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ANTICANONICLL MODELS OF RULED SURFACES
Lucian Badescu

13t X ve a smooth projéctive surface over the complex field C, and X a cano-
nical divisor on X. Following bakai[aZ]WE denote by ¢ the m-th antlcaaonlcal
map deIlﬂvd by the lineaz system l—mK! and by K.l(f) the articanonical dimension
of X defined as follows

1 é:mgx dim ¢m(X) e L ‘—mK! £ ¢ for some m>o, 5
K (X)) =

o oot !—mK}'= ¢ for every m>>o.

We also define thé m-th antigenus p m(X) dlmd:H %x, 0, (—mK)) and the anti-

canonical ring of X,

=i
D ® (X,0,(-nK))
m=0
In.E?Z] Sakai studied in detazil the rational surfaces X with - K (j)m— 2 and

gave many examples of such surfaces. His main result is the following: o

Théeorem 1 (Sakailﬁzj). Tiet X be a 3ﬂoo+h projective rational surface with

K—*(X) Theﬂ the anticanonical ring R (X) ig finitely gen@rdtcd ‘Denoting

by ¥ PrOJ(R (X)) (and calling it the anticanonical model of %), then the fol-

lowing statvements hold:

i) Y has only rational singularities, and

ii) Somempositive multiple of an anticanonical divisor —KY of Y is an ample

Carticr divisor.

Furtherwore there is a canonical biratioral morphism u:X — Y, If X con-

tains no redundant exceptional curves (sne(]4J and also the definition below),

then X coincides to the minimal desingularization of Y.

Conversely, if Y is a normal projective surface satisfying i) and ii), then

; -1, .
the nlnlmal dealnguldrlzatlon X of Y is a rat jonal surface with K (X) = 2 and ¥

is isomorphic fo PrOJ(R \X))

On the other hand, Sakai computed in‘[ﬁégthe anticanonical dimension of a
geometrically ruled surface X = P(E)——> B over a smooth projective curve B of

genus g>o, with#Z a normalized (in the sense of [9], page 373) rank two vector

%% : S, : 5 S
bundle over B. Imiparticular, he found that K *(x) = 2 iff E is of -the form B =



= OBQ§L—1, with L a line bundle of.degree e>2g-2., If moreover the line bundle ¢

L2g"25961ﬁ;e (of degree o) is-not a torsion, then Sakai also observed (160. eit.)

that R"l(x) is not a finitely generated d:—algebra (COB is of course the canonical

line bundle of the curve B),

In this paper we want to elucidate what is going on with the non-rational sur-
faces X over C with %fl(x) =2, i.e, to find a "non-rational" counterpart of -
theorem 1,

-1
Let then X be a smooth projective non-rational surface with K (X) = 2. Then

i
all the plurigenera of X vaniczh, ;and consequently X has to be ruled by the Enriques'

criterion of ruledness,

Qur main result is the following:

vTheonem;Z. let X be a smooth projebtiveyruled non-rational surface Qver'qrwith

K~1(X) =2, and [ :X~——> F the cancnical rulling fibration of X (with B a

smooth projective curve.ef genus £ 0). Then there is a canonical birational mor-

phism w:X ——> Y, with Y a hormal projective surface having the following prds-

perties:

_.a) Y has precisely one non-rational singularity and (possitly) finitely many

rational singularities; if X contains no redundant exceptional curves then X is

the minimal desincularization of Y,

=) 2
b) hL(OY) = h“(OY) = o and the geomstric genusg cof the non-rational singularity

is =

c) The exceptional fibre of u over every rational singularity of ¥ is contained

in a degenerated fibre of "M (to different rational singularities it may correspond

different degenerated fibres of M), while the exéeptional fibre of u over the non-

rational singularity of Y consists of a section of T plus (possibly) some irre-

ducible components of the degenerated fibres of T .

