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Abstract

An Abstla.ct Cogalois Thcor'1' for arbitrary pro{inite groups has lleen initiated

lry T. Albu and $.A. Basarab (J. Pure. Appl. Alqebra,2005, to appear). The aim

of tliis pirper is trvo-fold: {irstlS', to 1:reserrt the abstract group theoretic versions of

valious types of Ktttttttter field extensious, and secondly, to show how some basic

resulls of the field theoretic Cogalois Theory, iike the Kneser Criterion, the Generai

Purity Criterion, etc., can be vely easily deduced form their abstract versions.

2000 Mathemat'ics Subject Class'ifi,cation: 20E18, 12G05, 12F10, 12F99.

Key words and pltrases: Profinite group, Abstract Cogalois Theory, Galois coho-

mology, Kneser group of cocycles, Cogalois group of cocycles, Kummer groups of

cocycles, Galois {ield extension, Kneser {ield extension, Cogalois {ield extensiori,

G-Coealois fleld extensiott, Knescr Criterion, General Purity Criterion.

Introduction

The Class Field" |'lteoru of Abelian field extensions of global and local fields can be also

Jrerformed for arbitrary profinite groups, and l,herefore, an Abstract Galoi's Theory for

srrch prolinite groups rias developecl withir-r tlre Abstract Class Fi'eld Theory (see e.g.,

tBl)
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A dual theory to the Abstract Galoi,s Th,eory that also applies to arbitrary profi-

nite groups, called Abstract Cogaloi,s Theory, was initiated in [a]. Roughly speaking,

Cogalor,s Theory (see [3]) investigates field extensions, finite or not, which possess a

Cogalois correspondence. This theory is somewhat dual to the very classical Galois

Theory dealing with field extensions possessing a Galois correspondence.

The basic concepts of Cogalois Theory, namely that of G-Kneser and G-Cogaloi's

fi,eld, ertens,ion, as well as their main properties have been generalized in [4] to arbitrary

profinite groups. More precisely, let f be an arbitrary profinite group, and let -4

be any subgroup of the Abelian group QlV, such that f acts continuously on the

discrete group -4. The concepts of Kneser subgroup and Cogaloi,s subgroup of the

group Zr(t,,A) of all continuous 1-cocycles of I with coefficients in A have been

defined and their main properties have been established in [A]. Their proofs, involving

cohomological as well as topological tools, are completely different from that of their

field theoretic correspondents.
The aim of this paper is two-fold: firstly, to present the abstract versions for arbi-

trary profinite groups of various types of Kummer field ertensions, and secondly to show

how some basic results of the field theoretic Cogalois Theory, like the Kneser Criterion,

the General Puri,ty Criterion, the uniqueness of the Kneser group of a G-Cogalois field

extension, etc., can be very easily deduced form their abstract versions.

0 Notation and Preliminaries

Throughout this and the next two sections of the paper I will always denote a fixed

profinite group, and ,4 will be a fixed subgroup of the Abelian group Q/Z such that

I a,cts continuouslv on A endowed with the discrete topology, i.e., A is a discrete

f-module.
For any topological group 7 we denote by [,(") tire lattice of all subgroups of T,

a,nd by L1f; tne lattice of all closed subgroups of 7. The notation U < 
" 

means that

U isasubgroupof  7 .  For  any  U <  7  wedenote  by  [ , ( " | t / )  ( resp .  n i f  | f f ; ;  t t re

iattice of all subgroups (resp. closed subgroups) of ? Iying over [/. If X c ?, then

(X) wiil denote the subgroup generated by X.

An additive Abelian group D is said to be a group of bounded order if there exists
a positive integer rn such that mD: {0}, and the least such m is called the erponent

of D and is denoted by exp(D).
As usually, we denote by Zr(t,A) the torsion Abeiian group of all conti,nuou,s l-

r:oc11cLes of f with coefficients in ,4 and by B1(l,A) its subgroup consisted of ali
1.- coboundaries.

The eualuat'ion map

( - , - ) : f  x Z I [ , A )  , A ,  ( " , h ) : h ( o ) ,

de f incs  fo r  any  A <  f ,  G <  Z t ( f ,A) ,  anc l  9  €  Z I ( t .A)  the  fo l low ing  se ts

A r ; :  { h e  Z r ( l , A ) l ( " , h )  : 0 ,  V o e  A } ,
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G L : :  { o e  f  l ( r , h )  : 0 ,  V h e G } ,

g r , :  { o e  f  l ( " , 5 ) : 0 } .

Then Ar  < Zt ( t ,A) ,  9r :  (g)L,  ca e iL l l ; ,  and the rnaps

LQt ( l ,A ) )  - - - - -L ( f ) ,G*GL ,

L1r; ------ LQr(|,,4)), a * Ar,

establish a Galoi,s connect'ion between the lattices n'Qr(l,A)) and [-1f;, i.e., they are

order-reversing maps and X ( X[ for any element X of n (Zt (f, A)) or IL-(l) (see

[4, Proposit ion 0.1 (1)]) .

