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A s l rnp le  p rob leu  ln  hy< l rau l i cs  t f  cons idered by  the

n e t h o d  o f  c h a r a c t e r i s t i g s  l e a d s  t o  e o u p l e d  d - i f - i e r e n t i a l

and d i f fe renee equat ion$.5uch equat ions  may be  so lved by

- u s i n g  a  s 1 , e p - l r y - s t e t r '  f r o e e C u r e . I f  t | e  s t e p - s i z e  l s  s $ a } 1  L

th is  l s  l t reonven len t  and does  no t  a l low a  s inp le  d iseu-

ss lon  o f  the  ro le  o f  para ' : ie te rs  lnvo lvec l . I t  l s  why  asy 'np-

.  to t lo  expans ions  seeq to  be  a  be t te r  14 /ay  to  eo inpute .

i " ' i f l d  sna i l  des : r ibe  sueh expans lons  and,  Ctseus 's  t t r .e r  in  30-

n n e 3 t l o n  w i t h  t h e  s t u d y  o f  v t o n s t a t i o r a r y  n o t l o n  o f  t h e  x a -

te r  ln  a  sys ten  eon$ is t ing  Of  a  reservOl r r  F re-ssure  t t rnne l r

throt t led surge tank and. valve'

D tFh  r r  r nn  d  o ' l  n rn  h ]  pm
1  a  L | L W  u V u \ ; J  l . J r v v ! v r r r_ '

A hydrau l i c  sys te :n  eons  j -s t ing  o , f  resorvo i r  rp ressure  tunne l ,

th ro t t led  $urge tank  a lC va lVe is  egns id 'e red .  The nons ta t iona-

r \ r ,nn f { .nn  o f  the  r r la t 'e r  in  the  Sys ten  1s  s tud le r f  to r respond i -ng .
- L  J  

. i l v  u  * v  r r

4 n  r h a  f ' t  n : v  c . r r d - i o n ' l r r  n n s s ' ,  l n q  f r O n  ? . e : r }  t O  $ C T g  C O n S t A n t  V A l U e .
t , u  u l f l t  L L v r I  \ r u ' f ,  - { v r . r . r . J  }  

' - r u r ' * - r ' - - .

The  ra t ' l e i ne i11ca I  node l  e f te r  t he  l i nea r iEa t l on  i s
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q(0,  t  )= .1+tra =ot

HU,t)=z( t  )+Rr +E+
, t l

'w l th  r ,e ro  l r i1 t ia l  e  on , . l t t tons .

i I /e  xons lCer  a  nond l rnens i -ona l  fo rq  by  se t lng

y (z )=  t  " (W)  ,  h ( i , a ,= t  n  Q l , t #  )
'  s (T '  ,G)=  r * r  e (  l g ,  #  )  ,

lq . l
lVe get  the equat ions

-
n  l r  n c  1 , -
9 - : +  "  t z - Y . = Q

a6 *A- er

h ( 0 r E ) = 0  ,

h ( 1 , E  ) = y ( e ) +

^ i r a A n
. ,  11 .L dtr l

. -  --- ' - i

Q x  S 1 ' a t

u  / f i  ' +  t - ni r \ v  t  v  / * \ r

'  z ! . t r f  92  =eE\  ̂ 'sTrz f r
n(1 ,rr= t, . f vKG)

R l  1 6 l  . . .  , . ,_7__ - ,u  \ l e  /

{ L
4
U

Introduee Rienrann invar lants i1=r l -y ,
a / A l

[ =  
v r e r  

( u + v )

strt
Then
'du  

,  l t l  ?  u  _n  2 -y  l $ l  0v_^
4 " 6 f i = u ,  , T  - t - f 5 ; = e

u ( o , a  ! i v ( o , T ) = 0 , ,  u ( r  r 7 " ) - v ( 1 , t , , , *  -  *  y '  ( a )
I  r r t l e l

19 L , rCr ,z )+v(  r ,6 ) l  =y(6 ' ;+  l ' ; i o '  y '  (6 )
g ! . t  v  l t

I t  fo l - lows tha t

u( I ,  6)=u( I  -  
#,  6,a )  for  6 a #t

I

u ( l , a ) = u ( o , r = ! S l l  f e r  6 / $ l

;  " ( j  ,6)=v(J *  ,# ,0 )  tvr  g ( .

, r ( I  , 6  )=v (1  ,T  -  (1 :9 )  tQ  I  ;  r ' o r

( 1 - r ) ( E l
e f

6 >
( 1 -  e )  |  q \*--vT-
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t o  g e i

^nd f r  o , 'n  here

u ( l , 6  ) = 0  f o r  O  t : ,  
"  7 ,

u ( I , 6  ) = u ( o  , 6  -  
f f  I  f o r

v ( 0 , T , ) = v ( L r G -  
" 4 ,  f o r
r'f,.

U e n o t e  v ( 1 , 6 ) = w ( 6 )  a n d  u s e

"  ' {  
,  . t a l

v ( O r Z ; = O  ,  C 1 6  u  A T' r
t 6 l

6 > : Z ;
c/!

l 7 r

z> 9-+(F
the bo und ary cond. j - t ions

f lna l l y

F  
a  l 7 l  

/ \

$ v 'G> +w(a-)+w(6 -  2 :#  ,  * - *  =o
of' t 9'

R : l A l  . .  c t 6 t ,  o r A l  . - 1- j r ) '  
Y ' (61 +Y@) = :# f ' ' t (  i l - " t (6  -  #  ) j

4f
I ( O  ) = C  ,  w ( 6 ) = 0  f o r  F t  o

I n t r o d u : e  t h e  f u n C r n e n t a l  n a r a n e t e r s  o z  . n ;
e le l  ,  c l . i l .  ^ r  =2J ,9 ,>t =  r f  ,  L L = 7 r c  ,  J  = 1 7 t f

and wri te the nodel  i r l  the starrd-ar '*  forn

f 2 f + - a
y ' (a)= -  .L yG) -  " -q-  ,w(6-€)  - ! -7,  

" ,o * r t  t * . t  + f r l r
r j tb f j

+ t a q L -
w(6)= --+* ,  w(G-t) "  + _ !* y(6)- :1 iT

rn t  
' r \ -  L" V L* ' i  ' '1"

9 - "  tgTi
Remarl., that *; = 

;; 
. Remark also that

u(  J ,  E)=- rv (6  - r  \ ' (  j r  s ) = ,  w ( G " ( 1 - ]  )  )
I
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t

 
c
L
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t

( r + j ) )

, i t l  , -  t l t  . -  t i l  . -hr r  z ) -  {  [ *1e  -  # '  (1 - ] )  ) -w  G -  f i  (1+ f )  )' . \ J  r  " , -  q  l j  . f  J . ,  ,  
.  

c / .
. d l d

her :ce  our ' , :oc le l  a l lo ' . vs  the  s tuCy o f  the  leve l  o f  ' sa te r  in  th 'e

surge tank and. of  t l : re pre$$r-r l :e in the Fressure tunr:el .

T h e  a b o v e  m o d e l -  r v i l l ' b e  u s e d  f o r  J " a r 6 e  v a l u e s  o f  t i r e  c o e f f i e i e n t

. n i l  - - ^ 1 - - ^ . -  + ^  * L . a  n - z l a  

-  I

.5  o f  d isqharge ;  fo r  smal le r  va lue$ up  tO the  order  
c

' w e  s e t

y ( 6 , C ) =  v E  g ( f u  , U ,  w ( G , e ) = f i i ( f t  , u ,

and we get  for  i ,  ;  the equat ions

t '
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9' (r)= -Uz --'-; X
4+ t i

' f . ' 1
t >

1  " r '

*ro- )=
'Fa

' !  ,  J c
) - T  - f

tl

(c)- *rr ft1r-vei
4 + +  i

'7

\,?  
) +  t _ - ; i t  y ( q - )

t < 1 4 + j )

4J
! n

9- t1
v

> . -

Lfry lQl
q '

t 9

q- .'-fr
4 + ' ;
. . 1

f fe  sha l l  denote  q l
{ 9 & d

A=-  
- [  '  

,  B=- -J*  ,
'  ' r . -  &r

t v
i-i: ti 1+ Z

, a

r .  1 ;  , {  ' '  "  ' 7 U €

^ f i r u
,J= _--- 

\.- , ii= - ---4. -

k ( t r 4 ! )  1 +  L :
"1 |

and the inodel  ean be ' "vr i t ten

(.1

r 4 l
t u l. L

vr.

A

L

Ttl

f *r l -

v
d

f

u T i
Ll

0
L

t 6 l
L

i '  @)rrtra} (cl +3fi,r(o-- vE )+fr

f , r( ,r)=v? 3? (f)+(1+tG,g )f i (o-- i l l  )-r  fr f  e . !

i t  eo r responc  to  a .  r r i f , i ea l  3ase .

f  ( t ; = n s ( t  ) + B z ( t - € ; + f r ( t  )

z ( t  ) = G x (  t  )  + i l , z (  t -  s ) + f ,  (  t , t

x ( t o  ) = x o

z ( t i = ( ' ( t ,  ,  - € € t { 0

' f €
l _

T
7

-o  1 , .
J  

-  . u ^
'  l r l t

T

1 -  P  r r  r + P
r  l + f l  + - I - P '

J J

i  r  ,  . ' . \-

7, Tle noneJi t ic .Sl  eaqe ( larye -coel f - lc lent  of

r -1 is ' rharqe

T h e  m o d e l  e o r r e $ p o n d s  t o  t h e  g e n e r a l  p r o b l e n

It  j -s assu,f led tnat l l  has the $Fectruln uni fo:"mly i -nslde the

u n i t  e i r c l e .  I n  o u r  s F e l i f i c  s l t u a t i o n  t  l s  r e 1 ' l a e e | , h y  6  ,
b r y+

x by  y 'and z  by  w ;  i l  3or rcs j ' ' onds  to  t 'he  nunber  - - -  = -  and

u 7 j
.q:-r i rr en4 ^ " -  L

cr r rd  " the .se  lne lua l i t ies  des+r ibe  the  ra r - ige  o f  va lues  fo r  the

coef f , ie ien t  o f  c l i scharge cons id .e red  |n  the  asynpto t ie  expan-

s ions  v re  sha l l  es tab l l sh .  
'

:qp1nQffi



r j l h o  n = n h ' l a r n  i q  c r
L  v  ' r ' * v r u

r- -'l
o ' l  c  crrnr 'h ara I  

' l  
Iv l v u { v l r \ ,  L  u  L _  a  I  .

N P F J

- . t / + . \ - A . - , F / + \r i  t t / / = . r L \ - t r \ L /

P  ' ,  -  r , r  ' ,  ,7 . ( r . ) - w ( t )  - t
t '

._,, -t
'   A  d  t  r  r r  r  - I ^
* ] = l { + _ ) ( I - n )  ' r  

,

- 5 -

s r )ec i : : r l  3 i i s i o  o i ' .  e  $ i_ tua t i on  con i t l d .e red

' l h e  i i r s t  a r r ' r o x l n a t l o n  i s  d e f i n e d  b y
r ' ^ )

,  V ( t o  ) - x o ,  
- r , ( t  

) = G f (  t ) + I r i ( t - s  ; + f 2 & )

-  t d t ^  r  .
U

N  
/ r  , t . - l o  / r  \f  ( t  ) = f - ,  ( t  ) + 3 t r - 1 1 ,  r o r  L . /- \ - /  * I r - '  " "  

I

f n  o u r /  s p e c i f i c  s l t u a t { o n
l u

A { r n F
h=- ,  .  t)= --7

" .  t E,l+ Jiq 4n ti
t

F ,t- If
r : -  - .  L J -  1

,t+ A 
' LL- ---;

L1 4+ " ;

n e n c e  i ' G ) = -  4
LTJI

rrren "i7z;= 
C-

!
t -  / \

" n F l. '  f,- i= .- -- rs ift4+ ,Z /-
T t ^
q  " 2

r  - 2 -  
a + #  l g l

./
{ v N

X ( 0 ) = 0  a n d  y ( 6 ) = 0 .
J(. 6
T 1 -

,t+ LE I'il' q / -

i < a >
vi(E'  t  )

fn(= )=O UzA

F o r  t i : e  s o l u t i o n  o f  t h i s  d l f . f e r e n e e  e q u a t l o n ' , v e , h s v e

( .  , f$Ju
r H  1 -  #  

' , '  
1  t r -  I

n(z)=-L1r ' -  3  ) i l 'L , -  I=-5 l - ' -  t+ \  1- ) . o  ' 1 , .  j t  ' ) G f t  
f i -  l q 1  L -  i . , _ ? r /  J' r f  

4

h e n c e

  t .,_ r_6 ,rF;f: , , js tS- f:-tF- stun ( r , r r=^ * i  I t - i  \  J r - f  $ t - '  ]- * \ ' ' r r l  z u a i  t  * i r  /  
t *  1 , L i t ' )  J

I f  l ve  re tu rn  to  the  in i t la l  var iab les  - t r+x  At  r tc -x  l1

r .  r [  /  c F  - : ] i R e  
\ t - # - t J  t , _  {  c F - 3 1 . R " \ t =  

- T r - L l , - - t ' f
i i(x' ' ,= 

fft ;;sTR: ) ir-[G:sy-[) J
\, +

\2 .  C l -

For J_t < 1 that.  is l t :
.  \  } E r  n c

e a l l ; r  d e : r e a s l n g  w h i l - e  f o r  n ;  ,  #  l t  l s  o s r t l l a t $ o x X '  a n d  , : ,'  d r

. ' f ,or  ;R" 
-r  oo glves the usual  ' . ryater hanner ln the FTe- r f r r

s s u r e  t u n n e l .  A t l o r d t n l  t o  t h e  q e n e r a l  ' , l r e o r y  i n  L 4 1  t r r e  € x r

Fans lon  is  uLr l fo rn ty  r ra l l -d  f ,o r  t  VO and.  the  er ro r  i s  o f  o inder  t .
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a  
' f , ,

4 . .lhgitl.Lic*q1-gese

( pga l I -sc-et{i-ar=c4!--0i-grE -339I $ q )

fo  s tuc ly  the  c r l t i ca l  ca$e v ' /e  s l ra l l  .use  the  same nota t lons

as ln the uoclel  P:r :oblernt

y '  (c)=t? Ay (  s )  + 'J i i r (a-  t iE )  +f  t  
(o)

r.^r(o-;=f Cy(.i)+(.1- rlt U )'s(a' ' ,,tr )+ vEf 2(tr ) 
t

r r l 1 \ = r r  u r f t f \ = 0 ( C )  ,  - 1 , \ e ( a Q .
J \ v / = ' j l o  t  , ' "

. 3

The rs . luced node l  i s
6 f -

: t ' ( r  ) = 3 y ( f  ) + f 1 ( f )  ,  ' N ' ( ( ) = G y ( a ) + l t w ( n ; + f  , ( r )

,  
t  

r r l i ) \ - , r r  
/ n  \  r /  ( O )  ,|  ) r 1 u  ) = J g

Denote by n the f l rst  component of  the $olut j -on ,  anC b.w
t/

tv the seeond. one ' ,  def ine w. , f , rom t{ .  d i f ference eqrat ion i i  i . l ' . ,

v,r(r,).,= UtCi(c )+(I+tE l{)# (c-r,? )*1Q.fr(c)

rv(c )= Q (a) f< o :

, r r r t te y( l i - , r  )=f( r )*  W'1 ( f  ,8.  )

,,v(o, E )=fi(c rL )"r vE ](c, t )
' T o : ,  v a l i d a t e  b h c  e x p a l l s i o n  w e  h a v c  t o  f r o v e  t h a t  1  a n O  /t -

sre  boundedo i t ron  th .e  e lua t ions  i lo r  y  and lv  rve  Set  e lua t iono

for i i  anrl / .

h ' (c r  E  )= f f1  r ;  ( r ,  E  ) * t i  7  (cs  v 'T ,  g ;+Af (c )+
L t

' l  
' - t u -  -  v .  - l

n . j  npqo-L?  ,€ )  - f i (a )J
tc.

, t a  - . .  ' ) 5  z -

I  ( c , r ; = € G t J  ( 4 , 5 ) + ( I + € i { ) /  ( a - l € ,  e  )
t v - r

Oue xnaln assumptioo r  whi f i0h ls sat isf ied in the rnodel  problent

I  ' .  l z l
i s  t ha t  [ ( l + t t ' u ) "  |  

' i s  : hounded  (  w i th  respec t  to  k  ) .
&

rJe  wr i te
v  d  v  , r -  

t

\ j v  ( a  t - ! E ; y ( c ) - ( I + v T  H  ) r , r ( c - t u Q - V t f 2  ( a ) =
v  v  r y ' -  v  ,=w1c;- i lv(c-\? )-vE ; i (r , ,  - f f  , t ' I ( t r-€ )  -vAfr(c-)=
C
( r v

= J f c. |(s )+:r ' ,X(s )+fr(s;]  as -vT c ]Col-vE i l 'Y'1c- vE )- r,af2(a) =
- v

J 'VE
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l r
= )  [c tv6s  l - i (s )  J  + i i f# (u l -# ( , ; -  i? ) ]  + t2 (s  ) - r2 (a)  . l  u*  =@(t>

\  - ! L

'  s inee a l l "  fu : :e { ie6s  i i : vo lved are  L idpschLtn"

I t  fo l - l .o rvs  tha t
V . r : J r y '
ioqo;= tT, ; i ( r  )+( r+ f fH )#C"- rG )+ t ;  f ' z (o)  *@(e t

henc e
v F ) - t {

w(c I -f i(c, €)=(r+V-e i l) {r i '1a-A > 5r;(c-t i-E t i)+.@(r )
t  0n the f i rst  interval  , " l re have

v  
' .  f i { ?

t i ' qc - f f )=  ( to in  J  Ls i (= )+ , { i v (s )+ f r ( s ) l  as
*. ,\' p v

w(,f - nt 7={((o- - \E )

henee on th ls interrra l  I  , , l  1o-. ,T)-  f rCr-G , i  )  |  *  e t t  l f  the
j .n i t ia l  funet lon is  L i€psrhLt ,z .

