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A TOPOLOGTC,\L CHARACTERI ZATIOI.I

CARTAN OPEN SUBStifS OF B.xO

b y !

Eugen PASCU and Dan TIMOTIN

OF

1. I r i t rduct ion , t . , . ? :

r a !

r n [ a . ' | M . J u , r c h e s c u c o n s i d e r s t ' h e n o t i o n o f m i x e d

man i fo ld  wh ich  rep resen ts  a .new pb in t  c f  v i ewbn . t f re  no t i on  o f

'  d i f ferent iab le fami ly  of  ec>mp1.ex-*reni fo lds consldered by Kodai ra-

Spencer  j -n  t i re i r -  famous paper  lS l  .  AmonE mixed mani fo lds,

ear.tan manifolds play an important r61e in -the theorl l  creat:e.d'.

by M.  Jufc 'hescu.  In  I  r l r t i re  fo l lowing character izat ion o. {  C.a. r ; t .an
. _ J

.  open sr . rbsets  of  Car tan mani fo lds is  obta i rned. '  :

T . ^ !  v  t - ^  

t  

- " 4  ^ - a  t - - - - ^  t ;Let X be a iartan manifold of type (,truinl ,  Iet D be

on o l ren subset  o f  X.  D is  i tse l f  a  Car tan mani fo ld  (wi t ,h  res-  : '
( t r [

l rec t  to  the  induced mixe , .1 ; :s t ruc tu re)  i f f  Ha (O,  tZ (C)  =  0  fo : :
b '

' b a c h  
t = . t r t  . " . D o  .

n'  He re  <7 (C)  denoses  thex-----=------
a@d X (for rhe main

see LnJ, [rJ , . 
--- -

In  the complex case ,  for  (complex)  c l imens. ion L,  there

^ ex is ts  a topologica l  character izat ion of  the holomorphic  c( rnvex

. .  r .  -  -  A  -  4  - r: i  , : .  'hul f  k of  a compact set  KqC, namely i i  = xU{set of  re lat ively ' . : ' j : , r
:

t -resuLt furnj-shes a tool which provides a proof to the fact trf tat

each ppbn subset of  o i r  stein '  . ; , '

.  r ^ 1in [ 2 t shows that in the simplest simj-]ia.r '  : '

canonica l  s t ructure 's l reaf  o f

propert ies of mixed manifoLdtF

Bx&mple I



1,.: " ", 
.

- \

m i x e d  c a s e  X  =  f R x o r  D o t  e v e r y  o p e n ' . s u b s e t  o f  x i t C a r t a n . . ' ,

i By the t.heorem cjnoted above r Des1"O i. ." Crartan open

subse t  i f f  H r  (D ,  q (A ) )  =  0 .  T [ i s  co4d i t i on  i s '  un fo r tuna te l y  nc t

'very easy to be verif ied even on si.mple r 'e>i*lmpleq.

-  The purpose of  th is  i )aper  is  to  g ive a tops logi -ca l

charact ,er izat ion of  Car tan"  ofen subsets of  nxC.
. : _

' . } ' . S o m e t o p o 1 o g j . c a 1 r ' e e u l t s . j , n . { R x . .

h' \  -On lR"  we shal l  a lways consic ler :  the can.onicaL . ,
, t l  r 4 a

m e t r j - c  c t ( z r u )  : [ X - ( z i - u i l ' l ' - i f  z = ( z . r  . . .  
" n ) , , J = t u t .  

. , . u r r ) ,  ? n d
t i = I  r  4

n .
f o r  Ze tR ' i  we  sha l l  ddno t€  by  l z l  t he  number  d  ( z ,o ) . .

,  D e f i n l t i o n ' 2 , I .  L e t  F  b e  a  s u b s e t  o f  [ t n  a n d  l e t , K e F

"  K  is  ca l led iso la ted  ( in  r )  i f  . there  ex is ts  a  re la t i ve ly  .eempact

'conne'cte! oyen subset -51 of '&n (vrhicii '  we sh8.11 denote by..SLceF.n)

such tha t j l tK ,S l f tF \K  = f i ,  R  is  ca . l1ed:weak ly ' i se la teO, , ( ln , .F )  i f  fo r .

.  each x€ F\K, there exists " f l -ee Bn such ' t t ratJtaKr.nS*r8. l t f t r  =9.1=:t , " : ,

i : ' l i ' ' ; ' ;  :  -Ev€ry 
i ro lated subset is weakly isolated, but bhe

together

converse not  ts$e.

th .a t  i f  KeR.+ , .x ,y€K and

are € -connecteil i f there

such tha t  J  t "1 r  x i+ t )d t .