5

=7 -
d) The anticanonical ring R (X) is isomorphic to the anticanonical ring R 1(Y)

o9 / :
o} = . r
= H@O H (Y,w,;, )), yhere u.)"g ) is the r-tn yower of the dualizing sheaf of Y (i.e,

1671

the double dual of the r—th tensor pomer of OF if r2io; arifﬁom“(ﬁj(“r);o ) sl
Y, R (e 4 Y “'_“"

2aa). ; :

T : s “1/ . e
e) The anticanonical ring B (X)) is s finitely generated (- algebra if and

only if there is a positive integer r>o0 such that »K is a Cartier divisor on Y,

where KY is a canonical divisor on Y (in other wordagigif£f Cdi?) is invertible for .

some r>o0),

£) f rKY is a Cartier divisor for some r>>o, then -rK  is an ample divisor,
‘ q




and in this case Y Proj(R_l(X)).

Conversely, if Y is a normal projective surface having at least a non-rational

singularity and such that —rKY is an ample Cartier divisor for some r>o0, then the

minimal desingularization X of Y is a ruled ron-raticnal surface with Kfl(X) = 2.

Moreover, the desingularization morphism wX ——>Y coincides (up to isomorphism)

to the canonical morphism from the first pars of the theorem, and hence Y enjoys

all the above properties.

If X is a surface as in theorem 2, the surface Y will be referred to as the

“ - anticanonical‘model of X. &s far as the procf of theorem 2 is concerned, it should :
»’

" be noted that it relies first of all on the Zariski decomposition of the anticanoni-
cal divicor of X (see [15]) together with some ideas'developed-by sakai in [12],and
secondly, on 2 nice extension due to Brenton (see [h], and also proposition 5 below,
of a contractibility criterion of Artin (see [1]).

As an illustration of what theorem 2 means, take X = P(OBGBL—I), witth«B a smoot!}
projective curve of genus g> o, and-L-a 1iné bundle on B of degree e3> 2g-2. AS We
have already remarked, Sakai showed that k:%(x) = 2. Then theorem 2 implies that ¥
3s the projective cone OVET the polarized curve (B,L) and u is the canonical mgrphi-
sm which Blows down the minimal section of W (i.e. the unique section E with E2 =
= -€). Moreover, oné can see that rKY is a Cartier divisor for some r> o iff
ng-%8<&x;e'i§&a torsion, Hence R_l(X) ijs a finitely generated C -algebra iff the
above line bundle is 2 torsion.

We would like to thank Professor F, Sakai for sending us his preprint [jz],

§1' Preliminaries

' Let X be a smooth projective surface yith.lzl(x) = 2. Then it makes sense %o
consider the Zariski decomposition of the anticanonical divisor of X
X = P + N, such that
; P is a Q}_-divisor which is numeiically effective,

-

N is an orfestive (J-divisor such that either N = o, .or 1f N> o, the lusers

section matrix of:Supp(N) is negative definite,
_ if E is an-irreducible component of Supp(N) then P.E = o (see [15], [12]).
Such a decomposition is unique and P (resp. N) is called the positive (resp.

negative) part ek, Woe.refer to-[i2] for the properties of this decomposition,

~1 : - 2
Lemma 3 (see 12, table 3.3). K (%) =2 if and only if P > o,



Definition.(see}?Zﬂ). “An exceptional curve of ‘the first kind E on X is.said

to be redundant if P.E = o,

Proposition 4 (seeEZz], proposition 4.2). Let X be & smooth projective surface

w1th K (X) = 2. Then X birationally dominates a smooth projective surface XO with

K (x \ = 2 and without redundent exceptional curves, Furthermore we have an iso-

morphism of graded € -algebr R &)= R— (XO).

Although in BZ, thi§ proposition is stated only for rational surfaces, the

‘same proof works also for non-rational surfaces,

Proposition § Qgee Composite theorem 1 afﬁ@],_and lemma 9 of{fﬂ). Let Y be a

normal compact complex surface and W R=——i s minimal desincularization, Assu-

me that X is projective algebraic and that pg(Y) = pg(X). Then-Y ig projective al—
. T 3 3 2 % Y

! gebraic,
The geometrlc BT D, _(¥) of a compact normal surface is definits by pg(Y)

h (0 ™). If yEY is a slngular poxnt of Y then the geometric genus of the singu-

)

larltv (Y,y) is by*definition'dim (m U, (O )) where u:X—>Y is any desingula-
rization of (L,
-1
Proposition 6 (Zariski). Let X be a smooth projectiye surface with K (x) =

Then thoe.anticanonical ring R ,(K) is a finitely generated d:-algebra if and only

[ v

if there®is a positive integer’'r>o0 such®*hat r? is an-integral divisor and the

linear system;iryr*has no fixed components. Moreover, if the latter condition holds

one can even.find a positive integer r 'sueh that rP is aniintegral diwmisor and the

linear system 'Pfi has no base points,
J { i P> ?