For  the c l i f ference ec luat ion

z.(a i= (I+!En ) z (r-  G ).r f  (c ) : :  i  ;

the so lu t ton Ls wr l t ten as

z( { )  = ( r+vE n) (  r1a- !w) .Y  ( r+L?H )k  r (  s - l . , vE> rc r
k = O

'  t t  r - -  n ,

V- t ) t n . a tA lE  and  t f  I  z (a -L , t z1 l  +  e  r lE  ,  I  f  ( a -  / " uE ) l ac  e

v{e have the est i rnate
. t l Y L . .

l r ( r l l  L  [ ( r * u f t t  ) " 1  4 , v a  +  + =  ( r r  + ; t u y " f  c t
K = O

Und.er ol i r  assunpt ion tne i jpectraL rad. lus of  the natr lx 1+' f iH

is  less  then r+  @l€)  ;  i t  fo t t -ows tha t

y  , ,  , -  l - . t  v  e+o tq  ) (  ,  , cQre  .  "u7 l ( r + t a s ) * l 4 f  C r + c r f E ) K 2  - - a : y ' e - -  - e . E  e { ek=o k--c ,

and rr , re de,J.uce the est lqrate t t (c)  I  r  c r f i  ,  lnJe use noi . l . '  for  q
t

l{ '  (u )=vE a*x (o-;+Gs Y ( tr)

. Y 1o 1 =f r+fnl r ( a--v? ;n Vd fx ( c-v? )

X ( c - ; = g  f o r  C < A ,  X ( O ; = 1  1 Y ( c 1 = g  f o r  O a 0 .  " T

the  repre$ente t ion  fo rnu la

r? (a,o= J x l r -s  >[s i (s)+,{ r6, iq, t  -uE,e>-, , ( (u) ]  os
l o v E

where  X ls  de f i . red .  f ron i  the  sys ten
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.  f . - - 1  r n ] o n r :  { fA c  i n  t  t  t  , , ' a  1 r q . A  r  r  r ' n a ' p s e n t a { J i o n  f o r n r l l t  f O r  
' {  

T 6 r , . r - . " , ' ,  t r u
a a D  . L . i . l  L r J  . . c  r / t \ i

i n  the  r ra r ia t ion  o f  cons tan t ,s  fo rnu la  : fo r  X  and wr i te

From her.e,  usin; ;  e i ; ia in

of  the matr ix I+Vt 1{ - tve
,f,|  '  l k r . , ' ) l e A / , - + i u i ^  f  t XI  ^ \ v '  /  I  e  p . f  ' u ' 2  )o

'  L -  +

: n lo  IAJ  i. r lr r|J 
5 ifF IX ( s ) * e ' -  .  - F  , - .  \ .  .  J
k\t it _ntrre

' I

- ./\, '/- . \
v€. f l  [v -AJ 

, , ) , -  rr  r?, ,  *  .k-1 n*,r  ,e  G  ( I + t ? t l ' ) ^ - * t s X ( s - t t E ) d s

the est j -nate for  tk re spect ra l  rad iu-s

get  an est imete

1 s  )  l  d s

helee X is bound.ed. by a constant that  r lepcnd upon the inter-

val  ;onsidered."" i i€ deduce from here that n is bonnd.ed. and

'\6

t \en  /  
' resu l ts  a l$o  boun.Sed.  i i .e rnark  tha t  a  s i -mi la r  e r i t iea l

"  . " "J  has  been cons icerec  in  t -  z l  .

l i e tu rn ing  to  t i re  ' ;node1 prob len ,  the  redueed.  f l rs t  approx i -

" rnat lon equatpns .vi-11- ," !  -  
€

t - - * t r L
yTf, t= - *L-T- y(c';- , ' -  * lTt, / \ v -  

4 +  J :  4 " #  . l q l
i t

1
v ' t ' ( t r )= ,  , - ; :  r t \k l 4 r  z )

* , G

J vt'
2

v ( 6 ). /  \  .  
l o  J C

. t  I

11

JvE I
.  L .  L

11+ L! l5 ' l' ( /

I  (0 j=u e  l v ( 0  ) = Q .

fak.lng .into aceount that

order tE and. ,re :nay r,vr i te
n o  P  A

y ' ( o - ) = -  4 I  w ( f  )  -  1  :
' l  : '  *  ' f t f t

w ' ( n )  = i - y ( c ) -  # t  w ( r ) -' z

i i le get f 'or  y.  the cquai ; ion

- , ' . / n \ ,  T v E  o l
, v  \ ( r  , ,  T : l  

'  ( a ) .  
# y  

( S  ) = i t  r  J  ( 0  ) = O  ,

I f  i  is  a solutJ.on for th i .s r :quat ion t 'hei : l

r .or
\ P  , t l

: :  y " ( 6 , r i *  i  v ' ( e  , t . .  f f  y  k F )  = o

(  r e c a l l  t h a t  - r ( 6 , t )  = \ ' E i ( C , t  ) )

Retur : : i lg  io  the  c i imens iona l  var iab les  we ge t
' ;  . ' #  r +  H  r = u  * r a t  i s ' ; +  +  z ,  .  #  z = e

and th is  i s  the  usua l  e r lua t ion  fo r  mass  asc i l la t ion  in  the

I ' d . , o f  o r d . e r  
#  

w e h a v e V  o d

the reducer l  : :node1 as

7:a. €q 
Tl

p ^
- - r f t ,  6  L
V { l r } = - - - - -

r , l  \ - ,  E  1 6 l,  t z ,

rr rvi  ' l  
I  hr, n s o l  u t i o n



) ;r' .j:*sf

r  t -

$ur3e tank. r l re have thus proirra t i rat '  tn is er luat lon ls val id

i r $  a  f i r s t  a p t r , v s r i i L r a t i o n . i o r  l o c f r l i c i e n t  o f  d i s c h a r g e  o f  o r c l e : :
a

. ,  I i ena rk  t , ha t  t he  $a re  e , l ua t i on  1s  ob ta ined  l f  we  i : eg l .ee t

s n a t i n l  r r a i : i i i t l o n  o - f  t h e  f l . o ' " n r , l n t e g r a t e  t h e  e q i : r a t i o nv . [ '  L 4  v  *  \ . 4  *

1 . .  -  a , / ' \d t l  i  ) t L; - - ;++  ry  =Q f ro : 'n 'Q to  L  to  Sete '" qf, "r.*
O d  ' 7  v

. , n'  d t ' )  ( u r l  + \ - . L r l n  t ) 1  = oL \+  + fg  L  l i ( . f ,  , t  ) - ' t - r (u  r t ,  . . r  -v
dt

uo , i  eons ider l ,# .& , 'uhe boundary  eond i t ions

t t tT  r -  . i ,  n  , t'(g rf'r I z+B.i "E \ -0 r;= 0r"r % , .a l t  
- ! -  

" A t '  
"  d u

rvhlch lead-s for  z to the same e'quat ion as above" {{ence we
-). ,t

have pro ' re i l  tha t  fo r  J  o f  o rder  , *  we ; ray  neg lec t  spa t ia l
vt

var ia t ion  o f  the  f low.

]teeaI1 \/e i"rad.

1 ^  f  1h (1 ,6 ,€  )= r l  r v (8 ,  € ' ) -  w (  6 - t '  €U  = l cL  r v (  r t ) " v t ( | ,  
-  t J€ ) - . )

ll
, f
v2.

i {e pro.redthat -{ ,(r)=fr (s) + COt-e) and also f i / ( t l=i ' l (ql*@(VA)

irie ,nay novr aprrol:irnate t")ee pressure

h ( r , e , r ) :  k [ f i ( f i  1 -  t ( # - v ? ) ]  r v h e r c  f i  i s  c o , n p u t e c l

f ron .f6 fe :1- "r. vE ?/,r\ _ i +w(o-)= :-+- ,..i(a-r7i* 
ffig(a) *T W1 - r  

1 '  
n n  

T  
t z l

T h p  n y . r l r i s r r r ' +  i  s  t h r : s  a n n r o x i n a t e d  b yr , . r€  i j r  u ,u  u r  - .  r i )  r / l rup  ar i  r ,a  oXavng lqg  t I  
k  f  Ah(},a ,t)( Il1rlr,r,- # ":t, e 

*,t ur^ ^
Since the error l -s here of  otd*t  VE and l ,  

'of  'order otr t

! i i - e  m a y  t a k e  h ( 1 , 6  , t  ) X y ( 6  r t )  W h e r e  r v e  r e c a l L  t h a t  y  i s

' i e f i n e d f r o ; n  " ' t ' T - ' t ' 2 Q -  
E  . - { 2y " n  { . t ' *  f r  

y  - 0 ,  y ( o ) = o ,  y ' ( 0 . ) =  r  t i t



r A spee la l  c r : i t - i ca l -  case

t o

' :

- n A  a ' l
L '  t { l -  u l v s v +

, , (e consider r lo l 'v  \ 'v i thor i t  a direct  apl l icat ion

n a n . i  n . l  e r i  t i c a l  c a s e
n l "o  l l l e :x  the  spc t i ] - : r r  ' ' ; r '  r  t / rv

'  r  / L  . . 1  , 4  / + \

i . ,  ( t  )=A. . ,  rx r  ( t ,  )+A,  ZLrZ$ ) -xZ( r -L )J  r r1 \  L  /
- L '  . l " r  . L

/ r  \
/ + \  / T  t C  A  \ . r  / l - - - c \ : - f  f  f  \

: { ^ , ( t ,  ) = A r . r x r  ( t  ) - ( ' L ' l - L 1 \ 2 2 / x o t  L - L ) ' t ' L 2 \  u '
z '  ' L  r

o  r - . r -  \ -  , 0  r & t  s  -  L z  t  L Q .
x t  ( 0 ) = x i - '  , : r 2 ( r / =  Y  t - t /

Assune that A., . ,  ls  f iurnr ihz ;  th is assd

the spactratr 
"n*f.r.,u 

ot' I '  { A22-.-' '* l-ess than y- O(t) and lt

^  . tntJ J / -  t ; t  for  c 1t  4r  .
w i r t r  f o l l o , , n t t  t n e t  l t f *  n l z )  |  e

e

lef ine i - ,  f ron the iecluced ncdel
)-

f {C t  )=Ar r i r ( t  )+ f r ( t  ) , ir(o )=x!

-ane {2 f ron the d ' i f ference er luat ion
- 
i r(t r = Arri', ( t ) - ( r + L it'r'r;x, (,t : 5 1 +f 2 ( tj

Le t  i r { t  ) =x1 ( t  ) - ? ' 1 ( t )  ,  Qz (  ) - xzq t  1 - x t ( t  )  ,

r ' ie have i"or ; l  , i2 t l re eluat iuns

i, c t )=& ;q ( t > n,r,.,, L i z(t f 'Q z( t - t ) I * 4rl* r( t ) -iz ( t - e I

Q r { t )=^ r r i ,  (  t  )  -  ( r+  Lhr  r ) i  r ( t -  €  )
. A 7 l

. t  r n \ - / 1  ;  / t \ - 0  , - 6 2 T L Cx . l  \ U  / = v  t  ^ Z \  u  /

'  -  "  'A  '  - on  bY  ue inq  the  seeond
H.epi  ece i r { t  )  i ' l :  t 'he i i rs t  ec iuat l

01le, &11o,;, l ls9 t] te f,epreze:: ' ' tat ion
l - -  . r - r  i - ]  A

f ; ^ r t  r =  ) -  r - t  ) i - t ( t + € . A . r . , ) J - ' A r l x l ( t - ( i - r ) : )  |^ 2 \ u  ) -  - - ! -  \ - : L /  r ^ '  - ' - ' / . ' l '  z

(  t  r  l  n  " t  
J = 4

( t  t ) t * tW )  in ; lhe in teS: :a l  e ' t ru i : t ion 
t

( "  (  . - /  - 1
+ , t>= J (A '  *ArzAzl  l t rqs )ds+Ar,  )  Cir (s  ) -xr(s-€)  J  ds-
- ' 1 \ '  r  ' L r  L Z  z L '  l - '

O '  o

t -g

t_ t
I
l / \
I  _ -  , / - .  \

)cr$+ J r (2  ( r i  /

LtJt-t

' ;ve have
f - €

I A
I  x ^ ( s

J  Z '

0

( . i \

-ZAtz) (r+fa2z)xz(s )ds

rit -, 
'(e

L t J  / L  
(

) c l s  = 7  ) i z G
{.4 t0-r)t,

<}s =
r J ;



. l

AzSr( s )d.s

ftrl-,t !' o
*, ^J, f i- , , fr I* tAzz>i-torr?r(o- ( j-r )€ )ds +<= 4 (L-t) t  i . , t  

: .1 -L '

J - c  o
L q  f t ' l
( g . i ' r - : 1 ^

)  Z  ( - 1  ) j - l q r * .  tAz i l i - l ; i r r i i ( * - ( i - r ) r . ) . l s  =
LtJtt l''-n- oc
tlt  - r Fe J't ?'
2  7  )  ( - r ) i - r t r +Lu r r l i - l nz r i l ( " - ( j - r ) € )ds  +
dilt ,L,i Q-t)t 

(L r-
i-t r9t"

T  L ' J

- , )  4 ,  ( -1  ) i -1 ( r+rAr ,  )J - r ; r r i r ( " - ( i - r )E)  ds
l - 1  - ^  . { : 4 .tt)Trt,, t*t
Z '  J  ( - r  ) i -1 (  r+ tu r r i i - l , qe i$ r (= - ( j -1 )€ )cs  +
d"^ ( j- t l t  - t-e

L!,1:L Ctl-l ( n( -1 ) " ' " '  ( r+€A22 )  o r r_ ) .  
" r { u -L i J t r t  ) ds  =

ftr l-S)t Ltlt 't'X 
! (-1)r,-l-c+.. tAzzli-lnzri., (s )as +(-1 ftt 

o 
,r*

J-^,1 ,o {- tr lz 'e

,IfJ-,r (-'": f& u;u
t t " r r ) -  u r t i , , J r , "  )ds  =  

k )  
( - r ) i - r ( r+LA2c j i - t

+

+

+

"l'

z ( t ) = ( - r ) a  ( r + t ; r r r n  V  $ -  I q . *  ( - t ) i - 1 (  r + t A r l  i - 1  
4  , r - ( j - 1 ) € )

f o r  . { . E < t s ( { + L ) t  .

*i'te o"u*?fr-|hf,,u1,r, + t

I  , r r )ds= # )r ' '  z(s )c ls . -J.  " (s )ds .  I  V (s )ds =
o  x=L  Lu -  

t  i j .  \ .  l t J t .  o
t ' t-J 1-' 

("Ltt)t
( tjl-o 

l o ,
F )  y  (s  )ds  .  +  J  ( - r  ) '  ( r+€r \22) (  y  Cr - ,&)*  +

01  ( ' ' t "  
k  

L ' -

.  J  c- , - ) t t '  ( r*rA, , ) t+J vG-t f :  r  )ds+
LTJt

;  we get an equat ion of  the formz( r i= in&) - iz l t -e  )Deno te

z ( t  )=- (  r+€ Azz ) z ( t  -  e7 o4rLE, (  r  )  - f ,  {  t  -  r  )  ]  +f  2(r  )  - f  z( t  -  6 )

z( t l=Arr i r { t '>  + f2(  r ) -z( r *_ f  Az) f ( t -E)  for  o  4 t  a  r . . ,  , to t  
t  '>  L

r i l1th oorresl" , .oncl in3 notat ions i t  fo l1o'* , rs that



+

- t  -  ( { + r  ) t
LEJ',I j &_ .s.t> .i

+ 7 ^)  7$; . 'Az?) i - i , t (s - ( ; - i la ra"  
+

l=+ lL d,
w * ' ! -A ( r+LArr r r t ' "  .J . ,^ ' l '  

(s - ( i - r ' ) t )ds  =
n .2- (*1 )

.  =o=j'_yt (-1)e (r+.tArrra y,-|ui '  . . . ,1,(-r)t*l (r+€A, ,{ i l tu-rLut),t '
"o -6, ' [fle
rH .,-l' 

: 1
" * Z ) (-1 )j;t(r.. 14rrf 

-LPrc) da
" 

;-flro'ro* # ,.-r ), 7t+"tnrrr)t = l r+(-l y!-s.t (r+tArrf"JQrrtArr\

and lve r iay est inbte the terms containing V '

, f fe -+ lave i l f r  
,  $J r f t t - t le

.#^r, j '  ,(-rri-1 (r"+€,Arrri '1,/raldo =ou# E' ,/,;o\^-u(rr
, f - k i - r \

*grJ 
^Qtc)dr . I !- l)t- '( I  *t 4.,-)o-^ Q(c) d t) =

: r$j-a tttlit':i:
=A",,-E-" X^ J- ct l i - l  ( . r+tArr i i -1/ro) dc + '

" t ' l  i ' t  [ f ' l )r
rt- lr, ,

*A1 ,#r lu , .  ( -1  ) i -1( r+ tArr ) i - r6r r lda .  '

Takir ig into aeeount that

-4

I

4r(n)=orrli(,;,-ir(r-tt.tr( si - r,(f,- Li

! - i e  d e d u c e  ] . h a t  t h e  a b o v e  s u m  l s  o f  o r d c r  L .

tt*lttF;r'arne 
:uu

5 J ' , - t  ) i - t  ( r+LA2c l i - to r r l r (a )  d0  =
3 ' L  o

r ! t  r ! t - i  l - e
L€ J t ' tJ , ,  i

-Z  2  J  c - t l i - t  ( r+Lar r l i * t *e r i1 ( r )  d r *
J.d , \ t  .V-a)t
rfi t;Jt

,E  * j  ,  r - r  I i - t ( ,  +Lurr l i - r^ r r i1( r )ds =
,r";gf i*tr ,tt

. : "
( = . 4 .  . j : ^ ,  Q - i ) 5
rtJ t;$r

. ;  j  ( - r )J -1( r+€Arr l i - lo r r i1(a)  a ' r
j '+ l t t tx i

d . r +
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] .

