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A NONLINEAR EVOLUTION, EQUATION IN AN ORDERED

SPAiE. ARISING FROM KINETIC THEORY ., .

c. p. cRUUFELD 1'2

ABSTnACT. we investigate the cauchy pr-oblern fo| a nonlinear evolution equa-

tion, for.mulated itr an abstract Lebesgue space, as a generalizatiou of various

Boltzmann kinetic models. our main result provides sufficient conditions for

the existence, uniqueness, and positivity of global in time solutions' The proof

is based on ideas behincl a well-known monotonicity method, originally de-

veloped within the existence theory of the classical Boltzmann equation in

Ll. Our application exarnples concern Smoluchowski's coagulation equation,

a Povzner-like equation with dissipative collisions, and a Boltzrnann model

witli chernical reactions.

1.  I rurnooucr loN AND IToRMULATIoN oF TI{E PRoBLBM

In a couple of well-known papers in kinetic theory, Arkeryd [1] introduced a

nronotonicity netlioil (sqe alsci [2]) to solve the ful] initial value problem (i'v'p ) for

the space-holtlogeneous Boltzmann equation in -Ll. To this end, a priori estimates

(rnass alcl kiletic energy corlservatiorl) were cleverly used to replace the original

Boltzmall equation by au equivalent one, suilable for monotone iteration u'ith re-

spect to the rratural ot'der of 1,1-r'ea1. To handie Boltzmann coll ision opelators with

r-rnbounded integral ker.nels, Arkeryd introduced tnonotone sequences of collision-

Iike operators with bouncled kernels. This resulted into a convergent approximation

scheme, a,pplicable to operators sa,tisfying the so-cailed Povzner inequality [1]' [3] '

Arkeryd prot,ed the convergence of the scheme, by taking advantage of the mono-

tone co[rplete[ess of ,1, and applying conveniently the additivity of the trl-norm

or r  t l r c  pos i t i v c  co t r c  i t t  L l .

Thc a,bove line of reasoning ira,s proved applica,ble to other Boltzmann-like equa-

t,ions (sec, c.g., [a]-[S]). Hciwever, in the allse|rce of gcuera.l t 'esults, extending Ark-

er1,d'" nrolotolicity scireme to other models has nob lleen aiways straightforward'

I'clced, each ltodel has actually required a t'athel speci{ic anii,lysis' whele the con-

stluctiou of a suitable opera.tor allproxirnation' like in Arkervd's original argument'

scerns to be a. key issue.
Under these circumstances it is tempting to deveiop the idcas behind Arkeryd's

method within a more general framework, in view of further possible applications'

2000 Math'ema,tics Subjet:t CLassificaLzon'. 47J35, 34C20,47H07, 76P05' 80432'

Key uords and plrases. norrlinezrr evolution equatioll, abstract Lebesgue spacc, isotone o;l-

crator . ,  posi t ive scmigroul l ,  l lo l tzntann equa, l , ion,  I )ovzt t< l r  e<luat ior t ,  Snroluchorvski  coagulat ion

ec1 uation, d issi pati ve coll isions, cltetrl ically rczrcLitr g f I ours'
I InsLitutc of Space Sciences & Institute of Mathernatical Statistics and Applied Ma'thernatics

of thc Rotna.nian Aczxlenty, Ilucharcst,.

. - ? Pn.mrrnetrt address: Institute of Space Sciences, P O Box MC-23, Corrl Magulele' Ilfov'

RO-077125;,Rornania. . l l - rnai l :  grunfel<l@vcnus.uipne.ro;  g|unfelc l (Qi f in. r r ipne.ro.

" 'il



' i r ' , ' . '

C. P,  GRUNFELD

/(0) : fo e:{+ (t > 0), ( 1 . 1 )

lattice whose

l lv + all : l lgll + llr,l l @,tr' e Xa). ( 1 . 2 )

(We refer to Section 2 for useful terminology and facts from Banach lattice theory.)

In Eq. (I.l), Q+ and Q- are mappings defined from IR1 x D to X, for some

D c X such that DnX+ is dense in X1 (we adopt the convention lR1 :: [0,*)).
The following properties are assumed for Q+:
a) For a.e. t ) 0, the operators Q+(f, ') : D eX are positive (i.e., map D ) X1

into X1) and isotone (i.e., are order-preserving mappings).
b) The mappings R+ ) t * Qi(t,g(t)) € X4 are measurable for any Lebesgue

measurable function g: IR+ r-+ X that satisfi.es g(t) eD flXl a.e. on IR1.

An important special case of the above setting is the autonomous problem (i.e',

the terms Q+Q, f) : Q*U) do not depend explicit ly on time).
We recall that a function "f : R+ r-+ X is a strong soiution of Eq. (1.1), if it

is absolutely continuous on lR1, differentiable a.e. on IRa, satisfies Eq. (1.1) a.e.
on IR1, and verifies the initial condition. Equivalently, / is a strong solution of

Problem (1.1) if i t is solution of the integral equation

(1  3 )

where the integral is in the sense of Bochner.
\A/e are interested in the existence and uniqueness of positive (i.e., in X1) strong

solutions of Eq. (1.1), under additional hypotheses ((,4s)-(,43) in Section 3) whicli
abstract further properties of the Boltzrnann model considered in [1], and enables
us to extend Arkeryd's rnonotonicity techniques to our setting.

More precisely, as will be seen later ou, assumptions (Ao)-@s) guarantee some
dissipation (conservation) properties for Eq. (1.1) in the following sense: There
exisLs apositive, denselydefined, closed linearoperatorA: D(A) C X e X such
that, for any sufficiently regular positive solution f (t) e D(L') of Eq. (1.1), the
<luantitv l lA.f(r)l l  is dissipated (conserved), i.e., is decreasing (constant) in t, and

l ln ' f  t t l l l  is  local iy  bounded in t .  In  parb icular ,

l l^/(,) l l  < l ln/ol l  (,  > o) ( 1  4 )

The law of decrease of l ln/(r)l l  (formula (3.5) in Section 3) generalizes a priori
estimates introduced in [l j . In determining the behaviour of l lA2/(t)l l , a major
role appears to be played by an abstract version (formula (3.6) in Section 3) of the
Povzner inequality [1], [3j

We are also interested in the following problem in X, related to Eq. (1.1)

#.: o, + e(t, f), /(o) : fo € x+ (t > o),

f (t) : fo + 
fo' QQ, f Q\d.s (r > o),

( 1  5 )

with Q as in Eq. (1.1). Here A is the infinitesimal generatol of a Cs group of

lrositive linear isometries on X, which commutes with A.
Our main result,,Theorem 3.1 formulated in Section 3, provides sufficient con-

ditions for the existence and uniqueness of positive, strong solutions to problen
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(1.1). In the same section, Proposition 3.1 yields information on the dissipation
properties of Eq. (1.1) and additional moment-like estimations . Finaily Corollary
3.1 extends the results of Theorem 3.1 td the case of mild solutions (cf. Section 3)
of problem (1.5).

The proofs of Theorem 3.l and Proposition 3.1 are detailed in Section 4. This
is achieved within an abstract analysis. along the monotonicity ideas of [1], but
without appealing to an5' operator approximation as in Arkeryd's original argument.