The foilowing notation from [4], with D an additive Abelian torsion group, will be

used throughout this paper.

o N denotes the set {1, 2, . . . } of all positive integers;

.  D [ n ] , :  { *  e  D l n r : 0 }  f o r  a n Y  n  €  N ;

o  O o t : { * € N l l r < -  D  o f  o r d e r  r n } ;

o IF denotes the set of all positive prime numbers;

o J) : :  (P \  t2)) u ia);

c  J )n : :  {p  eP I  p l r r }  fo r  any  n  €  N;

.  P n  : :  O O  O P ;

r f denotes for auy r € Q its coset in the quotient group QfZ:

o  P ( r ,  A )  : :  { p  e  P  l f |  e A  \  A r  } ;

c €n€81(f , ,4.)  denotes for auy n, € N with Jie A the cobouudary

e , , ( o )  : :  "C ; - { f i ' , oe l ,

associated with {fi';

.  U{p€,4\Al - ,  then the tnap e 'n€ Zr( t ,A)  is  def ined by

, ,  ,  \  |  {R ir  o{P: - lR,
E4(o)  : :  

1  
^  

i f  o l \ :  {R .t
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1 Some basic facts of Abstract Cogalois Theory

41 Abstract Cogalois Theory for arbitrary profinite groups has been developed in [ ]'

We present below sorne of its basic concepts and results needed in the sequel'

As above, I denotes a lixed profinite group and A is a fixed discrete subgroup of

the Abelian group QIZ s,tch that f acts continuously on A'

Tlre next two definitions from [4] are the abstract versions of the concepts of Kneser

and CogaLois field ertensi,ons.

Definition l.l. A Jintte subgroup K of zt(l,A) i,s sai,d,to aKneser group of zr(l,A)

zJ Q : KL) : lKl. An arbr,trary s,ubgroup oY ZL(I,A) i,s sai,d fo a Kneser group of

Zr (1, A) iJ u,rLy oJ i.ts finite subqrou'ps 'is a Krrnser group of 21 (t, A) ' tr

Def ini t ion L.2. A subqroup C of Zr( l ,A) is sai .d. to be aCogalois group of Zr l t ,A)
'i,.1' i,t i,s o" Kneser gr-ouyt of Z\(t,A) utr'd tlt'e rnaps

(*)r , [.(G) ------ u,1r|cr; o'nd, G n (-)t ,U1r|Ca) --- [.(G)

o,r'e La,tti,ce o,rtti-i,som.orpht.sms, 'i,n,tterse to one another. n

'Ilrc rrext lcsllt is the a[str':i,ct vcrsion of the field theoretic Kneser Criterion l7].

Theorem 1.3. (Tnn AeslRncl KNpsBR CRtreRtoN [4, Theorern 1.20]).  The fol ' l 'ow-

i ,nq o,ssertzon,s o,re equr,ualcnt Jot '  G < Zr(T,A).

( l  )  C  is  r t  k ' r t cs r t '  ( t :T ) I t l )  o f  Z t  g .  41 .

( 2 )  e , , / G  t r h e r x : u r : r ' 4 f  ' p e  P ( l , A )  a n d '  € ' a y ' C  r u l t , e ' n e u e r  a e P ( l , A ) '  n

As irr [4]. a subgt"or.tp D of a,n Alteiian illoup C is saiil tobe quo,s'i n-pure) wheri:

rr C N is a, girrlr positirr: integcr, if Cfn] ! D, or equiv:ilentlv, if C[rr,] : Dlrt). F'or

,4,1 q N, (.' is tyLr,a,si, A'l -lture if C is <1uasi n-pttre fbr all rL e A'[.
'1'lre lcxt lcsrrll is l,he altstract version of the fleld theorettc General Puri'ty Cr''itcriorL

f 1.  ' l ' l ieoreur 2.31.

Theorern 1.4. (Trrr , t  Qu,,rst-Pt.r t l l rY CRI'r l l l t loN [4, Theolcrn 2.5]) .

sl;a,l,rtrtenl:s a,rr: e'qu,hta,l,r:rtt. Jor o, stt,bgrou,'1:t G oJ Zr(f,-A).

( f )  G i s C o q u l , o ' i , s .

(2) 'l'lx: .subrtrutLqt At' ,,f AG' i,.s qua,si P6,-pu"rr:.

( :J) cr I  e; \  I 'n,  al l  p e Pc: oP(l ' ,  A).

Definitions 1.1 ancl 1.2 abovc givc the abstract correslrondctrts {br subgroups of

Zt0-,A) of l(neser a,ncl Coga,lois ficld exteusion. If ivc movi: now via, tho nraps (-)r

{r 'onr srr l rgrcirr l ' rs of  Zt(1 .  A) l , t i  srr l rgl txrps of thc given prof i r i i l ;c gror. tp I l ,  thcl  ot t t :

c:a,rr rlc:finc iLs foilolvs thc' abs1,rrrc1, vursions for 1,1tc latct' ones of l,hc concepts of r:rdir:aJ,

sirnplc lacli<;:rl. Iincsr:r', artrl Cogalois licld extr:ttsion.