I t  fo l lows t i ta t

r*r *:ie +
, 2  (  i - l  . i - r  , \  ,  f  r ' \  . - . 1
I  Z ,  , | C - r l ' t - * ( r + 6 A . . ^ ) J - ' A , : t x t  ( o ) d a l ( 1 , / i  J  i x t ( c  ) l  d a' 3 ' . 4  J 0 '  t z -  z L  - i  -  

o  
- L

anci f inal ly lvq get an ineq'.ral i ty of the form
t *  ,  f  ^

.  l ' n -  r t  )  |  <  F .T ,+ l i ,T  I  I  x .  (a  ) l ncJ " f \ " / l -  , J  r - 1 \

and ; l  is  o? or , ier  E of l  the nonslderec l -n terva l  t 'o r ' r

The est l :rate for ; ,  w11'1 have the order whlch resul, ts

e {A21 I

we have
, A

.  L  . . 1

< c LtA,rrl =. lT+,€ Ar, 1l- a
j , L

L .

2 .

f ron the *oatr ix A2I.

I n  f a c t  . ,

l i r t t  l l

Referenees

v . D r d g a n r A . H : r l a n e r y r A s y r n p t o t i - e e x p a n s l o n s f o r c o u p r e d

dl f ferenee and di f ferent la l  - i idf ferenee equat lons vr i th

sna l1  de la l rs  o

A"3 . r /as i l ie \ /a rAnA.P lo tn ikov  r i ' i eu t ra l  t ype  equat ions  w l th

sr ra l l  de lays  ln  e r l t iea l  sases  { russ ian  )  ,  V- th  In te rna-

t iona l  Conferenee on  non l inear  ose i l la t lons  ,  K iev  2J-au5 '

4  s e p t .  1 9 6 9  . T . I . A n a 1 y t l e  m e t h o d s .





ASY}/PTOT]1 EXPA.{SIONS I'OR COI]PIAD

DIr i ' r l l }?INSE AiyD DTri ' r i rp,TI i l IAl  -  DITr i lRI l : tO5

EQ UliltI0NS ' ' 1  TmIJ  ( : r l , i  l  T  T  l ) r l T  ?1 \ re
. i -L I 1.I J..tr:f\J..1JJ .l./ i.l IJJLI L)

Vasi le

Universi- tatea

Str :  "  Aeaclenlei

t ) r .5  i "an : rnd Ar is t ides r  $ { J q r ^

d i n  E u e u r e g t i ,  F a c . d e

14, I t -  ?010y ,  i3u ' :hares  t

I{alanay

Uiatenat lcf l

, I lonania

' l  
T n f  v n r l r r n * i  n nf c ru ur vjjj:_YjY:!.L

l . /e  sha l l  cons ider  a  sys ten  o f  the  fo rn t

x'  (  t  )=At1 (  t  )xr  (  t  )  +A, 2$ )x r (  t  )  +Br,  (  t  )xr  (  t  -  e)  +

r r {  f + \ - -  l L  / \* , r l - ? \ v  ) ^ Z q  r , - L /

" r r  / t  \ -  ^  ( t  \ r r .  ( t  ) + B ^ ,  ( t  ) x ,  ( t - E ) + B ^ ^ ( t  ) x ^  ( t - q  ( 1 )  
- :  .^ 2 \ ,  / - ' r Z J - \  "  / ^ l - r "  t , " 2 ] - \  " / " " 1  \  -  l . Z '  .  ' ' Z \  -

r r r i f ] . r  1 -  f + v Q  / + \  1 /  / + r -  @ f + \  f n y  S - € € t c S  ,  X l ( S ) = X ! .v v r t r . r  ^ 1 \ r / =  (  1 \ u /  ,  n Z \ t , / ' -  i Z \ r /  L w r  D - c = u \ a  ,

The so lu t lon  may be  ob ta ined d&reet ly  us tng  a  s tep  by  s i tep  pro-

eedure .But  i f  the  d 'e lay ' - t '>  O is  sna l l ,as  Vas i l leva  renarked

f lo re  than 20  years  ago L f  ]  $uer l  F rocedure  rv i l i  be  very  teCious ,

to  de t  the  so lu t ion  on  a  reasona l r le  in te rva l  a  la r6e  nunber  o f

s teps  lv i l l  ber  needed and there  i 'S ' 'no  hope to  $e t  in fo rmat ions

conc" " r i iug  t i re  asyn ip to t ie  benavJor  o f  the  so lu t lons .  That  l s

lvhy a procedure that nigl : t  g i -ve in a s impler rvay the maln terms

of  an  asynpto t ie  expans ion : .  w i th  respeet  to  O eout rd .  be  use fu l  .

Sueh exprtnsions har.re been pr:onoded 1ly \ /asi l ieva and her eo1lea-

g ; u e . s (  s e e  f o r  e x a n p l ' e  L Z I  ) , O u r  r e s u l - t s  c l l f f e r t a i n l y  l n  t h a t

u ie  a re  ln te res ter l  in  un t fo rm expans ions  on  , f  to r  o ru)  ,  o ' r ta ln tng

thus  a$  a  necd-sary  s tep  es t ina tes  fo r  the  " ' . fundarenta l  : ia t r i x

solut ion" f r :om r i rh l^h a stabi l i t ; , r  reoul t  of  Gradstei--L-I ' : l - inudev*

Krasovsk i  t ype  fo I lo ' " : , /$ .
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.  Speeial  car ies of ,  systei ,ns v ' r i t i r  eonstant eoeff ie j -ents have been

cons iddred in  eon lec t l .on  w i th  a  f rob lem ln  hydrau l les  and have

b e e n  p u b l i s h c d  s e p a r a ' L e l Y  L l 1  i

2 . f 9i:*eiss-*{gg-e -g,CJe ge'"! L*gEseliqa
w

Constder  the  d l f fe renee equat ion

y ( t  ) = B z z ( t  ) y ( t - E )
' i r r :nn to  h r r  Cr ( t ,  $  rL )  the  funr lanenta l  'na . t r i x  so lu t l sn  de f l -ned

h r r  t h r :  i n { r . i a l  c o n d l t l o n s  C r ( s r $ r g ) = I  a . n d  C 2 ( t r s , t ) = 0  f o r

s -L  / -  t  zs .Assu,ne  thar  un i fo rmly  l ' r i th  respeet  to  t  the  spec t ra l  : ; '
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mat r lx  sa t i -s f i -es

fo r  e>  C s  ua l l  e

t h e  e s t l n a t € s  r

t i ra i t  is  i ts  fu: :danental
- Y r + - o  r

. L e e  4 \ "

s o l u t i o n s  o f  t h e  s Y s t e m  s a -

f o ' r  s  € t r

r l r h  on ,

t i s f$o

' l
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, . "  : .  Lt  r ,  (  s  )  I  3Si  

s r ' I r iYt l  +$ul '  tY 2t  )J

^  ,L !PJ  . . ^ t ro  |  
- t ( t - *  ) r ' ,  -  ,  - , t  a , - . . * r ro r (  +su l l? '21  ) ]c f -  

-  
s u l l ( 2 1  * e c  L ,  l : : 1 ( $ , i * t . ( $ ' ' i l ' l l

t -  y Z I  t  i :enee $,ystEj :n ( f ' )  is  exf  onent ipr i ly  stable '

1 " ! ' r o l n t ] : e o r c n l r v e . j e . J u c e t l . i e t a n a t r i x - s o l u t i o n

€ 1  )  r . r i t l i  i l ( s r s ) = 1  ,  ] i l { t r s ) = C  ,  X 2 ( t o s ) = * 3  t < e '

the  es t : i - 'na tes  A 
\

1 r +  - \  .  ,  - r 1 f t - S )

) l < :  e *  ' .  t ' * i r  ' /  ,  I  x z ( t ,  s  )  {  + :  u ' f t ( t - s  )

2 .  0 o r l s i d , - r  b  s t a n d a r d  n e u t ' r a I - t y p e  s y s t e m

i  1 t  ;=ao  (  t  ) x (  t  )+A ,  ( t  ; x (  t *6 "  )+ '31  (  t  ) i ( t -  e  )

.Deno te  x r ( t  . ,= * ( t  , :  r  > r ,  ( t  ;=x ( t  
' ;  t c  ge t  a  sys ten  o f  t he  fo r  r

( l  l  witrr  Arr=0, A'2=I o Blt .=u r" 3ye=C 'nl t=oo ,321=At '322=3L

'Ihe inain assumptions dre , :-  ( tsr ( t))  €S . I  ,  and'

X1 t1= [ f -B r ( i  ) J -1 (Ao( t  )  +Ar ( t )  )  c le f j -nes  an  ex lonen t ia ] l y  r ; t a -

b1e s.-).$tctt

unc le r  these as$u: r r t j -ons  t i :eore 'n  I  g ives  the  ex lonent ia l  
. " t * -

b i l i t : r  " , : i i l r  eor resFor r , . i i n .s  e l  t iaa+ 'es  fo i :  I  x (  t  i  I  anc  I  x (  t  )J  .

A r  o r t  i n i  n t  s r r S t e . q  a n C .  t h e  - ' r 8 . T i 8 . t i O n  O f
i1; : -. j -:riY: lJ . Y;i

cons tar r ts  fo : rqu l r , t

A.  ' -onsir ler  the nd- jo r-  i : t  syste ' t

&jl i$[!**
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sa t iE ; . f  t es

i  r -  (+ c .
, j r l \ u 9 - ,

r l n

i ,  {s  )+ .zL(s  , ,Ar ,  (  s  )+2,  (  s+a ) tsr r  (  s t  a  )  +22(s )Aet  (  s  )+

+ v .  -  (  s + t r )  ? ' ^ -  (  s +  f . )  = ! i, " 2 \ v t e t " 2 1 \ "

z r ( s ) = s t ( s  ) A 1  o ( s  ) + z t ( s n a  ) J t z ( s + €  ) + z z ( s + € ' ) ) 2 2 ( s + € )

: , . 1 r " 1  t " i n l  r r  . * h o  3 l  - ^ ^ +  , -  " ' . ^ ' l - ' r  6 y 1
i , ' ;  UJ-  UJ- l r -LJ  v r l i r  I  f  I  i )  U  t j  i t - ' { c - l  t ' -Lv r r

Y - i , s - l )  i n l . r - ; : l r : r t e  f r o r n  t  t or D \ v ,  v . /
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U V  ; J v  
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I
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h r r
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'  Y f  ( s  ,  t  )  ,  t he  se ronc  bY

ai i ,ci  and integrate bY Parts
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r ' l - l  ( r : : V  ( r  - r  + \ , 4  / - \ v  ( c :  + . \ r e  / c \ V, - r r \ v , . & r \ v  L t  u  ) - n L 2 \ D . i  r  2 ( ;  r t  ) + 8 ,  2 G ) v r ( s - 6  r t ; ]  , : s +

- T

. - \  "  r (  "  )  [Azr (  s  )Yr (  s ,  t  )  +3 zL( s )  r r  (  s  *  €,  t  )  - ' t  
z(  s,  t  )  + 3 zz(s tY z1s-e, t f ;  ds+

+
"T+€ T+E
t (+  J  

z r ( s ) B r r ( s ) Y r ( s - s , t ) d s +  
)  

z r ( s ) 3 Z t ( s ) v r ( s - t  t t ) d . s +
T r y I

n l * t  L
r 1 . L  f l r , r
(  l . T L

+ \  r , - ( s + ) f ,  - / s \ v  / ' e _ r  F \ a 6 + (  z . - ( s , \ " i ] _ - f s ) y _ ( s .  f  - t ) r i s = e-  
J  

z l l \ o  r ' 1 . Z \ D  / r 2 \ o - L r  t  / L r p r )  o Z \ o  ) . Z Z \ D . i  : . 2 \ r - c r  i J  / \ . t i )

T T

; Y 1 ( t r t i = 1  ,  Y l ( " r t ) = 0  f o r  s < t  , Y Z ( s r t ) = 0  f o r  s c t

r l ' h o n  r r r o  r o f  
" h e  

r e n r e $ e n t a t i O nr r f  v u  v Y v  
l J v  v  v r f  v  r  v i  t  v s v r r  u q  v t v t t

T+e 1
.  , t  ( t ) = 2 ,  ( T ) v l ( T , t ) +  

t  
-  

r r ( r ) [ 3 r r ( s ) Y r ( s - 6  e t  i + 3 y 2 ( s ) Y z ( s - t , t ; J  a s +
n ,  . .  T' |  + >

t  .  . r - -  1  -+ J  z r (s )L tsz t ( s  ) v r (s -e  , t )+3 r r (s  )Yz (s -e  r  t  I  c1s
T

i r rvnvh { ' t rna  c r rg lem Of  equat , iOnS anC the  in l t la l  eOnd. j - i iOnS We4 -  4  V r 4  v r r 9  e J  , l v f r u  G r r *  v r r v  t r r J  v ! s :  \ . / v r r u -

q ^ a  t h q f  V  ( c .  t \ : Y  ( q  f  \D . , . '  u * . ' r ,  
" 1 \ o  r w / - t ' L \ v r v l  ,  Y r ( s  r t ) = f , 2 ( s r t )  ( s e e  r e i l a r k  1  )  ,

and.  under  the  assurnpt lons  o f  the  theorern  1y ' , 'e  have the  es t ina tes

l v  ( . 7 1  t i l e ^  ^ - ? . ( T - t )  1 . ,  , . ^ .  * . 1  - l v  t , c - c  + r l , e e - d ( s . - E - t ' ;  !l r l ( ' r ' r T ) t  t ( :  e  '  
t F r t ( s - t r r ) l  + t y 2 ( s - 6 r r  j [ 4 (

-  t t )i f  the  ' l i n i t la l "  - funet ions  fo r  
" I  

and ,2  a re  denoted  r ry  
Y t  ,

Y,  respect ively r  tve deduce T.+t ,

1"1 ( t  i l gou-0  ( r - t  ) l  , r ( r  )  |  +o ( r , ,p [ f i ]  * sun  lY r l  ) J  . - )  ( s -e - t  )  ou
' h e n e e  ' '  T

,  :  |  - & 6 r - t ) f , ,  ( , iJz, ( t  >l t  ""  L,-1\ ;  )  |  + t  (sup l f r l  osur tVrt  )J

' - . .  g

I

I

z ,  ( r  ) Y l ( r , t  ) - z r ( t  ) r t  ( t , t  ) +  \ r r C s ; [ - r f  ( s , t  ) * A t t  ( s  ) y ( s ,  t  ) +
u

: l h n n c a  Vv r r v v v e  * 1 Y  A a f i n a A  h ', L 2  u e r t r l e , J  , : Y

v i ( s ,  t  ) =A t : t  ( s  )Y r  ( s ,  t  ) +B l t  ( s  )Y ,  ( s -a ,  t  ) +A ,  2G  ) ' {  r ( s , t  ) +

( s - e , f )n3L2(s ) rZ

Y Z ( s , t  ) = A 2 1 ( s  ) Y f  ( s , t  ) + 3 e 1 ( s  ) Y f  ( s - . r , t  ) +  3 z z ( s ) ' { z ( s - a , t  )

fo r  L )O s rna l l  enough.
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r l l } r r ,  c r r : ^ n ' n d  A ^ r ' r . r f i n y r ' i n  ( ) ' t  r " i r r a q  t h o n
u u  / \ , r r i ^  v t v L t  

\  
r  /  i ) r  v  \ r

t i '  .  i ) ^ , ^  .  l : .
" / . - ( s . \ = t l /  - f  q +  L €  ) C o ( S +  l t r t , r g ) . t -l ' : . r , .  " ,  ) ' -  |  n  \ ,v  

c  ,
l t =a- a.

} L r r  
( s + - k  t  i A t  z i s  

p k 8 )  i - z t  ( s + ( k + l  ) E  ) A r 2 ( s - r ( 1 r + 1  ) e r i z ( 3 + 1 ; r ,  s ,  e )+>-[zr ( s+k*- )Ar z i

and we 'd"e{Lu- f i_ {h*  e$ t i .ns te

| -  r + , ,  I t  , l { "  i , r , ,  4 " ^  r \

I z z l t ) l t  " f  
'  s " F i ? ' 2  1 + e e - e \ r - L ' r  ( l : i t ( T ) l + 6 ( s u ; ' { f l 1 1  * s " p l \ z l  ) )

f o r  
, t h p  

, r r t r l . x  $ o l u t i o n  r v i t h  V  L = Q  , Y Z = O  ,  Z I ( I ) = I  w e

g c t  t t r e  u s u a l  e x p o : l e n t i a l  e s t i n a t e s
l -  - . 1  

4 ' -  
r  -  4 ' " '

l z r ( t , T ) l + c e - d ( T : t )  '  l z , $ , T ) l r  * u - u ( ' l ' - t )  o  t a r ;
i r o r  t h * $  s o l u t j o n  i . r e  s h a l l  h a v e  Z " L $ r T ) = Y l ( T r t  ) = x I ( T r t  ) .