Thus, the results obtained in [1] for the autonon]ous, conselvative example of
the Boltzmann equation ale extended to a more general, abstract framework. The
lattel includes both a.utononous and non-autonomous equations, as well as models
with dissipation (conselvation) properties, in the seuse discussed before.

Various models of the classical kinetic theory can be regarded as particularized
velsions of Eqs. (1.i) and (1.5). In this respect. besides the space-hornogeneous
Boltzmann equation considered in [1], and the Boltzmann-like models discussed
in [a]-[8], one can also meution the Povzner equation [3], the so-called generalized
Boitzmann equation [9] . and the Smoiuchowski's coagulation equation [10]-[11].
Other i l lustrations ma.r'cor.ne frorn quantum kinetics. AIso, some kinetic models of
appl ied sc ience [12]  can be re iated to (1. i )  and (1.5) .

In the above examples. Q+ and Q- ale usuallv the so-cailed gain (cre:rtion)
and loss (destruction) nonlinearr opelators of the considered rnodel, reslrcctively.
in general, A is lelahd to physical quantities specilic to each model. Folurula
(1.4). u'ith inequaiity (equality) sign, implies the dissipation (conservation) of those
cluzrntit ies. Fiuall l ' .  in sotrte cases, A is the so-callecl free-stloitnrittg opela.tot'.

Section 5 is der.oted to three basic applications: the continrrous Smoluchowski's
coagulatiori equation. a space-cle1:endeut Povzrrer'-l ike rnodel with clissil ' lative col-
iisions 17], and a generalizecl Boltzr-nann model ri,ith chemical reactions [6]. We
obtain impror,ed statenrcnts ancl simpli{icd ploofs to sornc known rosrrlts, as r.r 'cl l
a.s a. uni{ied vi6,11'-point. on the existence tlieory of global in lime solutions. In pzrr-
ticular^ Theolen'r 5.1 plor,ides the existence of strong solutions to the continuous
Snroluchowski's coagulatiorr urodel with geueral init ia,l dater., including both the case
of f inite and infinite init ial mass. Theorem 5.l seerns also to bringsorne novelty, as
it ploves the uniqueness of the above solutions rrnder rather general a,ssumptions
on the coagulation kernel (see (5.4) in Section 5). Similar results can bc stated
ftrl the discrete Smoluchon.ski coa.guiation equation. Frrrther', the lesrrlts obtained
fol t. lrc spact>cielrerldcr.rt Boltznianrr nrodcl l ' i t l i  r l issil>ativc <:oll isiorrs. cnu l>c easily
tlansclibeci to the space-homogeneous velsiou of the model (wli icl i ca,n be t 'egrir<led
also as an equa,liorl for glanular'f lows i13] , [t+]). The la,st alrplicatiorr of Sectiorr
5 proves a rnore genelal velsion of an ea.r'liel result [6] on the Boltzrnartu equation
rvitir cher.nic:rl leactions.

Altliougli our r.r'ork lefers only to tire C:i,uchy problern, rrrixed 1l'oblents <;ait be
also c;onsidered, under suitable monotonicity conditions.

2.  PRt i t , t , l t t r ' -antns

\\t lrogiu u'it lr some.telnrinokrglr zurd far:t,s lr: latr..<l t,o Ba.na<:lr Ia.tt, i<xrs l l5]. If 6].
As rrri: irt iouecl in Int,r 'oclrrction, the frarue of our analysis is n sepa,rablc AL-spa,ca

X wi th r ro l r r r  l l . l l .  o ldcr ' ( .  a , r rd posi t i r re <:one X4.  R.e la, tec l  1,o thc ot 'c lcr  of  X,  w<:
slrall also use the standa.rcl notations (o > lt.)<+(h { 4), as well as (g < lt)<+(h. >
g)++kl  (  / r  and g I  h)  In  addi t ion,  fo l  any g e X,  we ck:note lo l : :  31a 1 .c1- ,
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wlrere ga :: gY 0 and.g- ,: (-g) V0. Examples of A,L-spaces are -Ll-real and

the real subspace of self-adjoint trace-class operators (wiLh trace norm). Actually,

according to Kakutani's [heorem (see, e.g., [15]), every AL-space is isometrically

isomorl:hic (a,s an ordered vector space) to a space of type ,L1' A-L-spaces are

nt"onotone complete, in Lhe sense that any increasing (i.e., directed () norm-bounded

fanrily convefges. The norm of an A-L-space is order continuous, i.e., any directed )

fiiters tlrat corlverges to 0 is also norm collvergent to 0. A map | : 2(f) C X n X,

n ' i t l r D ( f ) n X + l A , i s c a l l e d p o s ' i t ' i u e ( s t r i c t l y p o s i ' t i u e ) i f 0 < f 9 f o r 0 ( g e D ( l )
( i f  0  <  f . g fo r0  <g  €D( f ) ) .  Fu r the r ,  f  :D ( f )  C  X r -  X  i sca l l ed ' i so tone  ( s t r i c t l y

zsot.one) if fg < fl i , whetiever g l l ' t '  ( if f.q < f/z, whenever g < h), g,lL e D(l).

Obviouslr', i f f : D(f) C X r'+ X is isotone, 0 e 2(l) and 0 < l(0), then f is

positive.
HeLe, u'e introduce t.,r'o tttoLe definitions:
A subset M c X is callecl p-satn'r 'ated (positively saturated) if M o X+ I A,

arrd fi 'orrr 0 < 9 < lr € M,it follows that g € M.
Arr olrerator. | : D(f) C X * X is o-closed (closed with respect to the order)

if fol any increasing sequence tg,,) c 2(f) such ti iat {9',} is increasing and cou-

r-elgent (in symbols, l) to sonle g, and {19,'} is Cauchy, one has I € D(f) and

lirrr,,*- 1g,,.: fg. Clearlr ', any closed mapping is also o-closed.

Concerning the integlation of X-valued real functious, we recali the follou'ing

plo l )e l ' t \ ' (see,  e.g. ,  [17]  ) :  Lct  f  :2( f )  C X r ' -  X be a c losecl  l ineal  o i rerator .  I f  / r

is a Bochrrer integrable ful)cf i()n clelinecl oll solrle tnetrsurable set S € R, with valucs

in D(f ). arrcl f/r is Bochnel itttcg-t 'alt le, theu

I r
f  

, f  ̂h ( s ) r t s :  /  
fA (s )d .s  (2  r )

\\ 'e fult lrcl uclte tha{. as -Y is arr .rlf-spacc. if /r : R * X+ is Bocltt let' i trtcglablc.

thcu p lopct  t r '  (1 .2)  g i r ,es

(2 .2 )

fc;r ' anr- neasrrlal-rle set. S of R. thc irrtegr':rl being iu thc setise of L<:bcsgue's integral.

\cxt. u-<: r 'ccall that it positire C0 se,nliqroltp <tn X is a. C0 setuigtoup of posit, ive

l incal  opr : r 'a torr i  ou X.  I f  { .5 ' } r2,  is  a posi t ive Cs scni ig loup otr  X,  t l ien i ts  in f in i -

fcsirual g.'elrcfatol G is rlcnselr'<leiirred a,n<i closcd (a,s the in{initesimal gcnera,tot of
a C'0 scrr ig l 'o t rp) .  i l lo t . ,ovt ' t .  Ci r  is  c lcnst ' I1 ,  dt t f i r rc t l  aud c losecl ,  k :  :2 ,3, . . . .