Thc follouti"n,o

r
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Definition L.5. A subgroup L of I i's sai'd to be G-radical i'f A : Gr for some

G < Zr(l,A). ,4 radical subgroup of I i,s a subgroup wh'ich r,s G-radi,cal for some

G < Zr(l,A) A subgroup A, of I r,s called simple radical i,f th'ere erzsts g € Zr(l,A)

lnr,clt, that A,: gL. n

Observe thtrt any radical subgroup of I is necessarily closed, and any simpie radical

subgroups of I is open.

Definition 1.6. ([6]) . A subg,roup L of I is said to be G-Kneser z/ A, i,s G-r'adi,cal

and G'is a Kneser grouyt of Zt(l,A). L i,s sai,dto be a Kneser group if A, zs G-Kneser

fo r  some G <  ZL( | ,  A) .  n

Definition L.7. A subgroup A o/ f ts sa'id to beCogalois i,f there crists a Cogaloi,s

group G of Z1(T, A) such th,at A' : GL. A, i's sai,d fo be strongly Cogalois i'f L : LLL

ttnrl A,L r.s u Cogalo'is group oJ Z1(l,A)'

I f  A is Cogalois,  then the Cogalois group G of Zr( l ,A) for which A: Gr

is uniqrrely deterrnined by 14, Corollarv 2.121, ancl wo say in this case that A is G-

Coqalois.

Lemma L.8, The t'ollctwi,n,g statrnnents o,r'e r:.ryti'ualert,t |or a ra,di,r:uL xt"bqrou'yt L o.l'1.

(1) A 'i,.s strcrLgLy Coqo,loi's.

(2) Ar i ,s o,  Kn,eser group of Z|(T.A).

Proo.f .  (2) ===+ ( i ) :  Since A isaradicaisubgroupof l ,  therecxists G < Zr( l ,A) such

t lrat  A -  GL, tr ' t tc l  so Arl  :  (Gr)rr  :  GL: A'  I f  G::  Ar is not a '  Cogalois group

of Zr(T,y'), then we are going to show that G is not Kneser. As G is not Cogalois, it

fe l lows by t lur Quasi-Prrr i ty Cri tcr ion (Theorern 1.4) t l rat  1,het 'e cxists p €P(l ,A)aP6

s r r r ; h t h : r t  L : G )  ( s r a . a r t d h c t t c e  u r l - r < 4 1  - G .  C o n s e c l t r c t l t i \ ' ,  t , , € e , l , t  g C i f

p + 4, and el ,  € utr  < G i f  p:4. By the Abstract Kneser Cri ter iot t  (Theorern 1.3)

r'vc dedtrce that G is uot Kneser.

(1) + (2):  This is tr iv ial  s inc<: any Cogalois group of Zr(T,A) is a, lso Kuescr.  n

2 Kummer groups of cocycles

Irr t;lris sr:ction wcr introcluce forrr l,ypes l{urnm,e'r (.trolt,:ps oJ'cor:'ur:k:s which :lrc the alr

strzlct group theoretic correspondi:nts of thc various t,ypcs of Ktttrtrrt<:r field cxtensions

st,urlicd in Galois Theor5' ancl Coga,lois f.'heory (see l:i]) a,rttl pt'or<:1,ha,1, atty of l,hcrrr is

a, Cogtr,lois group of cocycles.

Def in i t ions  2 .1 .  I ' r l  G <  Z ' ( l ,A) ,  r t ru l '  l r : f  n  €  N.

(1) G i,s sa,i,d, t,o br: o Classical tt,-l(ttttttnet'grotlp i 'f n,C : {0} rm,rl Afrr,l C At.'

tr
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(Z) G i ,s sa,d, to be ageneral ized n-Kummer group i f  nG: {0} and, AGtlnlc Ar.

(3) G i.s sar.d" to be ann-Kumnrer group with few cocycles if rtG: {0} and, AG'fu'l C

Al2l.

(4) G r.s sairl to be art n-quasi-Kummer group i,f nG: {0} and Alpl C Ar for euerg

P t  l ' r , '

We say that G is o ciassical Kurnrner group (resp. a generalized Kummer group,

Kurnrrrer group with few cocycles. quasi-Kummer group) i,f G is a classical m-Kummer

qrou,pt (resp. a general'ized m-Kn"mmer group. rn-Kummer group wi'th few cocycles, m-

qtt t t . .s i -Kumntct gtoup) for sotrL,:  /?) C N.

Observe that Al2l C {6,n) c AI' , and so, any n-Kummer group with few cocycles

is a generalized n-Kummer group. Clearly, any classical n-Kummer group is both a

gerreralizecl n-Kummer group aud an n-quasi-Kummer group.

Proposition 2.2. Angl Qeneral'tzed Kurn,m,er qrou,p and an.r1 quasi,-Kuntrner group I's

Coqal,ois. In parti,cular, &ny cl,ossical Kumrner group an,d any Kum,m,er qroup wi'th few
coc'Lt cles t s Coqalois.