. i3.  jondider l1o' ! , . '  the af f ine systern

x r ( t  ) =A11 ( t  ) x r  ( t  ) +A r  r ( t  ) x . ( t  ) +B r r  ( t  ) x r  ( t -  t " ) +

r i 3 r r ( t  ) x e ( t -  i 1  + f r ( t  )
r 7 \

+ 3 - , . , ( t  ) x . .  ( t - e  ) + f  -  / t  )' ' y ' ' r ! \  - , - - 2 '  -  -  / '  L 2 \  " '

i !  und .er  the  sar , re  assu inp t lons  r .s  In  theorer  1  an ,L  f , . f ^  eont inuous .
L '  I

' j l r i t e  t h e  e q u a t i o n s  l n  t h e  r r a r l a b l e  s ,  n u l t i p l y  t h e  f l r s t

^ n , r ' r * { n r r  1 ^ . -  7  ( e  + \  t h e  S e e O n d  O n e  1 _ . ' v  T , ^ ( s ,  t )  j n t e , : r a t e, ' J  . . . . 1 _ \ - t  !  /  ,  u r . a s  D E - , u i . l u  v i r v  ) J  t  
2 \ > l  

L  l  ! . . r e u , J r q u E

f f  O r u  t  t o  t  n r l r l  i  n t n p ' r " ; r t o  h r r  n n r 1 : i  r r q 6  t h a  n  i  n i  - 1 . . !  q - t  r r
" O  u v  s u u  t  r !  v v I \ l  a  v \ f ,  J J  } / a r l  U u  t  l a i ) c :  U L t t r ;  . L ! r - L  U J - c l J _

cond i t i ons  fo r  Z ,  anc l  Zn "
l - I

i v 'e  get  tne var ia t : -ons of  con.c j t ; -u ts  for :nu la

or r_(s+E)  +22(s+r , t )3e l (s+Cqh)d , r t  i

z z ( s . tN f  , ( s  ) ds  +  
. r
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1 n  T h e  T r  r e s e n l e  O f  t j r e  *  o v ' n  A  / *  \ v  r f  \  ' i  n  q r r q l  r : n
,  

u u r u r  , - 1  
2 t  

t  / ^ 1 \ v  J  J r l  ; ) J r L q ; r l l

( l )  n a y  $ e e m  a r t i f , i e l a l  $ i n c e  ' , v e  e a y  r e f l a e e  x c ( t )

b ) ,  us ing  the  seeo i id  r ; i lua t ion"  I t  i s  jus t  the  oor r r f *

dera t l .on  o . f l  t i re  ad jo in t  sys te 'n  and the  core$ fon-

d i n g  v a r i a t i o n &  o f  c o n s t a n t s  f o r n u l a  t h a i  s u g : i e s -

t e d  t ' , e  f o r n  w e  a d o p t e c i  f o r  ( 1 ) ,

2.  Under the assurnpt ions in t ' ! :e Theore l -  th.e for-

nu lae  ahove g i r re  fo r  the  so lu t ions  o f  t i re  a f f ine

"  sys tem the  e ,s t ina tes

l x r ( t ) l s *  e - d ( t - " ) [ { x r ( t o ' t l +  t ( s u p  l ( r {  + s u p  l ( 2 1  > *

+ e ( s u p l r . , i + s u n l f 2 i  )
r++1* t

I  * a ( t ) l L "  f '  
o '  

" r n  
{ t i ,  |  + c , - l ( t - s ) f t * r ( r o  ) l  + € ( s u p j f r l  *

+ s u p [ ( f r l  : + e ( s u p  { f r l  + s u p  I f 2 l  )  "

1 1  q r l m r , f  n t i  a  r s s n r r r a q i  n n c

Cons ider  aga in  s ; rs t8n  (1 )  unc le r  the  assunpt tons  o f  theore ' : r  I ,

d e f l n e  } a  a s  t h e  s o t u t i o n  o f  * r = X q t  ) x t  ,  i r . ( t o  ) = x r ( t o  )  f o r

t  > r t o  ,  ? r ( t ) =  q L G )  f o r  t o - € :  t . :  t o  ,  a n d .  I ,  f r o m  t i : r €  c l f f e -

renee ec lua t ion

xr( t  )=Az1( t  ) i r ( t  )+Bzt ( t  ) i r ( t -e l  n}zz( t  )x r ( t  )
*  r +  l -  t S  / +  \  + ^ -  +  .  /r \ 2 \ v ) -  4 2 \ u 7  f o r  t o - a c  t - t o  .

T {e  sha l l  p rove  tha t  i ,  , iZ  represent  the  rna in  par t  o f  the

- , r c : r r " n n f  n f  i  o  a L Y ) i ' n q i  n n q  n fLaeJ , .u I . ,  u l r  u rL ,  Eag ,6 :11 r l - r . . . ,  v !  *1  o  XZ  w i t l f .  f  eSpee t  tO  a  ;  i no f  e  p f  e -

-  e ise ly  vue wr i te

. J , > 4 . - . - rx r ( t , e ) = i 1 ( t ) +  , T  t ( t , e  )  ,  x 2 ( t , E  ) = i z ( t ,  a )  r  € l z ( t , e  j

anr l  F rove  ,  tha t  3  t  nnC J  Z  are  u i i i fo rn ly  bou i rdeC,  and nore- .

q
J '



( t ,  r ) + A t z  $ ) T  z ( t , a  )  + 3 1 1  $  ) J  t ( t -  € - , t  ) +
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f
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f o  r  t h e r r  c l i p o r , e ' t t i e l  e s t  L n a t e s  '

'  I  + l ^ n  A , 1  r l n i { n r ' r  q' i n : i  
J  Z -  

t he  equa t ' i o t i s

\r.l 6

r l

l

*Br2  &) f  z ( t - r . ,u )+  B* ( t ) [ i ' t ( t -e i - i r ( t ) J  +

*  | ; , ,  ,$ t f i , r ( t ,e  tGz( t ) ] *  |  ; r r  z$)L iz( t -L 'E l - fz ( t 'J
, - t . .

T  z $ , t .  t = A . L U , ) h  ( t ,  s ; + 3 2 1 ( t  ) J r ( t - t  t L ) + t 3 r ' ( t  ) I z ( t - e '  E  )

, r i l t i i  r .e ' ro i -n i i ia l  eortCi- t ions 'i -o i 'u ia I  co l l c l -1 ' :o "u '  '_  
r  - t

l  i {e re  v re  } rave  se t  i r ( t  )= f r  - : t rq ( t  t  
-1 [ ' r r1 ( t  

) * .32 ] -Ct  i J i r ( t  )  '

'  
3y  us ing  tho . i r : " : : in t io*  o f  ^bns ta 'n ts  fo rnu la  $Je  'nay  wr i te

r  i t  i - . -

I r ,  r , t ,  t ) : t  
I  

r r ( s ,  t  > [ r r . ( o  l ( i r { e -e ) - i r ( s  )  ) *A l2 ( s  l ( i r ( s '  6 ) -

, . *  ,  
'  

,  * r ' i s ) ) + i r z ( " ) ( i z ( s : - 8 , , L ) ' ; ? 6 u ' ) J  d s  1

, 1 j / e  y T a v e  f r { u  ; = 5 1 * , t o  ) 1 1 ( t o  ) ' ,  h e n ^ e

l i r f s - E ) - i ' r i . ; l  t  I  I i * ' - e , t o ) - d 6 s , t o ) l  I x r ( t o ) l  =

; r l  J '3 'q*-01, t^ )d, l  lx" ,  ( to >l  = E i lu,-  -  0€,*o f i  G-01' to " io i lx ' (*") |a" o - - a

L  . r * - / ( l - t o  ) l " r ( t o  r l  f o r  s  ) t o +  L

vue ruaY then lvr i te : '

t
t }  ( " ,  

- h /  d  '  

" ?  

I

I  t  I  
- r ( s , t ' r J t l ( " ) L i r { s - E 1 - : < t ( s l  d u l  <

- ,.,t,

L i l t : i t  z r (s , t )3*1s ; [ i i r (s - t ) - r rc ' r ]  u : l  +  i
1 
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+^i t '

+ L o

-1 -  I  [  2 . ,  ( s , t )31 r r " lF r  G-L t - i r ( * ; ]a -1 .  ; " i  
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e - i - ( t - s )d*n

- t l j  r  r !  
+ o-  

* " l t  
a , .  r r ,  ,  \  ,  ,  4 , ,
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"  f  * ' | ( t - s )  u - ' J ( t - t o )  a . l * r r t o l [ { c e - * ( t - t o ) .

,u t  
" f ;Jdo 

t r ru  constant  c  depenr is  upo, , r  |  *1( to  )  I  t  ,

, i ,Je ' , r i f  i te '  r- ,gXt
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d s  +
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*  ) - , ^ r ( s , t  ) R i z ( s ) ( i r ( s - a , l ) . l ^ r ( s ) ) =

: :  ! "1" ' r  ̂r (u,  t  )  B:r  e(s i [ f i r (s-0,  t . i - ip(u )J
r"O.E

, .  t  ) . r z r  
( s , t  )  B r2 (s  )  [  ; r (  s -  € r t ) -Qz( *  t

= ! ' ! '  z , (s '  t  )81^cs l f?r(s-€,  t  ) -?zrt  rJ
-, L;e

*  i  j_  .z r (s+e, to  )Rt2(s+a)Fz(s , t )  - i r { " d c  . l -. l
t J

.  : ' I  Z r (s+  € . , t ' ) l , , z (s+e  ,V r (s ; - i r ( s+e) ]  d .s

t

I

' . ' ie  deduce
I

" ' l  i  1 - *  ^  . l  '  ^ ' r +
I  J -  I  o  l ^  +

I  t  I  
o t \ o , u ) i i 2 ( s )  L i r ( s - € , t ) - i z ( t ) J  a " l  1 c  e - { ( r - s /

e 0

t-r
' t  (  r /  A  1  I

- l f -  )  r . ( s + € , t ) B r " ( s +  € , f i 2 ( s , t  l & z ( : ; J  a r  i
I t  j  r  L t '

Lo

Tle. nay flnally rryrite 
,-

t r  . l  - i r + - +  \  r l  a
I  i r (  t . , t  ) l 4  " u - * t . " - " o '  

* l *  
, J  Z r ( s ,  t  ) A 1  2 ( s ) ( f r ( s ,  E ) -

t - t  v€

A  \  |  r ' l  {

,  - x r ( s ) /  c s l  . l l , !  z r ( s + L , t  ) 3 r e ( s + € )  7 " 2 ( s , €  )  - \ r ( u , ]  a "  I
'Lo

Deno re  y2 ( t  , € . )= i z ( t , €1 - i r { t i  .  ' ,Ye  have  i r { t ) -Rzz (

r '  ' ' \  - ( r . i l  i - r t . ' ,  h . e n e e  i :=  L A Z I ( I  / + 5 2 1 ( t , , J  x l \ t  /  n . e : r u e

t  )Qz( t  )=

l l ir (t )-f1(t-r )J ulzztt if i , G)-iz(t-s t

t ,  E ) -32L( i  )  [ ; 1  q t  ) -? '  ( t -E  
t  

-

?r { t ' )=Azr( t  ) i } ( t  )+Brr ( t  ) f i ( t -e  ) *3zz$; i r ( t -  i l+

+tsr1 ( t

l{ i i  dedue e that

y  z& ,  e  )=  3zz ( t  )Y  z f t '

- 822{t I  I i ,  &)-* ,2( t - r  {

h e n e e  ,  f o r  t o n ( { - l  ) t < . t  < t o * l . t

y  2 G , €  ) = c t  ( t  r t - ! , e  ) v  r ( t '  L t ,  t 1 *
e* l  (  , -= t

-  ts  cz f t , t -k t , r )  t  ez t ( t -kEl [?r ( t - (1 ' :+1 )€) -
'A='O

-?r{ t -k€) l  *322(t -1r t  > l i r ( t - (1<+1 le)Gzf  t - tuf }  )
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\  4 r -  &
r  l l  - U , l  V ' t r
X L ) l l  F  L e e  

- - \
b h e  e s t i n a i e

0 r
+ . e ?  "  ( s u F l x " ( t

J \ - {

L  t / )  t  t ,t o + ( . ( - L ) t  t  I

and we have
. l

l Y 2 ( t ' a )  I
_4

-  X -L ) - x2 ( r , -

1 L  + $ gnf'o r

I,\ .trl1 ^ 6
I l r . / l I ! / v

i  r  * 4 L ! : J . r )  r N  r ,  A  -  . l \
I y r ( t , L ) l * a e * - e - '  ( ,  l l t l . ,  I x r . ( t ) * x z ( t ) i  I  +

' l . o ' c : t : e d* , -

F  *  . J  / ] .  +  \'  + € ?  e ' - * \ r ' - t ' Q /  f o r  t 2 , t a  ,

We ddd.uee th"at
t

t : r  (  
"  

r c -  t ) A . , r ( s ) ( i " ( s , € 1 * i r { n i )  d u l  +
l T  - r '  " I \ " t  "  / ' " 1 . 2 \ * ' \ - - 2 \ - :

, " 9
f - t

" 

' l  -

. l l  )  , r ( s * e , t  ) 8 1  , ( s + L , F  r ( s  o e  t - x z ( "  ) J  * u l  2
I L  

:  
I

r a

t   . F _ c . \ r  { s - } o )  i  -  ^  .
, I  ) t  e - 4 ( t - l ) l - " *  r r - -  (  s u r ) ,  l i r q c i - ? z ( r t l ) *
:  ,  Lo 

t_ - L" 
t;e r;; ,  . i ;* 

s ""1 ; 
"_1^ 

)
+  ,  e - ' { ( ' ' ; - t o  ) _ l  

I  u "  n  $  . J  * - d ( t - s - t  t  [  " -Yu '  
( ,  sup  l f r q* ' )  g ' . i o  4 ; e * < l o t -

- i ^  ( *  )  l )  +6e  
- i  1 * - to  )  l  l  a * ,

1 '  
v  J  1 ' ^ v

, V i t h ' t h i s  e s t . i : n a t e  l l o r  5 - . ,  w e  t l $ e  t b . e  e s t l r a t e  i n  s e c t

2  t o  $ e t  t h e  i : o r r e $ p o r i l i n g  e s t i n a t e  f o r  J ,  a n d  t h e  v . ' r l t

o f  t h e  a s y ' - r r n t o t i l  e ] : T ' a n s i o n ,  l s ;  s t a r l i i s  r e C .

I , e t  u s  s t a i , e  t h i s  r e s u l t  a s  a  t h e o : ' e r  .

THIORl i l  2.  l ] : rd.er the F, :&nF assrr"rpt ions as in theore: t

o n

i  t r r+ " J

l\i

t

(r

L

,tu

, i t l

L

11

we have fo r  an  arh i . t ra ry  so iu t ion  o f  sys tern  (1 )

x r ( t  n r ) = f r " ,  ( t  r +  t  J r ( t , L  )

x r ( t , r  ) - ? r ( t  ) + x e ( t , s  : *  s  ] z ( t , E )
rvhere gl  and t ,  e-re def lned by

! , , - X r + ' r i  . +  c \- i .1=,,{ \  r ,  /^ I  )  i ,  {  to j=x1 (  to , ,6 )

f r { t  l =  f  r -  3 : : (o , , l -1  L  A . : i ( t  )+321( t  ) ]  7 r { t  I
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. . r r { - t r }  r
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{ t
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t )o '

\^ /  s
u  + "  - F- i i *

-  {  ( r -

.  _2L_

r -
t Y 2 r  J Z  a d : n i t  t h e

1 r . r  4 .  \
, /  O  , ' - o t \ 1 " * L r " )  I

t _  J v  L /

es t i l i a tes
Y  1  i "  - e  r r - r
J z \ \  r t . )  |  1 *  c , : e

\

{ e  e

and  J ,

l l r ( t , E  ) l

l v z t t , s ) l

r L  , -  \  :  / )* 2 ( "  r L  ) = x z l T -

1 n n 1 r J } . av  Y - l  I
J L

. l r  N

F  
- '  ( t  ,  L t = A ( t  )r f

.trt
J  z $ - e , L )

n
( t  )  [J I r . ,Atz

above and : ' r r i te the

+ € c e

P Y r ' \ A n q i n n  ' i n
4 r a

.:

, l

) l  +. J

x r ( t ,  L ) - ; 2 ( r  )  I
-  x 9 - t o )

, S u n  I
*.;'t <{at,

(t ' gitllg

r - - r .  :  ( J  Are r  x1  ,  x .  ,  T -  'bg  
asl z . t

the  fo rn

; k { t ,  
e  l

yk { t , t t
k

n

Z 4 gk s  . I -  ,  are de_f l ineC by
1 .  r * ' ' [ - F k : l r *  . \  r k - ] - ,
E " 1 1 ( r i  L t l -  ( r r € ) " ) 1  - ( t - € , €

1 -
, h "

J z  ,

i . ( * ' e l

f rr, r l3 X,. ,a )=fr,r  zzlr ]  
- lLarr ( t  )+821 (t  ) ]  ]

and ".,re harre set J i =i1 , j Z=i,

Br r ( r )  [  ]1c .  -€ ,1 )  -  j t ( t ,e )J  +

I t r t  f t  ) )  .L 3rz ( ,  )  L 3n f t -  €,  L , - i : ( t ,  € t

x ,  ( t ,  s  )= f l .  ( t  )+
k - L

8+,1

?

,€  )+ )' 
f
K : A

*  * o r r ( t ) [ ]  ] - t ( t , e , - $5 - t ( t , r t  "  ]  B ra (u I J ] - t , t - € ,E ) -

) 1 A 2 1 (  t  )

' ir*(t,r )]

I I C t , r ) + $ r . ( t )  T f f  r - r , € )  * 3 z z ( t )  f  ! < t t € , €  )lf,r"'

> (fa

I 1

? o  A
' \ r = x 2  ; f inaLly

( t ,e  )=Ar i ( t )  j f t , r r r )+Ar r ( t )  5  
u ]<r ,E . r+Br1( t )  

i t t t - r , r )  +

, lt ' , E

s ) -

+13r2 (t  )

1
I

t
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c+s *0+t .-l+1" , "L+*( ( r 1  ,  \  A  r +  r F '  
- f  

+  F  \ + : l  r +  r t  r + - t  C  ) + l r 2 ( t  ) J  2 ( t - 2 , . 8 )J f { t  i L  ) - / " . , . ( r  ) J t  (  L , L  ) * ' Z } . _ ' ; r t  

: ; - - t'r ie have to prove that ',r i i th 
i; , 3 , , I 4'/ '  *.[" a'$ aborre the

, , ^ r rs ' r t . i  nncr  { .o r  ,A 'u  \A& are  the  one$ \ i l i e  have ' "v r i t te : :  ,t-j:!i usj' L r&u lri) r v.L 
J :. , J z

= k "  > ' L  1 4 k  < € * L  & r e  b o u n d e d .t k r e n  t i l a t  5 f  t  3 Z
,ro etr ic.k th"e equal  ions for  5Tt ,  3n;n 

' I /e t rerve to sct  the

" 
jt,.'r'"

expnns ion  in l ) : i i n i t i a t  sys te rn  ( t ) r rep laee  in  the  te rms  no t

1,,* '*1., i  =,,  
3' ;r  ,  \ ' ; '  * tr f  

, .cceff ieient 
matr lx l i ,  by using

the fornul-ae for 
' , . { .  

anct tol  1; , ,  
**U t;rke into aceouut th.e

, : r , r i r A t : i n n s  f o r  
v  n "  

" \  \ ' ^  a . - t x < . 1 '  .q : i f r r c a L , . i , u r r a  r v . L ' * 1  , x 2  r  J f  ,  3 2  
L

.Renark  e l - so  t l ' r a t  5 t  , 3 ;  ,  1  <  ! r  e  ! ,  +L  have  ze ro  l n l t j . a l

l o : r l l t i o r [ i .

