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I : t  X  be  a  smooth  pro jec t i ve  sur face  over  the  conp lex  f ie l rL  C,  and '  K  a  ca 'no

nical  div isor on X. I 'o11oni-ng Sakal f4L]*.  cenote.,o{ /*  t 'he m-th ant icanonical

map d .e f ined by  the  r inear  sys tem l - * *1 ,  anc i  by  t f ' ( / " )  the  an t icaLnon ica l  d ine 'ns ion

of X d.ef ined- as f  ol-1o"rs

r<-l(x) = I  
max di in /*(x) '  i f  l - '* l  /  i  for sonoe *)o'

t  - " "  ,  i f  l -mrJ = I  for  everY n)o '

{e aiso r l -ef ine the m-th ant igenus p-r(X) = 6im't io(XrO"(-mK)) and. the ant i-

canoni.cal  l ing of X,

R-t(*)  = 6 so(x,o*(-nK))  .

ANTICANOI'IIC.I.L .'{ODELS 0F RUIED SURFACES

Lucian 3ddescu

- l  
l t r = o  

- ,  - - - - 3 - -  - ^ ^  a r  
1

tnfrZl sakai stgdied in de-tai l  the ratienal sr.rrfaces X with " l{.(x) ' ' i=: '2 and-

gaw, aany e:<a*ples of sucb surfaces. Hj-s main result is tbe fol lowing:

Thejuiem 1 (Stt<"i Qtl>. Let X be. a s-nogth pro'.jSS^!.i:C--:.g!-i94al:s-t;::lace rvit-h''

1  .  * - 1  / . , \  :  -  a : * : ! ^ ' l - -  -

K--  (X)  =  2 .  Then - t1_E__=nt rcangr r ica l -  i i ng-1-  (X- )  i s  f  in i te ly  f ienera ted .  I )enot ing

, r ^ - 1  , . . r t  l  - , s  - ^ 1 r : - -  : +  + l ^ a  o n * i a o n n n i ^ e l  m n 6 e ' ' l  n f  Y \  t h e n  t h e  f O l -'h r r  v '= p-n ' i (R - (X))  
(ani -calL ing i t  the ant  jcanonicaL tode. ] . -9. I - - ! l - r  !oe- i l -S-

. L L  t  -  I r v r r \ r l

l c r inq  s ta r ,ener l t ;  ho ld - :
+

i) Lhas-:$;i =ei.:.ona1 slnsul;iri,lies' and

i i) Sogg^ pgsitive multiple-of an ant:Lqano.nj-ca1 dlvilo.r -K" of -I-tq-sn-anpk

C a r t i e r  d i v l s o r .

rylhernorc Lhere is a ca al bilatior'-al m.ol.phisxn. u;x -----f Y' jlj-Ij?r}-

d.e f  in i t lo ! - ]3 loC,

then X co inc ides  to  the  min iq ra l  d?1. lngu1a l ize t iono '
-;_--,-

tains no redundant -gree$iona,I .gel.Yes 'lse* flZ]'' an'1 alsq

Corrversely,  i f  Y j 's a normal i rroiect ive sir faee sP'- t isfy i i ) and. ii t h e n
-1

2 a n d Y
tbe nninirr ,al  desi artzation X of Y is a ra'!@ f 

-(X) =
' ' !

is  isonorphig- jg Pro j  (n-* (X )  )  .

0n the otber hand',  Sakai

ge ometr icat lY ruler l  sulr face

the  an t icanon ica l  d imens ion  o f  a

over a snooth project ive currc B of

conputed. t" Ll4

x = P(E) -----+ B

genus E2ro, wit 'h ' rE a norraal ized'  { in tbe sense of fg] '  page 3l l )  rank two vector

bunille over 3. ir'l:iparticular, he found. ttiat 1{l(x) = 2 iff E i's of the form E



-'l
= 0B6L- ' ,  with L a l : i i tne bundle of d.egree a)2g-2. I f  moleover the l ine bunci l -e - t1

t28-2&AJ: t  (o f  cogr re  o )  i s  no t  a  to rs ion ,  then Saka*  a lso  observed.  ( loc .  c i t .  )Il

t frat i t- ' (X) is not, a f initely generated S.-algebra (&)o t" of course the canonical
I

l i ne  bund. le  o f  the  curve  B) .

In thi*s paper l re want to elueidate t{bat is going on with the non-rat ional sur-

faces  X cver  C w j th  K t ( * )  -4  i .e .  to  f ind .  a  t t r ron- ra t iona l "  counterpar t  o f  '

t he o;'ern 1.

sur face n i tb  r - l (x)  = z .  Then

has to be ruled. by the Enri-ques'

Let then X be a. smooth project ive non-rat iorraf
, ) . :

al l  the plur igenera of X vani: ; i r 'e$d qonsequent ly X

cr i te r ion  o f  ru led .ness .