Proposition 6 i¢ a special case of [15], tueorem 8a) (page 612) and theorem 6.1,

§2. Proof of Theorem 2

Let A be the union of all integral curves E on.X such that P.E = o. Then
Spr(N)CIA and lemma 3 and Hodge index theorem imply that A contains‘only finitely

many curves and that the inlerscetionsmatrix of A is negative definite, Then by a

)

theorem of Grauert (seel F8]) there«exists an analytic contraction of the curve 4;
more precisely, there exists a morphism WX —————» Y such that:
- Y is a normal compact complex surface,

- if Al,..,,An aﬁoﬁthe connected components of A, then u(Ai) is a point y. €Y

i=1,.s.yn, and u is @n isciorphism between X-4 and Y-{yl Y }
: oo

e e



. = 5 -
et Z be an effective divisor with suppoft contained in A, Then K+Z~i-~=‘:*:"-'-P-—N+Z,.
- :
and hence (K4Z).Pi= —P° £ o (lemma 3).' Since P is numerically effective, this im-
plies “.
o)
(1) H (X,Ox(m(K+Z))) - o for every m 21l and Z2>o with Supp(Z)< A.
On the other hand, the exact sequence ;
o) ——*ﬁ>OX(K)""‘——¢'OX(K+Z)‘——‘—"CA?é —>0
yields the exact sequence
e iG]l (0} O% i 1
o (=) H \OX(K+Z))——*—->H (C{/Z)f—w-—fﬂ (OX(K)).
Apolying duality of 2 and X we then get
1 1 ’
(2) h (oZ) < (Ox) g.

By the Zariski theorem of holomorphic functions we have

1 s
R u¥(ox} = invzlim H (oz),
= 1 1
and since the maps H (OZ)’-—-—-——:*»H (OZ') (with Zz>2') are all surjective, from
(2) we get :

¢

i, e, the sxi'al_of the geometric genera of the singular points yl,...,y of Y is Zess
n

than or equal to g. Therefore we distinguish two cases:

Case 1. Y bhas at most rational singularities.

Then by a result of M. Artin (see [4]) Y is a normal projective surface and
& multiple rKY of the canonical divisor of Y is a Cartier divisor {(r>o0). Accor-
ding to the proof of theorem 1 of Sskai (2], theorem 4.3), let r be such that
r/\, is an integral divisor (1 = 1,...,n)‘, where the Q—divisor At is definite
by the conditions '

Ai:'E = -K.B for every irreducible component E of A:, and
3

supp(D;)E 4.

Then N =Z_A£ and wc have

—I‘P 9

fl

i (rKY)NrK + TN
and therefore u*(-rKY) - rP. Using the argument in Sakai's proof (1oc. cit.) and
the Nakai-Moishezon criterion of ampleness, we easily infer that —rKY is an ample

Cartier divisor. Therefore Y is & normal projéctive surface with only rational sin-

gularities and -rKY is an ample Cartier divisor for some r>o., Then by theorem 1



X has to be a rational surface, a contradiction, = su

Therefore case 1 does not occur,

Case 2, Y has at least one non-rational singularity.

Then we use:

Lemma 7. If A is contained in a degenerated. fibre of e , then-the singulari-
ot s A ; : ] :
%y (Y,y.) 1s rational,
§/ —mmm i el
Accepting for tiue moment lemma 1, we infer that there exists an irreducible
e . : . : e ar e s
component E of A which is noi eontained in any fibre of N, Ther E dominates (via

: % . : 1
the morphism T) the curve B, and in pariicular, pa(E) = h (OE);) g. Teking into

{1

account of (3) we get that pa(E) g and B is smooth, If g2 2 then the Hurwitz's .
formula immediately implies that . E.is a.sectibn of 77..If instead g = 1 we also
deduce’ that # is a section of T using essentially (1) and the so-called "Addition
Formulé" of the logarithmic Keodaira dimension (s;eve.g. Ekﬂ, lemma 12).