ProoJ. Lat G < ZI(I,A). If G is a generalized Kurnrner group, then there exists

r r , € N  s u c h t h a t  n " G :  { 0 }  a n r t  A G t l r r ] . - A r - . I f  7 t e  P r : , t h e t c l e a r l y  p l n ' , a n d h e u c c

l"tlplc Act [rz] c ,4t', which shows t]rat the subgroup Ar of AG' is quasi 26r-pure.

iJy Tlreorern 1.4 we cieduce that G is a Cogalois group of Zr1f ,A1.
lf G is a rluasi-Kurnmer grollp) then there cxists rr, € N sur;It 1;hat rtG : {0} and

l lplq.z{r '  for cvcry p € P,, .  Olrserve that Pc; CP,, . ;  l terur;e Ac' l rp]g Alp) e Ar for

gvcry p €Pr:, t,hic[ shows t]rat the srrltgroup AI' of 7t{}r i, qlasi 26;-pure. Again by
' l ' l rcorcnr 1.4 wc clecluce that G is a C)ogalois gtortp ol  Z|( I- .A).  I

Corollary 2.3. La:t G < Zl(f./) ltr on,e ofu,ny ol' tJt,e lotn'tr1pr:s o,f Ku,rrt,rrr.e'r qrolrps

o| r:or:ycl,es r,n,troduced zn, Dr:t'irr'r'ti,on, 2.1. T'lr,en' tlt,e rrt,a,ps

(-)r ,11,(G) ---,- u,1r|ca; o"nrJ, G n (-)t :t1r|Cr) ---. [,(G)

n,r c l,o,tl;'ice an,ti,- i,s orn,or'1th,i,srns,

Prrn.f'. By Propositton 2.2, G
Dc{irrition 1.2, wc are donc.

i,n,uerse to ort,r: anoth,c:r'. n

i s  r r  Cuga lo is  g roup t tL '  Z1( f ,A) ,  a r rd  so .  accord i r rg  lo

n

Proposition 2.4. Lct G < Zr(l',A) br: a, Coqaloi,s qrort4t of hou"nded, order suclt, th,a,t,

,a[cxp(G)] e A"- . 'I'h.en G is a q'uasi,-[{u,mrrler qro'up.

P r o c t J .  S e t  r z : e x p ( G ) , a n c l l e t  y t € P , , .  T h e n  A l p l g A l n , l c 4 G j ' , a n c - l l i e n c e  e | l g

Act lrr) .Since G is a Cognlois grorr; i  of  Zr( l ,A),  Af is a quasi P6-pvrr:  subgroup of

AG' by T'hcorcrn 1.4; henccr AG' l t ]  c '41'  fbl  al l  1r € 2c. Sinixr n:  cxp(G), wc lravc
' P 6 ; : : 0 6 1 ) P : P r , .  C o t t s e t t l t t c t t l 1 . r , .  A l p l C A t  l o r  c \ / o t ' y  l ) € 2 r , , w i t i c h s h o w s t h a t  ( "

is arr  rr . -r1rra.si-Ktr tntncl  group. I
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Proposit ion 2.5. Any general i ,zed Kummer group G < Zr(t ,A) wi ' th,A[exp(G)] c

Act is a classr,cal Kummer group.

Proof.  Let n:  exp(G). Since nlrn, we have A[rz]  c Ac' f t" l  c AG'[^]  c Ar by

hypotheses. This shows that G is a classical rz-Kummer group. n

Remarks 2.6. (I) The result in Proposition2.4 is the abstract version of the following

field tlreoretic result: Any Galoi,s n"-bounded G-Cogaloi,s ertens'ion E lF i's an n-q'uas'i-

Kumrruer ertens,ion, cf. [3, Thm. 13.4.3]. Tlie condition A[n] C Act in Proposition

2.4 corresponds to the fact that the primitive rz-th of unity (, belongs to E, which

irr turn, is a consequence of tire fact that EIF is a Gtrlois cxtension. It is not clear

whether or not we can replace it by another conditiou, e.g., bY the following one: G i.s

a | -submod,uLe of Zr(1, A) (see also Coroilary 4.6).

(2) The satne question holds for Proposition 2.5,

[3, Thrn. 13.4.4]: Any Gal,ois gener-alized Kurtmer

ertension..

r.vhich is the abstract version of

er,terr,si,ort, 'is a classicu,l Kurrtrner
tr

3 A field theoretic <-+ abstract Cogalois Theory dictionary

11 this sectiol rve establish a, dictiouary relating the basic notions of the field theoretic

Cogalois Theoly to their corresponclertts in the group tlteoretic Abstract Cogalois The-

s11r; this lr-ill aliows us to recover in the next section sotne ntain results of the former

t,hcory frot'n the later ouc.

'I ' lrloirgfio1t this scc:tion {tlF deuo{,cs a fixccl Gtrlois cxtettsiott witir tl 'rc (profinite)

C;a1ois grulp | :: Gal(f) l\. Tl parl,icular, wc ci),tl ta,hc us O au algebraic scparnble

closurc frsep n1 the ba,se field F, in which casc I is the absolute Galois group of F.