Our'main result  is the f  o11o'rr l rrg:

@

fl l=O Y

"Thegern '? .  Le t  X  be  a  s rnooth  pro ieL l i ye ' ru led  non- ra t ionaL sur face  over  Cwi th
'l

K- ' (X)  =  ? r  i ln  ' l ( ;X '^+  F '  ihe  cancn ice l  ru l l : lg - - l f l l q t ion  o f  X  ( : * i th  B  a

s,mogth proiect ivajEc. ' l jk-of genus g\o).  Then there is a canonical  blrat ionaL nor-

phisrn. ulX--+Y, *i th Y t 4otr"1 p"oiu"t ioq 
"r l fa"e bgllng th" fof lo:*irg ptw*'

pert ieji:

"  a)  Y hars preoisc ly  one non-rat ionar  s i : :eu lar i ty  and (poss ib ly \  f in i te ly  nrany

:atignal .slngularit les: i f  X contains 1gjeagg+ant excepii ,u@

the -mi,nlg4_e"Li"igle*.zq!.].9,!__gl_L. .i

. 1 , -  ,  . ' Z r ^  \  -- 
b) h (0y) = b-(Or) = o and t4l$e*gm_1tl ic gcnus,.cf the non-rat_ional l ing:1lar. i jJ

!g-s.
c) Tlie exc*egt_ional libre of u over every rati3ix"i_gg@c ntained.

.1"9-3*{%e sgrSLgg-il-Ll:-'! g-rt e-{l{ters$.. r.4.i$al- e$s@-s.orl:.:.p.ond
tiiffgrenl deg?ne11t-e-{ jilrer,,g,f.-If), while t_he exc?p_t-iona1 fiLre of ,u over the ncn-

f3!-i9"ne,l-siggkiity of Y c?.lsigls _of a lect j.o{r of 7I- plus (possibly) -sone irre-

{u?i}le coqg.qnenls o-f .tP ,dgg,eneraledlfibres of tf .
1

a)  nf re ant icanonica l  r i
- ' a  t  - ]

B__GEg_lggtgrphic to the an_ticanonical r ing n-'(t)1i'e_:4t r-qglgnffAl:*

= P. uo(y,c,)j-')), 'oh""u t(') *-t*-t--"*- rn" qo"rr** *J-, , (r."-y ts  the r - tn  . ,oxer .  o t
/  - \

!4e dcubre dual__€ t;. (t, rr fuq'4 ]l?Ir(*-l'*/,or) ir
r <  o ) .

e)  The an i i canon ica t  r in€-g_  (X)  i "  ,  f i " i t " l y

g4ly  i f  ihere ls  a  pos i t ive in teger  r>o suc.h t la t__ j$*  ,
*,hqr" K-. is a celeniqgl dilfisor on y (in other wor r^{") lg_111ygrtible forr  -  ' -  -  - - - - '  - - -

soIlrre r) o)

f) I l  r \  i"s a cart ier divisor for scmeiZil- i l3 -rK ls an arnple divtsor,
r



; . i
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_  . r _ - r , -
and .  i n  t h i s  case  Y  =  P ro i (R  

* ( x ) ) .

converselvr i f  Y is a normal- ploiect ive surface having a.t  ' least a

singulai i lY and such that -rt<, is a
-1 ,

mi nimal de s lngul.ari zat ijl

Moreo u:X -----)Y coincid-es- (up +.o--1s:rnorphism)

to tbe canonical  rnol 'Dhisrn froi l  tbe f i rst  pa"t  of  tbe theoxemr and hence Y enioys

a] l  the aLoYq Prope.rt ies' .

'  
urface as in theoren 2, tbe surface Y wi l l  be referred to as the "

I f  X is a sul l race as l -n u!

e $ . l " " j 1 ( ] j l ! g " l , - : I 1 ] " d g t o f X . A s f a r a s t h e p r o c f o f t h e o r e m 2 i s c o n c e r n e d . ' - l , . i t " l ' o u l d ' '

be noted. that i t  rel ies f i rst  of  alL on t t re Zariski  decomposit ion of the ant icanoni"

ca l  d iv isor  o f  X  (see F i t )  together  w i th  sone ld -eas  d 'e r re loped '  by  Saka i  in  f iZ ] 'anA

secon6. ly,  nn a nice extension due to Brenton (see [+] '  and alsc proposit ion !  t le lowl

o f  a  ion t rac t ib iHty  c r i 'ber ion  o f  'L r t in  ( *u"  f rJ ) '  i-1

As an i l lustrat ion of what theorem 2 neans, take x = P(03@t-*)t  wir trhrr :B a srnoot l

project ive.c 'urve of, . .genus 8) or anC' ' ! - 'a 1i-nd -bundle on S of degree e22S-2"As lre

have dlready rernarked, sakai showed' that 6- '11x1 = z '  Then thgoren 2 impl ies that Y

l-s ttre projective cone over dhe polarized' culve (B'r,L) and u is the ctr'noni'cal "mqrpbi'

sm -nhicb t i1O:.r .s,6own the,1ninirnal l  sect ion of f i  ( i ' " '  the unique sect ion E with E2 =

= -d,) .  Moreover,  one can see that 
1*y 

i*  a cart iel  div isor for scne r)  o 1ff

f"g-zgo{" is* tois ion. Hence B-r(x) is a f in i tely generated. o*algebra i f f  the

abov€ l ine t 'undle is a torsion

t{e rou1d. like to thank professor F. Sakai for send-ing us his prepri'nt [tt].