Therefore E is a section of W, We-claim thet E is the only irreducible com-
ponent ofv4 which is not contained in any fibre .65 M . Indeed, suppose that B' is
another irreducible component of A not contained in any fibre of,ﬁi As abéyeAE’
has to be 2 section of T ,and in particular pa(E') =g If E and E' belong to dif--
ferent connected components of 4, we get a contradictionsusing the inequality (3).

- Assume therefore that E and E' belong to the same connected compenemt Ai of- A,odf
- E1E> o'then p_(5+3') = o (B) + pa(Ef) + B.E" - 12p (8) + p (B') = 2g, and herce
h (o )2 2g, which contradicts (2), If E.E' = o and gz2 we get in the: same way

E+B'
i : :
h (O )2>2g—1, which again contradicts (2). If E.E' = o and g = 1, there is a

E+E'
. sequence Eo = By El""’ E% = B' (p22) of.irreducible components of Ai such that
BB Do - o0, el sivce Ai is connected, Then using induction on i

1 il
we get that pa(Eo+"'+E§_1);a 1, and hence pa(E0+'°'+Ep)?’pa(Eo+"'+Ep-1) : pa(Ep)
¥ (EO+..;+EP_1).EP -12 pa(Eo+...+Ep_1) = pa(Ep)?; 141 = 2 , which violates once
more (2).

Therefore we have shown that precisely one irreducible component E of A is a
section of ﬂ{, while all the other components of A are-contained in the (degenera-

ted) fibres of W, :
Consider now the exact sequence arising from the Leray spectral sequence of; w

i s f“—ﬁhHl(OY)————_4> Hl(ox)__—éi_~,.Rlu*(ox)_____q>H2(OY)~——4>H2(0X) .0,

TR : oo
Identifying R ux(ox) to inv lim H (OZ), then the map € is induced by the:y

restriction maps

1 RIE
EZ : H (Ox) ‘rH (oz)‘



 Taking Z = E we get that 8 is an isomo‘rphhism. This is because E is & section
of T and the canonical map ’Z’ H (OB)————>H (0 ) is an isomorphism. Since
dim Rlu ( ) g and the maps H (O jo=—nil (O ) (z22Z') are surjective, we
infer that the 'nap £ is an isomorphism, and therefore the exact sequence (4)
yields hl(o ) = P (0 ) = o. In particular, since h (OX) = (OY) = 0, Y i3 projec—
tive algebraic by proposition 5.

Therefore, modulo lemma 7, we ‘have proved parts a), b) and c) of theorem 2.

In 'order to prove part d), we apply preposition 4 to decompose the
morphism u as in the fellowing commutative diagranm

X——-———-—————%X

N

: =1 -1
with v & birational morphism, Xo smooth, R -(X) ® R (Xo) and X _ without redundant
exceptional curves, Then u0 is-nothing else than the minimal desingularizatiori of=
Y. But as & consequence of a vanishing theorem due to Laufer and Ranianujam (see C{ﬂ,

E3]) we have (u ) (CU’ )N CL)’( m) for every m>o (see EIZJ, lemma 1,6), This im-

plies that B (X ) is 1somorphlc Y0 R (Y), and therefors we get-dj.

- Assume now that rKY is a Cartier divisor for some r>o- As in the proof of case
1 we get that u*(—rKY) rP, which together the Na;cal—;&on.shezon criterion of am-
pleness and 2 standard argument (cf. the proof of theorem 4¢3 of 1'12]) show that
—r¥_ is am ample Cartier divisor. Then @ consequence of some results of Zariski
(ses [12], proposition 1,17) shows that R (X)’VR (Y) is a finitely generated
(C -algebra, and moreover, ¥ = Proj(R— (X))

