<to+a5>

hence
32(_&—’5 L €,1)=f(t, %(f_gf £,%) ,0)
x(._--o s t)= @ (L) g st e
we deduce that : |
z(t,&):é- [I(L x(t-& ‘g E)gET= by x( t -15€t),0)
AL eet, RO BB 100 2(t-g, 00, 80008, F( e 16,8),0

2 é[@(t,x(tggul;&,t~€)+£2(t“&,ﬁ>sﬁ>°

for -l<«ao<d



it 1 r = ; :
»i“(t,:\t(tzi’ﬁ_=-l;£‘,t=-£v)§€)j -e«g*[:f(t,x(%fv-»l;&,vm,g) et
= 3 = b ~ LA ;
«f(t,?f(.%? lyE oﬂ 4[1(1;;(.“.._ Sse teey, >~f(t,x(fg"o-1,e,%),o)]
+§ (z‘)?f>(t,€?<t:§aw19g,b e,ns@z t-€,€), Q)kz,(t —€, 8 )=

=A(t,8 )2(t-€) 48T, )45 (E ML=, ), €)

ACt,E)=(D,£)(t, Ftloiie,t), )

g(t,&)z%Lf(',wﬂz =138 7 t=¢), €} ~f(t,§(§§?~i;ewt),0)]

.:;(t,z,;)::fE (Do) (t, (% -1;€,t-€,+¢9z2,8)-
~(1>2f>(ot,x<“w1 £y.e ] ab g 4

we have

| ACt,£)-(D,2)(t,x(t),0)] c| A(t,e0-(DE)(t,x(t),6) ] +

+ [ (DLE)(t,x(t),e) «-(5)21&')(%5(1;)90)/ T

~X(t)| +LE £ I(ke € sup 10 (f t65)-% Pl
N( / ( 59 éﬁé ?\ o %(
and Propozitions 1 and 2 give,a goad estimate for the funda-

o]

Lle

: e =
mental matrix associated +to A(t,£) . We have next

%(s;e,w-%(gz;5‘,t-«é>=f(t,’§(g.-1;&,-t)go)-f(t—g,f%(é-l;a,-t-«us;),O): ‘
{ :

= _({ (Dif‘)-(t“@&-,}f(ém‘l;8,t~g,)+9(§(é-l;ﬁ,t)-X(’é-«l;f’.,t-&).), JEe +
(&)

+(D ) (t- _C.,?v\i(évl;E,t-£)+@(§(c‘5w1;£,t)»%(‘Eml)&,tmé)),O)E\:(G—J;&,t)-

-X(e-1;¢,t£)]} ae
If we denote y(&, e,:%(a~a t)—%(é'g’t»g)& we can write
J(C €)= /D L9 (L= gw(("i,f t-€),0)y(e-1,e)+u(Ec,e ,+H(E,y (6, e)e g
with  h(ez,£)< f% fi((,  CRasiddd ,E))., ylL[};y(-&g) and
zero initial ?VzstLOQUQ

3y using Propozition 1 we have gz good astimate for the funda-
ment&l matrix and the estimates for h and H allow us to deduce
that (y(Z;&)[&ME; uniformly with resﬁect Y- & el L,

e Bedihge wrom hre thiot e 44 uniformly bounded. We have



L.

la(t,z,e)<lizl( € [z]+]y( %ﬁoml,g){ e Lelzl (13 +1)

and this estimate

@

, together with the one foxr the fundamental
natrix shows ‘that [z} 4is uniformly bounded, hence
Pt @, 6)-5(He e, 0le e £
$ )“’" “" 389 v ) L.:L c?.nd lﬁally
EICHADE wt) = Hee *‘f
This inequality has been thus cobtained for all initial functions
in Bhe "domain of attraction' of 5(t> with a complementary

boundedness assunption allowing to use the local Lipschitz

property of the derivatives.

2 uour“eﬂ difference-differentizl and difference ejuations,

The asymptotiC expansions

Consider the system

l(t’ £ (L Xy e S xg(t) % (t €) y,(t €)y €)
()=t (L,xl(t),Al\t &) ¥ (t-£0u8)

%3 (%)= t{{j(t) ;o booEevat- . x (h o0 C()](t )
with £,: 1%x9D, 29, =0, %9, %[08s]>R L

o -

£,0 TRY, xG x D, x LOEI>n* B < & 4512
IcR , [t -tajel .
#de assume fj are Cl and D&fj' are locally Lipschitz.