Assune  bv  i nc luc t l on
r . - r  ,  ' n  \  -  * - -G.Jo) r

T , 1 , - 1  ( t ^ € ) _ t ] . - ' l  .  i  
" l t  

u = * ( t - t o l + e  .  " ' J
J I  \ - e e '  J ;  

* ( t * t n c ) l  4

t  k - l r +  , .  [  ,  s  u - &  ( t - t o  )
l f  \ L r L ) l + t

3 i - t  ( t , t  ) -  :  I - t ( t , t ) l  a
) '  **-  

*(E: to )1

f ]1e$e as ;sump'b ions  are  s f l t i s f ied  n , t  f f  , i2 r+Z henee fo r  k=1.

Trren a dire*t  look ei  th"e eruat ions sho,," ' r ;  that  the est inates
,I+,t *(.+2

proJ:a,qate,  . i ihat  conf;crns I  onr!  L
) T  e ' r \ r  

J 2

* f e r : , i ( t - t o

r l r = ' l n o + c ,  r , ' r n ^ n n ' l q  n e ' l n  i - h c  - r c a
l .  "  "  

' ( = C

t h e  n r n n f  O f  t h e  b O U n -y r  v v *

l r r r  i r s , {  n i "  f  h e  e s t l f  n t e sv , J

A D O V C

n$ i4&( .  The asyrnp to t ie  expans ions  desr rJ -bed above d"oes  no t

r e r t t i r e  l r o r e  s r o o t h n e s s  t h a n  a s s u n c c l  L n  B r e o r e , n  1 . .  I f  
" t o r e  

s n o o t h -

ne$$ is  ava l -La l r le  the  te r rns  Ef  \b ,J I  ,  J  Z  n a y  b e  d e s r o n P o d e d  l n

" ln te r io r "  te rms no t  dcpen, l ing  apon €  and " 'boundary i l ; i l ye rn  te rms,



for  the af l " i l

x r ( t , € ) = 2 1 ( t

+Zr ( .s+  e  ,

- 2 V -

5 :trgl*lo:.p*fp r"*eit.t n"e_ FJ S ! e:.s_

Y r f u  I  d s +

ne s;rstef l  we 
H"* 

the : :epre$entat lon fclrm"ula

o  ,  t  r x t  ( t o  ) +  , )  f  Z r ( s + t ,  t  )  i l ' l  ( s +  e  ) +
t"- L 

t"
1  , r t  t  -t ) B e r q s + t ) J  T r ( * ) * , J  .  L  Z t ( n + e ,  t ) B r 2 ( s + e ) +

1,:U

'  
, r 7  / ^  f '- r62  

\  R f  c

+
("

.  I  f  n  l n
f  I L 4 t w

t

Rena l l  tha t

E ( t , s i [ a r r ( s ) +
u o

*06 t ,  s+ t  )Ber  (s+a)J  I  r  -Bzz(s+r t  : t
*  821c" I  U-Brp("  ) l  

-1t ,  (s  ) r is  ,  ,  :

, t ) B Z z ( s + e ) ]

,  t  ) f t  $  ) + Z r ( s ,  t  ) t , s ( u  d  a "

Z a ( s o t ) = X t ( t , s )

T I < o  f ' h a

'  
v  / L^ 1 \  r , r u

r-- 1
wltlr ul".

Z r ( s ,  t  )=Z I (  s ,  t ' ;  A t2 (  e  )+2 ,  (  s  +  e ,  t  )  B1  2  (  s+  0 )  +

+ 7 , r ( s + E ) \ c , > ( s + e )

e s $ m p t o  t i - l , e x F e n s l o n s ,
4!L r- r'-r t

) = C ( t r s ) +  , ?  € "  , j *  ( t r s )
l.-. k'4
F,

est ina ted  as  above ,
/\

def ine  t r {u  rN )= [ 'dCt  rs )AzLqs l+5( t ,s+e. ) r ]e tqs+r  ) ]  L  t - tzz (s+e )  J  
* t

../ I*A r- .r-
w r i t e  Z r ( s 1 t  ) = Z c ( s , t  ) +  > -  t " Z \ ( s , t  )z' -[:t,

Frove in the usual wajr that

I i . - r *  * ' , ,  - l  ( s t  t r l r . '  r ^ - ( 5 f )  *  * o - f t ( t - s ) rl t , 2 \ n s v )  
- 1 . , 2 \ i ) 9 t t ) t = t - )  

\ c  i  
)

: r n d  r a n l  n n a  i  6  t h e  r n n r e g n n t . A t i O n  f O f r n U } a .4 \ / l r v 4 \ ,  l r s a

We have to  look  e loser  on ly  s t  the  pr ine lpa l  te rm o f  the

expans ion  g lven hy  +
r r l f p . / \ . f

C ( t , t o  ) * t  ( t o  ) *  o J  L  C ( t  o  s  ) f t  ( . s ) + 7 , n ( s ,  t  ) f ,  ( s  )  lo '  I ' o :  r * o *  
'  r '  l '  '

d ( t , t o  ) * 1 ( t o  ) -  i  t  5 ( t , s  ) f r ( s  ) n d ( t * , s  )  [ A zJj -L 
' 

.t '

*821(* )J  Lr -3zzf - " l l  
- t r r (s lJ  as  + f t fa6t ,s ' )Azr (s)+

d s =

= C 1 ( s  ) +
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' : t  
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| --rt

s " illili^:11-$,'L.Llir-ii"I. .-i]P*lq'

The rJlrs;1*r* cc:ns.L,1cr:c;d. h;;r1 ' t  he' ; l ,3r1:eraI fo::nt

i '  / i . \ . . . r , '  ( ' a  v  / f  \  v  / t . \  v  / )  / \  / ' L
r ,  l  , \  v  / - L  - . i - \ - *  l - , . i \ , , /  r s ? \  w  ,  r '  L (  

L *  L . t :  ) - 2 ( ' * b  ) l

. r . . ( t  ) * i r2 ( "  n t -1"  ( t  )  o :1 , , .  ( t  *  t ' )  * r ' r ( t * t  )  )

i i i ie : : " i : i l t i r r :d inoclej-  is  c i j : ta:Lne'J-  t ' : {  snt i ; : r3 t  =0

": ., (. i- I , rl,*{ i, ) , z4lr( t ),X^ (* )i

x " ( * u  ) " ' F  2 ( ' i  r ] ' l  ( . 1 )  r t l  (  t  )  r : t t 2 ( t  )  )

rv ^ /\t

i :o lTet xt t l l l  ,\-! i : lr"l i- i

t  r +  c  \ - r ; ,  t +  i  / - t - . ,  7  f  t -  - .  A  t t +  .  \ ' ,
x 2 (  t  t c  ) - t ' 2 i \ ' e l l l  ( r  ' '  t r i  \  v " ' (  )  t  ] " t \  ( ' - Y -  )  )

"rj_ t,i {} o ye.5 iro rli i ' 'r q J"r: i- t i r l" :: o il ii :1""t i o n r: .
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ASYIi{PTCTIC EXpAi,lSI0i{5 i"0R COUPLE} $liSTiilvlS

0F 0i l r l lRf ." lCn-DIFr i lRni iTIAt A\D i l I fFnR!.1i !CI IQUATIC {5

A CRITICAI CASFI

Vasile jJrSgan &Dr1 Aristl i te l lalanay
Univers j " ta tea  C in  Sucuregt i r i rac .  de  l ' - la temat lcd  rs t r "  [eac le rn ie i ,

] -4,  B.- ' l0]0,  ,  f iueharest  ,  f tornanta

Introduc{, ion

, l f e  eons ide r  a , r ) i LLn  i - i  . oup lec  sys ten  o f  d i f f e ren t ta l_o i f f e renee

and c l i f ferenee equat ions ' r i th  s ina l " l  de lays whieh ar is ;es r r , .here

cons iCer ln , ,g  . vave  F roFasa t l on  l v i t h  l r ounc ia ry  eonC i t l ons  eon ta i -

* r i  n c n  r l i  f  i a r r : * t i a l  e q U a t l O n S .  r :  , ' ,- - - ^ - , :  v l v . i r v

a c  ' i  r  h n n n r > n s  o f t . e n  l n  a l r . l i : e t i o n s  t h i s  s ; r s t e r  i s  n o : , T  c r i t i -
_  I  r ! r J 9 4 v r t u  v I

cal .  in  the sense that  the spect run of  a  nat r i : r  ls  c lose to  the

stabi l i - ty bounclary, To be more precise&F ra/e consid.er the systen

. !  r + r - n  r c^ l  \ '  r - , ' 1 I  r . -  ) x f  ( t  )+An ,  (e )xZ ( t  )+ f , r ,  (e  ) x f  (  t -  6 )+B t  2 (e )x r ( t -e  )

x,  ( t  )=EA.L( €)xr  ( t  )+eBr.  (  t )xr  (  t  -  i l+f r+€l l r ,  ( t -11". ( t -  E)

The n .e ln  p rob len  iv l l1  eons ls tS  in  ge t t in6  as ; , 'mpto t ic  exFan- .

s lons  end es t i rna tes  fo r  tne  funr i .anenta l  r : ia t r lges  assoe la ted

f  n  f  h i  q  q r t q J - e q  - , c  o  h q e i  n  t O O l  f O r  t h e  S t U C i y  O f  a f f i n e  S y S t e t s ,L v  U L I J | J  D . /  P  U g  r l t  U c t o l -

I / e  e o n s i d e r  h e r e  t h e  c a s e  o f  c o n s t a n t  e o e f f i : i e n t s ;  v a r i a b l e

e o e f f i c i e n t s  f o r  t h e  f i . r s t  p a r t  o f  t h e  s y s t e n : o u l d  b e  e o n $ i d e -

red lv l th no najor chan,ges ,  bgt  the proble ' ' r  is  eo,r ip l leate<l

o n n r r r h  . a q  i  +* -  s tays  and.  r , " /e  leave the  poss ib le  ex tens ions  fo r

f u r t h e r r :  c o n $ l d e r a t i o n s .

.1 .



' ; r

t  i ) r r n r . r : c z c r n i l * - i n l l  f n r " n : r l  i . l p r  ' ' n ' l  t r o i v t  { ) e c r r m n f  { n n < :
. - .  , r \ / t , i  L , , ? v r r  u . . j f U I ! - - . 1 1 1 = L _ . : j j * t ' j r - ! : " J g ! ! l - - " - 1  . I . r r  t r i r * ( r u ' u l -  u J i v * r v

aay be  reFregenteC ln

2 (s+g ;3 r r [ € )=o

; 3 t t ( t ) +  , '

) d s  +

+t822(e  ) ]  \ v  '

or xt ana (,

and^ ZZ are

2 (s  )e r t  (a ' ;+ t z

"  
' l l l he  

b i rs t  eor r tpcnent  o l l  the  so lu t ton

the  fo r rn i  t ,
( ' '

x r  ( t  ) = Z I ( . t o r t  ) x t ( t o  ) +  J  L Z t ( s + t ' tr  
* - r -' o !

1 . A

t  €  Zz ( s+  t o  t  )  r l 2 r ( €  ) J  t f ' t ( s
' '

;o
I r f *

+  J  { Z { s + t , t ) t s r 2 ( L ) + Z r ( s + [ , t )  L  I
+ - t

")  -  i .s  the i r : i t ia l  funet ion ftvnere Y I

a l  func t ion  fo r  x r ;  the  mat r ices  ZL

t i o n s  o f  t h e  P r o b l e n

+  z , ( s ) + 2 . ( s ) A , , . ( e ) * 2 . . ,  ( s + t ) 3 . , . '  ( € ) + 8 2
l - t  . l '  

-  
I I '  f  

'  r r -

I D rLlit

* h r :  i  n l  f  {  -

t h a  c n ' l  r r -
v i t v  v v  *  4

n r ( s ) = z t . ( s  ) A t r ( €  ) + z r ( s + e ) z f Z ( L ) + 7 , 2 ( s +  f . )  ( I + € 8 2 2 ( e  )  )
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-s -€ ) tsz r (a )J  I  V  tG

f i i ( $ - r r e l - 4 ( r , e ) ]

l"'Ie have the

+  ( +  c \ -  i
t v ' -  F1 1  C

rs -1
/ l -  /  \  L ,1- . t l \ i s r & , r  

J  u

f 'rrmula
.)r""

u ).*Y, (t

311 (  €)

*A12f  e  l [ f r (e ,  €  l - ie (s  n  r  )1  +en 2G) [#r ($-s , t t - fz (e ,  € l ]  Jat
nc'w to est j - rnate the di f ferenee$ that afpear in

r r v , V I
t e r r ,  i e  r . e r i e r k ' d l r e r t l y  t h a t  t  x r ( s - € r e ) - x t ( s r L ) l e

T ) c r r n ' l - o  t r ( q  
V

' r c , r w u e  v \ F e € ) = x 2 ( s r t ) - x p _ ( s r e )  ;  w e  h a v e

v (s ,  € , ) -  ( I +LBr r (e )  ) v ( s -€ r  e )= *z ( s ,  e  )  - f  
, ( s ,  r ) -  ( r +€Br r (L )  ) i 2 (  , t ' 8 , € )+

*[r* €rze(e ) j  i r{s-r,  r .)= a-Azr( e :#r(q, e ).rrter{e l fu(s, e-)+

i r /e 'h"ave

t h e  s e c o n d
"-- o(A

e c L e  c

t ) ]  d o

v ( s , . t  ) = [ r+e  : r - ( € . ) J  v ( s *€ ,  e , )  .  n t z  ]  ( s re  I
r  - d I \

( s , t  )  |  3 c etYrvlth

- t e  s 4 0  .

rttrts&tpqt i, j

v ( s ) =  ( z G ) - X z ( s , t )  f o r



A '- l
^  ' r , i - *

' A . <

; L t ) ' t t  a ; 1 '
v ( s , c ) =  L l + t 3 r r ( e  l 1  v ( s - f f i J i - t

r 4 i
^  L € J

r t  t  Z - l_ r  ra l r r , , (E  ) ] '  p , , s - i  r , t )
3 " o

l ' fe c lecluee the est imate
r41*  a

t  t  
v e P ' +  

, , / )  .  . l

J r ( u r C . ) l t ( I - x e ;  s u ; i l Y r { s ) : x Z ( s , e ) l  +
5  a 7 \ i 0  

|
O  n J  &  , i  O ( e  {

+ e t ' e "  o * Z - ( 1 - o c e ) J ( e  
; ' r

a n d "  f i n a l l y  l ; ( "  , L ' ) l  L € e  u - ' o  i f  ( ,  l s  L l p s e h l t z .

3y us' ing the est imates . [or  yr  and 
'Y2 

we see no'or that
n -x.t 

r-
;.., is bourf,.ed by e 

"-* 

- 
4 fub have further

I  r ' t ,
l ?  |
9 E  J

i o& ,6 )=  LZ  L  r *  8zz (e -> l  j  
Lo r r rE ) f r ( t - j e  )+

z '  i = A  l z '  ' r  L  l l '  -  
l '

  

\ t  '  

n  F  t i t :  t  ( r ' '  + - '
*321(  e  )xr ( t - ( i+1")e  )J  =  e  I r t  €Bzr . ( t " )J  tLY ' ,  f t - t t ] t . -€- ) -

ttl-t

\ +

e  - + -  r J  ^  =  l -- * r ( t - L t J i  - € , ) . t f ;  L

* ts2 t te  i t r ( t - ( i+ r  )e ) ]

I t  fo l lows tha t

, A  ,  l + J
I t e ( t ' t ) i € c  ( l - x e )  + e

We h&\/e proved

Theore i i i  2 .  Le t x ,  ( t  '  € )  ,  x z ( t  r  L )  b e  ' a  s o l u f i o n  o f  t h e

prob l  en
l

x " ,  ( t  )=A11(E)x1  ( ' r ,  )+Ar '  ( t ) xZ ( t  )+Br .  (a )x r ( t -e ) *312(e  ) x r ( t - r . )

xr(t)=rA2l ( e )xa (t )+a3.,, (a )xr (t- e) *l lr" ttszz(*. )J x, (t- t)

x r ( t  )=  ( r  ( t  ) x r ( t > = ( p f t )  - € s " t < c

v . r ' o r = v 9  Q ,  h i r . s c r r i t z  ;  l e t  f r { t , e )  , f r ( t r € )  ) e^ 1 \ " , r * ^ 1  
l l  l \ " r c . /  r ' - i

a so lu t ion  o f  the  proh lem (xx) .  Then ,  under  the  sa ine

a$suf iF t lone as  ln  theor^en 11
i  . v  I  r  _  M  i  -  *d . t r .
|  * r ( t , E ) - * t ( t , E ) l  +  I  x 2 ( t ,  e ) - x 2 ( t ,  e  > l  .  e  ; ' t ' '  .

r+r312(€ ) ]  i  Lor r (€) f r ( t - i  €)+

< r  1 +
_ < 4  L ,  -  C E  V -

e  € e  e





ASflr,{Pl0TIC EXp.{l{SIONS ii'OR C0Upl"ED II0NI,INfiAR

DIFIIII?I; ' IJ[-Di f  i l l ] I ] ' jNTI Al : t ] ,D DIirI- i I1] l ] i0 ! SQUATIONS

.i/ITiI SIIJAT,I DETAYS

Vasil-e Dr:5gan and Aristicle IIalanay

Univers i ta tea  d in  Bu l i i reE, t i  rFae.de  lu la temat icd

$ t r .  Aead"emie i  L4  ,  R-  i0109 n  l3uehares t

Romani.a.