6 t .  P r e l i m i n a r i e s
. )

f

Let  X  be  a  smootb  pro jec t i r re  sur face .w i tb  f '1X;  =  e .  Then i t  nakes  sense to

consider the Zariski  deeomposit ion of the ant icanonical  div isor of X

- K = P + N l s u c h t h a t

'  
a \  .  - - L J  - L  e f f e e t i  v g -

- P is a Urf -aivisor *hi 'cb is numerical ly effectivet ' ' ' ' '

-  l {  is rn Jrr**tr* f l{  -ai lr i-"or such that elther N = ot or i f  N) o' the inter-

sec t ion  na t r i x  o f ' tSupp(N)  1s  negat ive  d 'e f in i te t

-  i f  E is an i r . reducible component of Supp(N) t t ren P'E -

Such a d.eccimp.ositlon ls uni'que anrd' P ("uqp" $) :'s ca11ed'

negafi\re) part dil[ '! ';;K.r 1{b,refer to ltZJ for the properties of

t

@1 ( "o *  12 ,  t ab le  3 '3 ) '  r ] ( x )  =  2  l f  and '  on fv  i f

non-rat ional

o (see Lr>f, Ltrl).
the Posi t ive ( resP.

th ls  d.ecomPosi t ion.

Pt> o.



gef in i t ion.  (see

t o be red-und.ant if

sa0le

ftzJ).
. r . " f i  =

' ln exceptional curve '69:1.he f irst kind- E on X is:#&t*! '

o.

an iso-

Propo* t . ig r  4  $eeQ2l ,  p ropos i t ion  d .2 ) . L,et X be ei snooth proiective surface

-t
w i t h  X  

t (X )  
=  2 .  Then  &  b i ra . t i ona l l y  domina tes  a . smoo th  p ro iec t i ve  su r face  Xo  w i - t h

' - ' l  . t .
x-'(X )" * ? and witho

t - - o ' "  
a  " t

morp.blsrn of -fiiggg{g-tlggittu. R-- (X) g R-*(Xo).

" l  th is  Droposi t ion is  s tated.  on ly  for  ra . t ional  sur facesr  the
Although tn l !L- \t l '

proof w' :rks also for non-rat ional s ' ' r r faces.

prgg.**1ig.I; {.*u" Composite theoren t ot(4J,,and. lemma ) afbl). Let Y-be a

llr: u:X-+ Y :"!:

me that L_iq_p:g_j,"gttv" t leeu"aic ?m o-(r) - p-(X). Then' 'Y !g,proiqgti-ve a1-
-1---i-_.- 6 r o

, a  .  * .'  geDra ] .c .

fhe geonetr ic genus p,(T) of a conpact normal surface is def lni t :  by f ; (Y) =

? .  . . - -  
g

= U'1Ol).  I f  y€y is a singular polnt of  Y then the geometr ic genus of the s. in6r-

! t r ' r

lat i ty (yrV) is by'd-efinit ion,dirn'(|E-ri*(OU))", wbe*e u:X-+Y is any d.esifrgula- :1

r i za t i on  o r  ( t r y ) .

'.' .:i., Ifesqpj-Ll931!. (Zariski).
't

Let X be a srnoo-bh'proiect. l@,t{ '  (X) = 2i..-*:.*-

i f  there ' i s  a  pos j - t i ve  in ieger  r )o  such ' tha t  r '?  i s  an  in tesra l  d . i r r i so : f  and the
=:-:]s-----:#---+ .g--__-

l i near  sys tem " l rp l ' i ' has  no  f i xed .  coroponents ,  i t to reover ,  i f  the  la t te r  co ; rd i t ion  hoL, ls

one can even..f ind. a_poslt iye inlesrer l-sueh that rP is an' integral d{g,, i"sor anC.t 'hg

l inear  s t r 's tem l r f  l  has no base points .

Proposi t isn 5 i :  a  speoia l  case 
" t f t5J1 

t i ieo lem Ba)  (ptg"  612)  and.  theorem 5.1.

\ 2 . Proof of Theorern 2

Let 3 be t t re union of al l  integral  curves I  on X

S:lpp(n)G A and. lemna 3 and Hodge ind.ex th.eorem imply

nany cuives and. thet the irrte:r6;cti-on,+matrix of, A is

thborem of Graueri  ("ea.f ,6J) ther"e**exists an analyt ic

more  prec ise ly ,  there  iex is ts  a  morph ism u :X- - 'Y

- Y is a norrnal compact conplex surfac&, .  ,  ,  ! .

-  i f  A1r . r . rA '  a f f 'e  r . the  connected .  conponents  o f  A1

i = lyr.  r  1n'  anC u ls- ran isor iorphism between X-.A ancl.

such that P.E = o. Then

that  A conta lns only  f in i te ly

negative d-efinite, Then by a

contraction of the curve {;

such that:

s a point yi€ Y,then u(.er)  i

t - . [ t r r . . . rx r r ]

The n t h,3.*ent i c aironi,c aL r i n1B --- G)-fq-. -liql t I nerated. C-alsebra i f  and. on1



f,et Z be an enf"'fectirre tllvlsor witb
/)

and hence ( r+z) .P = -pa (  o  ( lemma 3) '

BI ies

(r )  so(XrO*(n(r+Z)) )  = o for  everv n7z!  and Z7o wi th  Supp(Z)ca '

0n the other hand', the exact sequence

o -+o*(r) oK\K+z)- ctrr---> o

( t  t  ^  , , o r , . ? . \  - - - - - ,  U l ( O _ ( f ) ) .o ; '  g" (0x(K+Z))- - - -+ H \Qr i l  : -+  $ \ux\ r /  i '

UPPlYing d'ualitY and X we then get 
.