Arl<lit ional plopertit:s are stated in tl 're follon'ing lenima,
Lct  1 dcnotc the ic leut i t r -ou X.  Set  Di (G) : :  np,D(G*)  n X*.

Le rn rna  2 .L .  o )  T l t , e , . se i sD(Gu)aX ; - ,  k  - I , 2 , . . . ,  andDT(C)  a re  dense  i , n  X1 .
b) Su,ltposc: l,lt.o,t, t.h,are i,s ,gorrtt: rt.unt,berl ) 0 su,ch, th,o"t

( ( i  -  ^ , [ ) q  < 0  k t  e  D ( G )  n X + ) ( 2 . 3 )

n , z ' l .  r  ^  r .  I' I  
l t " n  t  ) ( ( " '  )  a  . \  ,  .  I '  l .  l .

/ 1 ! : - . \ 1 .

uttrl, Df (G) o,rr: p-su,tu,ra,ted,. AIorenuer', t'or artry

0 :  ,5 '1 / r  _-< r :xp(-  1f  ) / r  ( t  )  0) , ( 2  4 )

ii1.,,,",r'll : 1"t,,{4il0,

anrl, onr: cart t'in,d, an. i.rt,u'cositt(t sullle'nlc {/r,, } c Dl , su,clt, th.at. h,,,. I lt. a.s ??. --+ oo.
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Proof. a) We simply apply Gelfand's construction (see [tZ]: p. 308), and approxi-

mate any h € X1, by a, sequence lL," - h as n -+ oo, where

DTG) ) i , ,  : :  n 
lo vQtt)Sthd' t  (n :  1,2, . . . ) (2 .5 )

for sorne e € Cf (0,oo;R+) sa.tisfying
r x

I P(t')at' : r'
,JO

ll) \\-e shori' bf inclui:tiou tlrtrt
Let  0 < g < l t ,€D(G)nX1 and r r  € Nsuf f ic ieut ly large.  Recal l  that  { ,S ' } , to  is

positive, and obselve that (-G) ls positive, by (2.3). Then clearly,

4r t  
' . :  t r / -  

" "p1- , ,  
t )St  gd, t  :  n(n l  *  G)- 'g  € D(G) o X+, (2  6)

and tl ie sequerlce {g,,} is incleasiug. Corrsequentl>', {-GS"} is also positive and

incleasing. Since {-G9,,} is trorur-bounded by l lGhll, i t foilori 's that {G9,,} is

convergent, by the nlonotone conrpleteness of X. On the other ltaud, (2.6) implies

Iinr,,*- gtt : g, hence g € D(G). because G is ciosed.
Non-a stra.ightfoln'arcl induction, ayrplf ing tl ie ltosit ivit l 'of (-G), shon's tha.t.

D(Gu) is p-sattu'ated for all k (ltence. DTG) is also p-satrn'atecl).

To plove (2.4). note that if the nuuiber'1r ) 0 is sufl iciently large, then br'(2.3).

( y . I - G ) - ' 4 . ( t , + i , ) - ' l r  ( / r e X n ) .  Q 7 )

\or i ' t 'e  get  (2.4) .  apph- ing (2.7)  in  t l ie  f r : r 'nru la (see [17] :  p .  351.  Rtr la t ion (Ee))

sr / r  :  ,L i rn  f l tN ,  G)  ' l ^ / , ,  l t t  e  X ,  t  >  o ) .
A - X  I  I

Tb r.onstnrct a se(lueuce {1r,,} as statecl in b), l 'c apply a standald argtl l}rcltt

crf corrvelgence r.i ' i th t 'egulatot': Stalt ing with 
{/r,, } 

a rT as i ir (2.5), we choose

'  ( i  )  , u .h  t t r a r  1 i / ,  -  / , , , , l l  - 2 - ' ,  i  -  r , 2 , . . .  Nox t .  de f i ' e  / r , ,  : :i r  s u r ) s ( ' ( l u c i l ( ' e  
t / l f  ,  J  t l  , l l

i r r f ;> , ,  I , , , .  Then (2 .4 )  imp l ies  0  (  / r , ,  {T . , ,  {  / r  fo r  a l l  r t  :  1 .2 , . . . .  Ev ider l t l y ,
the sequence {/1,,} is incleasiug aucl noril-bounded by lli l l l. Tlten by tire tnotlototte
( 'onll) letelless of X. t l iere is /r ' g -Y sut:h that h,, / l t '  zls ?1. + oo. Since Df, is

'  ( :  
)  c  pf  i t  fb l lou 's  that .  a lso { / , , , }  c  Di . ' lo  concl r rde t l reI  ) - sA t l l | i l t . ' r l  ; r . t t r  I  

t  
/ t , r ,  

)  ,

lcrrttria. it is sufficicnt to pt'ove tltar /21 : h" since clcarll ' lt ' ' I lt, lvc ueed ottly

slron' t l iat  l r . t  )  l t .  Tcr this encl .  oirserve that z : . --  Di l , ln_ i , , ,1 a - ,  bccattse

lln - 1,,,.l l < z-t. Conseqrrenti),. fol any nurnbel e > 0, thcre is 1/. e N such that if
i l  ' ' i l  -

z ) A;., then /r -Tr,,, lez. Tlielefole, h,' ) h-ez forally € > 0, so that lt '  ) l t. tr

Finalh.. r.elatcrl to Eq. (1.1) l 'e considcr t l ie following "tl issil>ativit1," ltropt'tt\ ' .
Le,r M be a subset otD a Xa cletrse in Xa.

Defirrit ion 2.1,. .4 cLosc:d positrra l itrtrtr olxtt 'alrtr f :2(l-) C X * X is c:tt,Llr:d o,f

t.qpe D on. M (with respect to Er1. (t.1)) i,.f M cD(f), Q+(t,M) c D(f) (1.e. o?L

IR1. nrrd ,for o,n,y I € M.

0 < a( , , .q ; r ,Q)  , :  l l r rT- i t ,e l l l  l l r rT+1i ' .q) l l  ( t  >  0  a.e. ) ,  (2 'B)
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If f is of type D on M, then the following property can be easily established:

Lemma 2.2. Suppose that go, g(t) ,  h(t)  e M, t  > 0 a'e ' ,  with Q+(' ,h( ' )) '
fQf ( . ,h(.))  e rL"(R*; Xa),  and

f t

s(t) S so * 
Jo 

Q(s, h(s))ds (t > 0)

Then

l { rg( t ) l l  + / '11r,  /z( .s) ; r ,  Q)ds s l l fcol l  ( t  > 0).
.to

Iv[oreouer. (2.10) hotds with eqrt'aLity si,gn.for an'y t ) 0, prou'ided that

equality in (2.9) for all t ) 0.

Proof. As I is positive, obviously, fg(t) 'fgs,f8+(,, h(t)) € X1' Heuce, appiying

f  to  (2.9)  and using (2.1) ,  we obta in

t't l t
0 < re(t) + 

Jo rc- (s, A(s))ds < rgc' + .lo 
rO*G,lt'(s))ds

Then, b1' propert-r ' (1.2),

y t t  l l  , ,  l l r t
i l fg(r)i l  " l l / 

ro-(s,h(s))dsll S l lfsoll + 
l l / 

ra+(s,

rvli ich inrplies irnmediatelv (2.10). by virtue <;f (2.2) and (2'8)'

A similal argument shows tl iat if thele is equality in (2'9)'

(2.10) also holds tlue q'ith equalitr-sign for any t ) 0.