‘Conversely, assume that R—l (X) is a finitely geperated d:-alge"ora. Then by l
proposition 6 -there is' an integer r>o such that rP is an integral divisor and
the linear system [rP\ has no base points. Let then -X——'—-f>Pm be the associated
morphism into a projective space, with m = dlm]rP]-—l and ¢ (O ) "“‘0 (rP). If
C is an irreducible curve on X contracted by C‘o to a point than (rP). C =, 0, 0
-~else P.'C = o0, In other words, C is a component of A, Since Y is normal- (and hence:
u*(OX») = OY) the morphism ¥ factors as

X—-—-—-————-———'—'?P

S et

Denote by L = "/j o (1)) then u¥(1) & 0 (rP). Moreover, we have: (""" ¥
3

ple %



(—r)'

TL/1-130e 0 F) % O (xP)/R-A ¥ 0 (~rK) /XA ¥ ur™( )y

with u' the isomorphism induced by u betwcwn X-4A and Y- fy%,...,y } We infer that
(-r (
L/Y—{Sl,...,yn} CU' /Y—iyl,...,ynf. Since L and CU& are both reflex1ve

(==}

sheaves of rank one, from this isomorphism we get that L and U are iso-
Lot S

(r)

morphic, and thus CO&_ is invertible,
In order to finish the proof of theorem 2 wehave only to prove lemma 7.

: =1
Proof of lemma 7. Denote by D the (degene ated) fibre W (b) ~ontaining Ai.

- 1
We claim that H (OD)fr 0. In order to prove the claim observe that by the base-

change theorem (see ES], theorem 12.11, page 290) the canonical .base-change map

: Rlﬂ__*(OX)Q@ k(b) Hl(D,oD‘)f*

is anrisomorphism, Therefore it will be sufficient to show that R%T;(OX) = 0. The
latter equality is cbvious if X = P(E) —> B is a relatively minimal model, with
E a rank two vector bundle over B, If.X is not a relatively minimal model, let c
be an exceptional curve of the first kind -on X,2and X' the smooth surface obtained
by blgwing down C. Let S = P(E) be a relatively minimal model dominated by X! and
W':X'————“——*B the canonical projection, 1}y induction orn the number of lowing ups
bxmering in the compositicn of W , we may acsume that R%%;(Oxv) = 0., Since the
‘morphism viX ———> X' is a blowing up morphism, it is well known:{and ecasy to:
see) that Rlv“(OX) = 0, From tlese equalities and from the Leray spectral sequence
of the composition T = Wov we get that & (O ) = o, as required.

i
From H'(OD) = 0 and from the exact sequence

0 — = o

(ns2)D “nD
1 :
we get by induction on n_that H (OnD) = o for every n»l., Now, if Z is an effective
divisor whose support is contained in'A,, there is a positive n2>1 such that nDZ>Z,
1 3 5

and hence we get the exact sequence

e] > L > 0 >
D OZ —————3 0,
with L a sheaf supported by the curve nD. Taking cohomology we get the exact se-

quence
1 = =1 ‘ 2
H (Onn)’.—““" H ~(oz)———-> B (mp,L).
Since the first and the last cohomology groups vanish we get H (O ) = o, which

proves lemma T using Artin's criterion of rationality (see [1] [é]) iy

Theorem 2 is thereby completely proved,



_9._

§3. Some comments and an application

First we want to indicate how one gets a better version of theorem 2 if we re-

place the complex field C by the algebraic closure of a finite field.

Theorem 2', The hypotheses are the same as in theorem 2 except the fact that

-
L is replaced by the algebraic closure k of:a finite field, Then the same con-

clusions as in theorem 2.holds, and morecver the properties e) snd f) can be rerla-

ced by the stronger one:

=0 :
g) The antig&nonical ring B “(X) is always a f*nltely generated k-algebra and

Y= Proj(R— (X)). In particular, there always exists @ positive integer r> o0 such

that'-rKY is an ample Cartiexm divisor,

The proof of theorem 2' is practically -the same as the proof of theofem 2 but
ﬁsing the foilowing observations., First of all, over k we have a very nice contrac-
tibility criterion due to M. Artin (see [1§,gtheorem 2.9), namely: if A is a curve
on a smooth préﬁéctive.surface X such that the intersectién matrix-is negative de-—
finite, then there is a birational morphism wsX ————> Y with the following pro-
perties: |

- Y is a normal projective surface,

- If A .,A are the connectcd components of A then u(Ai) is a point yié'Y

100
for every i= 1,...,n.
- u defines an isomorphism between X-A and Y-{yl,...,yé
Therefore, instead of using proposition 5 and Grauert's contractibility cri-
terion, we simply use this criterion of M, Artin.
#Secondly, if K is the algebraic closure of a finite field, then the divisor

clags group of every singularity (Y,v ) is a torsion group. In particular, we can

always find a positive integer r>o such that rKY is a Cartler divisor=son Y.