' r  ,  7 .
(z) n-(or) -{ i :-(o*) = 8'

3y.the Zariski tueolem'of holonl:ot" functions we have

nru*(o* ) = inv-lirn s' (0, ) '
' l  -  

t ,  
o l (n )  (wi th Z>Z;t)  are al l  sur ject ive,  f rom

and since tbe nE*ps g- (O) -----> E (oZ' I \wr-!n a ? b' ) d

( z )  w e  g e t  
1

( l )  4im'.  R1..*(0..)  (  g,
( -  7< X'

! .€ .  the suc- ,of  tbe gednetr ic  genera of  the s ingular  po in- ts  Xl " " ' I '  o f  Y is : t ress

tban or equal to g. Therefore lifler d'istingrtish -tvo Q'a'ges:

case 1. y bas at- mosl rationaL -si.1$it1iIi!!g.

r  f  l 1 t  v  i ^  ^

r,:  . ;  r '  Ihen.;by a result of l '1. Art in (*e" f 4J) y i" a normal proiecti ' rre surface and

a muLtiple rK, of the canonical d. ivisor of Y is a cart ier dirr isor (r lo) '  Accor-

. ding to t 'e pioof of theorem 1 of Sakai f i21, the'orern 4'3) '  1et r be such that

tL"  is  im in tegra l  d- iv iqor  ( i  =  t r . . . rn) ,  wbere the Q-aio i*o"  
A i .  's  d 'e f in l te

by tbe cond-i t ions

AL., = -K'E

- 5 -

support contained in A. Tben K+B'!''*:X-P-N+Zt

Since P is nunerical ly effective. t 'his 1ra-

for every imed'ucible component E of A' t and

supp( A;) C lr'

1he n N = ZAl and' w': bave

,rF(rf.r)z-.-,rK + rN = -rP1

and" therefore 
..r*(-rfr) = !P. Usir,,g.the argurae;nt in Sakaits proof (loc' ci't ') and

t b e N a k a i . i { o i s h e z o n c r i - t e r i o n o f a m p l e n e s s ' H e : e a s i l y i n f e r t h a t . " K Y i s a n a q r p l e

c a r t i e r d i , r l s o r . T h e r e f o r e Y i s a n o r n a l p r u j l i ; c t i v e s u r f a c e w i t b o n l y r a t i o n a l s i n -

gUlariti-es and. -rK, is an aro-ple Cartier d'ivl's0F;-f,Qr'so!0e r)o' Then by theorem 1



has to be a rat ional sur. face, a contradict lon.

Therefore case 1 d.oes r iot  occur.

non-r?t ionatr s i{lgul prity.

Then we use:  ,

Lemna 'f  .  I f  A. is contai- i3a in t a"S"""r?ted -
I i---:-_ ;----_--_-.;_

* . .  l ' Y  r ,  \  i  s r  n r * i  n n a lj r l  \ , rJ_ /  1"_- :_: : : t : j : : : ' : .
I

Accept ing for t i ie moment l i ,mrna 1r we infer that there exists an imeducible

eo inponent  E  or -  A  r rh ich  is  noL cor l ta ined.  i r ,  g .ny  f ib re  o f  i ( .  Then E don ina .es  (o i t
i I ; - - I

the  morph i .sm'7 f )  the  curve  B,  ana in  ^oarb icu la r ,  pa(E)  =  r r - (Or )7  g .  fak lng  in to

account  o f  ( : )  *u  ge t  tha t  pa(E)  =  g ,and E is  s : : : co th .  f f  g722 then the  Hurwi tz 's

fo rmuler  immedia te ly  imp l ies  tha t ,E , . i s  a  sec t ioa  o f  T .  I f  ins lead. .  g  =  I  we a lso

ded.uoe" tha t  E  is  a  sec t ion  o f  I t  us ing  espent ia l l y  (1 )  an$.  the  so-ca}1ed "Ad.d i t ion

Formular r  o f  the  logar i thmic  Kcd-a i ra  d , imens io r^  (see e ,g .  fJAf ,  lemn,a  12) .

Th'erefore E is a sect ion of 1(. .  ' r le" c laim that E is the only i rred.ucible eom-

ponent oS--.A..which is not ccnta:-ned. in a:ry {'1bre',of,:,"fi|-. Indeed., suppose that Er is

another i rreduci.ble co:nponent of .A not contained. in any f ib,re of T, As abdve E'

l ras  to  be  a  sec t ion  o f  ' l i  
rand.  in  par t i cu la r  p  (E t )  =  g .  i f  E  and Et  be lo r :g  to  c l i f - ,

f ' *rent connected. cornponents'of  A, we get a cont,rad. ict io$using tb.e inequa-l . i ty (3).

"  ,F-ssune therefore that E and. Et belong to the same connected. corcp,orxpdnt A. of 'A.;{ f .

