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A TOPOLOCICAL CHARACTERIZATION OF
C‘Z\RTA\] OPEN. SUBSETS OF RxC
by L

Eugen PASCU and Dan TIMOTIN

1. In%yveduction

In {41 M. Jurrchescu considers the notion of mixed
manifold which represents a new point cf view on the notion of
‘dlfferentlable family of complex- manlfolds considered by Kodaira-
Spencer in their famous paper [5'3 . .Amonc mixed manlfolds,
ﬁCartan manifolds play an important rdle in the Vtheory:,,creat,e;dﬁ
by M. Jurcrheécu. In !:2],'the fellowing characterization of Cartan
open subsets of Cartan manifolds is obkadmed’ s ‘

Let X be a &artan manifold of type (mm), let D bhe
on open subset of X, D is itself a Cartan manvifold {with res-
_:."pect to the induced mib'zed;.:.:stru-cture)- i oy 9 H'q‘ (D,(%(C) = 0 -fo::

" each Cg’;:.l,ﬁ. sasallie

Here ‘9'(63) denot’es the canonical structure sheaf ‘of

£oid X (for the main p;:operti‘es of mixed manifolds
see [4] ).2] i 8 : ' : ’

In the coniplex case, for (complex) dimension 1, there
ex1sts a topologloal charac*erlzatlon of. the holomorph;c‘ convex
fhull I\ of a compact set Ke€, namely K = KU{Aset' o'f 'relativeiy
"co‘mpact connected components of © —K’) ( see eg.[ })‘ and thiscd

result furnishes a tool which provides a proof to the fact that

‘each opeén subset of €isStein.

Example 1 in [2] shows that in the simplest similiar



R s
mixed case X = [Rx€, not every open subset of X;iCartan.=a,
By: the theorem quoted above, DeRxC i3 a Cartan open
subset iff H' (D,C%(Cﬂ = 0. This condition is unfortunately nct

‘'very .easy to be verified even on.simple ‘examples,

The purpose o©of this:paper is.te give a topological

"~ characterization of Cartan éYen subsets of RxC.

2., Some topological results in R".-

on R" we shéll always considex the'canonical
’ -'aw‘
metric d(z,u) :(Z;(Zi-Ui)z) 1f z=(2)...7,), ¥=(15.,.0), and

i=1 ;
for zemf we shall dénoté by 1Z| the number d(z,o)..

ADefinition'Z.l. Let F be a subset of R™ and let KeF

" K is calledisolated (in F) if there exists a relatively goempact
-QOnneCtedbfsn subset SL of B (which we shall denote by SLe<Rr™)
such thatQK,SLAFAK =g, K is calléd: weakly iselated -(in.F) if for.

~each x& F\K, there exists JSi¢ce LRn’ such ‘that LSk, &gbx,@ﬂﬂfbﬂ.w e

"Everyifélétéd subset ¢ weakly isolated, but the

converse not true.

Example 2.1. If F is a convérgent sequence in mp,
together with its limit .point K, X is'weakly'isolated, but not
isolated.Lét us-remind that if KCRn;-x,y&K ané£>;0 we- shall say

T—see £6]) that x and y are & -connected if there exiét 3

is .called &-chain.

£
A ®
&4 i : e

: _ _ )
. The following result will be freguently &pplied thee -

froughoutﬁ the ?éper.' g o 5. R

""?i“heorem 2.1.[6] A compact subset of R"” is connected 144

each pair of its points areéf-connected for every €70,

The =" implication is tywe with no compactwess ——————

assupption.
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 The fellowing result is & separation theorem

‘which makes definition 2.1. meanigful,

Theorem 2.2 Let F be a closed subset of K" and K

\ ” CH VOO NG ‘:}fp )
Nomp act GonnectedVor F. Let KetieeR™, Then there exists ap

N

open subsetfof Usuch that LK, dLOF=f.