Ascume that the eguation X2:f2(t,xl,xl,xg,0) has a solshion
céQ(t’Xl) defined for all teI and Xleé%_, Consider the diffe-
rential eguation il z?(t,xl)‘

%I<4C9Xl)ﬁfl(tsxl ﬁgg(tsxl J¥Ey Qgg(t’xl)yo)
and assumne tne solution with Xl(to):qﬁl(to) dencted §l('> -
is defined.on [to,oc) , and the corresponding curve lies in

~/

Q%.togaﬁqorg with a Zﬁ -neighborhood.



Let Am(t) x (t X (t)) and assumne
a)fgg(t) - t.;to are in QL together with a <fé~meighberhood
b) t“““?fl<ts§1(t>s:§2<t>9§1<t>3;§2<t)940> and

£ (D)) (6, %) (8, %, (10,5 (£),%5(),0)
are unifdrmly boundead;

N
¢) there exists fﬂifo 1) sueh that

b 06k D) (s cwlwf 21 e e,

Let x.,(g,t) Dbe the solution of the "boundary layer" problem

X, (8)=1, 't,‘l(b),,f\)(‘l(t),ngf?jw{),())- TZ0
(

X, (%)= %(z;) SEEE 0!

From assumption &) and using a theorem on stability by the

first approximation we know that if (o%f f% (B,=-3 Q(t)l is
-— i 4‘) 7

e ~ 3 : i N ST < ¢ @‘ N o o

small enough then lxz(c,t) $g(t)’ = ‘f M§%go Y2<67;¢2(“>{

E;(Je. We shall define the "domain of attraction” for x, as
14 the préceddng-sectionh 1t consists of all initial fungs
tions for which-the above estimate holds.

Consider the solution xl(t,a)‘5 X2(t,E) of the given problem

and define %1(t,&) 5 §2(t,£) from

~

Xl(t. ,rx](t)+& X4 fi )

Xz(t,&):xg( = ,t)+£?x2§t,&)

Uy s

where X, has been constructed with %/ggﬂf%(tow~%é).

e 3 . s : Ay = e T
e want to obtain uniform houndedness for ¥, ,X, thus proving
3 ~ ~ = e : e 9 o B

that %, ,X, give a ftirdt appr mation for the solution.

e i
HOr 0 X we get the eguations

4 l = & Dt % ,:: b N ,\,./ .t"v e
E (t,g):fl(t,xl(t)%ﬂlkt,&),}\.2(-—g“ t) rE% 5 (1;€),5% (£-E)+

3 = (PRl b e)rek (e E,8) KD
+£k1(t"&,€),x2<_zf-ﬂ T E)+EXH (L= &, 8 ),€ )-

_fl(t,fi(t),EZ(t>,kl(t),xo(t)9@)

Vel



(r) 00 (%)%sy (t,8),%, (%~ z>+gv,(t e 5 wg(tm. S g)+

/N = : 5
+€X2(t"’69€*)"€/\ “fg(c (T> y (‘3) % (“"“' -1,%),0)
These equations may be written in the form

* dx
“““(b,ﬁ)~& ‘(t &)Al(t g)+“lq(t i;x e iﬂr%l](t g)kl(t £ € )+

+312(t e—)>~r(t Essi)*'ul(“sg,)*w (t, Xl(t 8/:y2<t £ )k 1<t éyt)y

S (-£,8) )
/////gé(t,a>:§21(t,g)§w( 5}#3,1(t £)%, (b8, L)+322(t €%, (t-5,€)
/ 18, (t, €140, (1, 8 (£,8),%) (1-€,6),5,(£-€,8),8)
whefe
ﬁll(tgﬁ)i(Dgfl)(t,§l(t)972(€§§9t),x1(t £, %, to-1,5-6),8)
ﬁlhct,&>w<93fl><f,x1<t>;§2<t%;,t ),y (£, %5 (4o ), €

L, =0, 8 )06, % €, <.”ﬁ,b), ENCE >;§2(ti@u1,t;e>,e)
By, (8,8 )=(Dsfy )(8,5 (80, % (o, 00,5 (£-6,Tp(Hge -1, 8- €00 )
Yra s lash bhteetiprivelIve e Bedsl & ﬁlaauaﬁcwaa.thezaaﬁqucﬁﬁt

B L LD LA

AN\
13.21( &)= (D 2)(t .&l(t),fl(l,w&),x ( tc -1,t- tht)
A
1321( £ (J wE )(C,Jl(L),Al\ az_—,)g;;2<._'€_o-l’t_&>9g>