Examp le  2 ,L .  I f  F  i s  a  conve rgen t

w i th  i t s  l im i t  po in t  K ,  K  i s  wea l i l y

sequence in  RP,

iso la ted ,  bu t ,  no t

f> 0 we- shal ' l  say

e x i s t  ,  ' r "

The se t  I  x ,  t' t i

/
&ppl ied th-" 'The fo l lovr ing resul t

t he  paper .  t

t:
I

a v

v i i l l  be f reguent ly

i .solat.ed. Lbt us rernind
==\+se€ 

-ttl ) that x and v

'  X g = X r  X l . . . X r r = Y r  X l g K

is  "ca11ed 0-cha i r .  
, *

roughout{

each pai r

- i heo rem 2 .1 . [61  A  compac t  subse t  o f  Rn  i s  connec ted  i t {

o f  i ts  po ints  are. f , -connected for  every f ,?0.

. The rr:; t* implication is ttrge.vi i t ,h ng com.pactnes

assrrnpt l -on.
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The fo l lowing resul t  is  a  Separat ion theorem

w h i c h  m a k e s  d e f i n i t i o n  2 , L .  m e a n i g f u l .

fjfgglgg-?.? Let F be a closed subset of tr'n and K
, <r.ttrt^f,One,tt\

""",T*ffiffi. 
Let Kd,uecnn. Then there exists al')

of  U such tha t  SLPx '  bJLOF=0.

Proo f

Let l ,{ ,  = l i inf)Ut U, Ivl is a compact su}:set of rt i . t l ,  and ' , .y

K€M" r{e" e}airn t,hat K is r,"-offiffitr? t.liindeed, suFpose ye K is in

the sftme compot.-,ent of I .1 with K. FiP: x€K. It  fei lows x and ir are i  j

C* Coon€cted in M for any fZ0. Sine'e x and y are not in the same

componen€ 'o f  F ,  t he re  ex i s t s  S r0  such  tha t  nandY a re  no td -  connec ted

i n  F  e o r - : { $ t .  F o r  a n y  n € b l  s u c h  t h a t  1 < t ,  c b o o s e  * 1 . . . * f r r € i " t
n

such rhar  ld (x , "1 ) ,  d i t " i ,  * l+ r )  and d  t " i ^ ry )  a re  s ' *a . l t c . r  than

! .  By the d.ef in i t ion of  $: : r"among the x!  thc,re are points of  ?U
n

chose i ;  'euch that  
" l  +?U tor  i6  i r , ,  *1 . . ,  €?tJ  and rer

* nlt
Then zr. € F and d.{?r,,?U)& O,.

By passing (event ,ua l ly)  to  a cc. rnvergent  subsdguence,  i , ,

we, 'may suppo.se  z {+ f l ,  T i ren  i f  fo l lows tha t  z€Fnb.U and moreover . . : .

z  and x  a re . t  -connected  in  F  fo r  any  {>0 .  There fore  zeK.  -Th j .s  leads

to  a  cont racL id ion  s ince  ! in?U =  g .  :

.  Then z -  €  F and d,Lz - ,  dU) " " t  0  i

gov, uy [6] (theorem o{ 9.'112. )

where E is the Centor set  on the l ine.  srrch,

components  o f  M are  separa lea  by  f .

there exists f  :M'"+E

that  d is t inc t  connected

Bxte nd 
f  to  the whol .e  sp&ce by T iet  zet  s  theorem.

As K and aU

are compact.

such that .f

are compact sets i t  fol lows th,a't

subsets qf the CBntor. s,eti,'an-d_!heq

1(x)  and f (au)

t he re  ex i s t s  1 ,1€q '

and  i t  i s  eas l l y

(K)  € ( I ,  ) ,  1  ( tu)  n L l , ' f i -a .
*t:

Then we def  ineJ l :  =  f ,  {3r? )  n
L

checked that  has the desi red proper t ies ' .

u

=! coml)act



cg5g l lS ly .  2 ,2 , I

Each  compac t  connec ted

of  tRn is  weaKly iso lated (  i r . 'F)  . t' 
.t. . "'

?
be a subset of  lR-.  Consider inE

rhe canon ica l  p ro jec t ion  J ( , , l lR3**R 'X( t rx r r lY)= i ,  l {e  s fua i t  denbte

b y  X t  t h e  s e t  l i * , y )  e  n 2  |  ( a , x , y )  e  x l  a n c r ' . b y ,  * ( t ,  ' c h e  s e t " : .  i

?

{ t l 'xXa €R".  When no confus ion iS:  poss j -b i . ler 'both these sets ' , : r .g , i 'L1
:

b e  c a l l e d " t h e  f i b e r  o f  X  o v e r t " .