Proof.
Let M : = (Y?AF}U‘& U, M is a compact subset of &Y and -
. _ .Samhﬁ*}&hﬂl 2 _' - 3
KeM, We claim that K is a.gonnecte Miindeed, _suppose y&EK is w -

the saéme ‘componr:nt of M with 'K. Fiw: x€K. It follows x and ¥ are
¢=-connected in M for 'a'ny' £20. Since x and y are no£ in the same

component of F, there exists §»0 such that mamdy are not!- connected

“in F for€€$% ., For any &N such that 1¢§, choose Xl"‘xknéM

such thé_lt fd(x,xl),éi(xi, Xi+l) and & (iin,y) \ar’e s“\j@a\\ex‘“tha'n

1oy B}y the ds:finition of §7% ~among the x? there are points of U

L

> . N . . n 4 ;
Chose i, such that xj gV for i€i , x; .. €W and lex

} ’ n il 75 oF
n
\ _n : R .
zp=x; . Then z €F and ﬁ:.(:gn,’él))w 0

W = .
By passing (eventually) to a convergent Subséguence,
‘we ' may suppose zZ e, Then if follows that z & FN?¥M and moreover.. .
z and x are £ —connected in F for any ¢»0. Therefore z &K, .This leads

to & contractidion since HNAV= (.

How by [6] (theorem ol pR2. ) there exists y :M~»E
where E is the Centor set on the 'line such: that distinct connected

components of M are separated by Y-

Extend e te the whole spf:scé by Tietze’s thecrem.
As K and 3V are compact sets it fellows that: . Af(K) and 'TGW)
are compact subsets of the Cantor setiiand then there exists 9%, 16%

such that -y (K)€& (3, ),f('EU) n L. 1i=0.

Then we defineSLl: =,.~.%<3,~z)nu and it is easily "

checked that has the desired properties: °



Corollary 2,2.1
Each compact connected component of a closed subset F
of R™ is weakly isolated (in F).

Definition 2.2. Let X be a subset of RB. Considering

the canonical projection 7(x:ﬁ3ﬁ»m.'xit,xgy)=t, we shall denote
by Xt the set {{x,y)@!Rz\ (t,x,y)eixs and by X(¢) the set-

3

R LY XX, €R”. When no confusion igipossible, both these sets widl

be called”the fiber of X-overt ",

Definition 2.3:; Let F be a connected closed subset of

{‘K(F) : = I. I\ an interval and we suppose that it has more
<

than two.points. F is called a string, if, for each €€ I, F.-is

IR

a connected compact subset of Rz (Of course, this happens iff
F(t)»is a compact connected subset of RB). If the interval I has
‘a closed end* denoted by a, then'Fa is called the ,a-end of the

string.

“ pefinition 2.4, If L is a subset of R®, if F is a

@
string in R3 and if there exists +t€ I such that F =L we say that

t

F passes through L. If£ X is a closed subset of R3 and itk is
an. interval (with more than two.-points) and if for each A &I Omne

can cheoose a compact connected component Ft of Xt such* that Ps

=U {+t} xF_ is a string, we shall say that the string is contained
+€l = " . : '
in-X.

Some of the main properties of a string are giveaby
> : R &

3

Proposition 2.1. Let F&R™ be a‘'string W(F) =I, I=(a,b)

(i) if & is a closed:-end of I and F_ is compact then F_ ds

connected.

(&) If a is a closed end of I, then F  cannot have both compact

e <



- 5 -
and non compact connected components.
ERCSEE AR and‘[s,t}c(a,b)* then P i = Fﬂ';ii;{'s,t'ﬂ
is-a string ' e ks,t;l
(iv) 1£€%0, s<t [s,tle(a,b) ,€<min (s-a, b-t) then

N 2
(‘Fi{ v}y -} wer] @“3 AT (989 48 a sEing
S,t 'u

(v) If s<t and [_s,ac(a,b), then Ft is a compact

Sl
\

e

set in =3

Proof.

(i) Suppose Fa were not connected. Then there exist

Kl and K

>
there exists ek ©SRS , J‘LDKl 'bSl(\Fa =§ RaK, =0,

As i&i % oSl is a ‘compact subset*df D:= IR3\ F, there exigts:

8§ 0 such that [&,,&+%1 x SLAr = ¢

o compact connected components of Fa. By theorem 2.2,

'By.the fact that F is connected and T, are also
connected for each t& (& ,'a-%»_.S}.,, it follows that either
'Ftc.S?.\or F & Cs for 211 t @ (2, é+5}. In both cases,
the existence cf Kl and Koy furnishes a contractidion to
the fact that F is con_nected.,

(.Ll) Follows immediately bV %ﬂér to that 4in (i)

using theorem 2,2.