Fe1 1pv noncrnpty sultset 5' C 0 we denote by 1r(S) tlte' sct of all roots of uuitv

coptaipcd in S, and fbr rz .-€ N, trr,, (S) wili denote the set of all n-th roots of unity

contiiirrecl in 5. If 0: F"'l ' artcl thc characteristic ChaL(tr) of F is p, then thc

rlultiplicative torsion group p(O) is isomorphic itt a ttou-cattotlical way to the additive

grorrp QIZ , t  7t :0,  rcs;r<rct ivcly to i ts srrbgt 'oup @06,py 1,,y(QlZ)(r t)  for p f  0,  whcre

@lZ)(q) denotes the q-priniafy corlrporlent of the torsioir Abclian group Q/2. Thus.

irr gencrirl. t[c group I 7 p,(O) is isorrlorphir: 1,o a Lrtricluely clcterrnined subgroup of

QfZ, arrd thc carionical action of I orr f) indrrces a cotrliuuor.ts action of the Profirtit,tl

l lrolr[) | ort the cliscrettt Al.lr:l ian tolsiotr grorrl> A.

Assigning to thc exact scquclt<:e of t,opologicallY discrete ]--rriodult:s

{1} -  A "---+ f)*  - ,  Q. lA - '  {L}

1,|c <xrrrr:sponcling exacf sr:qrxrrr<:cl of ct>horrtology grollps itt lott' dirtr-:tlsions

{1}  *  A I '  , ,  f ) * r ' - - - ,  (Q. l l t  - - ,  I [1 ( f , ,4 )  - - - - .  t l l ( f , f ) - ) ,
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where flt(f,ft*) : {t} bv the H'ilbert's
canonical epimorphisrn of Abelian torsion

ALBU

Theorem 90 (see e.g., [9]), we obtain the

groups

{ : f  @ l F )  " - - - .  Z \ ( l , A ) ,  r , n  ( o  e  |  , - -  ( o r ) r - r  e  A ) ,

whose kernel is F*, where

f ( A l F ) :  { r  €  0 .  l ( o r )  , - r  €  A , V  o  €  f  } :  { r  e  0 * l l n  €  N ,  z ' €  - F  } '

The quotient T(OlF)/F.. which is exactly the torsion subgroup of the quotient group

Q*lF*, is called in Cogalois Theory (see [3]) the Coqaloi,s group of the field extension
glF ancl is denoted by Cog(O/F). Thus, the epirnorphism y' induces a canonical

isomorphism

I : Cog(Qlf ) -:' 21 11, A7

(see also [2, Corollary I.2l or [3, Theorem 15.L2]), which identifies in a canonical way

thc subgroups G < Z'(1,,4) investigated in tire frame of Abstract Cogalois Theory

witlr the subgroups GlF" '.: p-I(G) < Cog(fl/f) investigated in the frame of field

tlieorctic Cogalois Theory. In particular, for every intertnedia,te field E of Qf F, the

rest,r ' ict ion of t f t  16 f@lF):T@lF) r . . ] t  induces an isomorphism frorn the torsion

gr"or lp Cog(E I  F) : :  T(E I  F) f  F. of  E* I  F* ot i to the subgroup f  $ of Zt ( l  , ,4),  where

I rt '.: Gal(QlE).

Tlre latticc n(Aln of all intermediate fields of the extension Qf F, the lattice

n"g(AlF)lF*) of :r1l subgroups of 7(0/F) iving over F*, the lattice [,(f) of all

cl<.isccl subgrorips of f, :rnd the lattice [-Qr(|,,a)) of all subgroups of Zl(f,A) are

lr:la,ted as showrt in the comntutative diagram below

L("(o/ i-) lF.) .r  n({) l  F)

t l

r-(zrT, A)) .IT 
i T-\

L \ r , /

wlrere the left vertical a,rrow is the lattice isornorphisrn induced by rf.,, the right vertical

a,rrow is the canonicai l:rttice anti-isomorphisrn E -, I n with iuverse A r--' Ea givctt

by the Funclanrental Thcorern of Infinite Galois Thcory, the horizout:rl top arrows a,re

t,lrr: sr-rp-sernila,t1;ictr rnorphisrn G e F(G) and the inf-setnilattice tnorphisrn E n--"

1'(ElF), while the horizontal bottom arrows ilrc thr: sup-sernilattice anti-morphism

G ,-- GL and the inf-sernilattice anti-nrorphisrn A *-' Ar defined in Section 0. Notc

that the commutativity of the diagram above follows at once from [2, Theoretn 1.8] or

[ :3 , ' l ' l r t .o lc rn  15 .1 .71
'I'hc uext rr:sul1, is esscrrti:rlly :r reformulal,ion of l,he corresponding results frcirrt [2]

or [13] involving thc latl,ices and ther rnaps above.
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Proposition 3.1. Let E be an'intermedr,ate f,eld of the gi,uen GaLor,s ertensi,on {lf F,

le t  lB :GaI (Q lE) ,  le t  A :  L t (Q) ,  le t  G €n-g(A lF) lF* ) ,  and le t  G: r l t (G) '  where

4.t is the canon'ical group epimorph'ism

$ : f  ( A l \  - ' - - - - ,  Z r ( l , A ) ,  r - ,  ( a  e  |  , - .  ( o r ) r - r  e  A ) ,

def,ned aboue. Then, the followi,ng statements hold.