3. N4nlru RBSULT

\\:e {irst complete the setting of Eq. (1.1) with additional hypotheses. In par-

ticglar'. ri-e intr.ocluce ip a. pt'ecise nla.llnef the operatol A, tnetltiotied in the first

sectron.
Specificallr-. we assuule that t l iere exists a l inear operator A : D(L) C X r- X,

i i ' i t l i  2 (A )  C  D  aDc l  Q* ( t .D (Lk )  nX+)  cD(Lk - t ) ,  t  >  0  a , . e . ,  k  -2 .3 ,  such  tha t :

(-40) The operator (-A) is the infinitesirnal generator of a C0 senrigroup of pos-

if irr ' l inear.operatofs on X. and the|e is a. rnttnber trO > 0 srrch Lhat

( A  - ) 0 1 ) 4  ) 0  ( r t  e  D ( L ) . X + ) .

( .41)  FoL a .o .  t  )  0 .

L ( t ,  d : :  A( r .  s :1 r ,Q)  >  o  (s  e  D( l r2 )  o  X+) ,

arrd the map D(A2) n X+ f  q + L( t ,s)  € R+ is  isotone.

(,42) Tlier.e exists a non-decleasil lg collvex function o:lR1 r+ R1 srrcl.r that

a( l lu \e l i )A.r /  -  Q-( t .  s)  >-  0.  ( r t  e  D(L)  i  X* ,  t  )  r t ' .e . ) .  (3 3)

a r rd  f o l  a .e .  I  )  0 ,  t he  t nap  D(A)  n  X+  )  g ' .  o ( l lAg l l )Ag  -  Q - ( t , g )  €  X

is isotot te.
( .4; ; )  Thcrc cx is ts  a i ion-decleasing funct ion p: lR+ r -  I IR1,  and therc is  a ' t t

o l ) c l a to f  , , \ 1  :D (A1 )c  X  *  X  o l ' t vpe  D  o r l  D (A2 )  nX1  such  t i r a , t

-A,(t,  g: L2,Q) < p(l lArgl l) l lzt 'z.sl l  fu e D(tvr) t  xn, t  > 0 a.e.) '  (3 4)

(2.s)

(2 .10)

there is

(r > 0). (2,rr)

lbl all I ) 0. therr
n

/,(r) ),1, ll ,

( 3 . 1 )

(s 2)
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.rWle assume that for a:e.'fi ').0, the operators Q'(t,.) are,o-closed and their .'.,
cor)lnlon dornairr 2 is p-saturated.

At this point, some remarks are in order.
By Lemma:2;1a) and assumption (A0). it foltrows that D(/tk) fl X+, k : L,2....,

and Df :: Df (A) ale p-satulated and dense in Xa. Obviously, (3.1) shows that
A is positive. Thus invoking (3.2). lve get that A is an operator of type,D on
D(L\ o X1, and this has the following important consequence' 'ir'r:

If a positive solution / of Eq. (1.3) is sufficiently reguiar, i.e., if /(t) € D(Lz),
r  )  0 .  a .e . .  a l ld  i f  Q+(  . i (  ) ) .48+(  . . f (  ) )  e  t r t (R* ;X1) .  then by  (2 .10) ,  app l ied
n' i th equal i t l 's ign,

(3 .5 )

This shons that l lA/(r)l l  is decreasing in time and satisfies (1.4), as mentioned in
Sec t i on  1 .  I n  pa r t i cu la r ' ,  i f  L ( t , g ) : 0  f o r  a I I g  e  D (L ' )  iX * ,  I  )  0  a , . e . ,  t hen

iiA/(f )l l  is couselved fol all t > 0.
Folnruia (3.5) is essential in our anall 'sis. as a generalization of a pliot' i  estinates

int loduced in [1]  and [5] - [B] .
Next. obselve that inequalitl. (3.4) is of the fbrni

-L( t ,g ; r .  Q)  < pr( l lAr . , / l l )  l l rs l l  k t  e  Mr,  t  >  0 a.e. )^  (3  6)

n'here' f : 2(l) C X e X is some l>ositive l inea,r olrerirtor', aud Mt C D(f) n
D0\2\  o X1 is  such that  Q!( t .Mr)  c  D(f ) .  t  )  0  a.e. .  rv l i i le  pp :  IR1 r+ f t *  ig
some non-decreasiug functiou.

Foluiula (3.6) can be legaldecl as an abstlact colresponclent to the Povzuel
i lequal i t l ' [1 ] . [3 ] ,  aud p lavs a kev lo ie in  exte l rc l ing the a lgurnent  of  [1 ]  to  our
auall-sis.

Here. it should be enil>hasized tl iat the airrive set,t ing docs not exciude the case
.'\1 : I r i 'hen. obvious]v. sorre of the above conditions become redundaut.

Unclel I 'n'potheses (10)-(A.,), \\ 'e can uon' sta,te our tltr iu result:

Theorern 3.1. Let. either of the .foLloLuing two sets o.f conditions be .fu.ffilLed:
n)  Q+( .DT)  .  DT  t  )  0  n .e . .  AaQ+( . .DT)  . I / " . 1R* ;  X+) .  k  :  r , 2 , . . . .  I n

l t roblcnt  (1 .1 ) .  . f  o  C D(L2)  .  X t  .
b) Thr: olterut.ors Q+ do n.ot depend et:pLir:i.t,l,'y on t. ht. probLern, (1.1), .fo €

D(. \ : r )  n  X+.
Thert tlt.et'e. et:i,sts rt. tuti,qtLe posi,tiue strong soLu.ti.on. of t.h.t: i..u.p. (1.1) snch tlt,rt't'

.f (t) € D(L\ .for o,n.y t, ) 0. o.nd, llAt f( )ll is loco,lLy bou,rtcLcd, orz lRl.
)[orr:otet'. f .L.f € C(Ra: Xa). Rrrthuntore. .f sati,s.ftes Eq. (3.5) an,d

l l^ ' . i  ( ,) l l  < exp(p(l iAl. iol l )r)  l l^ ' /ol l  ( ,  > o) (3 .7 )

The llloof of tlte above result vvill be girren in the next section. Het'e we ouly

lenrat'k that Theolem 3.la) is also applicable to lhe aut.onomous case) but, clea,r' lv,
its cronrlit ions ale clif{eleut, f i 'our bhose of Tlieorem i}.1b).

Thc fbllori ' ing pt'opositiou vields acldit ional uscfrrl estinrates fbl the soiutions of

E11.  (1.1) .  Rl r  s inrp l i<: i t1 ' .  r i 'e  lcnra in in  t lur  r :on<l i f ior rs  of  T l teot 'nm3.1a) .  Hou,cr t<t t ' .
sinri lal lesults ale valicl ' , ihcu Theoreiri3.lb) l iolds, as catr be secn by inspecting the
ploof o1' the ploposition, giveu iu Section 4.