(iii) We have to ’'show that Fz is connected and
i_s
this follows immediately as one notlces that the existence of

% 3 :
r w1 = 1t S
open subsets .S'le‘:R sSE»ZC:ER with .Q.lU .31.2 F} 1 t} f‘F!‘S A £ f
, :

i =1;2 .08 F( na ﬁﬂz = § , insyre therexistence of a
S t o :..w '
point Te‘{s,t] such that 7((51. 0O R Aﬁ )f\nf(ﬁ..zn}f‘t 3 YD r and
_ o -
this contradicts. the connectedne:ssv of ﬁ( t—}} = F.‘_

of o



(iv) Let us denote t x by G,
Iis, €1/,

G is a closed set, .and for each bk *‘1
G, V=u {aemz\ (z,F )s\i¢ f~\p m-‘f‘;
p=vig &
By (iii) U F«;, is connectes . | i T
\p-¥ &t
The projection W, S RO— R R, ez, v)=(x,y) is eontinous

and hence U Fp is connected

lp-¥vi€<
On the other hand, as }?‘n is connected, for each
- ¥»0 the set {zekR \ a (F ,z)é&i nected.,
As for each p with &,p-ﬂr\ £ ; the connected sets ¢

]

{ZQRB'M*(Z,FP)S < 2-—(p-'r)2‘s intersects the connected set

J Fp, it follows that Gr is- connected.

We infer then immediately that G is a string.

(v) We show that }is bounded Suppose that there
= A8k : Y
exists a sequence (X, ,‘Zn)é ‘F! _with {2z '~» 6%, We:smay

suppose ¥, - rels, t)

If 1 = sup{‘z\ ‘ ze‘FrS ,as F is a f::'i;i.::{.‘inq, we have M < ©°
By the fact F is comnected for n sufficiently large,

we get points (¥ nrYn ) i& F with \“n‘% £ M. As F_ is
‘ n

connected we obta:n the existence of. points (rn,;«'n) such

thatw € F. Q0 {zew?% M+l €Yzy € M2y,

: n
@ v .
It follows that (W ) converges Lo W, and as F  is
‘ n
ysed W/ " - T P
a closed set (r,,W,)€F; hence W, E€F, M.,nd\\:v/o‘ Z M1,

LT
This is a contractiction and the result follows.

ol - R 2



Exemple 2.2, There exists a string whose a end has:

two noncompact connected components.

Let ¥ =1 (t,%,v)€ \RB\O&’t&"l, ¥ =+ 1@%[0,;{; :
2 _ t

x&(-1,1)Fy = _1_3 U
: t
3e

b{o1.me ® ver,} v} (0,-17)€R%) yeR, Y

Defimnition 2.3 TLet F be a wlosed subset of !RB let L& T(F)

and let K, be a compact connected of T

& £*

1

Kt satisfies the property ( ® +) dresp (% —)) if foxr
each S’Lw’{\'z such that %RﬂFt =Q5,Q‘3Kt, there exists §70 such
that Et,t-ké‘z x 3LLNF = ¢ (resp [t-g,t'j x W Nnr=g) and for

each s & (t,t+8) (resp ﬂt—b,t)), there exists a connected

component K &f Eir with KSC.Q,.,

Let us note that by theorem 2.2. and by the fact
e 3 ) -
that DS is compact and R\ F is open, it follows tnat awn S
and ad like in (% +) resp: (% =) always exist and hence

the definition is meaningful.

K, is said to satisfy the property (%) if it satisfies

both (& +) and (® -).

F is said to satisfy the property (x +) (respix -),
resp(®))-iff fior ‘each *%;_f;?i(?’)», every compact connected |
component of the fiber of F over t satisfics (% +)

(resp(® =), resp(x)).

i & ) ?
Theorem 2.3. Let F be a closed subset of R~ which
satisfies (%) . Then, for each te W(F) , ‘and for each
compact connected component K, Of"'ﬁe_,_ there-exists a string

contained in F and which passes :zthrough-Kt.