.  Def in i t ion ?.3;  Let  F be a"  connee,Le.d c losed subset  o f
? -

l l t " ,X (F )  :  =  I .  I i r  an  i n te rva l  and  we  suppose  tha t , i t  has  more  : i r
e

t h a n  t w o . p o i n t s .  F  i s  c a 1 l e d  a  s t r i n g ,  i f  ,  f o r  e a c h  { e I r : . - F . . i s  :
)

a  connected compact  subset  o f  f { '  (Cf  course,  th is  happeng; i , l$ f  f

F r , , ,  . i s  a  co rnpac t  connec ted  subse j t  o f  R3 ) .  I f  t he  i n te rva l  I  has
( ! ,

a  c losed  €nd ,  Ceno ted  by  a ,  t hen 'F ,  i s  ca l l ed  the  ,d -€ .Dd  o f  t he

s t r i n g .

subse t  o f  R2  ,  L f  F  i s  a
? Q

st r ing in  [ . t "  and i f  there ex is ts  t€  f  suc i r ; : th l t  F*=L we sat -  that

F  passes  th rough  L .  I f . {  i s  a  c losed  subse t  o f  R .3  and  i t , . { ,  i s

an j -n te. rva l  (wi t .h  more than two'points)  and i f  for  each . t€ I  .one.

can choose a"ccr f lpact  connectec l  component  Fa of  Xa suc{r ' that  F:

= U l t \  *F*  is  a  s t r ingr  w€ shal l  s .ay that  the s t r ing is  conta inred
+eX,

i n  X .

component  of  a  c l -osed subset  F

D e f i n i t i o n  2 . 2 .  L e t  X

Some of  the main

P l g p g s i t i o n  2 . 1 .

( i )  i f  d  i s "  a  c losed r .end  o f  r  and  F .  j - s  compac t : t hen  Fa  Js

connec tcd .

p rope r t i es  o f
, 

\i'

?
Le t  FCIR-  be

st r ing are g j -vet rby
- C }

a  s t r i ng  ? t (F )  = I  r  1=  (a  r  b  )

( i i )  I f  a  i s ,a  c losed  end  o f  t ,  t hen  Fu eannot have both compact
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and non comPact connecteC
- f

( i i i )  r f  s 4 t  a n d  L . ,

i s  a  s t r ing

s e t

th is

open

componrints,
n

t [  6  ( a , b )  t h e n

1 i v )  r f  ( ? 0 ,  s € t  I e , 4 " ( a , b )

F :
I
F,{

n  ( s - a ,

[ o ; {  I

, { 4 m i
*1

n l t  (

. i .

-l
= r ATitfs,:r1l

' :  ,

b- t )  then

is  a sbr ing

( v )  I f  s < t  a n d  L " r Q e ( a r b ) ,  t h e n  F l . .  : r  
i s  a  c o m p a c t

l L= ' 9
?

in lP.Y

P r o o f

( i )  Suppose Fu.  were not  connecte<l .  Then there ex is t

K1 ar fa" 'K2,  compact  eonnecter l  ccr ,ponents of  Fu.  By theorem 2.2,

there exists ;gl €.e.:,gq2 , "JL> x, ?Slftn, =fr Sl0Kz =fr ,
?

As l * ! ' x 'b i l  i s  a  conpact  subset  o f  D t=  g l ' \  F ,  lhere  ex i6 t -a ' .

t> o such that  f* r"* [ ]  *  ?Jt f l r  = g.  , , .

connectecl f or each t € ( A ,l'a+,'$,r' .it ft)rlIor^rs Lhat either

r . t €J lo r  FaC 0g  fo r  a t l  *  g  (a  ,  u+5 .1 .  I n  bo th  eases '

the ex is tence cf  K,  and Kr '  ' furn ishes a contract id j -cn to  
,

t he  fac t  t ha t  F  i s  connec ted . .  '

i  -  - ( l : e a s - Q j n l
(li )' Follows inrn',ed-iateIy bFarsrn

us5-ng t ,heorem 2 ,2 .

( i i i )  v le  harze to  
'shovr  that  F l  -  is  conneetec l  and

lf=, tJ
fo l lows immediate ly  as one not iJes t f ta t  the ex is tenee of

s u b s e r s  & r * 8 t 3 , 9 2 c * 3  w i t h  & r U S r t  t l r _ t ' o s l r l F , t ] *  f r
r l s ,  t l  r

{Tkt  to that  in ( i )

i  =L, ) .  and F; .  1n$,r f t .Q2 
= f i  ,  inst i t - " .e  th?. 'px is tence o i  a

poinr r€fs,.1tl=l..rtln .n". )t tsrrn t ,nt',Of L - )3 r and

this contradict.s the connect"-J:jF- {E f" 
tl 

'
tt=, ql' r

. / ,



( i v )  Le t  us  denote  [Fr -  *d :  bY G"
\  lL?' tJ/r

G j .s  a c losed set ,  and for  each l : ' i '

) t  Y f  ' t

G, =\J  l iaen '1  a  tz ,Fo)  6Va' -  (p : r )

tp-vl6t
I

B y  ( i i r ) F'r- . 1- S

.|
,  ' ,  tJ

." i,;

. i

conn,ec*c.:i ,

t'

ttl.i.+q-*i

\ p - r  \ e c

Thq pgoject ion T, t933--1"tR',3; t ' r{ t 'xrtr)=(xry} is continous

and hence U tp is connected ,  .  , :

lp-rl6{ " ,_

other hanrl r dS Fo is connc' i :ed, f or each

{ z ern2 I d trn, z)*"t } is ccr;nected.' 
.  

