
d#
I M A R

II'ISTITUTUL DE IIATEMAT|CA
AL ACADEHIIEI BOMANE

, , a )  t / ,

PREPRINT SERIES OF THE INSTITUTE OF MATHEMATICS
OF T}IE ROMANIAN ACADBMY

lssN 025036.38

REMARKS ON TWO THEOREMS OF
CILIBERTO AI{D SERNESI

by

OVIDIU PASARESCU

Preprint nr. 8/2000

BUCURE$TI



REA&A.RKS ON TWO TIIEOREMS OF
CXLIBER.TO AND SERNESI

by

OVIDIU PASARESCU 
-

July, 2000

* Institute of N{athematics of the Romanian Academy, P.O. Box I-764, RO-70700 Bucharest, Romania.

E-maii: Ovidiu.Pasarescu@ imar.ro



i,i$,

RE\{ARKS ON TWO THEOREMS OF
CILIBERTO A}iD SERI'{ESI

Ovidiu PS,sdrescu

In this pa,per we work over an algebraicallv closed field k of arbitrary
characteristic. trVe use the standard notations from [Ha 1]. BV a curle (resp.
surfoce) we mean a ,k-algebraic srnooth and irreducible scheme of dimension
1 ( resp .  2 ) .

1 Introduction

In [P 2] we considered the Halphen-Castelnuovo problem, denoted for
any in teger  n22by

HC(n): For which pairs of integers (d,9), d,2n,0 { g S r6(d,,n) there
is a (smooth, irceducible) curue C C P", non-degenerate i,n P", of degree d
and genus g ?

lVe recall that a curve C C P" is called non-d,egenerate if it is a not
contained in any hyperplane. Here rg(d,n) is the first one from the Harris-
Eisenbud numbers rr(d,,n) (see lH], ch. 3: Castelnuovo theory), given (for
0 S p S n - 2 ) b y :

no(d,,n) = OY@ r p- 1) + mp(€p * p) r trp,

mr:mr(d, , " )  = l - { - ! l
L n + p -  r J "

€p  :  €p(d ,n)  =  d  -  1  -  mr (n  +  P -  I )

Fn: Fe(d,,,) : max (r, l-"+z*].)

( 1 . 1 )

where

{ r . 2 )

( 1 . 3 )

( 1 . 4 )



(n'e denote, during this paper by l"] .  the integerpart of r € R).

lVe remark that ps : 0 and ro(d,,n): 
,6;;)+ 

OiS}.

The f irst contribution to HC(n) belongs to Castelnuovo who found in
1893 the so-called Castelnuovo bound, namely

Theorern 1.1 (Castelnuovo [C]): f n € Z, n ] 3 and, C C P" is
a non-degenerate (smooth, irreducible) curue oJ degree d and genus g, then
d ) n a n d 0 l g l n s ( d , n ) .

This result is a generalization
IJalphen and Noether in 1882 for

lHl .  ch.3.
HC{2) is simple and wel l -known: there is a (smooth, i r reducible) curve

C c P 2 o f d e g r e e d a n d g e n u s g i f a n d o n I y i f d , > I , g : r y $ o ,
d, = 7, C is degenerate).

But for n ) 3, HC(n) becomes highly non-trivial. A (correct) solution
for I{C(3) has been proposed by Halphen in 1882 ([H1]), but his proof was,
par:tially, incorrect. A complete proof was given by Gruson and Peskine 100
years later (IGP1], [CP2]). Before giving the answer to I/C(3) a

Definit ion L.2: A pair (d,g) e Z x Z, d) n, 0 < g < trs(d,n) is cal led
a gep for HC(n) iJ there is no non-d,egenerate (smooth, i,rceducible) curue
C c F of degree d and genus g.

As for HC(3), there are two domains in the (d,g)-plane: a domain Df
where there is no gap for 11C(3) (the non-lacunar domain) and another
donrain D! where there are gaps (the lacunar domain): a pair (d,g) e Dl is
not a, gapfor I1C(3) i f  and only i f  ())a,b € 2,, a,b ) 0 such that d = a *b,
s : ( & - 1 ) ( b - 1 ) .

HC(n )  hasbeenso lved  fo rn=  4 ,5byRa thmann  ( [Ru ] ) ,  n :6  byC i l i b -
erto ([Ci]) and "almost" solved by Cil iberto i f  n:7 (tci]).  Thesituation is
similar to the case n = 3 in the sense that there are two domains: Df where
there is no gap and Di where there are gaps, n € {3,4,5,,6,7}.

in [P 2] we defined the non-lacunar domain Di and the lacunar domain
Di for any ?? ) 3 and we expained why we gave these definitions (see [P Z],
$4) . \Ve recall here the definitions. Firstly, we recall frorn [P 2] the definition
of some numerical functions ao(d,n): for any p,n € Z, p2 0, n ) 3:

of a previous similar result obtained by
n = 3 ([Hl], [N]). For a modern proof see

(1 .5 ) ar(d,,n) ,= !tP#@ * p- 1) + to(t, * p) + u,



where

(1 .6 )

( 1 . 7 )

ro = ro(d,,"),: l#h|., "; = lry]. * t

t ,  = to(d, ,n)  := d,  -  7 -  *o@ + n -  r )

lii

(1.8) uo=ur(d, ,"1 =lT!#@1..

Moreover, we recall from [P 2] the functions:

(1 .9 )  O ' , r ,  ' :  

{

where

(1 .10 )

/  1  _ \
max (2n + 1, 

;(3 + (4k - r)\/24k - $),J ,

/  4 i ^  _ \
max(zn * t , n * * l t + r c+M1) ,

*ur (zr, + 1,5# + 3 + {2k + I)'/48F +6) ,,

.  l n l* = LrJ.'
ar+ t (d ,n ) ,  i f  n :  3a*  1 ,3 f t  +2  

)  i f 2n rL  <  d  <  d r (n )
a1,(d, ,n) , ,  i f  n  :3k )

A(d,n), l f  d, >* da(n)

n = 3 l t

n : 3 l c * I

n : 3 k  *  2

l c e Z , k ) 2 , ,

(

B ( d . Q  : =  |

t
where

.  (  r1 , (d ,n ) ,  i f  n=  0 ,1  (mod  3 )
A ( d , . n l : =  1'  

t  n y ( d , n ) - F x * m a x ( O , e ; - 3 & - 1 ) ,  i f  n = 2 ( m o d 3 ) ,

with k from before.
Then

(  r s ( d , , n ) ,  n < d 3 2 n
( 1 . 1 1 )  D i : a s g S {  

u . 1 ) , ' , y ,  d , 2 2 n * r

( 1 . 1 2 )  D i :  B ( d , n )  <  g  {  n s ( d , n ) ,  d >  2 n * 1 .