/N ~ ~ -

3?2“3 = (D/‘fg)(bsﬁ (t)PX]_(t" E')r?‘if)(t“?"“l‘st”ii)’U

theslpeh save derivatives beings exadnahed at-Aocc sane s fodat

&{,{—)ll ,J\;—J?ék y/&/> -

We ﬁan further

G]_ﬁ:f’{ DARPETY )j [kD .)(taﬁél(t)'f@&}{lagg(.t%o9t)+
.+9fxq,m1<t~E)+@evl,Aq(—ﬁo—l t-g )40EY 5y €)-

ok (bR 1),% (1-6),%, (B -1,5-0),6)] 2+

+ [ \J.)BJL]_ /( U ’A.—‘ ( t)"#@&— “1 ,j.p)( __,,.0 5 i ,'~H9>‘ X §1<t"t \:"*‘(f:\’f_yl ,;Zr (wzj“’l %-F)%‘

HEY 5,80 (DL )(t, %) (8),%,( *? o (t -6, ¥, (b -1, te0,0)] %o+

e
t-t

+ &§D4fl)(t7xw(ﬁ)+ﬁéxl,§f( Lo, 1 )+EE X ?,Xl\t~5)+62yl,xz(~gLgf?)+

+9£‘y'27£)“<u4 )<Ls*‘“Ktzs ("‘3s't);Xl(t‘“a),gg({—g«"“lyt"&)!E).‘X :)’l+



e

+ [ (Dgfy 3(4,%; (£)+0ex, T (ke t>+@m?,A1(t €408y, , T, (Lt

*'Qé/lx')?é) o ();f‘L)(t % (t),‘_,2<.__.°9u)’\' (t- &)9Lm<é._é -4, t-£),E J :

e
sl

el Qer LA seS L LG T DL L BLR el ng ,f.eslﬁl:l~~tﬂ«1 Ay thecgane

. D, 4 S5 ap

St oo e F G XY M 40, Y

; ¥R EYASE o A A R YITa:

Bt s e L T
<~ i

4
+9ty1* (g‘u 5)*é%:Vﬁfé) “(Jﬂio/(t,xl\t>,xl t=g) ¢2<§§ia

“1,t-¢), g)] 11 E(J fq)(byA \L/+61X ,Yﬁ(t €J+€9£yl, A Zé 4%-g)+

@E‘YQQ )-£D- T, )<'ts§‘l<t)rvaj_(t"‘{J9§2<t*g°'l,t“€?yf~)'_j &

7
7
~
Y

+ [(D,2,)0t,%, (£)40ex, %) (£-£)+08y, %, (I %1, t-€) 4By, €)=
(D fq)(t,§l(t),§'(t—&),fz(t%E ~i,t—£),£)1 y2j ad
Ql(t,u Bt st ) 3 (o0, 5 bol,t-6),80-
1(t 1 ()%, (t)9, (£),%,(£),0)

8,5(t €)= .{f (t & (t;,x it £),“£,Jffu1 t-€), €)-

=t
—Iz(t,xl(t;,xl(t),x2(~€-m1,t4, {]

A

¥ ) fa ) 3o . > A L3 2
To get the degxived estimates for XX, We aeed first esti-

mates for €he fundamental matrix of the linear system defi-

A A
ned by matrices A, B 2
o D LEES e > Y9y and o also estimates for gj,Gj.

Fropogition - 3. Consider the system
Xl(t):All(t)xl(t)+A12(t)xz(t)+311(t)x1(t~£)+312(t)X2(ﬁ—€)

Xg(t)zﬁql(t)x (£)+35y ($)%y (b-£)+3,, (L)X, (1€ )

with A, 1(Jr) i b *bB (*‘ uniformly Lipschite and uni-

formly bounded on I; assumne ls(?az(t))[é&Fcil for 811 tel,
and the linear systenm X~&(t)v ’ A(t)=A11<t)+31i(t)+
¥ ft\.12<t>+7319(tﬂ [Em';“;m(mj“ [ (e (8] e

exponeatially stable. vonsider also the " perturbed system”



z (t)qu 6y e)xl(t)HA. S(tE >\<2(t>mll(t £)x, (t- emajg(t)x (t-€)

Xz(t):A21<t9E)Xl(t)+321\u,£)A1 (te s,r)hjgt e)y (=2

/\ - 2 ’_ol("!; &O)
with | A,,J__,(t,E)wA]..k_('t)l e e
: A : Ne{_(\t“fo)
| Byp. (€273 mm)é cfe " &
vfor Lt 7t0 and £>0C small enough.