.Assurne that, | :D(T) C X t- X is a cl<is<:ci, 1>ositive l iucat'oPerator. Let./ btr
a solution of Ploblem (1.1). pLoviclecl by Tlicorem 3.l:r).

l l^/(r) l l  + 
fo'  \ , , / (s))ds :  l ln/ol l  ( f  > 0)
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Proposition 3.1. a) Suppose thatl i's of type D onDf . Then f (t) € D(f), t > 0,
and

l lf/(r)ll < l[/oll (r > o). (3 8)
b) Suppose thatl and pr are as i'n (3.6), wi'th Mr)-DT. Then f(t) €D(l),

t ) 0 ,  a n d
l l r / ( r ) l l  < exp(pp( l lAr/ol l ) t )  l l r /o l l  ( t  > 0) (3.e)

It should lte pointed out here. that in applications, the choice of A and A1 ma/

be not unique. In sotle cases. the lole of A1 and I may be played by suitabie

po\rels of A, u'hile, in otirer exantpies, A: Ar : | (see Section 5).

Theorem 3.l has an immediate noticea,ble consequence, in the following situation:

Consider Eq. (1.5) and let {U'},.m be the C6 group of positive i inear isometries

on X, genel'ated by A.
We recall that any strong solution of Eq. (1.5) satisfies

( 3 . 1 0 )

but the collr€fse is uot geueralh'true.

\Ve say that / e C(R1;X1) is a mild solution of Eq. (1.5) if i t satis{ies Eq.

(3.10) .  I f  /  is  a solut ion of  (3.10) .  then set t ing F( t )  : -  U- ' f  ( t )  in  (3.10) .  lve get

F(r) :  . f ,  + f ' '  Q1,(s. F(.s))ds (t > o),
.Jo

hence, lx, dif l 'erentiat ion,

rl
- r  :  Qu( t ,  F)  :  Qt , ( t ,  F)  -  Qa( t .  F) .  F(0)  -  , f , , ,  ( r  >  0 r t . r : . )  (3 .11)

r i ' l rc lc  Q1' (1. . )  : :  L- - tQ( f  ,  [ /1 . )  anc l  0 i t t .  t  : :  U- t ( )+( t ,u ' ' ) .
Su1;pose th:rt UID(A) : D(L) ancl Urr\ : lv(lt on D(A) fot errctv t > 0. Sirni-

la l ly .  assurnethat  ( . t tD(  l ) :  D(11)  and U'A1 -  / \ rU '  c- ,n D(41)  for  a l l  c  > 0.

Nou' Qf and Q1- are r.vell definecl as maps fi'om lR1 x D(A) to X. the last equatioir

is of thc folm (1.1). and we can state the foliori ' ing consequcncc of Theorem 3.1a):

Co ro l l a r y  3 .1 .  Le t  Q+  ( t . ,DT)  c  D f  ,  t  )>  0  o , . e  . .  AaQ+( . ,  u ' i l  e  I / , , . (R+ ;  X+ )

. for  at t .  g  € Df  .  k  :  1 ,2, . . . . .  Sul tpose th,at  fs  e D( l \21o X1 LI t  Eq.  ( t .5) .  Th,en '

Problr:rn (1.5) hns o, u,niqu,e posittrc mili,,sol,u,ti.ort .f su"ch tltat .f (t) € D(1\') .for
r t , rn1 t  )  t l  or rd l lA2. / ( . ) l l  i ,s  l ,ocaLtu botr .nrLr i l ,  or r  R1.  A, [nrrxxt r ; r ,  . t .L . f  e  C( lR1;X1).
Fttrtltet'rn.orr:. .f satisfir:s Eq. (3 5) and i,nr4uo,Li.ty (,'l 7)

Pr t ,o/ .  Note l i ls t  that  UtD(Lk) :  D(Aa) and [J t lv^ 'q :  L t 'U 'g lb l  a l l  . r7  € D(Lk) ,
1 e R,  k  :  1 ,2, . . . . .  In  l rar t icu lar .  UtD!  -  D! ,  fo l  a l l  ,  e  R.  These and the
commutation plopelties of [/r ri ' i th A1 impll '  that the opelators Q] satisfy thc
genela.l conclit ions (domain conditions, mcasulabil ity, isotonicitt ' . o-closedncss, and
p-salulation) iLnl>osed orr Q* l l 'Theolem li, ia). Further', i t is stlaight{<rrwald t<-r
checl< that t l ic conclit ions of (,4s)-(,43) for l l ie t l iplet (4, Q, cr,) alc also satisfietl
l ry  (A,  ( )u,  a) .  I t rc leed,  i f  a  e D(, \2)  n X*,  then A(1,  91l \ ,Qrr)  :  A( l .Utq)  anr)
L ( t , 9 :  A r . Q r ' )  :  A ( f  ,  U ' g ; I v t , Q ) . t  >  0  a . c .  ] \ [ o l e r x ' e r ' .

o,| l l rq l l )Arr  -  aa ( t .  t i  :  u- t  k t l l , tu ' .n11 ) l tu '  g -  ( ) -  ( t ,U'  d)  e e 'D(L).  x+
fcr r  i i . r : .  I  >  0.  F inal ly ,  by inequal i t r ' (3 .a) .  r l ' r :  gct

- L(t, s: tv2, Q u) : -a(r, Ut s: Ir2 . e) < p (ll n, v's ll ) l l tt ' u' r,l l : p ( l i A,.qll ) l l n'.q ll

. f  ( t)  :  u ' fo + 
lo'  

, ' - 'o[r , . /(s))ds (,  > o)
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nfor  a l l  g  €D(L3)  f fX*;  f  )  0  a.e.

A correspondent to Proposition 3.1, applicable to Corollary 3.1, can be readily

obtained. The modifications in the reformulation of the proposition are obvious

and include additional hypotheses for the commutation of Ut with f and f,.
\Aie end this section with a few considerations, providing an insight into the

algument of Theolem 3.1, and explaining the role of assumptions (,46)-(A3).

Being intelested in the existence of strong positive solutions of Eq. (1.1), we

ri'ouid like to soive lhe equation by iteration. Unfortunately, this cannot be directly

clole, [eca.use of the form of Q. However, we can start from an equivaleut problen-r,

inspired from [1], as follows:
Fomrula (3.5) iniplies that any strong positive solution of Eq. (1.1) (in the

legularity class for which (3.5) is valid) is also a solution to the problem

tl

f r . f  +ot l l t r fo l l )A/ :  B( t , f  , f ) ,  / (0)  :  . foex+ ( t  >0)

Hele a is as in (A2), and B is forrnally defined by

( 3 . 1 2 )

( 3 . 1 5 )

itela,tiorr. Incleed. trs
positivc attcl isotottct

B ( t . u . l t )  : -  Q ( t , s ( t ) ) l y g ( t ) ,  ( t > 0  a . e . )

( 3 . 1 3  )

f o |  a l l . q ( t )  €  2 (A ) rX1  and  t r ( t )  e  D (1 r2 )nX+  w i th  AQ+( ' , l r ( ' ) )  e  , i , . (R+ ;X+) .

Corrverselr'. anr-positive strong sohrtiou of Problem (3.12) is a solution of E<1.

( l  .  I  ) .  1- ' r 'ov i r led t l ra t  i r  sat is{ ies (3.5) .

Frr r r l rer . .  br . ( .4e)  and Lenma 2.1b) ,  the operator  L:  -a( l l l t f ' f l )A is  the in f i t t i -

tesinral generator of a. C6 positirre semigrotlp {Vt},r0, arrcl

0  <  I , ' t  h  <  exp ( -n ( l lA /0 l l ) ) 0 t ) / J  <  / t  ( h  €  X1 ) .  ( 3 .11 )

Then.  anr-solut ion of  Eq.  (3.12)  is  a lso a,solut ion of  t l ie  mi ld problem

f (t) : v'fo +

thc integlal being in the seuse of Bochrtet'.