Di and Di are domains in the (d,g)-plane representing the non-lacunar
donrain arid the laq,+nar domain, respectively,for IIC(n).

hi [P 2] rve proved the following

Theorem T: In the clomain Di there is no gap for the problern HC(n),
f o r a n y n l J , n € 2 ,

Our inain contribution to Theorem T was for n ) 8 (the Theorem T has
been proved for 3 1 n { 7 by Gruson-Peskine (n = 3) IGP 2], Rathmann
{n : 4,5) [Ra], Cil iberto (n : 6,7) tci]) and for "small" degrees, 2n * I 1
d < D(n) ( : a quadratic function in n) (the Theorem T has been proved
for d ) D(n) by Ciliberto and Sernesi (see [Ci])).

During the proof of Theorem T, in lP 2] the dornain Di has been divided
in subdomains ,4i, namely:

( 1 . i 3 )  A ' I - " : 0  S S  3 a n - s ( d , n ) ,  d > 2 n * 1

( 1 . f  4 )  A l :  a , * 1 @ , -  1 , n )  1 g  ] - c ' , ( d . , n ) ,  d . >  2 n * I , 2  S O  {  n  -  4y  r ' - \  
3  

-

( 1 . 1 6 )  A I : 0  S  g  < r s ( d , n ) ,  n l  d { 2 n .

Then, we proved in [P 2] that

The absence of gaps for HC(n) in Di is now a consequence of the fol-
lowing three theorems:

Theorem A: If n ) 8, n € Z and (d, g) e 41, th",', there is a (smooth,
irreducible) no'n-degenerate curue P" of degree d and genus g.

TheoremB:  I f  n  )  8 ,  n  €  Z  and(d ,g)e  A! { - r ,  thenthere is  a  (smooth ,
irreducible) non-degenerate curue P" ol rlegree d and genus g.

T h e o r e m  C :  I f  n  ) 8 ,  n  e  Z  a n d ( d , s ) e  U  A i , t h e n t h e r e i s a
! 1 p 1 n - 4

(smooth, irceducible) non-d,egenerate curue P" of degree d and, genus g.

( 1 . 1 5 )  A 7  t  o r r t { .  -  7 , n )  <  g  S  B ( d , n ) ,  d , ) - 2 n l  7 , k  =  f * lL 3 l  -

(r 1T) Di = ArLJof-, U f U q) U;;
\ t 5 P S n - s  /



(the existence of curves in A[ being elementary),

lq| tP 2] we gave a complete proof of Theorem C and only some ideas
of proofs for Theorems A and B. The aim of this paper is to give complete
proofs of Theorem A (in g2) and Theorem B (in g3).

Tlie Theorem A is, essentially, covered by lheorem 1.1 from lCi]. But,
because our statement, necessary in [P 2], differs from Ciliberto statement,
it is necessary to prove it.

Similarly, the main part of the domain A!{_"is covered by our Theorem 1
from [P 1] and by Ciiiberto-Sernesi Main Theorem from [CS]. Again, because
the sta,tement of Theorem B, necessary in [P 2], differs frorn the previous
trvo statements, it is necessarv to give the proof of Theorem B.

For completeness we include here some results fLom [P 2l and from [Cil.

2 The proof of Theorem A

The proof consists in a comparison between the upper bound of genus
from our Theorem C and the lower bound of genus from Ciliberto's Theorem
(ici]). This comparison is possible due to the following Lemma, proved in
[P 2].

Lemma 2.1 (Lemma 3.3.2 frorn [P 2]):

i )  ao@,,n) : lFI" (2(rr(d,,n) + r)) - 
; l  '

L  - ,  *

l r l "* '  (2(xp+t(d -  r ,n)  + r)) ]* ,  where
n * r - 1 ^ ' lr )  + ( p - I ) r - - - i - r " l  * t .

Let's recall from [P 2] the definition of some surfaces Xf ; Xi are ratio-
nal surfaces with hyperelliptic hyperplane sections. Let there be X : Xl :

{& ,P r , . . .P " ; }  C  P2  ase t  o f  genera l  po in t s ,  s i :=3p -  n *  5 .  Then ,  pu t
Si := B/r" (P2). We hal,e: Pic(Sfl ? Zg7'i+t having (l ;  -rr,  -€2, . . .  ,  -e,;)

as a Z-basis, where / is the class of preimage of a line frorn P2 and e;,
0 < i < sf, are the classes of the exceptional divisors corresponding to the
points P;. The intersection forrn on Plc(Si) is given by l' - 1, (er. 

"j] 
: O,

(V) i  +  i ,  { t 'e , ) :  0 ,  (V i ) ,  ( r?)  :  -1 ,  (V) , .  I f  D € Pi ,c( l f l ,  D :  a l  - i ' r , ,
; - n

w e  w r i t e  D  =  ( a ; b o , b r , . .  . , 6 , ^ ) .  i f
by [2]  :  lDl  the complete l inear

,  - 9si@),, D € Diu(Si), we denote
system associated to D (resp. D), so

i i )  ao*1  (d  -  1 ,n )  :

Fi, ?) ,= *loo -



lD l  =  fa ;bs,b\ .  .  . ,  b , t ]  =  lDl .  By a resul r  o f  Gimig l iano ( lGi ] ;  see a lso [p
3]). the l inear system [p+ t;p,1'; ]  is veryl larnple on Si for any p> L If  9i
is t lre closed embedding, associated to lp *2;p,1' l ]  then take

(2 . i ) xi :: e;6;), x; Y s;

(we wr i te  (o ;b" )  ins tead o f  (a ; .6 ,  .  .  . ,  b ) ) .

s tlmes
It can be seen that Xf C P" (a non-degenerate surface) and deg Xt =

n-t ? - I. If p = & = 
Ll.J. 

*" arrive to the surfaces Xi used in [Ci].
We recall norv the Gruson-Peskine cOordinates (lGP 2], step 2): if D :

? r ; (D)  e  p ic (x i )  =  z  @ z ' |+ t , ,  D  e  D i 'u (x i ) ,  D  =  (o ;b l ,b r , . . . ,b , ; ) ,
a 2 bo > br > . . .  > &,t  )  0,  we consider the change of coordinates ( in
Pic(x i )  e  Q) :

{2.2) r : : a - b o ,

If d :: (D .H;)(H; € Ur;1, 11;
g i :  po(2) ,  we have:

(2.3)

(c1)

-  b ; ,  i  = T , s ; .

, :  (p I2;p, , t ' l )  e Pic(Xp) and

^ 1
H .  -  _ r
" r -  2

with { '"(r) from Lemma 2.1.
The coordinates (d, r,?t,. .  . ,0,;) of D are called the Gruson-Peskine

coordina,tes. Now, we recall from [P 2] the following

Proposit ion 2.2 (Proposit ion 3.2.3 from [P 2]; see also [P 3]):
Let  there be D :  Qt ; (D)  e Pic(X;) ,  D :  (a ;bs,b1, . . . ,b , t ) .  I f  the con-
ditions (Cl), (C2), (C3), (Cil, G5) are simultaneously satisfied by D in
the coord, inates (d, r i?* . .  . ,0 , i ) ,  then lDl :  lD l  #  A,  has no base point  and
contains a (smooth, irreducible) cLtrue, where:

1
0 , : 1 r ( m o d 1 )  ,  i = I , s i ;" 2

1  - ' ;
d +  

- ^ ( P  -  n l 5 )  -  
t  0 ; : 0  ( m o d  2 ) ;' 2 -  /(c2)



(c'3) T
( : i- 2

(C5) d 2. (p - L)r * 2.

m - L 1

Remark 2.3: If 
"; < 6 (i.". p < t) 

then (C5) follows from the
preuious (C1) - (Cil.