Then there eﬁistg‘g>C)su°h thaf forall— 4 4€Aég the matrix
solution (jfi(tys,a);Y2(t,sﬁs) > of the perturbed system
defined by the cogiitions Yl(t,s,e):O ,.Yg(t,s,g)zo for
s=-¢et s ](5 §,6)=5, satisfies ‘

Q(r*»)

. ~(t-p),
lYl(t,s,a))é c e ,\ Yg(t,s,g,le c e

=

POl . From the linear theory we know that for the matrices

bl

=2
!

MZ

associated to the uaperturbed gystem we have estima-
¥ ~Z(En) _T(-n)
'Orm‘ll(t,s,&)[éc e ‘IYQ

and we want to show that these estimates remain true

1 9
~tes of the

i

Q

(tasyﬁ—)’ée €

(with the coresponding chanze i the constants) after the

perturbations. e may use the reprezentation

- o » e T \

i (_t,s,&):m(t,s,tnj Yl(t,o“,&)éL;xll(_cf,e)-Au(qﬂ\fl(d',s,a;»k
A

s B s i e
+£ &],-\\O/ g/“‘,xjp(G )J ;2 ,S,&;&LQ/ ;| \O’,¢)—-"311((5‘ )] Yl(G'—E_“»,,E)t;-

g & _z : -
+[B,,(0,8)-31,6 )] 12(0"-—&,5,&;} iT +

e A : ~
+£ zgcr,t,a'){[Agl(f,z,>«A21(¢>] yl(o,s,a){agl(q,a)—
«321<Gj]Yl(fwg,s,a)+L322<¢;£)uBQZGT)] yz(vma,s,a)} a0

For Y, we ghall use the reprezentation
A"E'Al .

: e Bl e o
Y,(t,sse):jz“‘“o\tst'3£s€>{ Ay (B-3€,€ )Y (B-JE,8,8)%

+Byy (t-J€,€0%y (t- (3+1)€,8,8)]

= T
with CQ the fundamental matrix for Af(+) Bzm(t a,xz(t B,

since by  Propositionsl and 2 in the preceding sectlion we
L omar o s gile e B
G



Denote }*(T9&>:. Sup - € [ Yl(t,ﬁ,e)l§.

= j:"‘ Liay )j (Tyg )=
: ’; [T.} "‘"(y(‘%ggjﬁ

(t“‘/’))
léC € //((J-yé>

Use this estimate in the repregentation formula for i, to

Lo . - : oL (#-) (¥ o), -zlet)
e’ \Yj(t,s,e), e e < +CﬁA<T,£) e (e £ 4
1 ) _
+ & ) 4T & andFinalty p(T,€) & cuc 6M(T9€/ heance K (T,€)

is uaiformly bounded and the deyiyed estimates for fl and

Y, follow directly. we shall apply this propozition to ow&”
situation . We have
A

e,

|

(

eL[)Xz(L& b=t t)] +{x [hetias l(t‘)[ .F}’;fg(t_foulyt,&)__
_olt-t)

"‘f_g(t) ) 4 EI(, “’(’ﬁ e +8)

“"‘llfta&)"‘(Dgfl)(tbil(t)sfg(t),?jl(t;‘pf;g(t)yo) I &

and similar estimates hold true for the other matrices in

the limeay part of the syiziem,.

o

de have also directly the uniform houndedness for Zq and. £,

for Gl and G, we have estimates of the form

o F : T 2
[ul(t,xl,xg,ylgyg,ejl éI,é(\xl‘ HiES gyt Hase)

\ S 2
(G;‘t(taxlryl,ff29e)lé L EUXI( '*’ly]_\‘”‘ygi /
Remerk also that the initial function for %2 is rero,

wmhile the one for ?7 [QE(t, Al(t)J 1,41 :

da

Bhis Lmltw41 {éthfLUﬂ is bouvnded 4if we assume %71 tn be

Eigschite,



¢ ; moent < e {oce
These estimates together with ones ‘for the fundanental natrices

A A R
(el S & 23 ~ ot £ o o ‘.“p,\f;,> ’np - S
give-the willorn houndedness 01 X4 4%, snCe the va 141y

of the asymptotic expansiond.

o

4 Stavility

sl
2

v id gai ‘he svstem in the preceding section and X ,Yq
Consider again the s 1

: 5 3 » 2 F ey s S, ..—_-J-
a solution defined for t 2t by initial functions on[io £,u& .