Proof__._ Let s € (a,b) we sh:;g_:l} prove using only the ..

UE) =fs ,t] s<t

property . (x +), that there exists a string E

B e o e L Ll N oL | UM 1\ (< T ) [ ) Bl s G 0



the proof is similar.

By theorem 2.2 there e#ists Sﬁ@ch,aﬂ‘ﬁF=ﬂ J‘Lﬁ}.\'s
As’eSU is compact»there exists t® s<such that [s,a'x BSLer>s F
The fibers of G=FN ts,t} x$% have then only compact connected
components.

It“¥s’ obvious "that for each ve{s,t) each compact connected

componant Kr of (Gr) satisfigs (¥ +) (with respect to G).

and /{f/ ;
Suppose now xg€6G_, x'€ Gr,‘ . For £+0 we shsll say that
x and x' are & -~ crder cormected.in G if tliere exist x:i'e Gr

i =1 . el suel that d(x,xl)&‘:z r Gz X'i%l)gz' d(xn,x’)$§ and,

il

moreover, ¥ & rlss ...érné : <10

If x and x’ are & -order connected in G for any £70, .we;
say that x and x’ are ordex. connecte#*'in G (in particular, they
belong to the same ' connected component of C).

Fix > now XO€- G 3 we shall prove first that there exists

' xle Gt order connected in G to x4. \

Fer+any ngl, let An;{reis,t}\ayre G, ¥, ig a - oriex
- e 1

ccnnected teo XO.§ and ri = i An’ By taking a convergent sequenge
£ . . % *
of yrk < o r it follows that r_ €A . If r_ < t, take
y€G % L-connected to x,. Let L % be the connected component
Th- o n
b i 7 ! )
of goon Cri . 'l‘afispe‘ a 1. -neighbourhood of er such that
' Zn " 'n
BRNG.% = § (see th. = 2.2) and apply (% +) to L_¥ and L i
n n

Then we find =z €F_, with'r:t{r'c, J:}lt o 12 and d{z,L_%x)e 1.
5 G 'w n n n rn X_{

Sinece  { tha2:1) Lrﬁ is 1 - connected, it follows easily that !
C n n

Zis 1 ordexr connected to %0 which contradicts the definition

:kn *®
of rn . SO rn =t

Let""-yhﬁGt: e l.order connected to X
n

that Vs has“a.1limit point x

We may suppose

1 this Xy 'is order connected to Xd;’ﬁ -

o



For 0£ 68« 1 define L =(1-8)s+0t. {(then r0=s,r]=t)ﬁde

show next that there exists xle Gr

order connected to X and
5 1

2

ki

v
o

n n n_. .
~to X Indeed, suppocse Yyee-Yx, are chosen such that Y& G

i
n 1n

. " n n . -
55\?i i ek -51; £ t, d(xo,yl )< J;: d(yir y_i+l)< }_‘d( Y ¢ Xl)éf:‘];'
N n n k n
Let r(n) be such that r(n) £.r <fr(n) ¥
ey e id“ 1/2= in+l‘

The Sequence (y? ) has a convergent subse quence whose
"
imit is oy o AP 2as heck t! 3 i
limit 4 Xl/z It is easy to checkthat X1/2 & Crl/z and is

ordexr connected to 2 and X0

It is now clear that we can apply induction in order .

to choose diadic raticnal q(g=k ), a point xqé Gir‘f‘such that for,

. 2
any q # g’ %, is connected to %5/, A

s, 08

/define Erq td be the connected component of x in G

e
N

5

Finally, if o~€(0,1) is any real number which is not a

—

A

diadic rational, then take Gnuﬂmi, 95 diadic rational. Then

xq has a convergent subsequence to x - .
n .