Remarks. 1. In the situation of theorem 2, the non-rational singularity of Y
is however para“atlonal in the sense of [B] as one can easily see,

_.2. One can ask the following question: which smooth projective surfaces X with
_l(X) = 2 have a Gorenstein anticanonical model? That is, classify all suxfaces -
X with K (A) - 2 whose anticanonical model Y have the dualizing sheaf ﬁid& inver-—
tible (and by theorems 1 and 2, then necessarily UJ' ample). This ciassification

_is already known (see fel. L?] tﬂﬂ) and, roughly speaking, is the following: X is

either a smooth rational surface .which is obtained by blowing up 4 poinus of P



(1 <8 and 1nf1n1te1y near points allowed) in almost general p031t10n (1n thes
sense of [7]), or X is a gsometrically ruled surface X = P(E)——*—f—>-B over an”

elliptic curve B, with E

OB@L"l and deg(L)>o0. In the first situation Y is
either smooth and X = Y is a Del Pezzo surface, or Y is singular with only rational
double points as singglarities (a degenerated Del Pezzo surface), In the second
situation Y is the projective cone over the elliptic polarized surve (B,L).

Mors generally, theorems 1 and 2 allow us to say something about the structure
of*'the normal projeciive surfaces Y for which there is a positive integer r >o

such that —rKY is an ample C~rt10r divisor,

Corollary 8. ILet Y be a rormal projective surface over (U such that “rKY.;E

an ample Qartier divisor for some r >0, let utX ————> Y be the minimal desingu-~

=1 -1
larization of Y, Then (¢ (X) = 2, sthe anticanonical ring R (X) is a finitely ge-

y -1 1 2
nerated (C -algebra, Y = Proi(R™ (X)), and h (OY) = h (OY) = o, Moreover, one has

one of the following possibilities:

i) X is ratiorial and Y has only rational singularities, or *=%

%

-ii) X is ruled non-rational and: ¥ has precised

p——

=

‘y_one non-rational singularity

and(possibly) finitely many rational sinsularities, These singularities are des-

~

cribed in theorem 2, conditier c).

This corcllary-is a direct consequence of tueorems 1 and 2, Note that i* implies
the following: if Y is a normal projective surface over C with only rational sin-
gﬁlarities (in particular, if Y is smooth) and such that —rKY is an ample Cartier
divisor for some r>o, then Y is a rational surtace,

Exsmples of non-rational normal prcjiective surfaces Y with —rKY an ample Cartier

divisor for some r>o are given by the following:

Proposition 9. Let B be a smooth projective curve of genus #5%"and L a line

bundle of degree e>22-2., If there exists a positive integer n>o such that
n(2g~2) o
&

“‘O?, then -rK_ is an ample Cartier divisor, with Y the projective
[+
N

cone over the polarized curve {B,L) and r = ne,

The proof of proposition 9 is standard and we omit it. Note“that the following
converse is also true: °* rKY is not a Cartier divisor for every r>o -if the sheaf
2@—2
,,QQCO' is not a torsion (see [i4]).

Remark, Let X be a smooth projective ruled“noa-rational surface with K. (X)

Let C be an integral curve with C-< o and pa(c)>>ngWe claim that C coincides to



o

e

- the section E of T which is a component of the exceptional fibre of u over the

non-ratiornal singularity of the anticanonical model of ¥ of Ko

Indeed, according to the proof of theorem 2, it will be sufficient to show
that P.C = o, where -K = P + N is the Zariski decomposition, But the fact that
Pa(C}> o eand the genu“"‘ormula imply that X.C>o, or else P.C + N.(<o., Since
P is numerically effective, P.C2>o0, and hence N.C<o. Since N is sffectiwveswe infer
that © must be a compone‘nt of N, and so P.C = o, .