.r)*i  . , .  ;

each p with \p-r\ ( g r the connected 
"*$E i

On the

t> o the set

As for

trt-l' t$,,tr,unlulfZffil'] ilhtersects *e clnnected set

1t  fo l lows t l ra t6,  is ' -connected,
' 1

c !&i i

, \J FP'

!p-.rl€ d

I{e'infer fhen immediately that 6 ;$"s a string

Ls ' t J
e x i s t . s ' a F e q u e n c e ( r h , u n - ) e r t . w i t h l ; : 1 - r c n ' f t * ; m a y: ;  " - . - _ _ _ . . r \ , _ n , _ _ l [ = r q l  *  r , \

suppose rn-+ rcf s, tf ..,, ,

I f  i \ l  = supttZt I  e ' tr ]  ,ds F ls a st: ." j .ngr w€ have M ( sp

* By the fact F is qonnec.ted; for n :;rif f. ic.iently J-arge,

w e  g e t  p o i n t s  (  * r , , r r , ) . i f i  r  w i t h  \ u ' I  S  : ; "  A s  F r ,  i s
- n

bonnected we obtaip the exj-stence of' pci '.:: 'Ls (rrr1v/rr) such
4J

rhat\*r-€ F',^ f i  [zeur2 [  u+r d I  z\ .6 M+2]'
l l  t n

' . :! :  
\  ^nnrrG! rctAq F. isI t  fo l l -ows' t 'hCt  (* r r ) r ,  converges ' t " ' ;V0 and '  as

a cLdse&:"  set  ( t0 ,  v0)  € r i  hence *O t  
"k  

and t r /Ol  7  tu+f  '

This is d. contractict ion ,an<l the result f  ol lovts '

, / .
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E* jng l * ,  ? , -2 :_  There  ex is ts  a  s t r ing  whose a  end has , l '

tv lo noncompact:  connected corpponents.

r  ? ,

L e L  l l  =  l .  t t , x , V ) e  t n r [  0 S t S ] ,  x  . = + _  l $ V e f  O , L J ,  r  .
t J

x 6 ( - l , i ) # y  =  1 \ t f
T )

U  { t 0 , 1 , 1 r ) €  ' o 3 i  v e f u i  u l  ( 0 , - } z ) € F 3 l  v € ' \ 1(

D e f j n i t i . c n  2 . 3  L e t  F  ] r e  a  c l o s e d  s u b s e t  o f  { R 3  1 e t .  J c € t ( F )

and  le t  K*  be  a  co rnnac t  connee tec l  o f  f t .
E

n t  sa t j . s f i es  the  p rope r t l r  (  *  + )  ( resp  ( : l  - ) )  i f  f o r

each.J lccn2 such that  ?Jtnr 'a  : f i , f ,1 ,5K1r  there,  ex is ts  &20 such

r h a t  [ t , t + 6 J  x ? - f l n r  =  g  ( r e s r ,  [ . - g , d  x ] $ t f ] F = f i ]  a n d  f a r

e a c h  s  *  ( t r t - r $ J  ( r e s p  [ a - t r t )  ) ,  t h e r e  e x i s t s  a  c o n n e c t e d

componen t  K "  o f  F= ,  w i th  K*a& .

Le t .  us  noLe  tha t  by  theo rem ? . .2 ,  and  by  t i ' e  f ac t

?

a n d  a $  t i t .  i n  ( X  + )  r e s p , : , ( S ' - ' )  a l v r a y s  e x i s L  a n d  h e n c e  '

the < lef  rn l t ion is  meaningfu l  '

-  
K t .  i s  sa j - c l  t o  sa t i s f y  t he  p rope r t y  ( x )  i f  i t  sa t i s f : l es

b o t h  ( x  + 1  a n d  ( x  - ) .  :

F  i s  sa id  to  sa t i s t y  t i r e  p rc 'pe r t y  ( *  +1  ( resp ( f ,  - )  '

r esp ( * )  )  i f  i  f o r  each  teX1 t1  ,  eve ry  ccmpac t  connec ted  ' , '

component  of  the f iber  of  F over  t  sat is f ics  (x  +)

( resp  ( : k  - )  ,  r esp  ( x )  )  .  '

Theo feg_? .3 .  Le t  F  be  a  c l - . sec1  subse t  o f  R3  wh ich

. -
sa t i s f  i es  ( x )  .  Then ,  f o r  each  {e  R(e )  ,  - and  fo r  each

compact  connected component  K,  o f  l :F- r__! !9r9 'ex is ts  a s t r ing

conta ined in  F anC which passes ' ' thror tg l r  Kt .