E : E ' )  o ' t h e n  n . ( l + t ' )  =  p a ( E )  +  l r ( E l )  *  E . E r  -  t V p u G ) . .  p " ( E ' )  -  z s ,  a n d  h e n c e
1

o ] (o r * r , )bze ,  wh ic i :  con t rad i c t s  ( z ) ,  I f  E .E r  =  o  & rd  g /2  we  ge t '  i n  t he ' sa rne  way
I

h*(0p+8, )Vze- t ,  ' *h ich  aga in  cont rad ic ts  (z ) .  I f  E .E '  =  o  &rd  g  =  1 ,  there , - ;s  a

segu@nce X^. = Er E.. ,  t  r , . .  I  Et = E l .  (p>2.?) of* i rreclur: ib le componentq of A*.  suc[ that

E . . 8 . . . , )  o  ( i  =  o r 1 y . . . r p - 1 ) ,  s i n c e  A .  i s  u o n n e c t e d . .  T h e n  u s i n g  i n d . u c t i o n  o n  i
I l-+r l_

w e  g e t  t h a t  e r ( E o * ' . r r E p - l  ) > r ,  a n d -  h e n c e  p r ( E o + . . . + E n ) *  p " ( E o + . . . * E p _ l )  +  n r ( n n )

+  ( g  + . . . * d p _ t ) . E p  -  r V  v u ( x o + . . . + E n _ r )  *  n r ( a e ) > 1 a 1  =  2  ,  w h i c h  v i o r a t e s  o n c e

m o r e  ( a ) .

Therefore we have shown that precisely one irred.ucible component E of A ie a

sact ion of  7 i ,  whi le  a l l  the ether  eomponents of  A are 'conra inect  in  the (d.egenera-

tcd ) f  ibres of i f  .
* r .  *  . .  , !  , t  + * , i f ,  ,  . t  t ,  i

Consid.er r ion the exact sequence ar is ing from the Leray spectral  sequence o-f ; , l l

(+) o #uI(or) -----> HI{0") € , al,r*(o*) +--i> u2(or) uz(o*) 
1. 

o.

1,r"(o*)  
to

Ez , u1{o*)

Case 2 .  Y  has  a t  leas t  one

IcLentifying R

reetrj .ct ion maps

. 1

invrl irn. U*(Or), then the map I is induced by t lrpi-r1

1 1 ( o r ) .
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Taking ?, = fr der get that S, tl an isoud)rUAtt:t' Thls ls because E is a sectlon

of fr and. tbe canonical nap ?f* 'Rt(o'.) 
g'(ox) is an isomorphisn' Since

'l

tL im Rlu*(O*)  = g and tb .e naps * t (02\ , , - - - - - -  n^(Or '  )  (Z>tZ ' )  are s ' r i ' jec t ive '  we

i ' fer that the map € is an rsoraorphi-so, and. therefore the exact sequence (+)

*-ru" ul tor) = hz(or) -  o. In part icular,  since r:ztO*) = bz(or) -  o, Y is projec-

t i ve  a lgebra ic  bY ProPos i t ion  ! '

fhereforo, modulo lenma 
' f  

,  re bavg proved::pa,r ts a),  b) and c) of  theorem 2'

I n o r d . e r t o p r o v e p a r t d ) , w e a p p l y p r , e p o s i t i o n 4 t o d . e c o n p c s e t h e

morphism u as in tbe following comnutative d'iagraro

x ----------> L

1 / 
o

u \  
. / u o

\ F
Y

.  _ 1 ,  _ 1 ,

with v a birational rnorphisrnr xo smooth, R-:(x) g n--(xo) ana xo wi ' thout redundant

e x c e p t i o n a l c u r : r e s . T t r e n u o i - s ' n o t h - i ' n g e l s e t b ' a n t h e m i n i m a l d ' e s i n g U l a r i z a t i o n o f -

y,,.--But as a consequence of a vanlshing theppg*., 6ue to iaufer and' Rananuian (se"ftfl'

f3]) we uavu (oo)n(&ril) ? Cr4--) for every mVo (utefrg,.J, lenma 1'5;'. 'Thls irn-

'  - i ,  
-  ' -  -  

I  - l  
rnr i  therefore qe

p l ies  tba t  R 
- (Xo)  

i "  i "o*o"ph ic  
'Lo  n- i ( t ) ,  and tbere fore  we ge t  d ' ) '

Assume now ihat rK, ts a cart ier d ' iv isor for sone T)c' .  as in the picof 
l* t  

' , ' *u"

L we get that on1-"rrl = r?e r,rhich together the Nakai-ldois'b:z'ion criterlo'n of arn-

pleness and a stand,ard argrrment ("f . the proof of tbeorem 4' 3 of kil) show tbat

- " K T i s a n a r o p 1 - e c a r t t e r d . i v i . s o r . T h e n " - ; : T " ^ - : " : : : '

$uuft2J,  proposi t ion 1.1J) shows that R-t(X) ry R- ' ( f  )  fs a f j -n i te ly ' fe"nerated'

f i -a lgebra,  and moreover '  t  € Proi(n-](x)) '  \ ;  
, , '

,,Converse1y, assume that R-l(X) is a finitely generated' 4!-algebra' Tben by

proposit i  on 6.there is an integer r) o su$h that rP is an integral d' ivisor and'

the l inear  systen l r f  l  i ras no base points '  Let  tben 
1 ' **Pn 

bu the 'associa*ed '

norpbisrn in to a pro ject ive space,  wi th  m = d i ro l r f f  -1  and 
?*(Or ' ( i ) )  

€  OX(rP) '  I f

C i s a n i r r e d . u c i b l e c u r v e o n X c o r r t r a c t e d ' b y i r t o a p o i n t t h e n ( " P ) . 9 = o ' o r
T is norrnal" (ancl henceg'i