In order to prove Theorem A, it is rlecessary to recall some results from

lCi], necessary here. Firstly, let's remark that the functions ry''(r) (from
Lemma 1.2) achieves its maximum a,t the point

{c1)

( t  A \

s(d,,  n) :

-0 ,  + \ -d ,  <
;  - t

.  1 .
d - t l n - p * 1 ) r ;

Lemma 2.4 (Lernrna 1.1-1 frorn [Ci], see also [Ci] section 1.d):
a) If  n: 3fr * h, h € {0,t} then there erist functions s(d,n) and 6s(n)

such that (V)d,g,r € N with

r ! ' " ( r - 1 ) <  s < F : " ( r ) ,  r )  s ( d , , n ) ,  d ) d s ( n )

there is a (smooth, irceducible) curue C C Xi of degree d, and, genus g.
b) If  n= 3k * 2 there erist functions s(d,n), de(z) such that (Y)d, g,,r e

N with r odrl and

F: ' " ( ,  -2)  < s  < F!" ( r ) ,  r  )  s(d,n) ,  d  )  ds(n)

there is a (smooth, irreducible) curue C C XI of d,egree d and genus g.
c) The defi,nitions of the functions s(d,n) and 6s(n) are:

, ,  ,  2 ( , 1 '  + p -  1 )
P p : P p \ d ' ' ) :  n + r - t '

(  2 n * 1 ,  n f 8
ao ( " )  : t  

22 ,  n :8 .

t l

5 ? + n  +  1 +  l 1 2 d +  1 6 k ( k  + 2 )  -  3 8 ) ,  n : 3 k , k  )  3

-2 (2k+  1 )  +  2W,  n  :  3k+  1 ,k  >  3
- ( 8 , t +  3 )  +  / ( 8 k +  3 ) 2  +  2 4 k  + 8 d -  1 1 ,  n  :  3 k  + 2 , k  >  2



\Ve denote, following [Ci], section 1.g,
. 'u i .  

f  rn in { r  €  Z l r  >  s (d ,  n ) } ,  i f  n  :  0 ,  1  (mod 3)
(2 .5 )  ro  =  ? 'o (d ,  n )  : :  {  .

I  min {r  e Zlr  od,r l ,  r  )  s(d, n)} ,  i f  n :  2 (mod 3)

Lemnra 2.5 ( [Ci] ,  Lemma 1.16):  Let there be

t 1

|  - k + I + : ( 4 h - r ) \ / r 2 k - 2 7 ,  n = 3 k , k 2 3
|  6 '  ' , '

d 1 ( n )  = { - s r + 1 + 4 h { 8 ,  n = l k + 1 , & > a
I
t l

L  ; t - 6 r +  1  +  1 l $ n + 1 ) ' + 6 + k '  +  7 7 k 2  + h ) ,  n  = 3 k + 2 , k >  2

Then:
a)  d> d1(n)  =+ s(d,n)  {  p t (d,n)  (see (2.4))

FI ' "00 -  1 )  <  F : ' " ( s (d ,n ) ) ,  n  =  3k ,3k+  1 ,4  >  3  I
b )  . - ' "'  

F! ' " ( ro -  2)  < f j ' "  1s1a,n)) ,  n :  3k *  2,k )  2 )
Lemma 2.6 ([Ci],  Lernrna 1.1"8):
a) If  n = 3k,3k * 1, th,en [max{ff '"(r) lr € Z]* = rr(d,n).

b) IJn = 3k*2, thenlmax{f l"?)lr e Z,rodd}). = nn(d,n)-ps{d,n)*
f  max(0,  e1, (d,n)  *  3k -  1)  (see (1.1)- (1.4))

Let there be

_, ,  f  F ! ' "1 r0(d , ,n )  -7 ) ,  n  =3k ,3 /c+  1
a t a . n t  : - -  <' \  /  

t  r ! ' " ( r o ( d , n ) - 2 ) , n : S l c * 2
(2-6)

p ( a , d < s < A ( d , , n ) =

ds(n) :-  max(6s (n),  dt  ("))(2.7)

(see  Lenrmas 2 .4 ,2 .5 ) .
From Lemmas 2.5 a

Theorem 2.7 ( tC
( Y ) n , d . 9  €  Z ,  n 2 6 ,  d

nd 2.6 Ciliberto deduces

i] ,  Theorem L.1):  I f  ds(n) is as

2 dg(n) and
\

(  t rs@, ,n) ,
(
I  nu(d ,  n )  -  px  f  max(O,  e r  -  3k  -

in (2.7), then

n : 3 k , 3 k  *

1 ) ,  n : 3 k * 2



(see (1.1) - (1./r)) thenthere is a (sm.ooth, irreducible) curueC C Xl, non-
degenerate in P,of degree d and genus g.

Now, the prool of Theorern,4 wiil be done in 3 steps (Lernrnas 2.8,2.9
and 2.10) according to the value of n modulo 3.

Lemma 2.8:  I f  n = 3k,  k e Z,  k > 3 and (d, i l  e Al  f tee (1.15)) ,
then there is a (smooth, irretlucible) curae C C Xt, non-degenerate in P" ,
of degree d, and genus g.

Proof: 0) The subdomain of Af defined by ap11 (d-t, n) < S S ap(d,, n),

d ) 2n * 1 is covered by Theorem C.
1) Clairn: There exist (srnooth, irceducible) curues C C Xf , non-

d.egenerate in P" af degree d and genus g, for

s = lF:," {2(rr(d,n) + r))1.,  d, 2 2n * \ .

We check this by induct ion on np(d,,n) )  0,  using the.obvious relat ions:

rn (d * (n *k -  1 ) , t , )  :  xx (d ,n )+1 ,  Foo i t ^ *u - t t ( r+2 )  =  F i ' " t )+ (d+k - t ) ,
p " (D+11 i )  =  p , (D )+ (d+k -1 )  where  d :  (D '111 ) ,11 i :  @t2 ;& ,1&- "+s ; .
So, for r1,(d,n) = 0 take curves from the base-point free linear systems
Dt  =19  i 2 ;g ,1a ,0 ]  o r  Dz=Lg  *2 ;g ,15 ]  and  then  add  succes i ve l y  t o  21  o r
D2 hyperplane section s L1ltl.

2) Claim: There exist (smooth, irceducible) curues C C X[, non-
degenerate in P", af degree d, and genus g, in the domain giuen by:

F :n (2 ( r k (d ,  n )+  t ) )  <  s  <  B (d ,n ) :  r r (d ,n ) ,  d , ) -  d r ( " ) .

(for d1 (n), see (1.9)).
In order to prove the Claim it's enough to show that

(2.8)  d ,> da(n)  + F: ' " ( rs(d, ,n)  -  1)  < F: ' " (2( rk(d,n)+ t ) ) .