TIrc l: ist eqttatioti pt'eseuts sotne advautages fol tnotlotone

r t i l l  a11rcal  la ter ' .  g  r -  B( t , r7,  / r )  a , t rd l t  ' -  B( t ,9 ,  / r )  c lc l i r ro

rnaplr i r rgs.  Then.  as {7 ' } , tu  is  posi t ive,  the i terat ion

/ , ( r )  :  o ,  . fz ( t ) :y ' .1 , , ,

f  " ( t )  
:  v ' . fo  1-  

Jo 
v ' . - 'n{s ,  f , , -1 ,  f . -z)ds (n :  3 ,4, . . . )  (3 .16)

is  l los i t  ivc arrc l  iu< r 'cas iug.
Recall lori '  l l iat X is ir iouotone complete. Theti to show Lhri, l, t l te se<lttcnrr<l

{./,,(t)} is convelgent, it is sufficient to 1>r'ove that it is uot'm-bouncled. To this en<l.

on( , ( ,an hopef i r l l r -use the d iss i l :a . t ion pr t>pe| ty  ( i i .2) .  T l ie  l imi t  / - ( f )  o f  { . f " ( t ) }  is

e rx l r cc t cc l  t osa t i s f i ' ( 3 .15 ) , i . e . , t o l ; eam i l dso lu t i ono f  Eq .  (3 .12 ) .  N4o leove r ' , uuc le r '

sl ital;|c rcgula,r' i t1-conditions on.f0, one ca,n actua]ly l ir id that; l.(f ) is a,lso tr strotrg

so lu t i ono f  Eq .  (3 .12 ) .  F ina l l y , t oshowtha t . / - ( l )  i sas t ro r rgso lu t i ono f  I t <1 .  (1 .1 ) .

one neccls only plorre tha,t it satisfies Eq. (3.5). To this eu<I, onc ca,n usc (3.4).

+, (t tncft l t t  *  
f ,  

A(s, h(s))ds)

fo' 
v'-" n{r,.f , f),t,, ,
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' ,  4 i f  Pnoops op TnpoRpvt  3.1 RNo PRoposl t lo i . t '3 .1

The main difficulty behind tlie argument of Theorem 3.1 comes from the nonlin-

ear and singular nature of Qf . Thus, before studying the convergence of the itera-

tiol (3.16), we'need a rathet' ca.reful domain compatibility and regularity analysis,

to ensule the consistency of the iteration (3.16). To this end, we first investigate

tl 're plol:erties of Q+ and of t lte operator B forrrrally dcfined in (3.13).

We stalt rvith some simple inequalities.
LeL g e D(L') o X+. Tlien (3.1) gives

/ 4  I \

In  ac ld i t ion,  a,ppiy ing (3.1)  to  Q+(t ,g) ,  us ing (3.2) ,  (3.3) ,  and again (3.1) ,  we get

l l8*(r ,e) l l  s, to i  l lnS*(, ,c) l l  <,r ; '  l ln0-(t 'g) l l
(  a( l lAe l l )16- ' l ln 'g l l  <  o(^ t1  l ln 's l l ) r ; '  l ln 's l l  ( t  >  0  a.e. ) .

\otice the fcrl lou,ing obviotts consequences of (J.1) and (4.2).

Remark  4 .L .  Qx f t , 0 )  : 0  and  A , ( t ,O )  :  O  n .e .  on  IR1 .

Let Ao :: 1.

Remark 4.2. If.9:lR+ *.\* i,.s m"easu,rabLe, wi,th g(t) e D(1r2), t > 0, a.e'., rtn'd'

l ln t .q l l  .  , f ' " (R+).  t l rcr t  s .  Au- t . , / ,  and l tkQ+( ' ,s( ' ) )  are en t r f " (R1;  X+),  k :  0 '  1 .

The next t 'esult trtakcs pt'e<'isc the ruonotcltt icitr '  pt'opelties of B.

Lernnra 4.L. Let g;.h;. i :1.2. satis.fu th'e condi.t ' i ,orts o.f Rent'ark 1.2. Suytytose

t t tu t  (11( t )  < gz( t )  o . r t r l  h1( f )  < hr( t )  a .e.  on IR.1.  I l ic r r  B( ' ,gr , / i . ; )  e  ,L1. , " (m+;Xr ) ,
l . . i  :  1 .2.  In  arLr l i . t ic t r t .  for  n.e. .  t  )  0 ,

0  <  B ( f ,  g l , l l r )  <  B ( t . gz . l r z ) .  ( 4  3 )

Proo.f. T|rc {i lst asset't ion in Lenrnia 4.1 is irrmediate ft 'om Reruat'k 4.2, and frorn

assunrpt io t rs  ( -41 )  an<l  ( . , {2) .
Ttl pt'ove (J.l i). r lefin<r

l ly l l  < )o '  l lngl l  < r ; ' l ln 's l l

( t ) \

( A  L \

arrr l  o l rse l r t ,  t .hat .  0  < Ut( t )  < v : ( t ) .  beca,use of  thc isotor t ic i tv  of  A( t , ' )  (c f .  ( ,41)) .

\ r 'x t .  as c is  t to t r -c lcct 'cas i t tg  ( r : t .  (A2)) ,  c lca lh 'F(r ; ,u)  ' . :  a( t :  +t l )  *  a(e; )  > 0

fb l  a l l  . r ' .  l l  >  0.Besidt :s .  fo l  eacl i  r :  )  0 ,  the funct ic in R+ )  y  r - - ,  F( l : ,y)  e R* is

rrr,rri-clccleeising. Siuce n is nou-clecreasing ancl convex (cf, (A2)), it foliows that fol

crrclr y ) 0, t,he furrction iR1 ) r: ,- F(r',y) € R+ is also.non-decreasing: indeed,

tlre delivativeo' of n is a.el. ri 'el l defined, positive aud non-decrea,siug, hence,

ei(t) :: 
.1,, '  

orr,iu(.s))rls (t : 1,2).

F( ' ' " .v)  -  F(.r ' .  i l :  .1, ,  [n ' ( r :*  a{)  *  a ' ( r  +€)]d€ > 0 (4  s )

fcrl all 0 ( r: ( r:* ancl 37 ) 0.
Frr r t l re l  obsel r .e that  0 S B( t .St .0)  < B( t ,g2.0) .  bv (A2)  ancl  the isotonic i lv  of

Q-ft. ) i l l lxl i, the clefinit ion of F ancl tho olrviotts iuequality lvUt(t) ( A.g2(rl) give

0  s  R ( t ,  g r .  h  t )  :  B ( t , . q 1 , 0 )  - F  r  ( l l A . q ' ( t ) l l , v t ( , 1 ) )  L s t ( t )

<  B( t . ,92 .0)  +  r  ( l lA .q '  ( t ) l l , y ' ( t ) )  l roz ( t ) . (4  6 )
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But the monotonicity properties of F imply the inequalities

0  <  F ( l lAe1 ( r ) l l  , v r ( r ) )  <  F ( l l hsz ( t ) l l , s r ( t ) )  !  F ( l l l s2 ( t ) l l , a r ! ) ) ,

which, applied in (4.6), Iead immediately to (4.3). !