: ' . .e lse P.C = or  In  otber  word 'sr  C is  a  cornponent  of  A '  S ince Y is  norrnar" \ar

u*(o*)  -  or) ,  the_morPhism f  
: ; " t "" :  : ;

X  - ,  -  P

\ , 2

"\ ,4v
\ , / t

- r' :- -i" , '. a.f;

\f'Denote by L - r1z*tor^(1)). fhen tf,(t,) d OX(rP)' Moreover, we haw:



,.'* 1r,/t-lrr, . . ., trrr!) * o* (rr )/x-a g o* ( -tr ),/x-a r u,* tcrrf* ) l,

w:.th ur the i iombrphism.ind.uced. by u bet, ,cen

t / r - { r r , . . . , x r , }  =  * l *  )  / " - I r r , . . . , J r r } .  s ince

slheaues of rank one, from +,his isomorphisin we
1 - \

morphic,  and thus CO': . ' t  is invert ible"
I

In  o rder  to  f in ish  the  pror : f  : f  th .eorcn  2  we 'havo on ly  to  p rove  le rnrna  l .
1

Proof*of Lejnna ?. lenote by D the (d.egene-atert .)  f ibr" t i r (U) eontairr ing A..
r l

w=e c la im tha t  H- (OD)  =  o .  In  o rder  to  p r 'ove  the  c fa im observe  tha t  by  ihe  base-

change theoren (see l3 l ,  theorem 12. - ' iL :  page 2 !o)  the  canon ica l .base-change map

^14* (or)6 r . ( l ; n1( l ,  orJ ' . :

i s  an ' {sonorph ism.  There fore  i t  w i l l  be  su f f i c ien t  to  show tha t  R?" (0 , , )  =  o .  The
r '  1 L '

l a t te : :  equa l i t y  iS  obv- ious  i f  X  =  f (n ) - - -+  B  is  a  re la t i ve ly  min ima l  rnod.e l ,  w i th

E a ranJt two vector bundle cver B, I f  .X is not a relat ively roininal  mod.el ,  1et C

be an exqept ional curve of the f i rst  k ind""on Xr: 'grrd. Xt the srnooth surface obtained

by b1o'* ing down C. Let S = p(n) be a rel-at j - ' re1y mininal raodel domiaaied. by Xt and.

?t l  lxt---=PB rhe canonical  project ion. - ly ind.uct ion or.  the number of blowing uprr

brrter ing in the eonposit icn of 7f  ,  we may ac*rne that,ni t r ; f {0",  )  = o. Since the

'morphisn v:X-----*Xr is a blowing up norphism, i t  is i+e11 knoloh,;(and easy to, ,
I

see) that n*v*(0") = o. From t l .ese equal i t i -es and. from the leray spectral  sequence

of the conposit ion ' i (  = l i tov we get that i t lZ.n(o*) = o, as requirecl .  i .
' l -' ,.

n-^- r : - ' ln )  = o and from the exact sequencer 4  \ r r r .  . j  a " D /  
-  v  @ r r q  * l  v l l l  u l l v  s j l . a u u  - ' v q u g I l u v

e ---1-+ cr(-nl)Eon = 0D - c(n+r)n 0 ^ ___-> o-11_t)

we get  by  induc t ion  on  n  tha t  i t ' (O* )  =  o  f ; : ' every  n r \J .  Now,  i f  Z  l s  an  e f fec t i ve

d iv isor  w l ro .q?  suppor t  i s  con ta ined i r r "A . ,  there  is  a  pos i t i r rc  n )1  such tha t  nD7zZ,

and. hence we get the exact sequence

O ----->L ---------+Q -+O + c"nD ' wZ --! or

wi th L a sheaf  supported by the curve nD. Taking cohomology we get  the exac,r ,  se-

quLn4e

l r
g* (orrD ) -----* . ' i(oz , - rz (nl, l).

$ince the f i rst  ancl  the last cohomology groups vanish we get g1(o,,)  = o, rhich
Z

proves lernma J us ing Ar t in 's  cr i ter ion of  ra t ional i ty  (see 
f rJr [a l l .  . . : .  l l

Theor .om 2 ie  thereby complete ly  proved_.

1 r ? f )-\-A and t; l"f 1 . . . ey n\. 
lle i.nfer t hat

L and (-r , t l - t /  . ""  both ref lexive
Y  / - - \

get that L and (,r{  - '  

our.  
iso-
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!1. Some c.onnmgnts anci an appllcatlon

First re want to ind.icate bow one gets a better version of theorem 2 if  ' tre re-

place the connplcx f ield C by the algebraic closure of a f inite f iel i l '

l lg.orern ?t-. The lupotheses are the same-as in theore'n 2 except t lre fact thgt

0j is replaceri '  by the algebraic cloFr-:re :-  - l -?J:r  a f in i te f ie1d" '  Then the same con-

c lus ions  as  Ln  theorern  2  ho l -d .s ,  and nToreryqr . - the  proper t les  e )  and f )  can  be  reF la-

ced by ile_Streltffr_!€t

e) Thq antioanonical r ing F-Ll(X\ is a]{ay,s a f inite}

-1
T =  Pro j (n - t ( f  ) ) .  In  par t i cu la r ' .  there  a lwa is  ex is tP '? j -pos i@

that -rK," is an ample Cart iar d ' iwisor.
; -

The proof of theorem 2'  is pract ical ly. the sane as tbe "proof of theorem 2, but

usi lg the fol lowing observat ions. f i rst  o- l  al l t  ov' ' r  k we have a very r jce contTac-

t  / - - 1

t ib i l i t y  c r i te r ion  due to  M.  Ar t in  (see f t r { , ra+heorem 2 .9) ,  namely :  i f  A  i s  a  curve

on a smooth prdf,ect ive surface x sucb tbat tbe intersect ion rnatr i&: is negat ive d'e-

f in i te,  then there is a birat ional norphisn rsx-----+ I  wit-h ihe fol lowing pro-

Bert ies !