P- Ig95-  Let  s  € (a,b)  we s. -$ ' l t r  prove us ing only  the ' . . . "

p rope r t y  ( x  + ) r  t ha t  t he : :e  ex i s t s  a  s t r i nc r  E  
' l [ ' (E )= f= ' t J  s t t

q r rnh  { -ha i -  rho  s *&nd  o f  t i r c  s t r i nq  i s  K - "  The  o the : :  ha l f  o f



the proof  j -s  s imi lar .

1

By theorem 2.2 there exists St-ecR'.  b& f lF=0 '5T" 'ax"
. 1

as,?$L is  compaet  there  ex is ts  t i ' s ,such tha t  [= 'Qx ? .S l .eR 's  F

The fibers of G=Irfl L"ral x.f i. have then only compact conneci,ed.

components.  r

I t ' ,  is obvious that f or eacir vefs, t) each colnpact cpnnbc.ted

comdonent  K,  o f  (Gr)  sat is f ies  (*  +)  (wi th  respect  ' to  G)

-srd vg)
Suppose now *€.Gr,  x '€  Gr l f  .  For  {e0 r ' re  sh 'a l l  $ay that

x  and xt  are € -  c , rder  connected in  G i f  t l iere ex j -s t  *1 € G,

i  =  1 . . . n  s u c h  t h a t  d ( x r x r ) S {  ,  d ( x '  x r * r ) $ €  6 ( x n r x t )  €  {  a n c 1 ,

m o r e o v e r ,  E 4  r 1 g  . . . c t r r d  r t .

I f  x  and x '  are g.  -order  connected in

say that x and xt are order cQnnecte'd' '  in G

belong to the same connecterl colr,pornent of

r ix , '  i low xO€ G";  vre shal l -  prove f i rs t

* t€  G t  o rde r  connec ted  i n  G  to  xO.  \

i: il l.j

Fo-r,-any n F 1,

ccnnecte i l ' to .xOJ ana

of  y .
- k

V e Grf ._$-connected

of  y  in  c , -*
n

rtt -|-- ^
.  r  Pj ; /s

I  a { -  A
I I

:t

= { reS, { l I  o, *
. ,Ar, " By takinq

i t  f o l l ov rs  tha t  , : 1€  A r , .

t o  xO.  Le t  L r *  be  the

a d -neig1hhou::hood
8 n

t h .  , 2 . 2 )  a n d  a p p l y

'{rwirh rf io r ' .  r l  + J-

G for any {7 9 t .,we,,]

( in  par t i cu la r ,  theY

G ) .

that ther:e exists 
' 'r").i '1i

G v is  : t  -  order
r  . 1 .

l i

,  a convergrent sequeB,Se

+
I f  t i<  t ,  t -ake

connected eornponent'

n f  T ,  *  q r r ch  t ha t"* -ri
( *  +)  to  L.*  and -?.  '

* n

a n d  d  ( z r L r * . ) {  1 .
n n

.nF ' f i

} J L N G

Then ive

S ince  (

z L s  I
n- +or rf,

r f  =  g  (see

f i n d  u  E T r ,

Let iY-  {  Ga'  Yr ,  
* .order

that  yr ,  has ' rg  : l iml t  Point  xr ;

{ -h ,2 - ]  )  T ,  *  i s  I  -  eonnec ted ,  i t  f o l l ov rs  eas i l y  t ha tv . L . - ' o z t  - r - '  a  - -

* n n

order  connected to  xO which contradic ts  the def in i t ion

rL

So r ^  = f
n

connected to  xO.  [Ve maY suPpose

th is  x ,  
' ls  

orc ler  connecter l  to

. / . .

x 0 .



.

F o r  0  <  g <  I  . d e f  i n e  r e  =  ( 1 - € )  s + 0 t .  ( t h e n  r O = * r r r = t ) . V e

shovi  next ,  that  there ex is ts  *1 € Gr,  ,^  order  connected to  xO and

i  " r / 2
. n n
to  x . ,  .  Indeed,  supPose y i . . .Y t '  a re  chosen such tha t

I

" s \  
. .  .  s r  6  r  ,  d  ( * o , v f  , .  

* ,  
d  ( y l ,  y l * r ) .  

* , u  
(

( n \
Le t  r ' i 1  n .  such  tha t  r  " ' i  (  t l  /Z4  r  ' i _ * f  .

- n i \ n

Tbg.sequence tVi^ l  has a convergent subse .quence whose : , . ' . ;

j .s  x,  7 ' . . ,  I l  is  easy to cheekthat x- t  r .> € G- and is .-  - - L / z  L / / -  t t / z

c o n n e c t e d  t o  x O  a n d  x ,  r

' I t. is now clear that we can apply inductj-on in order: ,.,,.

to  choose d ied ic  ra t i cnra l  
-n ln=* r ]  

,  ,a  po in t  *q  n  n t  ; , ' such . , th . r t  fo r ,

r jnY-g-l-g.-- is ecnnected to -*ott

ffieE-d6fr.porrent of *q in a6.. .