Define E to be the connected component of x, in G
B L

The“definition ‘is consistent. : if xé is a sequence

convergent to'xk , E! is the connected component of x!, inw
ro( %
s # B’ em 2.2 SLecr?
G. and E_ # E , Wwe tale by theorem. 2.2 LECR
r r 2
N o o S
E_cSL E.LASL =f B8 NG &g
r : o i 5
ot &l &
/
Then Xy R XL €S, BN G, éf), hence for a,
_ n Ip S ,
sufficiently close toet, contradicting the fact that x and
& il "

xé are 'in the same component of Cr . A similar arqument
n & qn :

shows that“E = U{]il}{ Er is e¢losed and E is therefore a string.
o ,

%&G,[‘O ‘ ix ’ ) e e e
. v _



Example 2.3

_ 3 : :
X ={ (t;x,y)e R'} y=0 xcfo,1},t=f,,,

£ continuons and nowhere differentiable}-

Then there exists no String contained in X
Indeed, suppose F is a string. Let Ec,&] = JU(F). For any
seTc,d] F, must be a point, say w(s). If F is closed, it

follows easily that ¢ is continuons ; moreover, T is injective.

Lt-iis therefore a monotone bijection from [c,d] to
[a,b}CZ{O,il and~{l=f. Then £ is monotone on (a,ﬁ] which is
impossible by iebesque’s theorem the almi st every where

differentiability of monctone functions.,

3. A topological characterization of Cartan open subsets
of R x€ . In the following 1lines, we shall always consider the
canonical topolégical identification of R x&€ with m3 { (kyml2sr2

~>(t,Rez,Imz. )).

In [l} one can f£ind the definition of the notion of regular
family of complex manifolds. In our case the definition is the

following

Definition 3,1 Let D be an open subset R x €. D is:called

regular if for each t€ Tt (D), there exist §» 0 and an open subset

V of € such that.

(1) The pair (V,D,) is a Runge pair

st
CEf) (=8 p8t8.) % V. D N (ltrd ftH§00ND
Let us reunind that due to [3}, a palr of cpen subsets

ofag (V,Dé) is a Runge pailr iff VN D,_ has no relativaly compact

t

(inV) connected components.

Lemma 3.1 Let D be an open subset of RxC suppose W(D) =(a,b)

-4
« )+ If for each «en, D :=DAN((a ,b, ))

and suppose (a,b) = U(a ,b
*ep, &

-is a Cartan open subset of R x €, then D is Cartan.



’fll-"

Proof . Suppose (tn z ) is a discrete sequence in D. We
1

have to find fér(D,‘(}

D (€)) such that supl f(t ,z2 )| =+ 0°
n B

n

TIf is a discrete sequence in R .we take f(t,z) =t. If

t>a (resp b) and this value is finite the function
f(t,z)=1 is the desired one,.
t—a : i

LE »tn’r’to € (a,b), there exists: e«t€ A, such that toe(a&,bx)

For n sufficiently large; <(tnzn)€ 2@ P A8 - D, 1is a Cartan
open subset of R x €, there exists gel( DoL ,.t& (€) ) for which
RxC :
wp [ (gl + o,
2
Let.-us consider ﬂze o (ﬁ'Q,R),.F supp cla, b)), Y(S) = 4

for s in a neighbourhood: of &, +0 =§"1_é L

Then, by defining

F‘(t,?ﬁ) = ?’l(+) el 2 L+ + & supp "

0 , ; otherwise
XG“(@'))

«

we obtain a function, with provides a elervent“fe‘r(m,‘(g;

when resticted to D.

It is ob vious that sup.| f(t, ,zn)\ = + o

n
<
i
Provosition 3.1 Let F be a string in Px€, T (F) = (a,b)

Then D = (a;b)xC\ F is a Cartan openisubset of RxC

.

Proof : ' : ' #

e 453 £ S ot IS

Let. .t € {asb) let (s,t—_&c(a,h')‘ P TS € (s,t). Let .

n,= may({}m l +1 i +1 ) ( the svmbf\l{:‘ dengtes the
O el 2 S"‘aj v ‘., b"t A1 oY AR .(,j el O,..,».) e

biecgest integerdess or equal to x)
-. For each n» n, we consider the following construction of::*Dn.