The next two lemtnas give a precise meaning to /,, (t) formally de{ined by iteration
(3.16), and lefer to some useful properties of the itelation.

Le rnma  4 .2 .  Le t  n :1 ,2 , . . . .
tt) Under the condition,s o.f Th,eorem 3.la), Let fo e Df . Th,en, .f ,"(t), Qi (t, f ,"(t))

e  D f  a .e .  o r i , lR l  .  Moreoue r ,  AUQ* ( ' , . / , , ( . ) )  €  t r L . (R* ;  X+ ) . k :  [ J ,1 , . . . .
b) Asnr"nte th,e cond'itions o.f Th,eorem 3.1b). Then .f,,(t) € D(L3) o X', and

Q x ( . f , , ( t ) )  e D ( 1 t 2 )  n X + ;  t ) 0 .  M o r e o u e r ,  I ( ' Q L ( / , , ) e  t r | " " ( R + : X + ) ,  k - 0 , r , 2 .
Ftn'thernrore, irt botlt cases a) and b). A^'./,, e C(R1 :X+). k : 0. 1,2, arr.d .f,, is

a.e. dr.fferentiable on R',.

Proo.f. a) It is sufficient to shor,v tha,t fol each Z ) 0 and ri : 1,2,..., t l 'rele is

9n.'r '  € 2f sucli that

0 < . / , , ( f )  { 9 , , . , r  ( 0 < t < T  a . r : . ) . (4 .7 )

I r rdced,  as 2f  is  p-satu lated.  a,pply ing (3.3)  rve f inc l  that  Q-( t .g , , .1-)  € Df  a.e.
c r r r  R1 ,  a r rd  A f tQ- ( . , 9 , , . 1 . )  €  f 1 , , . ( lR * ;X1 )  f o r  a l l  A '  :  0 . I , 2 , . . . .  T i re  sa rne  p rope f -
tics are velif ied lty Q+(f.g,, z-) and A^Q+(...g,,.7). r 'esltoctivell,, a.s it follows fi 'orn
thc'assurnptions of Theolt:ni 3.1a.) and (J.2). Then ({.7) iurplies iurrni:cliately thr:
statenrent a) of the airovo leurura, bectrrrs;c Di is p-satulated alcl the cipela.tors

, \ ^Q* ( t . . )  a l e  pos i t i ve  anc l  i so tone  fo r  a .e .  t  >  0 l  k :  t l .  1 . . . . .
It le'rnains tl ieleforc to pLorre @.7). To tlr is errd. t 'r '  pLoct:ertl l>r' irrclur:t ion.
Fi rs t  set  gt . r  : :0  a,nc l  92.7 ; :  /e .  Then (1.7)  is  t l i r - ia l lv  ve l i { iec l  for  n, :1,2.
Ncxt. lot q > 3 arrcl I ) 0 be i ixcrl (bLrt all.r itr ir lr '). Suppos<: thi.r,t; fol car:lr

r i  :  1 .2, . . ,Q -  1.  thelc  is  some !Jn. l -  €  Df  that  sat is f ies (4.7) .  By the : rbove
corrs ic le lat ions ancl  thc propcl t ies of  A arrd r . r , .  c le t r lh '  B( t , t lu . t ' .g , , - t . , [ )  €  DT,

0  <  1 <  7 ' a . e . .  a n d  A { B ( . . 9 r t . 7 - , 9 r t .  ) . r - )  €  L 1 ( 0 , 2 :  f a ) .  k : 1 . 2 . . . . .  T } i e n ,  a . s  A a
is closed. \\re cau take adra.ntage of (2.1) to ri-r ' i te

, f t f t
, \ "  /  B( t . !1 , , - t . . t ' , l l , t -2 . ' r ' ) r l t :  I  A"B(s,  lJn- t . ' r ' . lJ , ,  z t ' ) r l ,s  (0 < f  < 7) .  (4 B)

. lo . lo

I i r l  r r l l  / . '  = -  1 . 2 . . . .  a r r c l  t f  :  1 , ' 2 . .  . , q  -  I

\cxv obsc'r ' r 'e t i rat . / . ,  t( t)  < go 1.7. ancl fq z(t) {  gr-z.t 'sat isfv t lre cnrrcl i t , iotrs

of Lerrrnra 4.1 tol Ut S gz ancl /r1 ( /12. r ' r .spectir<rh-. Thcn a,ppi l i rrg cottvcuictrt l l '

( 3 . 1 4 )  a n d  ( 4 . 1 i )  i n  ( 3 . 1 6 )  a n d  i i r v o k i n g  ( l . B ) .  l v c  g e t

t7'
0  < . f , , ( t )  S . f o  +  

J , ,  
B ( t , g r - r , t ' , 9q -z . r )ds  : :  r t , , . l '  €D f ,  ( 0  S ,  <  7 ' ) .  ( 49 )

This couc.luc.les the inclrrctiotr algttment and thc 1l'oof of a) (as T > 0 is arbitla,r 'v).
l r )  I t  is  sr r f f i<r icut  Lo shorv tha, t  p lopel t ) ' (4 .7)  is  vr . r ' i l ie< l  l r ) 'g , , . i  e  D(A' j )  r l

-Y1 .  I r rdeed,  i f  lJ , , . ' t -  e  D(L '1)  o X1 ,  thcu.  cr - ic lcnt l t ' .  ( ) -k1, , . ' r )  is  t i r t tc- inc lc l>ct rdcr t t .
\ lorcxx 'cr ' .  t l tc  l r t 'pothesos ou Q+ givc ( ) ! ' ( !1 , , . ' t  )  e  D(L2)  o X+ Oot ts<rr l r t t ' t t t i1 ' ,
t l iv ia l l r '  ( in  the arr touourcnrs casc) ,  Ak( . /+ k l , , .L . )  e  1-r (0.  ? l  X+),  A '  :  0 ,  1,  2.

As l rc l r r re,  i l  q1 1 :0 arr r l  172.7. : . f iy .  then (A.7)  is  t l i t ia l ly  ve l i { ied fb l  r r . :  1 ,2.
L e t q >  3 a , u c l  7 - > 0 b c { i x c r c l .  S u 1 ' r p o s c f l t a , t l o r e a c h t i : 1 , 2 . . . . , q - l , t h c t t i s

sor l re. ( r . ,?  € D(43) f iX1 th: r t  sa, t is{ ics (4.7) .  Then B(t .g, t - t . r . , l1q z: r . )  e  D(I r ' ' ) ) r t
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X1, 0 ( t 1T, because Q+b.,r) e D(It2) fl X... But the semigroup 1rt is of class

C6, with the infinitesimal generator L : -o(li^/oll)4, hence fiV"nas € D(A) for

all h e X, t ) 0. Consequently, for any 0 ( t I T,

f t

Vt-" B(7,9q-r,Tt go-r,r)dt  :  I  v" B(T,9q-r,T, lq-z,r)ds€ D(43) o X+.
Jo  

(4 .10)

t L

I
J o

As o is positive and non-decreasing,

B ( t ,  g r - r , r , 9q -z . r )  <  B (7 , ! q - r ,T tgq -2 . r )  ( 0  <  t  <  7 ) ( 4 . 1 1 )

Further, rnaking use of Lemtna 4.1, as in the proof of a), applying again (3'14)

and (4.3) in (3.16), and combining with (4.11), we obtain

(4.r2)

( 0  < ,  <  r ) .