Final l1t ,  i f  ar€(0f  1)  is any .se'al  number vrhich ;  nq, t  a

diadic rat ional ,  then take-9rr** ,  9n diadlc rat ional" ' , , i [hen ci* l ' l ;

r : rvergent subsequenee to '  x '  .' - t ro : '  has  a  eonvergent ,  subseguenee to  x  .

Def ine E- to be the connectecl  ccrnponent of  x* in Gr.  .
_at- q

rhe '  de i in i t ion is  consis tent  :  i f  x {  is .  a  sequence

convergent to xl,  ,  ELn is the connected component of. x[ in'r ' ; : : ' r

G -  and  E -  *  E ' ,  r  w€  ta le  by  theo re rn : .2 .2  -C fqsp2
-c\

E- c-!L B: n.rt- -fl AsL rf G ,f frto( ta t, 
)

Then x,, €.5L , xlri gSt, A.ftf\ Gr' =f , hence for Q'
Y n  * g n

suff ic ientt l l  c lose to,c( ' r  contradict ing the fact thai  *nr,  **

xf are ' in the same conlponent of  C, .  Aqn - : ,  tn '

shows gits.6.@i - U t tl " 
Er. is olosed and

q

.refor Ll

v? e c-,
a ! r

a
ytt, x., ),<r-J.

k = n
n . j

- ; ' ' -

l im i t

order

;{ , i} ' i i :

simi lar  arqument

, / ,

E i s  t he re fo re  a  s t r i ng .



E x a m p L e  2 . 3

X  =  t  ( r , x , y ) e  p , 3 l  y = o  { e  [ o ,  t ] ,  ! = f  , * ,  ,

,  f  cont inuons and novrhere d i f ferent iab le\ )

Then  the re  ex i s t s  no  s t r i ng  conLa j -ned  i n  X  .  . : -

.  I n d e e d r ,  s u p p o s e  F  i s  a  s t r i n g .  L e t  L " r a ] . = X ( p ) .  F o r  A n y

s e f c , d ]  F "  m u s t  l : e  a  p o i n t r  s d y  Y ( s ) .  r f  ;  i s  c l o s e c ,  i t  
i

\  G^ t l ov rs  eas iLy  tha t  f  i s  eon t i nuous  ;  moreove r ,  f  i s  i n jec t i ve .-  & v J
t

r t i s  there fore  a  rnonotone b i jec t ion  f rom t . ra l  to-----T-*_

[a,bl  c to,  t ]  ancr f  
l=f  .  Then f  is  rnonotone or [ . ru l  which is '

J

impossible by t rebesqueos theorern the almr.st  every vrhere

di f ferent, labi f i tv  of  monetcne funct ions.
)

3 .  A topologica l  character izat ion of  Car tan open subs-ets

^r  lR xC .  In ' , the fo l lowing.  l inesr  ! r€  shal l  a lways consider  thev 5

?.canon ica l  t opo log i ca l  i r l en t i f i ca t i on  o f  R  xC  w i th  [P . "  ( ( t r z )  * )

- )  ( t rRez  , Imz  I  )  .

'  r  -1  
the def in i .L ion of  the not ion of  recru lar'  In  L IJ  one can f ind the def in i t ion of  the not j

fami ty  of  complex mani fo lds.  In  our  'case the :def in i t ion is  the

fol lovring :

De f i n i t i on  3 .1  Le t  D  be  an  open  subse t  R  x  C .  D  l s '  ca l1ec1

reEular i f  for bach t € lT (D) , there exist f , : '  0 and an 'opan subset

V  o f  C  such  tha t .
./.

( i )  The  pa i r  (V rD t )  i s  a  Runge  pa i r

( i i 1  ( r - 5  , r + 6  ) -  x  v  f ,  x t  ( ( t : 5  F  t + t  ) ) f i  n

Let ug reunind that due to [Sl,  a. pair of open subsets

o f  C  ( v rn f  i s  a  RunEe  pa . i r  i f f  v \  Da  has  no  re la t i ve l - y  compac t

( inV)  connected components.

Lemma 3 ' . I  Le t  D  be  an  open  subse t  o f  RxC suppose  I (D )  = (a r l : r )
': 

.i -t
and  suppose ,  (a rb )  =  U(a ,  , bo r  ) .  I f  f o ' r  each  c^e  A ,  Dx  :=DAX(  (e " r l 1 r ) l *

*€N D( 
i

i s  a  Car tan open subset  o f  R x G 1 then D is  Car tan



proof "'q:Suppose ( t

1 I

n  ,n  )  j s  a .  d i sc re te  sequence  i n  D .  We

c\
h a v e  t o  f i n d  f € f ( D , . f -  ( A ) )  s u c h  t h a t  s u p l  f  ( t - r u - )  I  =  +  o { '

D

.  . I f  ' - i s  a  d isc re te  sequence - iu :R,we ta l l c  f  ( t r . z )  = t . ' I - f ,

t_ -a ,  ( resp b) and this rralue is f in i te the funct ion
J I

€  t  t  o \  - 1  i S  t h e  , d e s i f e d  O n e .  .  , .  i  :  -,  L \ v r a l - -

t*a

I f  -$n--+t0 € (arb)  ,  there ex is t 's . '  o<e A,  such that  t0€ ( to  rh" . )

For  n suf f ic ient ly  large; . r l ( tnzn)  € D"r  ;  AS- D4 is  a Car tan

open subset .o f  R .  x  C,  there  ex is ts  c {e f (  D- , , {  - (a )  )  fo r  wh ich- o( {R'x€

s u p  l c i  
( t r r r z , r ) l =  *  a P .