Indeed, then the Claim follows from (2.6), Theorem 2.7,Lemma 2.6 (use
that [max{ pln{r) lr e Z}]. = max{[4'"(r)].1 r e Z]) and the Claim from
2), using Lemma 2.4 (remark that d1(z) 2 ds(n), see (2.7)).

In  order  to  prove (2.8)  wr i te  d-k- I  =  nx(d,n)$k-  1)*e,0 (  e  (  4 lc-2,

so 2(r1,(d,n) * t l  ='3j#:?. with pn(d,r) from (2.4) i t 's easy to

see that

(2.e)

(2 .10 )

2( r {d ,n )  +  t )  1  p t  {d ,n )  *  2k-  1  <  e  3  4k  -  2

2( ry (d ,n )+  1)  )  p r (d ,n )  <+ 0  (  e  (  2k  -  2 .



a ) 2 k - 1 ( e ( 4 k - 2 .
In this case, using the definition (2.5) of rs, it foilows that is necessary

and suff icient (cf. (2.S)) that 2(re(d,n) + r) + 1 > s(d,n), (V)d > dr(").

But 2r1 ft|, n) * e ,- Uff!; 1 
(use rhar e ! 4k- 2) so it,s enough to have

) . d + 2 k - r  _  , ,( 2 . 1 1 )  
f f i ) s ( d , n ) ,  

( V ) d > d r ( n ) .

b ) 0 < e S 2 k - 2 .
Wehave F : " (B) :  F ! ' " (2pu(d ,n) -0 ,U)0  e  R.  Tak ing  g :2@t , (d ,n )+

1),  one obtains

(2.r2) r lp 1z1rn(d,,n) * r))  = F:, ;  QG^U,,n) -  r1,(d, n) -  1)).

l,{oreover

(  2 (po@,n)  -  rx (d , r )  -  I )  <  p1 , (d , ,n )
(
I  ro  -  1  (  s (d ,  n )  <  pk(d ,n) ,  (Y)d>_ dr (n )  (>  do(n) ) .

From the definition (2.5) of rs, w€ deduce that is enough to prove: ,

(2 .13)  l2 {pu(d ,n) -  r1 , (d , " )  -  1 ) l -+  1> s {d ,n ) ,  (V)d> dr ( " ) .

We can check that

( 2 . r 4 )  L 2 ( p u ( d , n )  - n r ( d , n ) - 1 ) l -  =  {  " r ( d ' n ) '  
0  < s  (  ' b -  1

|  2 re (d , ,n )  +1 ,  &  (  e  (  2k  -  2 .

I f  A < e < 2k-2, f rorn (2.13)  , (2 . I4) ,minorat ing ry(d,n)  (usee < 2k-2) ,
it follows that in order to prove (2.8) it is sufficient to prove

(2.1b) '# ) s(d,,n), (v)d > dr(n).

If 0 S e I k - 1, we simiiarly show that's enough to prove

(2 .16)  
H2s(d, ,n) . ,  (V)d> d, , (n) .

Comparing (2.1I), (2.15), (2.16) it follows that all three are true (and
then (2.8) is true) as far as only (2.16) is true. But, replacing s(d, n) from
Lemma 2.4 c) we can see that the inequality

' ) n - 1  I  -

t r > 1 e + n + 1 +  \ f 1 2 d +  1 6 k ( f r + 1 )  - 3 8 ) ,  / c > 3

i l l



is true exactly i f  d> dt(n), so (2.8) fol lows.
3) Using now Lemma2.I t), the assertion from our Lemma follows frorn

0 ) ,  1 ) ,  2 ) .
* * *

Lemma 2.9:  I f  n  = 3k + 1,  *  €  Z,  kZ3 and (d,g)  e  Ay f t " ,  (1 .15)) ,
then there is a (smooth, irreducible) curue C C Xt, non-degenerate in P" ,
oJ degree d and genus g.

Proof:
1) Claim: There erist (srnooth, i,rred,ucible) curues C C Xf , non-

d,egenerate in P" , of degree d and genus g in the domain giuen by:

F [ " "+ t  Q f tps@,  -  t , n )+  1 ) )  <  t r  S  F : " ( z ( r t  +Jd -  1 ,  r r )  +  1 ) ) ,  d .  Z  2n*  r .

We wiil prove the Claim by constructing invertible sheaves D e Pic(X[)
verifying the condit ions (C1) - (C4) of Proposit ion 2.2 in the Gruson-Peskine
coordinates (d, r;0y . .  .  ,0n),, given by (2.2), (2.3), (Cb) being automatical ly
satisfied (Remark 2.3).

Denoting by r : :  2(rn+t(d,- l ,n) + t),  the domain from the Claim
becomes

{2 .17)

We express m:=2(F! ' " ( r ) -  g)  €  Z as a sum of  four  squares m: \e! ,
i = 1

1 4
g; € z, 0; Z a, i :T3. Then s = F!'" (r) - 

;I 
d,'? (see (2.3)). Then (c1)

l =  L

is satisf;ed, (C2) is also satisfied because g € Z and (C3) follows using the
domain of g (2.17) and ordering the 0;. As for (C4):

r:!t-

-0 ,  +5-d ,  <  5 -d ,  <  3- z J " - L 2 ' -

i =2  i =2

Lr,?
3

a

r  - \ / g
3  - 2< 3

I t  i s  enough to  have:  * ,  t  d , -  (k1  1) r ,  i .e .
2 -

2d
n 1 -'  -  2 k + 2 + J 5 '

(2 .18)

1 1



But r :  2(ru+r(d,- r ,n) + 1) a ?g*:r? so, in
2 ( d + 3 k - 1 )

order to obtain
,,','

(2 .18) ,  i t ' s  enough to  have , 2 d\___-_=.......=-.-  
2 k + 2 + \ / 3 '

21+ t rJs

I A

d > 3 k +

4 k + t

7 +6rt ,
2 '

(2 .  1e)

and

(2 .21)  2( rn+r(d- l ,n)+1)  S pu(d, ,n)  e  rnu"  (0,
,5K" - I _ { T'f

k

,tc
'

(2 .22)  2 ( ra1(d , -1 ,  n )+1)  >  px(d , ,n )  <+  0  (  e  (  8k 'z  - !  
-  d ( i fd  

<  8e2-k )
4k

(for pp(d,,n) see (2.4)).
R k z - h - d

a )  0 < r S f f ( i f d S B k ' z - k ) .
Then

(2.23) r ! ' "1z1rr* , (d *  1)  + 1))  :  Fl ' "Qbk(d,n) -  xr ,+t(d,-  r , " )  -  1)) ,

[  
, ( r r (d ,n )  -  r r+ , (d  -  1 ,  n )  -  1 )  <  p r (d ,n )

L  ro  -  1 (  s (d ,  n )  S  p t (d ,n ) ,  (V )d>  d r ( " )  (>  do ( " ) )

2(2k -  1-  r t ) '
Because d) 2n * 1= 6& + 3, i t  fol loys immediately that (2.19) is true

fo r f t  )  4 .  As fo r f t  =  3  ( i . e .  n  =  10 ) ,  (2 .19 )  i ss t i l l  t r ue fo r  d>  24 .
It rernains d e {2L,22,23}; in this case we can choose (0r,0r,0s,0a) fron
t h e  s e t  { ( 0 , 0 , 0 , 0 ) ,  ( 0 , 0 , 0 ,  1 ) ,  ( 0 , 0 , 1 ,  1 ) ,  ( 0 , 1 ,  1 ,  1 ) .  ( 1 ,  1 , 1 ,  l ) }  s o  t h a t  ( C i )  -
(C4) hold.