As o consequence we get that the only integral curves of X with negative self-
jntersection are: the section E of T and the irreducible components of the adeges .

nerated fibres of T .

RBesides the examples of geometrically ruled surfaces:-with anticanonical dimen— -
sion already mentioned above, one can easily provide further examples of ruled sur-
faces X with K—l (X) = 2 in the following way.

First start with a surface X = P(OB@L_l), with e = deg(l)>2g-2. Us.ing the

o
formula CU; = O (-2)® ((,z)’@>$ ) and the p;:gjectior;’s formula one easily gets

e
p 2 n°(B,L = 1@(}.) ), for every n21l.

-n =0

Since deg(l:n—l® CU’; ) = (n-i)e - n(2g-2), *the Riemann-Roch inequality yields:
: n{n+l
(5) b0 > 2L (oggia) 4 (m1)(18).

On the other hand, let X be an arbitrary ruled surface and © :X'———>X the
. : =1
guadratic transformation of X of center xEX, with the exceptional -curve L=6 " (x)

»
The formula u)%, = G(C{)‘}()@OK'(L) immediately yields the exact sequence (n31):

o === QD) ———> P H——> [0 1),

and since F(OnL) 4 C)X’x/m;;1 (where m_ is the maximal ifieal of the local ring”

), we get:

G e

2

0
i, x

Combining (5) with (6) we get:

: S
Proposition lo. Let X = 2(0 @@L )——> B be a geometrically ruled surface

with e = desr(13> 4g—4 -andg221l, Then the surface X! obtained from X by blowingz up

d points has K (X') = 2 if d'< e-4g+4.

Note. The 1nacaali+J (5) is far from being sharp., On the other hand, if X is
a ruled surface with K ()() = 2 and R (X) finitely generated over C , one can

get formulae for the antigenera of X along the same lines 2as in [12_7



Ye

Te,

ol

12.
13.

14.

5%

References

Artin, M., - Some numerical criteria for contractibility of curves on algebraic
surfaces, amer. J.. Math, 84 (1962) 485-496.
Artin, M., - On isolated rational singularities of “surfaces, Amer, .J., Math,
: 88 {(1968) 1:79-137.
Bédescu, L. — Applications of the Grothendieck ‘@uality theory to the study of

novrmal isolated singularities, Revue Roum, Math. Pur. Appl.
5 7z 7
24 (1979) 573-689.
Brenton, L. ~'Some ‘algsbraicity criteria for singular surfaces, Inv, Math, 41

(1977) 129-147.

Brenton, L. - On sirgular complex surfaces with vanishing geometric genus, and
pararational singularities, Comp. Math. 43(1981) 297-315.
Brenton, L, - On singular complex surfaces with negative can nical bundle, with

applications to sinzular compactifications of C and to 3-dimen-
sional singularities, Math., Ann., 248 (1980) 117-124.

Demazure, M. - Surfaces de Del Fezzo, in Springer Lecture Netes in Math., 777
- (1980,

Grausrt, H, - Uber Modifikazionen und exzéptionélle anslytische Mengen,Math, énﬁ.
146 (1962) 331-368.

Hartshorne, R. - Algebraic Geometry, Springer Verlag £1977).

divisor (Preprint).
Laufer, H, - On'rational singularities, Amer, J. Math, 94 (1972) 597-508.
Sakai, F. - Anticanonical models.of rational surfaces (Preprint).

Sakai, F, - D-dimension of algebraic surfaces and numerically effectiveedivi-
: sors, Comp. Meth, 48 (1983) 101-118,
Sakai, F. - Anti-Kodaira dimension of rulcd surfaces, Sci, Rep., Saitame Univ,

ser. 4, lo (2) (19582) 1-1.

Zariski,'ﬂ. — The theorem of Riemann-Roch for high multiples of an effective
divisor on an algebraic surface, Ann, Math, 76 (1962) 560-615.

INCREST Bucharest, Dept. of Mathematics,
B-dul Pdcii 220, 79622 Bucharest,
Romania,

Hidaka, F., Watanabe, K., - Normal Gorenstein surfaces with ample anti-canonical:i..

-y