- Y i ,s a normal projective surface.

-  I f  \ rc , ! . rA '  
are the connectcd '  conp'gnents of

nerated k-al-eebra an{

i i  l

A then  
" { "e . )  

i s  a  Po in t  Y ,e \' - i '  -  - 1

f  o r  e v e r y  i  -  1 1 .  . .  1 r I . .  
c  ?

- .  u  de f ines  an  isonorph is rn  be twe-pn X-A and 1- lJ l t " '  t yJ '

There fore ,  ins tead.  o f  us ing  propos i t ion  ,  and Grauer t rs  cont rau t ib l l i t y  c r i -

ter ion, we simply use this cr i ter ion of i '1.  Art in '

. :Second.1y, i f  k is the algebraic elosure of a,. f . i i r i te f ield',  tben the d-ivisor

olags group of every singularity (Yrt, ) 
i" 

a torgion group. In part icular, we can

alnays f ind. a posi.t ive integer I> o such that rK, is a Cart ier divisor'non T'

Remarks. l .  In the situation of theoren 2, tbe non-rational singularity of Y

is  however  pararat ional - . in  the sense of  [51,  as one can easi ]y  see '

t . ' . ' ' - * . ' . . 1 ; ! . O n e c a " n a s k t h e f o l l o w i n g q u e s t i o n : w h i c h s m o o t h p r o j e c t i r l e s r , r r f a c e s X w i t ' d t :
1

f - t (x) = ? have a Gorenstein ant icanonical-  nodel? fhat is,  c lassi fy al l  s l rr" faces ' ' '

't

X ritb f 
* (x) = 2 rhose anti-canonical mod.eI T have the d-ualizing sheaf :€r{' lntrer-

_  - - 1
tlble (anrf by'theorens L and 2, tben necessari ly 0'{ 'anple)'  fhis e}gp-l-f ication

. i-s a1rea.d"y knorn (see [g],[f] rfiOf) "rA, 
roughly speaki'ng1 is the follow{gg X ls

2

eitber a smootb rational surface .whlch is obtained by blorring up d poinies of P



( f4  a -<B and in f in i te ly : ,  near  po in ts  a l lowed)  in  a lmost  genera l  pos i t ion  ( in  the l : . r ,

sense o f  f i ] ) ,  o r  X  is  a  geonet r i ca l l y  ru lec l  sur fa le  X  =  p(p) - - - . *B  over  a r i i ' "

e l l i p t l c  c u r v e  B ,  w i t h  E  =  O n @ L - *  a n d  d e g ( t ) ) o .  t r n  t h e  f i r s t  s i t u a t i o n  y  i s

ei ther smooth and. X = Y is a Del Pezzo" surface, or Y is singul.ar with only r"a- l ional

d"ouble points as singular i t j .es (a d.egenerated Del-  pezzo surface).  In the second.

s i t u a t i d n  Y  i s  t h e  p r o j e c t i v e  c o n e  b v e r  r h e  e l l i p t i d  p o l a r i z e d  r u r v e  ( f r l ) .

I {ora general}y,  t ' -heorerns i  and 2 al}ow. us, to say sornethlng about the st :ucture

of ' , the normal pro;ectrve surfaces Y for - ' r rrhich ' , tbere is a posit ive integer r  >o

such { i rat  -rK., .  i3 an ample Oart ier di ' r isor.

C_orollary 8.. I,et Y be_":fgggt p"qitcti"" su"l'tc* -rK., !l 
i

I

a,I I*arqEI,e Car_t ier div i lor for some'r)o. LejL u.X - : -  T be the minimal d.esingu- 1

la r iza t ion  o f  Y .  T l ren  t< - l ( . f  )  =  2 ,  SF"  " " t i " " " " " i " . f  
r  -

--;<___

-  . ' - - 1  , - '  1 '  '  7  '
r r e r a t e {  { - - - : " l € r e b r a .  Y  =  P r o ; / . R  

- ( X ) ) ,  
a n d  h - ( 0 * )  =  h - ( 0 * , )  =  o .  } l c @

o-ne gi  .Lh1 fol lcwinLpossibi l : ! -q;Lg$,:  .

i )  X is ratioriat anC Y -l .r: ;s i4y_qq.f ional singularit i .es, or

i i)  X is ruled fn-rational end i ns: '*g

q"a(ggff imany lgt ional- _g*g*1"=.it t"". f i t .-e t

gri"bed 
' i .n 

theore_."n _?-r-c_qq{1t ion" c).

of  t l ieorems 1 anC 2. Note that i t  j .mpl ies

/-
sLrr l 'ace over (L with only rat i<,nal s in_

and such that -rK, is an.anple Cart ier

gurl 'ace.

i l : .amples of non-rat ional normal prclect ive surfa.cesi  T with -r ,K, ample  Car t ie l

divisor for sone r) o are pi iven by the fol lowing:

Thig corci) ,ary is a d. i rect conseq,uctnce

the  fo l low ing :  i f  Y  i s  a  normaf  p r t , jec t i ve

g.ular i . t ie g ( tn, .parr icular,  i . f  y is smooth)

d i v i s o r  f o r  s o m e  r ) o ,  t h e n  Y  i s  a  r a t i o n a l

an

Prgpos i t i on  9 .  Le t  B a smooth  pro cti ve cuJcve of nns I3"and L a ii.ne

bundle of d.egree e72-s-2. I f t h e r e  e x i s t s a  posd. t i ve  in teser n l o such tha t

,n(zg-z)a cr{"u s o^r then -rK-- is an anr
D  j l  I _ - ,

l e  Oar t ie r  C i r r i sor . w i t h Y  t h e  o r o . i e c t i v e

g.g.lg over the polqryqed. curve (Arl) an<l r = rrso

f lu proof of proposit lon !  is standard. and we oci i t  i " i ; .  I i l&E'"that the fol fowing

converse  is  a l ' so  t r i re :  '  vK- ' i s  no t  a  car . t j .e r  d . i v lsor  fo r  every  r )o  t f  the  sheaf
It )  

a  

"I, '";-6Ct{" is not a torsion 1""" fr+]). i,. '

Remark .  L ,e t  X  be  a  snooth  pro jec t i ve ruled.rii:,:rr-rational surface with f{l(X) - 2.

f . (C))--r l$X{e c"taim that C coincid.es toLet C be an integral  cutve with C2( o and
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the sect lon E of l f  which is a component of the except ional f ibre of u over the

non- ra t iona l  s ingu la r i t y  o f  ihe  an t icanon ica . l  mode l  o f  Y  o f  x .

Indeed,  accorc ing  to  the  proo f  o f  thecrem 2 ,  i t  w i l l  be  su f f i c ien t  to  show

that  F"c  =  o r  whcre  - .K  =_F +  1{  i s  the  Zar isk i  decompos i t ion .  But  the  fac t  tba t

n u ( C ) )  o  a n d .  t h e  g e n u s ' f o r n u l a  i - m p l y  t h a t  K . C ) o r  c r  e l s e  P ' C  +  N ' C ( o '  S i n c e

p is  numer ica l l y  e f fec t i ve ,  P .c )or  and hence N.c (o .  s i .nce  $  i s  r f fec t i j ve ' t 'e  in fe r

tbat C musi bs a coraponent of N, and go P'C = o'  :

as :  ?onsequ.snce lre get that the only id;egraL ci ; rves of x rvi th negat ive sel f-

i r r iersect ion a.r .6:  the sect ion E of T and. the i rreducible components of the u'e€'e'+l

nerated f ibres of f ;

Ses j -d .es  the  examoles  o f  geonet r i ca l l y  ru led  sur faccs 'w i th  an t icanon ica l  d imen-  -

sion alread.y menbicned above, one can easi ly provid.e further exanples cf  rulec- su}-

faces X '* i th r{ t(")  = 2 in the fol1o'ving t t t l '  r l

' : r :  F i rs t  s ta r t  i r i th  a  sur face  X =  P(08(FL- ' ) ,  w i th  e  -  deg( I ; )72 'g 'Z '  Us ing  the

fcrnula &Y- = O,,( ,-?)8 (  0 'u.8W)')  and'  the pr 'gject ionf s forrnula one eag' ' ' f  get 's
i L A ' / ^

p_n(x) = 
A 

no( l , i t - i  I  UJ;") ,  for  everv n) '1.

ti ince deg(I,t-i6) cLr;") = (n-1)e - n(zg-z), +he R.ienann-Roch irreoualitv yields:

- / - , . .  \
( : )  n-r ,(*)> ry- 

(e-4g+4) + (o*r)( i -e) '

0n the cf , i ier hand.,  let  X be an arbi trary ruler l  su.r face and 6:Xr -------->-X ihe
'l

c.. iad.rat ic transfo.r .mation of X cf  center x?-X, with lhe exce'pt ional 'curve L = d*(x)

in" ro"ror" c?-;, = On1A4)80,, (i) ironed.laiely yields the exact sequence (n71)r
x r  j .  A '

e -- --|f{ar;:) *-------* f tw*"1- * f1o*)'

f  {C*) * O* 
, lr* i  

(where ** i" the maxirnal ideal of the loca} r ingr' '
and" since

orr*)  '  * "

(5)  r - , r (x ' )  7

Coprb in inS (5 )  w i th

ILgsL!.i9I--L9. L-e'i;

n( rt1 )
2v -n

f 6 \  .

' r i  -

:  n a l

i le get !
-"1 .

p(gr@i- ' )  -  B be a geometr i_cal1y,ru lec1 j l i r - r . face

witn e = {gi(L)"),l 1.  Then tbe-qg face X '  ob tq lned f r

d  p o i n t s  r a . s  C ^ ( x ' 1  - t!- L'1 e-3s+4.

/ - \
N o t e .  T h e  i n e q u a l l t y  ( , ) /  1 s

- t .
a ruled. surface ui th K (X) = 2

get forniulae for .'t,be antigenera

far frorn being sharP' 0n the
1

and.  R- ' (x)  l inr te lY generated"

of X along t,he same l ines as

other hand., i.f X is

over C, r one can
r 1

tn l_I7J.
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