(l) The ertens,ion EIF zs G-radi,cal i,f and only i,f the subgroup lB of I i,s G-r'adi,cal.

In partzcular, Ef F 'is a rad'ical ertens'ion (resp. a sr,mple radi.cal ertension) i,f and

only i.f lB i.s a radzcal subgrouyt (resp. a si'mple radical subgroup) of l.

(2) The ertens'ion EIF is G-Kneser i'f and only i'f the subgrortp ls of I i's G-

Kneser. In parti.cular, Ef F 'is a Kneser ertens'ion i'f and only i,f lB i's a Kn,eser

subgrou,p of l.

(3) The ertens'ion F(G)IF i's G-Kneser r,f and only i'f G i's a Kneser group of

2 1 ( t ,  A ) .

$) The ertenston EIF i.s G-Cogalois i,f and only i,f the subgroup le of I is cogo,l,oi,s.

In tlns case, G is th,e unzque Cogaloi's group of Z1(T,A) for whic*' ln: GL'

(l:) The ertens,ion F(G)IF is G-Cogaloi,s if and only if G zs a coqalois gToup of

Z T ( T .  A \ ,

(6) Tlte erte,ns,iorr E I F zs Cogctloi,s i,J and only if the subgrou'p | 9 oJ l r,s strongly

CctgaLoi,s.

PrutoJ'. (1) is a lcforrnulation of [2, Theorem 1.8] or [3, Theorenr 15.1.7].

(2) is a lcfot ' t r tulat ion of [2,  Corol l t rry 1.10 ( l ) ]  or [3,  Corol lary 15.1'8 ( l ) ] .

(4) is a reforrnulat ion of [2,  Coroi lary 1.10 (2)]  or ' [3,  Corol lary 15. i .8 (2)] .  The

rrrriqucrtess of G is assured by [4, Corollary 2-12].

(6) Denote fn:  T(tr lF) and H :  t / ' (H):  f# By (2),  the extension EIF ts

I H I - K n e s c r i f  a n d o n l y i f  l p : H L  - f $ t  a n d  l $  i s a K n e s e r g r o L l p  o f  Z t  ( f , A ) '  B y

Lenrma 1.8. this means precisely that fs is strongly-Cogalois. I

'fire connection between various types of Kummer field extensions aucl tlteir abstract

<xrrrespondents is given by the next rcsult.

Proposition 3.2. Let EIF be an arbitrary separable algebro,i,c: et:tr:'rtsi,rtn', Let {l '.:

F".,'r, l: Gal(0/F), A: p.(Q), and let rt €N be relattuely p'ri,rn,c utr,tlt, th,c r:ha,r'acter

i,sti,c erponent of F.
Tltert,, tlr,e erterr,si,on EIF r,s a, r:lass'iat,l n,-Kurnrner ertertsi,ort, (rcs1t. a, qut,a:rn,l'izt:rl,

n,-Kummer ertens,ion, an n-Kum,m,er ertens,io,n, wr,th, Jew roots oJ un.'i,t11, o,n, n,-q'uus?,-

I{u,mrn,r:r'et:tensi,on)i'farttLon,lyi,ftherr:rn:i' 'sl,,qtt'tl 'tt ' i 'r1u,cr:Lrt'ss,rcaltl '-Ktltrtlrt 't:r'qr.otl,1l('t ' 's1l'
a 'qt l ,n 'eru' I i ,zer]n '-Kumm,e,rgrour)1o'nn' .Ku"rr trr le ' r ,qro1Lplui | ) t ' , f .eucnr:11cl,r :s 'u, t t 'n ' -r1t t , r l , 's i ' -
I i tnrurt ,r : r  qtrnry) G, G < Zr( l ,A),  such, th 'r t ' t  l 'p: :  Gtt ' I (9lE):  Cr
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Proof. We may assume that .E C 0. Assume that EIF is a classical n-Kummer

extension. Then there exists agroup G e [ . (7(ElF) lF.)  such that E: F(G), G'e

F*, and Alnl :  LL,,(Q) c p.(F) C Ar.  Let G: ,r / (G) '  Then rzG :  {0},  and so G is

a classical n-Kummer group. By Proposition 3.1 (1) we have fs :: GaI(QlE): GL.

Now observe that G is Cogalois by Proposition 2.2, so the uniqueness of G follows

frorn Proposit ion 3.1 (4).
Conversely, assume that there exists a classical n-Kummer group G of Zr(l,A)

suclr tlrat Gal(Al E) : GL. If we denote G : 4,-L(G),then E : F(G) by Proposition

3.1 (1).  Since clear ly G':1and pr,( f)) :  Al t"r l  C Ar C F, we deduce that Ef F is a

classical rz-Kummer extension.
'lhe cases of generalized n-Kummer extensions, rt-Kunttner extensions with few

roots of unity, and n-quasi-Kurnrner extensions foilow in the same lnanner as above

from the following simple facts: Alnl : LL"(A) (in particular Al2] : {-1,1}) and

XGaI(a/L) : {r € p(1^2) I or : r) Va e Gal(O IL)} : SL(L) tor any intermediate {ield

tr of the given Gaiois extension 0/F. n

Remark 3.3. According to Proposition 3.2, all the types of Kutnmer groups of cocycles

de{i1ed in Section 2 are abstract versions of corresponding field extensions from the field

tfueoretic I(umrner Theory. So, the counterexarnples frorn the field theoretic Kummer
'Iheory provided in [3], converted into Kummer groups of cocycles via Proposition 3.2,

show that. except the obvious inciusions indicated just after Definition 2.1, no other

inclusions between these four types of Kummer groups of cocycles do exist.