In  th is  faFer  we ex tend l i rev ious  resu l ts  ob ta ined.  fo r

l inear  sys tems - to  a  c lass  o f  non l inear  p rob le ry ls .

L . I'r",9_ gli_q_ggr:g I I f g t ? 3"": _.". e.uj g.t- i.q p- : . ll.:1 n .:3g].

"sls.R:-.*3e

1.  ions ider  a  d i f fe rence equat lon

x ( t ; = f  ( t , x ( t -  E )  r E  )  1  z t o

w / t ' , =  ( 2 ( + :  f o r  t '  - c  r l  t l
I  r L , /  J U r -  U o - - = r '  \ u o

.  Assume f :  I*Fin*{ [0raol  - -+.Ftn rvhere Ic.R contains

l - ,  ,  ^ ^ \  ^  -  
-

Lro- .  r+  
p  )  ;  assume f  roe  U1,  v r l th  par t ia l  i l e r l va tLves

D^f and D,f  local ly Lipschthz :  f ,or  any eompact i (aFt"
z ) -

there exj-sts LK z 0 $uch that

l ( D . f  ) ( t , x i  t '  ) - ( D r f  ) ( t r x ' i  € ' " ) l  *  r ( ( x ' - x ' , t l ' * i e " -  e " i )
J ' J :

j = Z  r i  f o r  x ' e K  ,  x '  L K  r  e '  e f o ,  € o )  t  € '  
' e l o ,  6 o J  '

As .qume a lso  th i l t  the  e i lua t ion  x= f  ( t rx r .0 )  ad ' :n l ts  q  so lu -

t l c n 5 ( t ) . l e f l n e d f o r a 1 1 t G ] a n d $ u r h t l t g t
/\

l c t q n r f  ) ( t , r ( t ) , 0 ) ) l  t ?  t +  f q r  a l l  t e ' r  ;

? be ing  i i : r le renr len t  on  t  ;  noreover  i t  i s  asEunec1 tha t

t  " ->  (D j f  )  ( t  r5 ( t  )  r0  )  ,  i= l  ,? ' r3  -  a re  un i fo rn ly  bounded '

o n  I .



2 .

0ons lder  .  the  
.  Prob l  'en

x ( z  ) = f  ( t , x ( 6 - 1  )  ' 0  )  d  > A  , x ( 6 ) = Y G )  f o r  - L * 6 a Q ,

A genera l  *uheorern c1 s tab i l l - ty  by the f i rs t  apFrox inat ion

sho:irs t l rat l f  ,g9f  ̂ l  Y (6)-:5 (t)  I  i -s 3m411 enoush then

.-::" ? ̂ r.- - nc k.
I  x(r  i  y, t ) - : ( t  )  |  e t . , f '# sur IYG)-I$) I  r r r l th f  ^ '

t h d e p e n , i e n i  o : r 6 ,  t  a n d  y ' ,  i t f t r .

, IJe shal l  ea l . l  * 'domain of  a t t ract ion "  for  3$)  
'  ' the

eo l l ec t i on  o f  f unc t i ons  Y ,L - t rg )  
+  Rn  sueh  tha t  the  so -

ru t i on  x ( . ;  Y  r t )  sa t l * f i es  the  i ne ,1ua1 i t y  ahove .

Let A: T -+ f  GnrRo) unifornly contiaous and unlforn-

1 y  b o u n d e i  w i t n  l t ( o C t ) ) /  . f r v  f o E l a l t  t e T  ;  t h e n  i t

is  known that  for  the fundamenta l  matr ix  C( t rsr€)  assoc i* ' ' '

^ + ^ , {  * n  v / *  \ ' .(ausL r  r Jv  ̂ \  u  / - -A ( t  ) x ( t -  t )  o "d?  have  i he  es t l na te

1 . . , ( t r s r€  > t  n  *y#

P  1  P  <  1 '
)A - J

.rugjg:_ijj.gl 1o let A be as aborre and let

t r l  , r  La ,? .J  *d (Rn ,Rn  )  . . ha r , re  fo r  ea rh  t  e  [a  r t J

f h o  q . a n r p  n r n n e r t i e s  a S  A  a n d .v  I  r v  t , r  "  I

/  A r r ,  r  ) -A ( t  )  I
Then there ex is ts  O < fa  a  I  and 6,  a  su:h that  for

A  <e  <  ( .  t he  fundamenta l  na t r i x  6 ( . t r s r€ )  a$sqx ia ted
'  r '  L i . . ' i ^ ^  l \ r -  ^  r ' \  t  ' ^  n " tt o  x ( t ) = A ( t ,  8 ) > : ( t - e )  s a i L s l ' i - e s  I  v ( t , s , e  )  l ,  * o f o

f o r  t V e V t o  )  e  d e p e n d . i n g o n  A  , 2 ,  f o .

,  t V s  r  s e I  , Q 1 L a  L o

Proof  "
'i/e have

l \ ^ . , \

U ( t ,  s ,  t ) = A ( t , E  ) C ( t - € ,  o ,  t ) +
U

i / , -  ^  I
v \ i ) t i ) t L

> s

C ( t r s r t ) = 0  ,  t < s

( F l ] . r r :  i d o n f  i f r r  n r i r - i r r  \
\ L  U J . r ( '  - L L r U l l  t , J -  U . i  r I  . 1  u I  - L , \  ) .



and

t h e

Fcr  t  > rs - re  C i -s  t l re  so lu t ion  o f  the  sare  d j - f fe rer :ce

er4uat i"on r ,v l th the in l t la l  funct io i :  equal  to " t i  for  t=$ and

t o  0  f o r  s  a t 4  , s + t  o

T,^  4  . - ^  + '  , '  
^

+r r  r  cxv  r . ,  vvc :  r ,&Ve U ( t  u  s  e  € - )=0  fo r  t /  s+kg

4 . / \ A ^ '
C ( s + k e ) = A ( s + k 6  ,  €  ) A ( s + ( k - 1 ) €  r €  )  "  .  .  .  A ( s + 5  c t )  "  r i , . .

ii ' ie nray write
i r , A l ' x 1 , -

C . ( t , $ ,  €  ) = A ( t  ) J ( t - e , s  t € ) n l  a ( t , t  ) - A ( t  ) - J  C ( t -  € , s  r L )

by using the var iat ion of  eor lstants fornula rve get

T p n r t r P p n t . r t i n n

1 r r , s1€ )=c6 r ,  t - L+Jz , t f i r r  - f *S€  , s , €  )  +
L?l-a'E - h f  t

T  J - I L

*  F  c ( t , t -  j € , e > [ f ' r t - j € , € ) - A (  t - i e , t  t r r - ( J + t ) € , s , e )

. ^rL" tLk-,1 ,, k.i
= - r t O

j . o
This  renresentat ion leadg to  tne est i - 'nate . i

t:t L?t",t i ,, tio-n' i

l 3c r ,$ ,€  )  l 4 "n  fe i  +ez  Z -  f  
t ^ l  . -  -d  

/  3 t * - ( i * t  )€ ,  s  , t  ) l  .
i r [  a l ready know that rrye 

" l ; - take 

-a- ' i -L6 
1

k-rr  ^ t - io

[6(s+rce,s,  €)  [  .  -^*"  . . r# f  f  i  
?"-J  

I  ccu+( l r* j - l  )€ ,  a*) l

r e t  u o ( s , L ) = f ; "  I  e ( u " i e , s , €  )  |  *
I - l r r r n  i r n o - ' r r q l  i  f ' r r  i  e .  n n ! . r l
v  q I  I r r v  j _ q c r * !  u J  ! u  r . r v  v ?

L! n U!" -t' 'l
ur*,(s ,t) 4cr+c r# i 

€ ofo' 
"r-r,-,r(,t,t)

(o,e)  {  c t  " .2? '#"2-  j " ' f :^
f - o

o l -
A

'0-.-o(s '  € )

u g ( s , € )

t '  r 1 ( s , s )

then  uka c l+vk  and

,1.(" ,€) a ", *d, ?o* # f 
u"h - t , :  A

.8', O
a n d  s i n c e  t = s + k L

u u ( s t € )  1 e r +

l,et v. =c^6 t:!" k-'l '
.k*-2J "  e

" fi" k''t r',
et? E ?----- ?u '  

! . r o  
r

' ^ l
? t  u , ( s , t )  ;

J (

,^ a-J. 'r
, f . z S  t  u o  ( , r , e )  =  c r l

n^Lo-tr-



/ \ i l  A

I ' u ! . ( s , e ) =  u u *  " Z !
n ,t-lo

6c, +v.,. ) = (J- +e ?! 
-{

n h-to
w .  . = ( 1 + e ^ Q ' TK+ t  '  zJ

lVe havo ,
K . L

w.,-=1 I/ ai )vrr * Zr!  
)=,L ..  ,J r 

A-- I

where we 'have denoted
n tt:! ' 4i  

" j =  
( L + e r y  t  

. Y o  )  ,  . f  
i = e l e 2 f

(  For k=1 tve have fu:deed

k ' a-t"-q

Al ,
Y

J

,t lt

f u l - ( s  , A )  *

L
' t  A 'Lo A k

)v., ,+e.. ,  e" ?'T ?' K  t t )  J

and

k'/L
! -4'I I
| L t ^

\  l t  a s l T i + r r .
r J "

t : l
t,

* i ' ^

w.r=a,rerr ,vr+arf  ,+f  ,=ar(arvrr+f ,  )+f  ,=arwZ*f  3

and th.e formule is t rue ;  we have further
J  } - A

tnrk* '= ( 
! ,(  

a, )w., '  + ]_ ( I  
, l  %)t j* fk*l  ,  

' , .
- L J,t' u 

*.jr, J=f i2
anvto=(,fl a., )rnr., * 7 {l a, )fi+akfk =A n  

d = n  i  
-  

i = ,  ; , i  L-{7

=( ! !  o i ) ' 1 *  Z t / !  * ) r ;=wk+r  : r xn r
l ' t  

J  r  
f - L ( i

and the fornula is a,=-,aln t rue ) .

' ,Ve have then|  |  '  k - 4
#i a ltJo n: A

I ' ,v*- l 5 ,l , l  G+ery - ib ) {,wll n 
"1" 2 =- fA 

.i ' t
r & + - ^  n ^ + , ; ; r  

' i '  r - ' i ' , ' '

n " z f  T  ! "  ) + c r e 2 9  ,  )
Tl : .e  r roCi t l t

o o I-f1 / '\ A-Lo A)

.t ,t (1+P 2f 
"{ 

J' ) :
! - t '  -  ^ l - I o ^ ;

ls  converden ' t  s j -nce the ser ies € " r i  
=  

i '  is  suqlv

and we have- ^ - ; ; " ' ^ ' " r r t * , 1  
_ ,  I $ " g 1  A i t  ^ * A k - / ,

f ' , t p l a  I l * + e r e r ] l * f  7 - ? "  + e - c ^ Q  e  ?
' \  i l  

r  I ' z J  e

Slrrc 'e !  at  ' { r ic  f ln:r l Iy i le, luee that * . ' .  ls  uni fornly

\ n r r n d ' o r l  h  n n. / v r . r : r , rJ , /  ,  ' r l : : r le  SO i "S  . t r , r .  and a lSO t l r .  I .Ve  dedUeg tha t
t   r  i ,

l C ( s + k € ,  s ,  L  > l + " f l
i ' a

and th&s is * the  type  o f  es t imate  ' , ye  i ,uere  loo l r ing  fo r .

+ k'L
ry"  6-^yI

J  I I
l" i

d

E i  a t

( t *

+ . ,  , . , .  .
:''i:.ql

deiJuoe tnat t t .  W. where !vr=V,

9' ) '5+c :.ozf * i '
k-4



?, In the proposi t ion ai love we trave: &$$uted. that
f
n q t ,  e 1  d i f f c r  b y  a  t c r r a  o f  b o u n d a r y - l . r y e r  t y p e

need a  s imi la r  resu l t  fa r  the  case the  ;na t r lees

fn r " " r , r l  r r  4 "1  nqnJ \ / I , l J I . )  , J V Q U .

n / +  \  * - ' i l :
t { \  t , , ,  . ( * u L

.  l n t , :

,  
' t '

are uni*

,

4 % .

a s s o c i -

F r o f ' q s i t l o n  2 ,  L e  t

J = 1 , 2  b e  ' * n i f o r m l y

^ .  r  v  l -n  7J _- t tRn,R,), * j .  - L  ^  L V l "

houndet l  and su^h that

f  A r ( b , e ) - % ( t , e  )  (  s p t - f o r a l l t e I  , 0 ( t

AsSune  tha t  fo r  t he  fundanen ta l  na t r l x  C l ( t r s r€ )

ated to  x( t  )=A,  ( t  ,1_,o"( t -  s )  the est lmate

f c r { t r s r r > l n " r f 7  t z s  , Q < f r . l

have an est inate 
L, t

l o 2 ( t , s ,  e ) l e  e ,  , f  f

A  

t r u e .  T h e n  t h e r e  e x i s t s  
' t '  z E  s u c h  t h a t  f o r  0  L Q a z ' ei s

WC

a n r l  c 2  ,  i n C e n e n ' : t e n t  o n  t r s ,  €  ;  h e r e  i

f u n d . a n e n t a l  n a t r i x  a $ s o e i a t e d  t o  A ? ( t r L ) .

ancl

_B-Igg.g. ,Ye proeeed. as in the peeecdlng proposit lon and"

x r l t e

v
€

for  solxe fzu(O,1 )

' 2  \  u c  c \  { c  t h r :
, v r e ' /  L v

,  . c  z ( t , s ,  r )=c1  ( t ,  t -  t ? l r ,  t ) c  z ( t -  L?Joo  s ,€  )+
t?l-r,

o  F - .  o r  ( t , t - i € ,2  i LAz ( t - i  € ,L ) -A r ( t - Ja ,qJ  ez$ - ( i * r  ) € , s ,€  )
T E ' J C L

*E Eet  the est lnret  e  r t - ! t  ,
t:s TJ-L

i  ' -  |  / \ T  ' r 1 t  
7  f , '  I  c z ( t - ( i + l  ) € , s , e )  l ;l c z ( t , s r € ) l t . r f  r  . n " . ,  
J . _ o  

. r ^  l u e ( t - ( J + r ) i

since ' { re rn&f,  take t=s+kE
,  

__- ._ ,  ,  " . ;_ , ,  k_1 ,  i
I  u r ( s + k € , s ,  € )  l + . ,  f ;  + e z 1 u  

? =  f n r  I  c r t s . i ( k - i - r ) € , s , t )

Def lne  a5a in  u l . (s r€ )=  f  \ r rc " l * l , s ,a )  i  to  8e t  the
.  IL ' I .  L

" i  n  ^ ^  
" ^ 1  

i  l . r
J - l l Q t i t  u c l r  - L  u J  t'  K-lL

C r  ^
r l . ( s , € ) '  e l * ,  I t L  . - = - t t r ( s r e )

Denote rt t  
rL { '>o 

u

K - I L
l a  c ^  -  -  .  - \u',r= t' PL
f t '  3 . o  

r  -  r t '



- f"i ..

vk*r = 
ft frt. 

5 r.r, (s,€ )=vu+ t , u uo(s tt)' z'

evk+ 
# n, (er+vu)=(1 -  

# Ou )"kn 
Trt  i

vk 4 lvk '"vhere *1=v1

wk+l =(1"+ 
ft ne )wk+ # t.,, .

'J /e ded.uee. an est l -nate of  the form

uk4 -"1*(vr+e1)(1 -  
f r  , ,  

)k-1

ok( ,  , t . )  €u ,  ( s  ,  € ' )+ ( t1 *o1  )  (1+  
#  n*

f r  r (s+:<e, $,  r ,  I  n 
iorc,  

(s+ i ,e,z i i  fo '  .

we lake

? ^ = 1 t + ! B e  ) 1 ,r t '  f , t
? . . t  , ' a n d .  f i n a l l y
) t

rk-1, / \

,l,V+ AtJ l- ( ,tr
l +  ? n r " "

u t
JI

'  
- L

f:r,n)nJ :'

and" fo.r  A smal l  enough we st i l l  have tQ..L

l r :  ( e * 1 r c  . .  
l  - L

, - 2 \  - ' t ) l a " Z f Z
the  pro fos i t i -on  be ing  thus  proved.

4i. Assune

f + r
L " o " *  t

r r n r r r t l,  * . 1

)e f ine

s a t i s f

5 ( t )  b c  b o u n d e d  ,  t a l r e  a n  l n i t i a l  f u : c t l o n  
{  

o " -  , -

. 1, o J  a n C  c o n $ t r u c t  t h e  s o l u t i o n  x ( t ; ( r t )  o f  t h e

o n  x ( t ; = f  ( t , x ( t -  t ) F )  o n  t  )  t o  w i t h  l n i t t a l  f u n c t i * o n f  .
.  I  r  ^ / . + - * -  -  . - l

z ( t , e ) = t  L  x ( t  , Y  r € ) - x (  ! : " ; € , t  U  w h e r e  x  !  , 1 +

i e s
Nl 4

i 6 1 1 = t q t , i . ( 6 - r ) , 0 ) ,  f  ( 6 ) = f  ( t o +  e a  )  f o r  - r t a ' < a

t

=  t b q t , i (  ! I - r  i € , t - € ) + €  z , ( t - E , e ) , r ) -



f i ( . ,  L ) = ( D ^ f  ) ( t , r ( 9 "  - l ; e r t  ) , 6 )

s( t ,  n)= lF!* ,?(*  - r  ;€  ,  t -  €) ,  a)
G(t  ,  " ,  s  )=  J ' [  (Der  )  ( t , ! ( t ; -b  - i ;  € ,

o -
- ( D e f  ) ( t , X ( ?  * t i E , t  ) ,  e ; l  o O

e  i . l '- f ( t , i ( r y  - 1 ; a , t ) , 0 ) _ ]

i - E ; + r €  z r L ) -

z i

we have
t u

I  iC t ,  r  ) -  (Dz t )  ( t , I ( t  )  , 0  > l  , l i ( r ,  e ) - (Dz t ) ( t , . I ( t  ) ,6 )  /  +

*  (  { r . r r r ) ( t , : : ( t ) ,e l  ; ( fe r ) ( t , I ( t ) ,0 ) /  e  r l , t c  f " - r ;€ , t  ) -
- 5 ( t ) / + r , t  I  r ( k p " E * s t q ^ l ( f t " + e 6 ) - J ( t ) l  + E  )' J ' t s t l o ' \ ' o - - '

-and l l ropor- l t ions I  anr l  2 gir , r 'e.a gn-ad est i ;nate for  the funda-

aental  i ratr ix asso e lat  ed to iq t  ,  e )  "  r /e have : iext  . .  r : .

f 6 r ; € , t )  - * G ; € , t - € ) = r ( t , ? r a  - r ; e , t ) , 0 ) - f  ( t - e  , i 1 e  - r ; e  , t * E ) , 0 ) =
rl-

=  J  {  ( D a f  ) ( t - e e , I  G - t ; E , t - e ) + g ( f  G - t i L , t ) - i ( n * r ; L , t - € } . ; ) , 0 ) L  +b -  . * .