2) Claim: There eilst (srnooth, ineduci,ble) curues C C Xt, non-
tlegenerate in P", of degree d and genus g in the donzain giuen by:

F ! ' " 1 z 1 r n * r ( d -  r , n ) +  r ) )  1 g  {  B ( d , n ) = n r ( d , n ) ,  d , 2 d r ( n ) .

As in the Claim 2) from the proof of the previous Lemma (using the
fact that u'e constructed curves of degree d ) 2, + L and genus g :
LF:n(2(rk+ld - t ,n) + 1))]- in the Claim from 1)), in order to prove our
Clairn it's enough to show that:

Q.zq d> d,1(n)  + F: ' " ( ro(d, ,n)  -  1)  < 4, " (2(** r {d-  1 ,n)+ 1)} .

W e  w r i t e  d - k - 2 :  r r + t ( d , - I , n ) ( a k +  t )  + e , 0  (  e  <  4 k .  D o i n g
computations we obtain

1 e 1 4 k

12



So, in order to get (2'20), i t 's enough to prove that

(2.24)  l2(pr(d,n)  -  rn+r(d, -  1 , , r . )  -  1) l r . !  s (d ' ,n) ,  (V)d S d, (n) '

But

(2.25) l z (pn (d ,n )  -  r *+ t (d  -  L , t ) l -  =

from

(2.26)

l  r ro*,U" -  r , r) ,  o < r  tW(i fd s 4k2 - 2k)
: 1  /  4 k 2 - 2 k + 1 - d ) . ,  < 8 k 2 - k - d .

I  
r " r * , ( d - r , n ) * l , m a x ( 0 , :  . Z f -  )  

= -  -  4 k

Similar to the point b) of the proof of claim ?) from the proof of previous

lemma we see that (2.24) follows, if 0 S E try-#--! (if d < 4k2 -2k)'

( 4 k + \ ) d - 4 k

)

k(4k + 1)

2 k + 7 - d
4k

2

and, i f  *u* (0,
4h2

( 4 k + r ) d +  k ' z  - 3 k
, 1 " ( i b  +  1 \
' 1 9 \ L | w  |  

1 l

)  s(d,  n) ,  (V)d 2 dt (n)

8 k 2 - k - d ,; - e 1  ( i f d < 8 k 2 - k ) , f r o m
4k

2 s(d,n) ,  (V)d 2 d ' (n) .(2.27)

/ . )  9A\

L\ - .. (n 8k' - l- l]-!) . , . +,t.b) max 
\r,_-- +t ) 

-

Doing similar .o*irtutions as in the point a) of Claim 2) from the proof

of previous lemma, we see that we need

.  2 d + 2 k - I -  , '  \  ^ / ^ r ,
(2 .28)  !#  > s(d,n) :  -2(2k+ 1)+ 2\ f  d+2(k -  L)  +  (2k *  1)2 '

(v)d > d'( ' ) .

But, because d ) 2n * 1, we see that the inequality from (2.28) is true

if and only if
.t

d 2 dt(n) := rnax(2n + 1, -3k + )en 
+ r\/4k - 5)

So, in order to get (2'20) we need (2'26), (2'27), (2 28) to be true' We

shall prove later that i,(") 2 dr("), (V)t > 10' It foliorvs that all three

13



relations are true only i f  (2.20) is true, but this is true if  and only i f  d. > d,1(n),
so (2.20) is true (with d1(n) f i 'orn (1.9)), q.e.d. . ,r. i-&

Finally, we shali  prove that dr(r) 2 dr(r), (V)" Z 10. First, i t ,s easy to
see that

(2.30) 4k2 +2k > d'r(tt),  (V)k > g.

Secondly,  let 'ssuppose that ( l ) ro )  1-0, aq = 3&o*1.,  such that d1(ro) <
dt(ro). Then (l)e € Z so that d,r(no) < c < d,,r(ns). Because d1(n) and
di(n) are minimal so that (2.26), resp. (2.2g) holds, it results that

2 r { 2 k s - 1
< s( r ,  ne)  <

( a k o * I ) r - 4 k s
4 k o * I 2Ao(4Ao + 1)

Without s(r,ns) we get an inequali ty, equivalent to o > 4kz +2k0. But
r { d't(n6) so. without r, we obtain d'r(n6) > 4k3+2k0, which contradicts
(2 .30 ) .

3) The lemma foliows immediately frorn 1) and 2), using Lemma 2.1 ii).
* * *

Lemma 2.LO: If  n = 3k+2, k ) 2 and (d,g) e A2, th"n there is a
(smooth, irred,uci,ble) curue c c xt, non-degenerate in P 

"t 
d,egree d. and,

genus g.
Proof: 0) First, we show that we may suppose that do(g) = 1Z (so,

ds(n) : 2n ! 1, (V)" ) 8, see Lemma 2.a c)). For this, i t 's enough'to
construct curves of degree d and genus g on xf c p8 in the domain

as(d -

we give now the necessary list (specifying to the left the degree, in the
middle ttre genus and to the right the linear system on Xl containing the
(smooth, irreducible) curve c c xr, non-degenerate in p8, having the

f  8 ,  d , :  1 7  {  t 0 ,  d . : 7 2

|  1 0 ,  d :  1 3  |  t 2 ,  d :  1 3
1 , 8 )  = {  1 1 , d : 1 9  ( g ( r 2 ( d , 8 )  = {  1 3 , d - 1 9

|  1 3 , d = 2 9  |  t ' , d = 2 0
I  t + ,  d :  z t  I  t z ,  d : 2 t .

1 A
f a



d , : 7 7  9  =  g

9 = 1 0
d : 1 8  g : I I

9 = 1 2

[6;  2 ,  1 ,  1 ,  1 ]

l 7 ; 3 , 2 , 2 , 1 1
[ 7 ; 3 , 2 , 1 , 1 ]
l 8 ;4 ,2 ,2 ,2 )

previous degree and genus):

d , = 1 9  g : 1 2

9 = 1 3
[z;  3, t ,  t .  t ]
E;4 ,2 ,2 ,11

d : 2 0  g  =  1 4

9 = I 5
d . : 2 7  9  =  7 5  [ 8 ; 4 ,  1 , 1 , 1 ]

9  :  1 6  
" 1 9 ; 5 , 2 , 2 , 2 ]

S  :  77  19 ;4 ,3 ,2 ,21

1) Claim: There eri.st (smooth, irrerhtcible) curues C C Xl, nan-
degenerate in P", of degree d and genus g, in the dornain giuen by

f ! ' "  (Zrn*r (d-1,  n) -1)  < g < B(d,  n)  :  nr (d,  n)  *  I , rn+max(0,  es-3k-1) ,  d  > dr(n) .