4 Field theoretic via Abstract Cogalois Theory

' l 'he resrrlts of t,hc pLcrriorrs scction pcrrnit us to retricvc r:ttsily rnost of the results

o[' fic]d t,hcolr:tic Cogtrlois 'Iheory frorn [he bzrsic resrtlts of Altstr:rct Cogaiois Th<:ory

nrcrrtionecl in Section 1. M/e wiil i i lustrate this by presenting oniy three of thern.

Theorem 4.1. (Tno INITINITE KNpspn CRrrnRtoi . t  [5,  Theorem 2.1] or [3,  Theorem

11.1.5]) . Let Eltr be u"ry arb'itru,ryy sepa,m,hl'e, G-rad,ica,l ertensi'on. For angl pos'itiue.

i,rt,l;a:qc'r n,, l,et (,, € f,):: F"ttt de.n,otc o,prirn'it ' iue n,-th,root o.f uni,ty. Tlzen, th,e.foll,owzttq
, t . . ' . \ , ' 7 ' l . i .o ' t t . s  r r t , '  t ' r lu iuok : t  t  l .

(1) EIF is a G-Kne.ser ertensi ,on.

(2) C,, 6 Q 3 C, € F for euer31 orl,d, pri'rn,r: 7t, an,d 1 +(4 €G + Ct € It

Proof. We rnay assume tLrat E C 0. Set f :: Gal(O/F) and 4;: p.(O), ancl let

{  : : l@lF)  - - - ,  Z1( f  ,  / ) ,  t :  r+  (o  €  |  r -+  (o r )  t :  '  e  A) ,

lrc 1,hc ca,rronical group cpirnorphisrn clcfincrl irt l;lre bcgiuning of Section fJ. lflrcrr

y1I :  p(F) a,rrcl  2(f , -4) :  {pl2 octd pr ime or 4 sLrc}r that ( ,  /  F}.
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By assumption, B: F(G),  wi th F* < G < f(Aln.  Sett ing G' :  dr(G) < Zr( l ,A)
we have lB: Gr by Proposition 3.1 (1). Consequently, by Proposition 3.1" (3), the

extension El F is G-Kneser if and onlv if G is a Kneser subgroup of Zr(f,A).

F'or every odd prime p I Char(F), r, :: {(Cr) t Z'(l,A) is the coboundary

assigning to any o € | the p-th root of unitv (o(u)e;t € A[p]. Obviously, eo € G if

and only i f  (?,  € G. Observe t l iat  i f  p:  Char(F) > 2, then (n e A[p):  {1} c Ar -

Assume that Char( F) + 2. Since 1 - Ca € T(Al F), we can consider the continuous

cocycle ,b0 * Q) e Z1(t,,4), which by definition works as follows:

$ 0 - Q ) @ ) : o ( r - e D .  ( 1  * ( a ) - 1  :  ( 1  -  o ( , , ) . 0 - e D  1 ,  v o €  r .

Since for ant/ o € l, u'e have either o(4 : (a or oCt:  -(a,  we deduce that

oCs : -Cs,
oCt : C4.

Thus, ,lr0-Q) is nothing else tiran the rnuitiplicative version of the cocycle e!, defined

i1 Section 0 and appearing in tite sl,a,tcutent of thc Abstract Kneser Criterion (Theorem

1.3).  A simpie calcuiat ion shorvs that r / (1 *(r)  :  (r l ,Q- (n))- t  in the muit ipi icat ive

group Zr(1,,4), sc.r e',, e G 14 | f (4 e G. Obscrve that if Char(F) : 2, thert

C 4 € A l 4 l - { l }  c  A t ' .

To fi1ish the proof it rernains to applv Prol>ositiou 3.1 (3) anri the Abstract Kueser

Criterion (Tlteorern 1.3). tr

corollary 4.2. Let EIF be a sepa,r'able G-rudi,r:o,1, c.:rten,s,io'n (i,.t:., E: F(G) for

sorn,e F* < G < f@lF)). uhi.ch'is not G-Kn,eser. Assu,me that the ertertszon Ef F

i,s rrr,nt,irrra,l ui,tlr, resprzr:t to the propert'y not bein,rt G-Knr:ser', th,at, 'i,s, for a,ny proper

subq,ro,up G, o.f G, the et:tensiott, F(G')lF ,is G'-KrLeser'T-Lren, tlrc e:rtens'ion EIF i's

ctlr:l,,i,r: lutui,nrt e,iilt,r:r'thcjbrrn, E: F(Cr) tui,l)t,7.t I Char'(l;') o,n, otlrJ pr-I,rrl?. rr,untber o,nd

C, y' F, or th,e Jornt I'((1) 'uti.th Char(1'-) l2 ulr'd (a ( Ii '.