+ (D, f ) ( t -O€.,X 1a -t ; €, t- e) +€(f @ -r i €, t > -X G -L./4,t-s ) ), 0 lf i  1a-r, r r t ) -

- I(e -r ;e , t i l l  l  u o
f f  r ' , r e  d e n o t e  y ( 6  r e ' ; = i 7 a i € - r t ) - X ( A ; € r t - E ) .  w e  e a n  w r l t e

y  ( z  r  g  ) =  ( D  r f  )  (  t  - 6 , i  1 a  - : . ,  8 ,  t -  € ' ) ,  c  ) y  G _ i ,  € -  )  + h  ( F  t Q -  t  + 1 1 ( 6 , V  ( 6  ̂ t , e ) ,  €  ) '
u r i t h  h G , e - i 1 . t e  ,  I i i q r , y 6 { & w d { i , z ) j a  l y l l , t r y t  n € )  a n c l
z c r o  i n i t i a l  c o r : d i t i o n s "

3y  us ing  propoz i t ion  l  \ r , ' e  have a  good as t lna te  fo r  thc  fund.a-

mental-  r latr ix anci .  the est i rnates for  h and" i {  a l low us to d.educe

t h a t  ( V ( 6  r O l ] L t -  u n i . f o r r n l y  , , v i t h  r e $ p e c t  t o  [  .  a n d  t .

, je  de i luee f r :o r r  i i c rc  t i ra t  l s {  i s  un j - fo rLn ly  bo 'nd .ed .  , ie  have

t h e n  t l T . e  c s t i ' n n 1 ; c



. :

l , ; ( t  r z , t > [ < t ' 1 z t ( €  l r l n l y f  s ' - 1 , & ) l ) t L L  |  , l  L t  r l  + ! , r )

and this est ins. te ,  to6ether ' ,v i th the one for the fund"amental

natr ix shows that I  z I  is  u"r i - fornr l ; r  bo unded' ,  hence

f  x ( t  ,Q , t l - !Ch t ' ;E ' t  1 l e - r - t  . and  f l na l l y
< -  ) +

l . - 1v  1D  r  r - . - , ' t ;  f  I  f -  t , 1 , (  € -  +  p "+ "  )  ,( r . \  L t ( t v  / - " \ \  r ,  )  I  2  ! , i \  G  1 -  
, l -

' I h is  ine i t rua l i t y  has  been thus  ob ta ined

j .n  1he ' , i l .ona j -n  o f  a t t ra r t ion"  o f  J ( t  )

boundec lneFs assunpt ion  a l low ing  to  use

' r ' , roner tv  o f  the  der lva t lves ,
l _  *  

" - l  
v - ' .  w J

fo r  a l l  in i t ia l  func t lons

: , r i  t l r  t r  c n , n " n ' 1  p - n P n t a r v
r Y I U i l  u  v  j r v : r w g r 4 l

1 h p  ] - s e a 1  L l p s c h l t z

2  -  J n r r n - l  e d  r f  i  f  f e r e n c c - d i f f  e r e n + " i  h l  a r C  : 1 i f f e r e n e e  e
1 .  v v q f  ! v *  ) - r . t

-*#

u . a t i o n s ,

r i r l e r r  q c r r " n n * n f  i  C  A t d n : i n s : , i  n : t s lJ l l g  a u J  l r } .  v v  u r v  v $ I  s r r v

&,
T'1 ,. ' 1

D  . J  i - ]  )-  i L  J - L t -

t Y )

LP ( t  \(  1 \  " o '
t l -

r  - ^  |

l * )  R

t -  e )  rx2( t -e )

2$- r - )  'e  )
*  r r  / +  \ -t o  t ^ l \  " o '

x 9e x Jlc,,e"
[g t, i* s*2

L ' )

2 ( t  r " t  ) f * t ' j 2  ( t , : ( 1  ) ' 0  )

t h  x ,  ( ' b o  ) =  ( ' 1 G  o ;  d e n o  t

a - r iC  t i re  cor rc . .pouc l in ;  c  u

i 3 r r b o r h o c d .

s r - i  r l r . r  t h p  s v s t e ; " nu  r * v !  
" , 1  

-

t  ) = f t ( t , x l  ( t  ) ' x r ( t  )  r " t (

t  ) = f 2 ( t , x l ( t  ) ' > r t  ( t -  & ) ' x
; t 1  z ,  .t ) = Y ' j ( t )  ,  t o - L t t / -

n f-r e\
h  f r l  I X u r f f i i l z * i l t

r z i  r  N g : x A , t x  0 r x

R  ,  l _ t o - t , d ) c I  c

4 o . r t l n A  r  n v g  ^ 1  
a n CcrD i r ,  L, r  r iu t  

j  
<aL

une  t l r a t  t he  e lua tJ -on

f -  - x -  )  d e f  i  n e d  f o r  a l ]*  r - , 1

+ - l  n ' l  ' l - . i  n . r  
o  6 '

L ] . c . t J .  e { u ; J r I U l l  x l  = f ( t r x

n,
f  ( t , x ,  ) = f 1 ( t , " f  , , 5

a$s ur i le t i re solut io: i  r r l i

d.ef ine C or1 f  to , rc )  ,

os&therp yrith a 
To 

-",

L . 0 o n

+ ("'t \

N ^ (

^ i \

wi t

T t s
l_ \-

. T I ^

t r o (
( 4 i  

-

ren

and.

v l  fs L v

D. ,_ f *  a re  Ioea l l y

v - ' F l ' + v v v nn 2 - t 2 \ u r ^ 1 r ^ 1  r n 2 r u

t € I and x, e9){ .

T i n c r l n 4 * a
! I l " r u \ . t L L v u a

)  h a s  a  s o l u t l o n

C o n s i d e r  t h e  d i f d e -

arl A r \v u  r ! 1  \ . . ,  t

r v e  L i e s  l n



t 7* ':_i'"'

l e t  x ^ ( t ) - ' Y  ( t  ?  f t t t  a n C  a s s i l n e- - '  
; ' 2 : - ' - : : 2 \ " t ^ l \ u / /  

s ' 4  Q e u w r r v

n  \  v  / +  \  +  !  f  r l r a  i n  
t ' ) t  t l -

a) Je(t  )  ,  t  >,  xc are r-n X)z together iv i th a J 2-neLghberhood

b )  t - * f l ( r ' f r ( t )  t I Z ( t ) , T r $ ) , ! z ( t t , o )  a n d

t  - - -+  (D r f j  ) ( " t , i r  G ) , p2 ( t  ) , f r  $ ) , I z ( ' b  ) , 0  )

are uniformly "i:ound-':rd;

./\
e  )  t h e r e  e x l s t ,  f  e  ( 0 r ]  )  s u c h  t h a t

l r r i ,  f ' \ / *  i  r + r  ?  / + \  v  / + \  o t t . i  z,  l u . \ - 4 , 2 ) \ u r . ' 1 r t ) r x l  l t ) r ! z ( t ) r a ) l * f  1 -  I  f o r  a l l  t € I "

L e t  i ' r ( A r t )  b e  t h e  s o l u t i o n  r - r f  t l : . e  " b o u n d a r y  l n y e r "  p r o b l e m

' . ' 3 x , ( a ) = f 2 ( t , f r ( t ) , i r ( t ) , x 2 ( 6 - / ) , C ) 6 a o
---:-\\--

t l  )x . ( 6 ) = 9 ) . ( a )  : 1  ! 6 1 c "
. l e

i . r ron assunpt ion 3 )  and using a t t reorel  o: l  stabLl i ty by the

f i rs t  approx i ' ra t i -on  i , . Ie  l ino t l r  tha t  i f  . sup  I  Vr (@;-x r ( t l l  j - s
* l ' r  -

s : ra l t  enoush  t hen  lY r { r , t ) - i i r ( t ) l  .  
" . f n - , ?S? r l  f rCa ' ; - } 2 ( t ) {

6Z A.  ' f fe  sha1 l  de f lne  the  "domain  o f  a t t rac t ion" , . ta r  x ,  , f l s

ln  the  preced ing  sec t ion  ;  i t  cons is ts  o f  a l l  in i t ia l  fun .c -

i ions  fo r  n rn ich  the  above es t fuoate  ho lds .

C o n s i d e r  t h e  s o l u t i o n  x . . l ( S , € ) - r  x r ( t r € )  o f  t h e  g i v e n  p r o b l e n .
l . '

a n d  d e f i n e  * r { t , e )  ,  i r ( t , t )  f r o : n
A

x ] ( t , e  ) = * 1 ( t  ) +  t  * l ( t , t )

x r ( t , L ) & z ( + , t  ) +  €  i 2 ( t , a )
I  

wrr l tu Xp'nu*- been 
"orr l*"ucte'J 

rrr i th 
f t  ,6)fr( to* 8'6 ) '

i  i ie ,vant to o'btain unlforn bouncleCne$s for t ,  f t ,  thus provl:g :

that  f t  , iZ  g ive a f i r$ t  approx i t ra t ion for  the qo lut ion.

i  -  2 .  For  ?- ,  ,Qn we get  the equat ions
' ' - - L a -

A  d X 1  *  A  ^ / . + - + ,  / \  4 , ,  . \
t  {  r +  c \ - . t a

.  
- A E -  \ r r L  ) = L r ( t , I r ( t ) + € x l ( t ' € ) r t 2 ( r y , t ) . + t x r ( " : ' * ) ' x t - ( t - L ) +

\' i +  +e f - ,  ( t -  e  , L ) ,Xz<$ - t , t -  t ) + t f r ( t -  € , t  ) , e  ) - -
I

+  / + . f ' l + r  . '  r t r  Y  / t \  / + \  A \- 1 t ( t ' X l l r  )  r f 2 ( t  /  r x l ( r  )  r l Z (  u  /  r \ r  /



- - i a  "

g - ; Z ( t ) = f  z ( t , ? r  ( t ) + e i r ( t , t ) , f r ( t - o ) + e f i  ( t - e ;  * ) , f z ( 4 *  - 1 , t  - L ) +

+ { - ; 2 ( t - a  r L )  ̂  € - )  - : t  p . ( t , f r  ( t  ) , 7 :  ( t  ) ' f r c * -1 '  t  ) ' o  )

These equat io; :s aay be r ' ' r : : i t l 'en i r i  the form 
4'

* df-, ,'^ A
a ' * ( t ,e  )= f , *  ( t , i l  f r i t ,  e  )+ , t r ,  $  ' t ' ) i , ( t  ' L )+ f r l ( t ,€  )E-  $ -L '€ )+

*f r ,  (  t ,  L) tz  ( t  -L,Q) +81 (  i , f -  )  +G z(  t ,  q-  (  t ,  t  ) , iz(  t ,  t  ) ,  f r  (  t  -e o t  ) '

tr6-t,r ) ts )

}*#.- )= i r r ( t , r ) f :  
( t  u  e)+i  zL$,  e)*r ( t -a ,L)+i r r -$,e)*z( t - [ '  e)+

- - ' - 1  
+ s e ( t ,  e )  + i i 2 ( t , t l  ( t , L ) r i r ( t - € , L ) , t 2 ( t - t r L ) ' t )

. ' i lher^e

f r ,  ( t  1  t )= (De f r  ) ( t , i r ( t  ) , i e (+ , t  ) ,Y1( t -  s ) ,12 (  f " - r ' t -  € ) '  e )
A -  ^ '  t \ ' r  I  r  '  F '  r  '  e  r l - f ^  '  -

Ar  z  (  t ,  r - )=  (D ,s r  L l  (  t  o  i r  &  ) ,8  z (  t+ , t  ) ,  f ,  {  t  : "  a ) , i  z (+ { " - l , t -d ,  L  )

dr r  ( r ,  e - )=  ( r4  f r  )  ( t , i r  (  t )  , i z ( t+  , t ' )  , i r ( t -  e  )  , | xz ( t * - f  i - t ) , f  )

B t z ( t  i e ) = ( D s f r  ) ( t , i r ( t  ) , i r ( * * " ' t  ) ' i t ( t - e  ) , E z ( t + - 1 , t - € ) '  e )  )

tt,Wg,{,bp$r*.tl&{auudpxzu,n{iv6{4effiS6eV&Ju,AtedL.<A,u* t)n€- M*d+ &*i'ht'

ss t" tQs{:f {fr.t,
Azt( t ,  €  )=  (D z t )  (  t ,  i r  (  t  ) ,  11 (  t  -  t ) ,X z- f  

* * " -  t ,  t  -  t  ) ,  t  )

$r ,  ( t , r - ;=  (D. l t i l  ( ' t , i r  ( t  )  ,Yr  ( t -  e) ' ! r  ( l *  -1  ,  t -  e  )  ,  t  )

t r r ( t1L )=  ( I )+ t : l  ( t , i r ( t  ) , i r { t *  s - ) , f r (  o * -1 ' t * t  ) ,  t )

ty*fi*A*k l.,t;tg Al:P|t-tta6k.rr;e- bg il4; :eP xTa's*a'd,"&.t-C,\a"eLxa*e.*tfd&mt'

ay frJp,tirtt

, / e  n '  * r f  o t t  ' ' n t  
, t L ,

Gl ( t  , xL ,x2 t : { yJ2 ,  )=  I " l L t r r t1 .  ) ( t , i r ( t  )+0e  * t , f 21 t$ , t  l *

* 0 i x z , r t  ( t -  e  ) + 0 e  y t , i z - i + t  - t  , t - r ) + 0 i  y  z ,  €  ) -

- ( u e f r  )  ( t , f r  ( t  ) , i ,  C *  ,  t  ) , t l ( t - e  ) , X e ( i - 3 "  - 1 ,  t -  E ) , t  ) J  * 1 *  ;

-  I  f  4  F l  - r l

n  f  i i : r r1 ) ( t , { r (  t  t t oe  x ,? .2 (+ , t ;+o r  *z ,X r ( t - t )+0ev1  , i z ( r } " - t , l - i l +  :

,4€y z ,L)*  ( t l t r .  )  (  t , f r  ( t  ) , Ie(  + ,  t  I ,Tr  ( t -€  )  ,Vz( t+  -1  ,  t -€) ,  t  ) - ]  t '2*  .

L{nor r ) ( t ,Y r ( t i+oEtL ,X2(o - !b " , t )+0 r "2 , r r l t -€ )+0eya , i z (%L, , t -u ) *  ' , ' , ;

+ 0 6 . t 2 , { t - ' ) - ( D + f r  ) ( t , d i ( t  )  n n r ( *  , t  ) , 3 1 ( t - e  ) , i z ( +  - 1  , t - € ) , t  ) ]  r r +



.. 1,4. _

* [ ( u 5 f r ) ( t, i t ( t ) +oax' f, ( i i ]., t ) +o r: n' f, ( t - e) o0€ y t, f 2(,]"-4f t> *

, 0 a y p . , t )  -  ( p 5 f r  ) ( t , f r ( ' t ) u i r ( *  o t ) , i . I  t - L ) , 1 2 ( t * - t , t - t ) t t ) l  t 2  ;
IbpLrleftlxttttl$irp&1.4(W.Yt\l,i t\" Pt7-4 ty9.Wr*'t.etrfr\w,$prr1 ?:!. l,b"e /$&,\rE

;;qi;..t,s i,:r)F; i., liilj{a:k rb,r,

G2$ ,x1 , x1 , y  2 , t ) =  l "  I  L  Qz t2  ) ( t , T r - ( t  ) - r -Oe t : _ , f i ( t -  6 )+ '

+gay1 ,? r (L * -1 ,  t - r ) +  oa  y ,  e  g )  * (De f z  ) ( t , f r ( t  ) , T r ( . t  - € )  r i r ( t  -

-1,  t -  r) . ,  t  )J >rr+ l {r"r tr)  ( t , i r  ( t  t+oax' fu(t-€-)*o€ y, , iz( t{--4t" i l+

+Ot  t t z t  t - ' i *p r r , (1 , f ,  ( t  ) , i r ( t -E  ) ,XzC i *  - t ,  t *g  l ,  r - - ;1  . y t *

+  f { ro t  r ) ( t ,Y r  ( t  )+o t  * } , f r r ( t -  a )+o€y '1 "z /s * -1 ,  t -e )  r00  y  z ,L ) '

-  ( D + t 2 , , ( t , f r ( t ) , i r { t - r  ) , X z ( ?  - 1 , t - E ) , r ) l  , r J  d o

s l ( t  , t ) = t L t ,  ( t , i r  & ) , X z - ( + ' , t ) , I 1  $ - L ) , x z (  t * - 1  , t - t ) ,  t ) -

- f r  (  t , L t ( t ) , # z ( t  ) , T r  r  t  ) , X z ( t  ) , c  )

s2$ ,€ )=  *L t r ( t , f r  
( t ' ) , ; r  ( t -€  )3z (? -1 , t - t - ) ,  € ) -

- r  z ( t , f r  ( t  ) , i ,  { t  ) , i z (  ? - ' 1 ,  t  ) ,o  t

3,  To  ge t  t i re  deg i fbd  cs t lna tes  f 'o t  f ,  , i ,  we neer l  f i r s t  es t i -

n:ates for  She fui :darnental  matr lx of  the l ine: l r  systen def: i - -

n e d  b y ' r a t r i c e s  f r u  ,  ; 1 r .  a n r l "  a l s o  e s t i r n a t e s  f o r  g i r G i .