We remark on the fact that curves on Xi of degree d ) 2n* 1 and genus
g : lF!'"(2(ru(d,,n) + t))]. can be constructed as in 1) from the proof of
Lernma 2.8.  We can see,  wr i t ing d,  = lc*2*r1, (d,n)(  k+ 1)*e,  0  < e < 4k
that

2(r1, (d, ,n)  + r )  3  ot  (d ,n)  *  2k < e S 4k

2 ( ry (d ,n )+  t )  )  p * (d ,n )  <+  0  <  e  (  2k  -  I .

Using the equality

[2(pn(d. ,n)  -  r r (d , r )  -1) ] .  :  {  
2xt (d ' '72) '  0  s  e S k  -  r

|  2xe(d,n)  + 1,  k  S e < 2k -  i .

and the obvious inequality 21 1, (d, n) + I )_ 2x 1,s @, - l, n) + L, it follows from
(2.6), Theorem 2.7, Lemma 2.4 that is enough to show that

(2 .31) 2r1,4(d -  1 ,  n)  + 1 > s(d,  rz) ,  (V)d l  d1(n)

( for s(d. rz) see Lemma 2.4 e) and for d1(n) see (1.g)).
W e  r e m a r k  t h a t Z r p a l ( d -  I , n )  + 1 K  p t ( d , n ) ,  ( y ) d )  2 n *  1  a n d  t h a t

d ' ( r )  >  d o ( n ) .

[8 ;4,  2 ,  1 ,  1 ]

19;5,2,2,2)

l r



Because 2xea1(d - 1, n) * , a 
H#, 

it foll:ws that it's enough to

J  . t r -  o  _

f f i  
) s(d, n) : -(8l, '+ 3) + {-an+ 3)2 + 24k +8d - 11.

But this holds exactly for d > dr(n).
2) Claim: There exist (srnooth, irreducible) curues C C Xf , non-

d,egenerate in P", oJ degree d ayzd gerTus g, in the dom,ain fram the (d,g)-
plane giuen by the following conditions:

Fk 'n+r  Q@1,4{d -  1 ,  n)  + 1))  <.4, "  {2*u*r (d,  -  r ,n)  -  1) ;

lF : ' " * ' ( 2 ( r41 (d  -  L ,n )  +  1 ) ) ,  r ! ' "  (Z run r (d  -  r , " )  -  1 ) l  nZ  *  0 ;

Fk 'n+ lQ@1,a {d -  7 ,n )  +  1 ) )  <  g  3  r l nQr r+ r (d  -  1 ,n )  -  r ) ,  d ,>  d r (n ) .

We denote by r:= 2xpa1(d - 1,n) - 1. Then, i t 's easy to see that

( 2 . 3 3 )  d l f u ( n ) = + r ) 3 .

Le t  t he re  be  m:=  A ( f j ' " ( r )  -g ) ;  t hen  m:3  (mod  8 ) .  F rom Gauss '
theorem we deduce that  rn  :  o? + a|1a! , ,  a t tazta3 € z ,  &t tazta3 odd
numbers so that lorl  < a2 I as. Take d; ,= 

+, 
i  :  I ,2,3. Then g -

1 3
trt '" r ') - 1 \- B?^ d  \ ' )  , L - r ''  

i = l
From the bounds of the domain of the Claim

have

r r O  9 . 1 \
\ z . ) L  J

(2.34)
; - t

It can be checked

/.t 
" 

tr\
\ L . J o  )

it follows that

|t * u7''
a

T,e? < 2LF!n (r) - p!'" (, + 3)l +

that

p!,"?) - pl,"?+ a) < -;.

We show now that {d,r ; fu,0r,0") ver i f ies the condit ions (Ci)  -  (C4) from
the Proposil\on 2.2 ((C5) is automatically satisfied, see Remark 2.3); this
proves that the Claim is true.

(C1) is clear.  For (C2) let 's remark on thefact that (because a,1,a2,04,r
are odd numbers an{ n : 3k + 2)

1
E(0)  := d + ; (h  

-  n  *  5) r  -  01 -  02 -  0s e Z,  (V)d e ,lrl\ 2 .

I O



Moreover E(0) - E(-0): 1 (mod 2);so, changing (i f  necessary) the sign of
a1, we-,r lbtain (C2). As for (C3). rve remark on the fact that, using (2.34)
and (2.35) we obtain

' ,  < ,E 
t i  t  (+) '  * ' ,  i  = t,2,3'

If llj l > f , fror (Cr) it follows that ld; ,, ry,so 
0;2 ) 

g+-!
2  

/ ' r t \ 2 r Q  / r r 1 \ 2
(usirrg (2.33)). nut !-:  

nu 
t (-,  ) 

* 2, which cotttradicts (2.36).

So ld i l  !  I ,  j  :7 ,2,g.  Then,  the iondi t ions ld l l  S d,  (  02 fo l lows

fronr the similar condit ions inposed to 41, G2,ae.Finally, for (Ca): -0t*

< ,r@ ( (using (2.84), (2.8b))- v  3

(2.36)

0 z * 0 s  -  3 .
- 0 t  *  0 z  l 0 z

J3
- n

< #(r * 2) (using (2.33) again). So, in
2 '

, n 1
(C4)  i t 's  enough to gave 

; ( ,  
*  2)  < d -  

, tzn 
*  3) r ,  i .e .  r  (

order to get

2d - 2J3

2k +2 + ' /3 '

But this is true, because , S ffff
t )  o  I f  ,F j ' "  (2 r41(d , -1 , ,n ) -1 )  <  F j ' " * t  (2 (n1 ,a1(d , - t ,  n )+1) ) ,  then there

exist  curves of genus g and degree d> d/n) for a311(d-I ,n) < g < B(d' ,n)

by 0),  Claim 1) and Lemma 2.1 i i ) .
.  I f  r ! ' "+ t  (2 ( ry* {d  -  1 ,  n )  +  1 ) )  <  F ! ' "  (2 r r r r (d  -  L , t  )  -  i ) ,  then  there

exist curves of degree d ) dr(n) and genus g between a*+t{d - 1,n) and

F! '"12xn*-r(d-1,")  -  1) by Claim 2) and Lemma 2.1 i i ) ;  use then Claim 2)

to cover A[' 
* * *

Theorem A is now the union of Lemmas 2.8,2.8 and 2.10.
* * *

3 The proof of Theorem B

The proof consists in a comparison between the lower bound of genus from

our Theorem C and the upper bound of genus from Ciliberto-Sernesi Main

Theorern frorn [CS] (for d = 4) and a filling of the distance between them

u'hen it exists.