ProoJ'. With 0 - frs<:P, f. :urd,4 :rs a,bcivcr ,l,el, Ef l '- bc a sul;extetrsiort of 0/F satis-

fying the rnininrality condition frorn thr: stateuteut. Using the canonical group epimor-

ph  is r r r

{  :  T ( t l lF )  - " ' -  Z | ( f ,  A) ,  r , - .  (o  €  l -  r - *  (o r )  r - '  e  A) ,

as wel l  as Preposit iorr  3.1. we r leclucc thnt G: ' / (G) is a r t t i t t i r l t r l l  t t t i t t -Kttcscl 'grolU)

oI ' ,  Zl( f ,A) Accorcl ing ro 14, Lt :rruna 1.18],  i1,  fol lorvs that ei ther G: (epl -  z lpz

Ibr sorrrr: ocld prirne nrrrLrber 7t I Char(F) su<fi 1,iriit, (, / F, <tr G : (t't) '! 71'f4V",

witlr cirar(F) + 2 a.n<t (1 / F. consequen1,11,, G : r-((p) in thc fbrtner case a,ttd

6:1; '*(1 f  (a) in the lat t .cr ot ie.  The t 'cst th,  rrow fol iows cnsi lv.  I

l l.ernark 4.3. Ihc ittvclsc itnplical,iott irt C)ot'ollat')' i l ' l l rna'y liri l ' Ittclcecl' FG4)lF

is F.((a)-Cognlois, in particular Krreser, whcur:vcr char(F) f 2 anrl ca ( F. Also,

l9r' cvcry oricl pt'irnr: p. ii tlre r:lra,ra,ctt:t ' istit; cxlrottttttt, of F is leltrtivcly prime witlt

1t(yt - I), Cr, / F, aud (r-r € lr, t,ltt:n tltt:rtr c:xisl,s 0 e Il ,- tr(Ci srrch t,itttt E: F'(0)

arrrl 1il,-t € /t, t,l icrcfrilc IllF is trrr li '*({/)-Cogalois ex1;t:ttsicxt, itt pat't ' icrttl:r't Kneser. I

l 1

(  ( ,  i f
t , e - ( . r ) ( " )  : 1 1 "  i f
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Theorem 4.4. (Tue GPrupRal PuRIrv CRtreRtoll [1, Theorem 2.3] or [3, Theorem

l2.l.4l). The followi,ng assertions are equzualent for an arb'itrary separable G-radical

ertensi,on E f F.

(i) E lF r,s G-Cogaloi's.

( i i )  E I F  z s P 6 - p u r e ,  i ' . e ' ,  C p 6  p  a  C o e  E  f o r  e u e r y  P € P c : : P ' O a / p . '

proof. we may assume that E c 0 :: F""p. Set | :: Gal(f,t/F) and A :: p(Q).

Since Ef F is a G-radical extension, we have E: Fl(G) with F* < G < f(Aln' ff

6  p  { (G)  <  ZL(1 , ,4 ) ,  then lB : :  CaI (A lQ:  GL by  Propos i t ion  3 '1  ( I ) ,  so  E IF

is G-Cogalois if and only if G is a Cogalois subgroup of ZI (f , -4) by Proposition 3'1

(5).  Since lbr any p e Pa we have A'[p] :  t"p(F) and Ac' lpl :  Fo@), we deduce

tlrat the 26-purity of the extension E lF is equivalent to the quasi 26-purity of the

embedding 41 4 XGL. The result follows now at once bv applying Theorem 1.4' n

Theorem 4.5. (15, Theoretn 3.i2] or [3, Theorern 12.1.10]) . If EIF 'is an aLgebra'r'c se-

parable ertens'ion whi,ch zs szmultaneously G-Cogaloi.s andtn-Cogalo'is, then G: iHI. n

Proo,f. Apply [4, Corollary 2.I2) and Proposition 3.i (4). n

Corol lary 4.6. Let QIF be a Galoi 's ertens' ion, |  : :  Gal(OlF),  A = 1-t"(Q), and

Iet F* < G < f  (AIF) be such that E::  F(G) is a G-Cogalois ertension of F. I f

5; 7 {(G) < Z'(1, A), tlten, the folLowinq assert'ions are erluiualent.

(1) G is a l -submodule of Zr( l ,A),  2.e.,  r ' t  i 's  stable under the act i 'on of l .

(2) EIF ts o" Galor,s ertens'ion,.

( 3 )  o r e  E . f ' o r a l l o e l  a n r J : r r € G .

ProoJ. First, observe that f6 :: GaI@lE): GL by Proposition 3.1 (4). Now, by

[4, Coroilary 2,I4], G is a l-submodule of Zr(1,,4) if and oniy if Gr is a normal

srrbgroup of I if ar.rd only if E lF is a Galois exteusiou. tr
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