Y1.

^e
Le t .us  eons ide r  "L€  C ; ( rgRI , ,  supPtL  c (1 ,b . . ) ,  1 (s )  

=  { '

"  for  s  in  a  ne ighbourhood.  -  ,o f  . f0  .  ,0  <1t" f  l .

Then r  'bY Cef  ln ing :'

t e sur:p rq-  - .  . , 1

r othefr^rJse

I

we obtain a funct ion, with provtdes a elernerl f '*el- tn' iCf in+{G)}" ' : l

vrhen rest ic ted to  D

f t  i s  ob  v io : s  t ha t  sup . . , " \ -  f  ( t r  r a r r )  \  
=  *  a t

n
o *

P::gpgs; i t i .gg,3. l -  Let  t r  be a str i -ng in lRxCrTt ( f ) '  = ( ,arb)

Then D =- , (a rb)xC \  F  i s  a  Ca: : tan  opents r rbse t  o f  RxC

Proo f

L e t  t .  €  ( a , b )  1 d t  [ s r { c ( a , b )  r  t o €  ( s r t ) .  L Q t ' 1 , *

n0= max([  *-J * t , [J- ]  . t  )  (  the svrnbor[- f r  denetes the

i ' '  i '  1:: 1.,b$,gg@st integed-ess or egual to x)

I 
". ,*.--^- - For each n> n0 vre eonsid.er the fol lovring construction oflr. : t);

By propbsi t ion 2.1 .  (v)  
TIU ,  * . t  

t*  cornpaet,  h,-rnee there 
.  
exr lsts

t

"  0  { t 1< .cP  such  tha t  sup  l z [  (  l l t .  : ' 3 : :

a € F r
* c f o - i l



Set  then

D r , r  =  
{  

( r r z )  e t n x c

(see  p rop

Then , ('Dn )

( f )  D ^  i s

(?) i lr, 3

i n  ( s ,

( 3 )  U  D r ,  =

n 7  n 0

( 4 1 " : P ' O r . . r €  ( s r t )  2  t h e  f i b e r

2 . I .  ( i v )  )

have the fol ' l -ov.l inct prlopert i :es

ar i  open subset  o f  FxC

D , ,  f c r  r i  Z  r I ^  ( t he  e l c , su : re  i s  eohs ide red
n + I U i

t )  x a )

- ' t
DnTa'  ( (s ,  r )  )

L 2

r €  ( s r t ) , \ z l+'+nl r (o l- "., \,  I ' i : r t 1  I ,
n

o f F r r t  =  ( s  '

(p - r
.)

\ / -

\D  i s  q i ven  hv
n

. - . * , . " '

l '
P

XC{ - ) '

z it
n 6

I4b l :gover  tn-  -Fr .cennot  bQ: : 'C l .osed"as P is  connected

Consid.er i inc l  chen , , '  =c l  or ,  onc sees that

( i )  t h e  p a i r :  , t t r D n r )  i s  a '

( i r )  t r - * ,  r **  )  * \ , r  n , ro  'X!1 t  i r - |  ,  rn*  ) )

. , ,  I t  foLlbr, is then that lrn arc ::ecrtt lar for each .7 t0

c - l F - l
By Ll j  nr id L 2J ,  Dn are Ca:tan open subsets of  [PxC 

_ 
' ;

(5 )  For  any  conpact  K  C(sr t )  ,  K*9  f ) " i l ' - ' ' " ' i ' s  a

compact  se t .

( 6 )  F o r  * 7  n 0 r  r  €  ( s r t ) ,  t h e  p a i r  ( D , ' + l  , D n -  )  i s  a ,

pair  anc hence by [ r ]  (prorr .  ro and r*"ru d: ; r r1 '*1,  fo l lovrs that

we ma1, apply prop.9 pp.209. from. Ii].; atrn-:ue. gbtain

I r t ( D  n  r - 1 ( ( s , r ) , , { - o ( c ) )  r = o

- 1
By [ t l  ,o  n  ] i t  (  (s , t )  )  i s  thd f i ;d  Car tan  open subset  o f

pa i r



l i ,  '  \  ' . ,.  ' . .- :
r .  

J ' J

: .