0
We lindsrize in the usvual way the systen around thislsolution.
Assumé the linesr part has good stability properties;tanen

since we have the coresponding repregentation formulae we may

proceed in the usual way to .prove & result on sta 11t ty iy toe
first aproximation. The stahility properties fob the linear

rorination are deduted in the linear theory. The only preblem

T
that deserves some attention is concerned with the "dqomain of

A

iz npnllcﬂ*Loqoe

G-k
Consider the groviem im uyuraulice «e started with Llj,but

assuming nonlinear boundary conditl ons

0 lf‘[‘« & azvc“x e D H : =
S e o LD ERAA
.}'t < 3‘, 0% ~
s e cf y oA

B e, T

= i 1Ay (U\d’ﬁ({)(

n o4 s = 0 z
HU‘L) - 2 () + K o o

Taking the noncizens-onal form,using Riemann invariants
= 8 ¢4
and denoting &= ,X=—— we get the problem
Lo S (\ 7 5 S E >
= P § R &
«%»(@ Yomm = [ WHE) A W (678 e e 3

\ F : : < /(((«
Tl A Q = =
CWIEY - wWile-e ) ~—5@;ﬂ=ivu61«w¢axj»~w ?w(uy&d(k) - 5 y(t)
.Vt‘"L' £ ‘/ <

r\)l

Denote: g‘ *M%, and write the difference equation in
-



standard formn 5 A e e
Y : C\{ ! LAaa \ 15 AS 2 3 i L;. ’\ } j 2=
CalE Y =T ) ;V”mif“ﬁiw E A D G Bl
{ e A : e
- s e
——— *] g = (“" !
- N2 g ytor 2w @o+ &\ -
- {

We see that this equatiop has the form

sebe e O W) Ve £5)
and in 6rder to apply the general theory we have to study the

- derivative of @~ with respect to the second argument.A dlrest con-
<Dy, Wiz € A

e B
The reduced eguation is = F 'e: 3(3)\%(13\

putation shows that
o NE)=c

~ 'i’

and it gives y(t)=0;for this y +the general theory may be -
applied if the solution of the difference equation w(¢)s=
4; (O,w(c=¢)) stays at a positive ,independent of £ ,distance

from "-mzj .Denote w(b)-w(x9+ ~rTM;then@(c}:—sign@(ﬂ—i)ﬁ(\Q(C-{)§)
: 27, —= e Q@
w1th.‘?(ud“ﬂ*“rig" M«+ugg»u~3 and initial condition W(C@=§%T
> L&
<t

for Tsv .A simple analysis,using the properties of ‘¥

siw) $ A : :
shows that for ¢s24% the solution w is piece-wise constant 5

oy
T
‘

does not change the sign and‘g(é){ZQETjjf%% .In this way the theo-
ry may be applied and we have for y and w an asymptotic
expansion starting with §26) =0 and Ww(C) computed from the o
reduced difference equation, ‘
As a second‘example' consider a problem in combined

15

heat ~electricity generation ,described by V1. Rasvan in 72]'

by the model = | 2 ~3 -25‘
\“-? e ~ s N gl Sy 2 ‘.;..;.,,.‘ )
S ‘;1\; = TR 5 "¢ o iw Y ) ’{“‘

B D : <
= s = TR :
25 \!\-f ((‘ {.«\ =f: j\\“' ‘\) t il K‘ .
< : T oy L \‘) -

mu“»t\ = S 2

e S
Tcls SR el e )
> (.,‘\"'-



i & i
CEX /
(.L;‘ L
"'\\: ‘ "’5 = “\‘ G (‘)l }“L“.’iﬁz_ = 2 >L~J_( s ( )
7o | !

Here ?,and iy Are control parameters;if they are constant,
{
the model is linear and if they are constructed via linear
feed-back the model is nonlinear, |
By usging Riemann invarlant" we get,taking nondimensional time

s o« Himy FU-WE

j2 6
A 6(7\“1 e
e

We may apply the general theory if Lﬂ»yr%g\(\,ﬂk¢¢3 Z e
. ig  "small" while \ﬁ; ig "normal".The general theory

leads to one of the reduced models suggested by V1. Rasvan,

s%{f

and
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