By proposition 2.1.: {v) is compact, h.nce there exists

¥
B
0 <M< 2 such that sup {z| € M

L€ F
1

v-f:rt:,ﬂ



Set then

e

B i {(r,w)g\RxC \ re (s,t), \z\<V+ﬁ}\ (F‘

i
1
n
(see aprep 2. Y. (is)
Then, (Dn) have the following properties °
(1) Dn is an open subset of RxC
Byra s D for nen. (the closure is considered
R n+l 0 _

in (s, t)x@)

(3) U b = DATR ({5, )
nz I’lO

(4)¢For, r € (s,t), the fiber of F : =(s,t)¥€\Dn is given by

Fnrz U z &l | d(z,Fp)é\}%Q - (P"Y52}:2 F%

S e
b

Moreover Fn ~-F_ cennct be closed as F is connected
7 = 3

Considering then V =C\F_, one sees thet

(1) the pair {V,Dn Y is a pair
¥
» il T - N B | 1
(1) =4 Sk te ) AV:>an\’ﬁ' ({x = 5 Ptz )

It follbws then that D, are recular for each ng Nj

Ry [1] and {2] » Dy are Cartan open subsets of (Rx{

(5) For any compact X C(s,t), Kx@(\ﬁnv is | a

P 9 42 a,

¢

: - Eat

pair and hence by 1] (proo.lc and lemma pJ2312)-it follows that

(6) For nz Ny re (s,t), the peir (Dn+l

L

we may apply prep.9- Pps 203--Erom [l]“fand we. Obtain
Hi(D N n"l((s',t)),ty (€ ) w20
[PV

Dy [?],D/\?{l ((s,t)) is thén.a Cartan open subset of

ol .
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RxC. By lemma 3.1, it follcws™ that D is a Cartan open -subset
of RxC.
‘The main resnlt of the paper is:

i

Theorem 3.1 Let F be a closed suhset of RxC, let

D: = RXC\ F

The following statements are equivalent

(1) P:is Cartan

L AN
(ii) For each compact subset L of D, T

D is compact

(1ii) F satisfies (%)
(iv) Through‘any compact connected component of any fiber
P2 string contained in F passes. | |
Proof
(i)#(i.i)
o

2N - e 3 e 4 H T~
(1ii) = (iii). Take t JUF), K

t

a combatt’ connected
Consider SLCC € such that . 98 C\:«»,jF_i:ﬁ 5522 K

component of Ft.

there existed a Sequence tn~+ t such that n0F, =f, it follows

t,
B2y
that for n sufficiently large fSi.n'F§1=ﬂ, and
L= U {tn% x BJLI U {{g %8, one obtains that
n ' ;
Lb: E {tng x)l U({{} > (_n_\ KY) and hence not a cornact

set.. and this.contradicts (ii)
(iii)=>(iv) by Theorem 2,.2.
S REo Ay ket (tg,zn) be a’ﬁiscrete sequénce in D, We have
to find. :

fel ( D(J (€)) such that sup [f  (t ,z )| =+ @
L -RxC - " n |
AAIf (tn) or (zn) are discrete. sequences one of the coq;dinate

functions provide the .. desired .£.

~—~~~—w———mlf~th-i9* aand a ¢:‘H (D) the function f(t,z)‘=%_a Hes,

the one we were looking for.



-~

Suppose now tn—4-a.and ae JU(N) and L, ; It fellows
(a, > )& E,

First =3 % belongs to a'noncoﬁpact connected
component L_ of F_. Then D =RxC \ J}a} x L is-reqular and

(=}

hence Cartan.,

\
e

~ v -
There exists f GTYD,sC%C)). which is unbounded on (tn,zn),
R<C
and by “resticting =

to D, we obtain:. the desired £.
If, on the other hend w . belonags -to a compact conrected

component Ka of ‘F there exists a strinag S which passes throuch

a’

Ka and which is contained in F. Ry proposition 3.1 there exists
&>°0 such that (a-§, a+d)xC\ S is a Cartan open Subset of RxC.

An argument similar to the one used 4in the proofi=of lemma 2.1

concludes then the proof.-m~

FPinal remarks-

Let us note that the notion of reoular family of open  subsets

of € (def.3.1) is not invariant under isomo%phiSWSf:PxC_'PxC

“whi Je the notions of Cartan open subset of RxC and complerentary of:

a string in RxXC are invariant.

» The topolcgical tools developped here are useful also
in‘the investication of the coﬁtinuation rrchlem fof mirzed g
functions. |

The study of this phenomenon ~ will be the subiject of

a for thcoming raper.
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