Jgglg-qi!"Lgq l. oonsld"er 
ln" 

systen

* r { t  )=At t  ( t  )x r  ( t  )+ : \ r ,  ( i  )xz ( t  )+Br r ( t  )x r  ( t -  e )  *3 rz ( t  )xz ( t -  e  )

x ,  ( t  )=A21( t  )x r  ( " i ;  )  +  3z t ( t  )x t  1 t -  e  )  *32?- ( t  )x i  (  t -€  )

v, ' i th t  -AjL (t  )  ,  t '4 31i, ,( 'u )  
.  

uni-forrnr;r  r ' ipse hitz a'nrf f  uni-

fo r , i : 11 ,  bo r :nc lec  on  I ;  as : :u 'ne  I  o - t3z  2$ ) )1+  1 . t  f c r  a1 l  t  e ' | ,

and  t r re  1 inear  sys tu ,  
"= f i ( t  

) *  ,  K t t  )=A11( t  )+3 r ,  ( t  )+

nL\z( t  )+r- ,  2( t  ) l  Ln-rr r ( t  )J-1 f  Ar . ( t  )+rr r - ( t  )J  be

e x r o n e . r t i  n l  l v  s t a h l e .  i o n s i d e r  a l s o  t h e  "  p e r t u r b e ' J  s y  s t e n "



-4L-

l r a \ ' i  
; ' / \

S  / + \ = A  ( t - F . \ -  / + \ r ^  ( t  r \ Y  / t \ + i l - - ( t o g ) x t ( t - € - ) + - B ' t r ( tX r  ( t ) = A l l  ( r r L / x l (  t  ) f t \ L z \ v 2 L  / ^ 2 \ ' / ' " I 1 \  "
)h- /\

x? ( t  s= i z . t ( t  u  t ) x r - ( t  ) ; i z r ( t , t ) x r ( t * t  ) +32 ' : $ t , e  ) xz ( t -E  )

"z t*-*J
, A  . \  1 ,  r * . 1  / -  e  ( e - * - € -  & s )' i i t h  l A j k ( t ' f ) - , l j k ( t ) l  

e -  
. , i * f " \Jj| JA 

<-i_!lo)
{ '  1 r - c \ - R  ( t ) l L  c  ( e  a  t e )' i l a t v ' \ - ' /  - i l : '

) * z ( t - e  )

/1
fo r  a l l  t ,  V to  anr l  t>  C s ta l l  encug" r "

Tnen t l :e re  e" : i s ts '  t>0  $uch t i - ra t  fo : r "  a . l . l .  g  < t -a€ .  the  'ns ' t r i x

t . \ ^
s c r l u t i . o n  t  r r ( t ,  s ,  t  )  r Y  z (  b ,  s  , € )  )  o f  t n e  p e r t u r b e c  s y s t c n

d e f i n e d  b ; r  t h e  c o n : l i t i o n s  l r l ( t  , s , €  ) = O  ,  Y 2 ( t  ' s  e  6 ) = O  f c r

s -  f 9 t  L s  r  l f t  ( s r s r t ) - 5 ,  s a t i s f i e s

[ r r c t  , s e L ) ]  a  c  
* - ] f  

f - n )  
,  \  Y ' ( t  , s , t  , , l  L

- l  ( t -a )
a] r:

Froof .  i r ron the l - inear theory ive l ino'r ;  that  for  the matr ic€$

have est ima-
| *7 ( t-.d)

, t . ) l L c  e

n t rue

af ter  the

Yl i ' iZ a$$oc: i -ated- to the unTierfurbed systcn we

t e s  o f  t n c  f o r n l Y r ( t , { ; ,  t T l t c  e - " { t r - ^ /  , l i z ( t , s

e . n d w e w a n t i c s h o w t l l a ' i t h e s ; e e s t : i n a t e s r e m a i

( w i t h  t h e  c o r e e p o n d i n g  c h s n i e  j ' i  t h e  e o n s t a n t s )

l ,e r tu rbe , t lons  .  i ' e  lay  
;JSe 

the  l :e f  rezent 'e  t '1on

r .  i ' "  ( ' ' - ^ .

r l - ( t , $ , & ) = T r ( t , s , e  ) +  J  v l ( t  r a , L ) l  L  ' l t ) ( c , L  ) - A r t

r A  f - f ,  / n . \  t )  / n . ' 1
- f , t ,  2 (d ,s ) - ,11  zG i  

. t  
2 (a  , s ,L  )+L3r  I  (d ,a  ) -311( r  U

, f t  / r -  c \ - ?  '  ' 1  ' i - - ' r s r L )  j  r 0 -  +r L P f : ( a n t  ) - . i l - . ( 6  ) J ' { 2 ( a - L e s ' L )  J ' r q  +

C a ! Y r ( f , , s  t L ) r

Y1(a- t  , r  r t ' ) !

.  f  i r {n, t ,e  )  LLi r r (a,L)-Aer(r ) ]  sr (4,  s ,&)u3rr(c ,€)-
/J

-Ber ( r  ) ]  v r (a -€ . , s ,e  l n l i a? ( ( , c - ) -Rz r t c  l ]  Yzg ' -L ,$ ,€ ) |  oo " ' ' '

- t  O f  y ,  l , l e , r . ; ha l1  use  ' t he  t " t r , t ezen ta t iC i ' r
u  r  

" - a ft-:EJ r< a A-
y 2 ( t  , s , € ) = Z -  c r i t , t - i a ' e  ) t  A z t ( t - i t ' €  ) Y 1 ( t " i E  ' $ ' t ) +

*  
d - v

*Szr (  t - i  € ,  t -  )Yl(  t  -  (  j  +1 ) t ,  ,  s ,  a )J
4

with 
' i2 

t t ie I 'undarnental  rya' ; r ix  for

s inee by  } ) ropo.g i t lons l "  rnd  2  i r r  the
^ u;(!;,'t)

i r ; row t t ra t  l3 r ( t , s ,e ) l  5  c  e  
-E* '
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r

D e n o t e  i . r  ( T ,  L ) = r , l y l ]  - { "  
$ t t - n l  

I  y r ( r r $ , . ) l l .
|  + o c t : * t s 1

'  
Then yl-ry F

t . .  , ,  _ . t  g  _ w  - ; l t * - a - y t )
I Y 2 ( t , $ , t ) J  + c . 3 *  * , { *  <  " ' F ( T , € ) e  :

- l=lt t :;: 1 4't

= c  
" - #  

& ^ , t ) '  r T . € ) $ '  o  
- 6 - t n V

-  
f - \ * r s _ r . - - _ - -

h e  n c e  d " o

| | -!rt-ol
[ : t " ( t , s , E  > l < "  e  z ' - " h ( T , € )

.  I  I '  f  
,

t
Use . th is est inrate in the rel \ resent:r t ion for .nul-a

'  
c n o +5e-L t s

gtt-,,) , . i -$tt^n1 (- -$ t+-")e a ' - " l r r ( t , s , e ) l  € e  e  L ' ' - ' - r  * " f ^ ( r r a ) J  e
:

+ € ) d f ,  a n d f i n a l t y  y t ( T , L ) * e + c € y ( T r e )  hr /
is u- l i - for :n ly borrnd.ecl  and the degi f recl  est i 'nates fcr

i  Y )  f o 1 l o w . d - i r e c t l y .  r v e  s i r a l l  a p p l y  t h i s  p r o p o z i t i o

situatlon . ; ire have

for Yt to

- ,x(o=f , )
( e  f  +

e n c s  / ^  ( 1 ' o € )

Yt anetr

n to otlf

l i r r ( t ,  0 ) - (De f r  ) ( r , i r  &  ) , I z ( r  ) , t ' r ( t  ) , ! . 2 ( t  ) ,  a>  I  +

tLL l  *z( tp, t  )  -V2G)[  * l

-x r ( t ) )  + tJu(e  " ' f t : t " )
i r { t -  t ) - i t ( t ) l  n  l l r (  f  - r , t - r ) -

+ t )

and.  s in iLar  es t ina tes  ho ld .  t r i ;e  fo r  the  o ther  na t r l ces  in

t h e ' l i n c n r  n n r t  o f  t t r e  i ; - ; i , € u ,,  v . u s g ,

. r re  have e l .so  i i . rec t l y  the  r - rn1 fo : rm ' roundedness  fo r  g ,  and g2 .

i."or Gt eLnd" G2 I,4/e have estimates of t!.re forn
t ^  I  )
l G l ( t r x . r x z , y l . Y 2 t E ) l  4 L € ( l x n t  + l x r l  + l x t I  + ( y 2  I ) ' '

l c  r +  v  a t  '  t  - '  '  t  '
r - 2 \ " ^ l r r L r r Z t L ) l  €  r ,  c l t x r f  n t / f l . l y Z l  ' , 2

Re:nark  a lso  tha t  the  in l t la l  fu r rc t ion  fo r  t ,  i s  zero ,

i ,vh i te  the one ror  t ,  is  t  LYr( t ) - i r ( t )J  , lo - t  * : , t  a to  (

Tlr is in i t ia l  {* tudnhro" is bo, inded l f  r ,ve assjune ( ,  to be
t/

; i p s c h i t  z .
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S! b*tability- t#l#dtr@ffi-

. V \ , ,
r n  ' i ' n  t h o  n " ' e c e c l i - n g  s e c t i o n  a n d  X l r x o

Jons j -d .e r  age in  t i le  sys te l r  L tL  r '11 t '  ! rau \ -

S r r r q r r * 4  n n o  a l ,  
t  \

n  e ^ . l r r f { n n  , J . - r " i n n z l  f n r  +  > +  h - r  i n i t i n l "  f u n e t i O n S  O n L t O - E r t d '
&  S U I U L I U I T  u r : ; I l I l C r J  j . U I  u  ?  ' e  r J  r r r r  v * ( ! r

rve l . inga,r lze in the usual  u. 'ay the syqtel  around'  th is ' .solut ion'

Assune the  l ineer  pe . r t  has  Sood s tab l r r l , v  l r l .U i ' i i r  r ' '

r . r ^ ^  ^ ^ { ^ r . h n n A i n r r  
" . r \ r " \ ' l - p R e r + ^ + ' i  

^ r  f ^ 7 f l - . 1 1 a e  W e  3 a y
sLnee i .ve have the 'oresf  onding r ' l l re$er l  L ' - ' "  Lrurr  r 'L ' ' r - : r ru '

nrncrrod - l r  the us l ta l  , : , . rey tO l roVe 3 rns l - r1 t  on s ta ' r i l l t : t  2 : I  tne
l j r v \ ' \ / v u

f t rs t  apro* tna t ion .  The s tab i l i t y  p roper t tes  fob  the  I l -near

r r -  ^  a  r - ^ ^ a *  + l ^ ^ n  v a r  r : : h o  n - ' l  v  n r O b l e : n
r n y ' r ! l i . r t t l O n  A l i e  a g d 1 J t e d  i .  t l : I e  l t n e a f  r ' n e u r . y  '  - i r s  u t : - l ' Y  ! ' r r r u ' r ' u r
u t  L  v

that  deser.res sor{e at tent io ' ' r  is  eoncerred wl ' th the "dornain of

a t t r a e t l o n " .

4 " {IP}LLgaiiot}-- ".
r" .1

Consider  t i re  1: r 'v , . i ls ,g  ior  . r , rurnuf  - ro i l  i€  s ' i ;ar ted '  wl th  [1J tbut

assur l i ing nonl inear  bound.ary Condi t ions . . - : : i

] t  *J*  * l  = . '-dH
i . .r- T{ - ,i,f 0't

f{ ( o,t) "t t:
:* iy 

" t  :  G-i i , t )

f t) ;  R' '+#f +8t
[aking the nonli i i iciLcq' o,.a.f Jormrusi-ng Riemann inyariante.rr4 \ .: (f

and denot . ing  g* - - -  
" ' . ' . ) t : "u  

r r te  ge t  the  prob lea

i . * - \  ' i ,  , - , . , - t \  

'  

. : : . 8 \  .  . - 1  l. r1 r (G)  : *  -P  L \ ,J ' tb1  - r -  vv" ( - t ;  -  r  ) , r -  *s  \
O  F  

'  t t t l -

w('G ) - r,nj (a-t ) ,. - fl'I;{' ltur e r,iiw t G -t)+ ,* ll urj ( a) +hi {z o) -. ,3 [' { 1c a/  -  
i  € z  

L  r r l l  v r  t r L l

Denote S'.  E[t  and wri te the dif ferenee equation in
I

* .1[+ -

Theg,e  es t i 'na tes  together  r , r '1 th  ones ' fo ' r
' \ A

r r i  r r r : - t h e  p ' i 1 l . n r a  h O r i n " l . e i n ' : s s  o f  T 1  , s 2
! ) L v ' *

of the asYnPtoi f re exPansiond'

l {  f  i , , t )  -a

the f .u, : :d"arent al  r . !  t . r l f  es

] - r e n c e  t h e  v n r  i i i t Y

' 1  f  Dx
.u ] .  F ' :_ l ! ! l  r  A

)
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standard forru a

r * l i c ) : *  w ( l ' t \  * , f ,  -  
f ,

\\

i {e see

- *  r i -

i 2 .
\- t

\ A

. t  )  -  ' / ' h

. \
l \

. x \  R l  *

t i t ir, I l  i tre) - .?*-(z-rr-,1-i If  :--

I " o - t i' , . , 1  , * ; t t  ( ,  i - ; " * i i , t * J J t * " { i  t ) "  d , \\  -  t4-  U ,e1l  \

that  th is equat icn ha,s the forst

1 , ' : - r  z  r  -  
" /  

.  / ' " t f Z \ ' t  . - r ' 7 . r .  f \L L ; ! ( j t  - Y J ( . C r . t r J ,  L / J ( U  t . r l

a,

, i .  . 4

and in orclr j r  to apply the gene:ral  theory we ha.ve to study the

der iva t ive  o f  g  w i th  respec t  to  the  eecond ar :gument .A  d i ree t  co t r -

putation sho's t irat. '-  i  '<Li)t.. i . \ i trr a) '  \ 'J r 0"()) S "i

. ! q  l * '  r r  / z r l r r ' ( Z i l *  L  \ { ? ) ;  cT h e  r e d " u c e d  e q u a t i o n  i g  l { "  i "  
: , J t a ' t ' } r s ' 1  l {

and i t  g lves  y ( i )10 ; fo r  th is  ] r  t l :e  genera l  theory  nay  be

app l ied  t f  the  so lu t ion  o f  the  d , i f fe rence equat ion  w(e  )=
I

( P  ( O r r ( e  ;  l ;  )  s t a y s  a t  a  p o s i t i v e  , i n d e p e n d e n t  o f  t  , d i s t a n c e
I - ) ^

f r on  -  
" h  

.Deno te  f i ( " 1=w(c$+  . * ; - ; t hen# (c )= - s i en r i l e  - ( )Y ( t # (G-L ) i )

with xtJl=;*+ i.- v';,*eT .j i l l  init ial "o*aition 
i i(cs= j-

< \ -  '  )  r , E l
fo r  E \ , ,  .A  s i rap le  ana lys is "us ing  the  proper t ies  o f  t '?

shows tha t  fo r  e ,<L i+  the  so l -u t ion  
' ;  

ie  p i -ece-w ise  cons tan t  ,
-  ^ . .  ,  t  7  , 7 ,

d o e s  n o t  c h a n g e  t h e  s i g n  a n d ' r " r , ( i ) l r ' . * : ; +  . I r .  t h i s  w a y  t h e  t h e o -

ry l rnay be appl ied and ure have for y and w an asymptotr .c
,v

expansi .on start ing wi th y( t l )  =0 and #(c) computed frorn t i : ,e e

rec luced.  d . i f fe rence equat ion ,

Ae a  second example '  cons ider  a  p rob le ra  in  conb ined

heat  -e lec t r i c i t y  genera t ion  ,descr i .bed by  V l .  Rasvan in  127

by  the  node l
)'-3

v  > n
\ _-*L _.{-"<) 

tc

a u.,,1 [c, t \

i . u  { '  ' t \

Y ctl ';t

1 - t

( - l  \

a , i

Cj  9 t ' ^--:-*
I A

t
.-+ i r,

I

\i'r

z) : l  , .
+ 

-<*F -- \)
(" '\

s

d' l r  r

": (J

.-: I t:-  l )
1'jt, 

I i' t '

* - \  -
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I lere l , ; ,  and 
i r"  

are control  parameters; i f  they

the reodel  is  l inear and i f  they are eonstrueted'

feed*back the rsodel  is  nonl- inear '

S y u s i n g R i e m a n n i n v a r i a n t s w e S e t r t a k i n g n o n d i r a e n s i o n a l
l .

T '= -i-
v  

t ' : -

qlg -: xri 1 + ( - J-) tit * -11

d " $  , u

\ r  d . t \ t |  -  t { . * T t r

L  d G  :

fi-.T' * 11*(,,,!rr '.$,,Yt, )ns ' ll ':"L11' 
')r ft - 

L-]-;! I

T-7 ' i  i  r ' ' ' ' * t t ' t  n *^ t * .

"\i rzr = r:ri: l:i11 '.,l 
,(? Lti \*:':-' n'te )

j r r s r  . , . . r r %  | ] I * t  I t t *  T ' ' '  '  r - r ' { , i P c

i"t ,
J

'1\ 
r

-  T' ,1

* i i , f , r i : -P,1,.-( ' , ' 'L) :

ave constant,

via l inear

fo r  eouPled

app l ica t ione

t i m e

W e m a y a p p l y t h e g e n e r a l t h e o . r y i f [ . 1 - { t v . ) t t . { s $ . ) 2 , c
i .  -  r f - * ^ . 1 r , . r * i - t o  ^ { ,  i s r r n c r : r a l  ' f  

" T h e  
g e n e r a l  t h e o r y

a n d  Y ; -  i s  t f s r n a l l r r w h i l e  r . :  - L s  r r v r -

leadut to  one of ,  the red.uced rnodele suggested by vr .  Rasvan.
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