/ r r 1 ' t 2 r R
\ '  |  - . 1  r  v

4
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We defined in [P 2] the foi lowing numerical functions (for d,r € 2,6 €
{ 2 , 3 ,  a } ) :

G6of ,n) , : ,  (a -  nr ++t)(3 .  1 )

(  , ,  ,  l d t l l
( 3 . 2 )  1 a 6 \ a ' n )  

: =  
L  2 n - 6  l -

I  o l j -o*,  (d,n) : :  G'ofuo(d,")) .

L e m r n a  3 . 1 :

a )  G6a1p, - t , ( r  *  i )  :  G6aQ)+ (d+ n  -  6 ) ;

b )  yo(d  *  (2n  -  d ) ,  n )  :  a r (d ,  n )  +  1 ;

c )  a ' , | - d + r @ + { Z n  -  d ) , r )  :  a ' , | _ t + r @ , n ) * ( d + n -  6 ) .

Proof: easy
lVe recali the definition of functions oo(d,n) from (1.5) - (1.8). Then we

have

Lemma 3.2 (Lemrna 3.3.1 a) from [P Z]):  Let 's denote by d, : :
d + ( n * p - r ) .  T h e n :

, r (d ' ,n)  = r r (d ,n)  + 1;  to(d ' ,n)  :  to(d,n) ;  uo({ , ,n)  :  uo(d,n) ;
ao(d' , n) : ar(d, n)+(d+p-r) (<+ ao (d- (n-lp-r), n) : ao(d, n) -d*n).
Proof: easy.

Theorern 3.3 (see [P 1] for d = 2 and [CS] for d e {3, 4}): Let there
b e  6  e  { 2 , 3 , 4 } ,  n  e  Z ,  n 2 2 6  -  I ,  d , g  €  Z ,  d }  2 n * 1  a n d

o  S 'q  <  {  " i - o * ' (d ' n ) '  
5  =2

"  -  
t  a ! , 1 _ a + t ( d , n ) - 1 ,  d e  { 3 , 4 } .

Then there is a (smooth, irreducible) non-degenerate curue C C P" of
degree d and, genus g.

Proof: This theorem is, actually, proved in [P 1] (6 : 2) and [CS]
(d e {3,  }) but the bound on the right is diferent. We show that we can
consider the bound from Theorem 3.3. In [P 1] and ICS] the existence of
curves of degree d and genus g in the range 0 < g < d - nis proved. These
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curves are then succesively transformed r times obtaining curves having
degrees d" and genera g, where (see [CS], p.311)

d, :  d ,  -  r (2n -  6)

e = e, - rd, * A}!p"- d) - r(n - d).

The condition 0 ( g < d- rz becomes

G o o , ? )  1 g ,  < G 6 6 , { r + t )

( see  (3 .1 ) ) .
S o ,  i f  d ,  g  € Z , d )  n + 1 , g  )  0  a n d  r  €  Z  s o  t h a t

r { r * 1 < {  r o \ d ; " I  , t r # f  ( z'  ' r - : l y r ( a , n )  - 1  , i f  f f i e z
pu t  de  : :  d - r (2n -6 ) ,9e : :  g - rd ,+ *1 !1Zn-6 ) - r (n -6 ) .Then  d ,g )  n l I
Let's denote by y6 (d,n1 :: H the point where the function (in r)G!(r)
achieves its maximum. Because a## - 1 < x6(d,n) and Gj(gr5(d,n)) -

Goo@o(d,n) - 1) ,f  *# € Z , we conclude that U lcoo?),G!(r 1r;1 :
rasbeJ ore

l } ,Goofuo(d,")))= [0, al"-r+ ,U,n)].Since the existence of curves in the range
Gi(0)  :0  < so z-do-n:Got( l )  is  a l ready proved,  i t  resul ts  (us ing the
previous transformations) that we obtained curves of degree d, and genus g
in the ra,nges Coot) 3 g < G6oft + 1) for all r as before , so covering the
domain from Theorem 3.3.

+ { < *

Lemma 3.4 (see IP Z], Prop. 3.2.2 i)):  Let there be X = {Po, Pl, .  .  .
, P") C P2 a set of general points and S = BID(P). Let there be D :
(v + Z;p, 1') € Pic(S) . Then ho (D) + 0, [D] has no base point and eonta,ins
a (smooth, irred,ucible) curae for s < 3p* 3.

Proof: We specialize the points from D (except the last one) on a
rational irreducible plane curve Ae C P2 of degree p + I having only
one ordinary singularity of multiplicity p : Po will be the singular point,
Pr ,Pt , . . . ,Pr- t  €  As and P,  (  Lo.Let 's  denote by A the proper  t ransfor-
mation of A in S. Let there be D € Diu(S) so that D = Os(D). We get
the follorving natural exact sequence of sheaves

0 -+ 9s(D - A) -+ Os(D) -+ 06(D) -+ a.
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We consider the associated exact sequeilce

0 -+ Ho( ts( ,  *  A))  -+ Ho(Os(D))  -+ H0(0"(D))  -+ H1@rQ -  A)) .

B u t  l D  -  A l  =  [ t ; 0 , . . . , 0 , 1 ]  s o  h r ( O s ( D -  A ) )  :  0  a n d  l D -  A l  h a s  n o
base point; so l2] = lOs(D)] has no base point outside A, lvforeover, we get
the surjection 110(Os(t)) -+ Ho(Oo(p)) -+ 0. So, D = Os(D) has no base
po in t  on  A  i f  (D .A )  >  Zg (L ) :0 ,  so  fo r  s  (  3p*3  (A  e  [p  *2 ;p ,1 ' * t , 0 ] ) .
By a Bertini type theorem (see [Ha 2]), it results the conclusion of Lemma,
because ho(9t (D))  = 3p+A -  s  )  3  (use h l (O) :91.

* * t

Lenrrna 3.5: I f  p,n € Z, n 2 3 and , ,  +, 
Iet there be'11| :

@ +  z ;p ,  1 ' l )  e  P i , c (X i )  and ,  Ds  :  (o  +  2 ;a ,u1 , r )2 t . .  . , v , ; )  e  P i c (X i ) ,
u 1  €  { 0 , 1 } ,  i : T 3 ;  a n d u j : 7  f o r  u  u a l u e s  o f  t h e  i n d e r  j ( 0  1 u  3  - < i :
3p - n * 5). Let there be

D : : D o + t 1 1 ; .

Then, the cond.ition

(3.3) 3 a )  u * n - 7  -  ( t  +  t ) ( n - + )

implies lDl + 0,lDl without base poirzts and, contains a (smooth, irreducible)
curve.

p r o o f :  W r i t e  D  =  t D ,  * ?  w h e r e  D , :  @ * 2 ; r , ! ' i 1 , R  =  ( b *

2 ; b , v 1 , . . . , u , ; ) r b  =  a + t p -  f c .  T a k e  n o w  t  e  Z ,  r  )  A  m i n i m a l s o  t h a t

Lemma 3.4 applies. Then

(3 .4) 3 p * n + 2 < 3 r < 3 p - n + 4 .

In order to obtain the conclusion from the Lemma for [D], it follows
that's enough to have the same for [R] so, by Lemma 3.4, we need

(3.5) u ( 3 b * 3 ,  b = a * t p - t r .