. :'  ,  
, lRxC. By lemrna 3;1,  t t  fot lc,ws*that D is a Cartan open' ,subset

I  ,  
' l

.  t ^ o . .  - : l  e  .- l ' r l F l  
T l l a a I I l  f  e 5  L I J -  L  ( J  I  L l I e  L r c r " p u r  

' : l D  
-!  ,  

'The vnain resul t  o f  the pap?r ' , , ' l$ ,  :  , .  i . r ,

. .  t  - -  n - , ^  t - li  ' :  ,  ,  The,qqernl-.1 
'Let 

F be a erQsed spnset of lRxC-, let 
'

:

.  ,  :  D : ' = l R x C \ F .
'

The - ,  .  fo l lowing s tatements are 'eqr : lva len{ :

( i )  D  Ls  Car tan
L '

( i i )  Fo r  each  compac t  subse t  L  o f  Dn  i ^  i s  compac t
U,  . ]

"  ' . i )  F  s a t i s f i e s  ( * )( r.1

. 
" ( iv. i  ,  Thr:ough :any eonpact eonnected eornponent of any f i} :er

! '  a  s t r ing conta ined in  F passes

Proof

( r ) ? ( i i )

( l i ig( i i i ) -  Take t  f f t l  ,  K,  a cornfraet ccnnecter l' t

: '  -  
co$ponent  o f  F+.  Cons iCer .S lccc  such tha t  .  A$r '1 r " 'p*=6r .8+- l t r "11{ , ' , .  { - , '

c  ' T

t l rere 'ex is ted a seque-nce tn+ |  such ! .hat  - (LOFa.=0r  i t " fo l I 'o \ '^ IS
YK

tha t , fo r  n  su f f ie ien t ly ' lang ,e  .SLn F+ = f  ,  anr l
: n

L := t t  Ltrr l  x b-fL,  t i  l+ l  x)Jt  one obtains that  ; .

.  t .

t t ( { t t  x  ( - fUl  Xy1 anr l .  hence not  a  eolnr :act

set , .  anc l  tHis  contradic ts  ( i i )
. . |

( i i i  )  =+ ( iv)  by Theore$.  ? .2, .

' ( i v ) i ( i )  
L e t . ( t r r r z r r ) ' b e  a  r J i s c r e t e  s e g u e n e e  i n  ' f , r .  l { e  h a v e

such tha t  
" , rp  i f  

( t * ,  z *  )  |  =  *  @'  n '  1 1  r

n

f  f  ( t r )  or  (zr r )  are rJ iscrete seguences one of  the cop;Cinate

funct inns,  prov ide the .  des i red f , .  " ' . ' : i  i , : ,
: . , 1

_L---+-- -3f t_ :# a and a * tr (o) : the funerion f (t, z) =i-", 
ry"n

', r 
the one we were lookinq, for. i ;

t o  f i nd .
. q

f  e t  ( q , u  ( a ) )
{RxC
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1 4

)t(n) and. z -.+v . f t  fol lowsn
'  

Suppose

( a r . " r ) g  F .

'Fi.rst:,

eomponent Lu,

herrce Cartan.

now tr, * a and a" e

i ' f  \x /  be longs to  a 'nonconpact  conneeter l

o f  F^ .  Then  D  4R:nC \  l u l  "  
Lu  i s  requ la r  and

. o
There  ex . i . s ts  

' f  
eRnr r ( l (c ) )  wh ich  is  unbounr led  on

P.<a

arid

(,t------------ri, z rr')',

l i e t i ng  f " r ' t o  D , .We ob ta in . .  t he  des i red  f  .

I f  c on the other hand i '{ /  .  belonqsrto a comrjact connected

component  Ku o. f  Fu,  there ex is ts  a s t r inq S which passes throuah

K- and wh*eh is  eonta ined in  F.  Fy proposi t ion 3.1 there ex is ts
ct

ri r ' ::" t >*0 such' that (a- f,n, a+f,) xc t s ls a Ca::tan open Subset of Fxc.

An argument'"s'irnj-lar to the one useC, .,in,: the Proo!'t:"'Q,f lerrna .o?",., .,.,

conc lud .es  then the  proo f  . t ,+ " ,1  r ,1 ' , r ' ,  ' l

Final rernarks'

Let'us note that rf,hb.:nott 'Uh'ao6.. i-r€dtr{ar'  farFl j-y of open ,,; iuhsets

: : :  o f  C (<1ef  .3 .1)  is  not  invar ian. t  ,  un<Jer  ison 'orphisms g : lFxC"+lRxf  : , : ,

i ' .  : ' . f  whi le  the not ions of  Car tan open uubset  of  RxC and compleneRtary o, f " i ' ,

a  s t r ing in  IRxC are invar iant .

; "  topologica l  too ls  developperJ ' ,here are usefu l  a lso' T l

in  the ' invest igat i -on of  the cont inuat ion pro l : lern for  r r , ixed . i , : , r i : , .

funet ion s.

The study of this phenomendh

a for theoming paper.

.  , r i r '

w i l l  b e  t h e  s u b j e e t  o f
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