Replacing b, (3.5) becomes u I 3a * 3tp - 3tr * 3, or t(3c) ( 3s *
3tp*3 - u; using (3.+), we can see that this last inequali ty is implied by
t(3p - n * a) ( 3a* Stp * 3- u, which is equivalent with (3.3).

* t *

Remark 3.6: Lemrna 3.5 is a particular case of Lemma 3.2./ Jrom IP
2l; here we need only thi,s particular case.

In order to prove Theorem B we need two more lemmas:
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Lenrma 3,7: Let there be d, g e Z, d > 2, n € Z, n 2 3 ancl a'l-t(d',rt) <

s { an-s(d,n) (see (3.2) and (1.5)). Then t:here isD € Pic(Xi) ftee
(2 ,1) )  so  tha t  (degD,  p , (D) ) :  (d ,9 )  (here  degD :  (D 'H i - " ) ) .

R e m a r k  3 . 8 :  a ' j - " ( d , , n )  1 s n - z ( d , n )  *  d + 2 + t ( 2 n  -  4 ) , t  €  Z .

Proof (of Lemma 3.7): We construct the necessary invertible sheaves

b;' induction on c,,-3(d, n) ) 0, using tire numerical properties of the func-

t ions al- ,  and o,,-3 from Lemmas 3.1c) (d = 4) and 3.2 (p = n -  3).

l f  x n 4 ( d , , n )  : 0  ( i . e .  2  s  d  {  2 n -  3 ) ,  w e  t a k e D  -  D s  -  ( a *

2 1 a , r " , g z n - a - u )  €  P i c ( X i - " )  w h e r e  u  €  { 2 n -  d - 2 , 2 n -  d -  1 , .  '  ' , 2 n - 5 }

i f  3  <  d 1 n -  l  a n d  u e { d - 2 , d -  1 , . . . , 2 n - 5 } \ f  n S d ' S  2 n - 3 ;  h e r e

d :  deg Ds:  (Dg. ' l t i - r ) ,  where  ?7 i -z -  ( t -  1 ;  n -3112n-4)  e  P ic (Xf - r )  i s

the hypelplane section sheaf. In order to cot'er the rvhole domain of lemma,

we consider then the invertible sheaves

D : D o + t 1 l i 4 €  P i c ( x i - t ) ,  r  >  o .

Remark 3.9: ai-r(d,n) { an-e(d,n) * |  e d + r I  t(2n - 4), r €

{ 0 ,  1 , 2 ,  3 , 4 } , t  e  Z .

Remark 8.LA: The inuertible sheaues used in the proof of Lemma 3.7
couering only the domain from Remark 3'9 are of the followi'ng form:

D =Do*t ' lL i -s,  t  e Z,  t  2 0,  D e Pic{Xi-u)

Ds = (a * 2;  a, Iu,02n-4-u) € Pic(Xi) ,

uhere

d s - 2 n * u * 2
,  a € Z

d o  €  { 5 , 6 , . .  . , 2 n  -  5 }  a n d

u  €  { 2 n -  d 0 - 2 , 2 n -  d o -  I , . . . , 2 n  -  7 }  i f  5 1 d o  1 n - I

u  €  { d s  -  2 , d o -  1 , . .  . , 2 n  -  7 }  i f  n  <  d o  <  2 n  -  5 -

( d o  =  d e g  D s  =  ( D g ' 1 L i i .

Lemrna 3.'J,1: Let there be d, g e Z, n € Z, n ) 7 and' a'i-"(d'n) < g 3

a , -s (d ,n )  -  1 .  Then:
i)  , f  d) 3n-5 there is a (smooth, ' i r redttc ible) curueC C Xf,-" ,  non-

degenerate in P", of degree d and genus g;

27



ii,) if 2n+1< d ( 3n- 6 there is a (smooth, irreducible) curueC C X;,
.  l 2 n - 5 1

where , : 
L?l. 

non-degenerate in P" , ol degree d and genus g.

P r o o f :  i )  1 )  I f  d , )  4 n - 6 , d * r + t ( 2 n - 4 ) , r  €  { 2 , 3 , 4 , 2 n - 4 , 2 n - 3 }
(see Remark 3.9), t > 2, t e Z we use for the sheaves D = Do * tH|,-y
t ) 2, used in the proof of Lemma 3.7 (see Remark 3'10) the criterion given
by the relation (3.3) from Lemma 3.5. For , > 2 this becomes

( 3 . 6 )  3 a > -  u - 2 n + 5 .

Replacing a from the Remark 3.i0, (3.6) becomes

( 3 . i )  \ d o * u ) Z n * 4 '

Minorating a and, after that, minorating do in the two situations with
respect to ds frorn Remark 3.10, we can see that (3.7) (hence (3.6) also) is
satisfled.

2) Apply now again (3.3) frorn Lemma 3.5 for t : 7. As before, we get

s rnoo th  cu rves  fo r  3n  -5  S  d  {  4n -7 ,  d '+  r t (2n -4 ) , ,  e  {2n -4 ,2n -3 }
(see Remark 3.9). These curves are non-degenera,te in P" because they have
degree ) 3n - 5 > 2n - 4 - degXi-..

From 1) and 2) it follows that i) is proved.
ii) Because 2n * L < d < 3n - 6, we have o!,i-s(d,n) : d - n and

' l3d - 4:l]l 
. So. we need to co'er the domaind^_e(d,  , )  =  

l -z  J  *

(3.8)  d,  *  n l  t  t lY.  r%f . ,  
rn+ 1 < d 1 2n -  6.

Norv, let  there be (d,g) in the domain (3'8).  Put

(3e)  o ,= [4#] .

-  , t  s

(3 .10)

( 3 . 1 1 )  u ' . : 2 g o -  d o * 2 p * 4 -  2 9  - g d + 3 p  *  3 n *  3 .

Then, we can check that:

.
( 3 . 1 2 )  0 ( u S t i : 3 P - n + 5 .

l d , s : = d - ( " + p - 1 )
I  n o , :  s - ( d o + p - 1 )  - s - d . + n
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Put  Ds : :  (go *2;go,1" ,9 ' l - " )  e  Pic(X[) ,  wi th  p,gs,u f rom (3.9)  -

(3 .11)  (use (3. i2)  a lso) .  Then p ' (Do)  -  gg and deg(2s)  :  (Do'4 i )  =  do ' i : i

( f rom (3.10)) .  Put  now 2 : :  Do*?l i  e  Pic(Xi ) ;Hi  = @+Z;p, I ' ; ) '  Then

p" (D)  =  9o*  @o*  p -  1 )  =  9 ,  deg (D)  =  d ,o *  (n *  P -  1 )  =  d  (use  (3 . i 0 ) ) .

\4/e apply now Lemma 3.5 (the criterion (3.3)) for D (t = 1). It is easy to

see that this works, so we get curves, non-degenerate by degree reasons. So

ii) is Proved 
* + {<

Theorem B follows now from Theorem 3.3 and Lernma 3'11'
* * +
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