( .1 .13)

coucludiug the proof of b) (since ? is arbitrary).

To end tlre proof of the lentma, note in case a) that AftB(',9,",7,9,r-t.T) €

t r1, . (R*:X1).  hence by (a.3) .  u 'e get  AkB( ' ,  f , " - t , f , -z)  e t r , r " . (R.1;X1);  k  :

0 , i . 2 . . . . .  I n c a s e b ) , i f  k : 0 . 1 . 2 , t h e n  B ( 7 , 9 n - t . r . 9 , , - 2 , T ) e  D ( L 2 ) 1 X 1 , s o t h a t

(4.3)  arrd (4.11)  g i r . 'e  A*B(. ,  f  u- t ,  f  , , -z)  e l | " " (R*;  x+) ,  k :  0 ,  1,  2.  As Ak is  c losecl ,

olte call lireu make use of (2.1). and fiud that Ak courtuutes with t'lie Bochner inte-

g l a l . r i ' l r e n a p p l i e d t o ( 3 . 1 6 ) .  k : I , 2 .  T h i s i r n p i i e s A * . f , ,  e  C ( 0 , 7 ; X + ) , k : 0 ' 7 , 2 .

Finallt ' , to show that the r'. l i .s. of (3.16) is a.e. diffet'entiable on IR1, we simply

take acivantage that L : -a(llLf oll)A is the infinitesimal generator of 7/ . n

The seque[cu {t,(t)} was so far.expected to approximate the solutions of Eq.
(3.15). Uldel the coldit iops of Lemma 4.2, as /,,(t) is differentiable, we couid

consiclel the sequence {r,(t)} to approximate the strong solutions of Eq. (3.I2)

(ancl of Eq. (1.1)). To this ettd, we stalt by differentiating (3.16), and obtain

d
=. f  , , ( t )  :  B( t ,  . f  , , - r ,  . f  , -z )  -  o ( l lA /6 l l )A / ' , ( t )  ( i  >  0  Q 'e  ' ,  r r  )  i i ) '  ( ' 1 '14)
d t

Integlating again Eq. (4.14). ri 'e obtain an equivalent formultr, valici for ri ) 3,

^ L

f , ,1t1 : fo + | Q(s,/,"-1(s))ds
, JO

Lemma 4.3. If .f,, i ,s as i,n Lernnta f.2, th,err,.for n,ny t ) 0,
is in,crerL,si,ng. Moreouer, i,f rt) 2, tlrcn

(a .15 )

th,e se.qu,en,ce. {./,, (t) }

0 < fo( t )< . fo  + 
f r '  

u t - "  a{ r t tq- r , r t tq-z , r )d 's  (0  < t  <  r ) .

Nou, invoking (4.10), lve are led to

f f

f r ( t )  <  fo+  |  v "B(7 ,9q- r . r ,9q-z , r ) r | s  : :  9q , r  €  D(43)  n  X+
'  

J o

f,,(t) < fo + 
.fo' e@, f,,-1g))crs

A./,,-r (s) - a(l lAft l l)Af,,1s1] ar.n l, ' l"(ttnr,,-r(s)ll + lo' on,.f,,-,?Dd,)

( 4 . 1  6 )
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(4.17)

and

l lA/ , ( r ) l l  *  
/ '  

o{r ,  / , -1(s))ds < l ln/ol l  .

Proof. Evidentlr-. 0 : f{t) S fz(t) 3 ft(t) a.e., and a straightforward induction,

appl f  ing (4.3) .  shot 's  that  { / , , ( t ) }  is  a.e.  increasing.

For the r.est of the proof. f ir 'st note that (4.16) implies @.17): indeed, (4.16)

is  of  t l re  foLnr  (2.9)  (u ' i th  f .  go. ! .h  replaced by A," fo, . fu , f , , - t ) .Then Lemma 2.2

appl ies.  because . \  is  of  type D on D(A2)nXa,  &r ld AQ+( ' ,  / ' , - r ( ' ) )  e  -L j , " (R1;X1)

bl Rerntrlk -1.'1.

Therefole. it reuraius oult 'to plove (4.16). We i:roceed again by induction.

Since 0 :  . f t  <  fz&) 3. f0.  and A(r ,0)  :  0  a.e.  (c f .  Remark '1 '1) '  i t  appeals that

(1.16) is triviallv lelif ied fot' t i  : 2.

Let  q > 3 ancl  suppose ine<1ual i t1 ' (4.16)  to be val id  for  r t  :2 ,3, . . . ,q-  l '

If rr : q in (J.15), appll-iug the positivit 'y of a and the obvious property 0 (

.\/.,-r (t) { ^\/q(t). ri 'e get
/t,

f ,,(t) 3 f, * 
Jo 

QG,.f ,,-{s))ds

f t l  /  |  \  "  
. l . "

+ I  lo{  , " \ . /n- ' ( ' ) l l  + /  \ ( r .J, , -2(r \ar)  -  o( l lA. / , ,11) l ' \ / . , ( 's)ds'  ("1 '18)
. l o L  \  . l o  /  J

Accorciing to the inductiol lI 'pothesis, (4.16) holds true for rt : q - I. Hence

(1.17)  is  a lso r -a l ic l  fo |  n  :  q  -  1.  as c;oucluc led befcrre.  T l ien a( l lA. / . , - t ( t ) { ]  +

/i, ' l f t. fr,z!))ctr)) 3 n (l l .\./,, '). because o is uon-decreasing. As A.fn(s) is posi-

i i i - , . .  c lea. l . ' t l ie  in tegla. l  te lur  c 'onta in ing A. / . , (s) ,  in  thc r ' .h .s .  of  ( l '18)  is  negat ive.

Tliep (1.16) becoutes tlue fol ri : 11. This <:onclucles the ploof of the lernuzr. I

Let | : D(f ) : -Y -, X lre tr c.iose<l, positive l iucat'opct':1tor'. i f I is ,rf [ype' D' ,rt '

szrrisfies (i i .6). arrct ./,, is as in Lenrrna 4.2. one c:r,n cltaracterize l lf./ ' ,(t) l l  trs follorvs:

Lerrrrrra 4.4. a1 L'n.cl.er.th,e cctrtdit ion,s o.f Tlteorern 3.la) ( Th.eo|ern.9.lb)), i,f I is

o. f  type D on Dl .  (on D(1t2)  ̂  - \ - /  ther t  for  ar ty  t  )> 0,

l l f . / , , ( t )  {  <  l l r / , r l l  ( r r . : 1 .2 ' . . . ) .  ( 4 ' 1e )

b) [rtrler t lte cottdit ior"ts o.f Theoren [1.1a,) (Tlrcorent 3.lb)), su,p[)ose thatl satzsfies

( .1.6)  t r i th  Mt )  Di  (u i th  . \4 t  )  D(L: t )  a  X*) .  T l te 'n,  for  rLnry t  /0 ,

1 i f . f , , ( f ) l l  <  exp (7 r1 ' ( l lA r  / 011 ) t ) l l r . l l l l  ( r r  :  1 ,2  " " ) '  ( 120 )

t r i t l t  p ;  a.s  i r t  ( .3 .6) .

Proof. Lemrra J.2 implies that Qf (t. J,,(t:)) € 2(f), fo| a.e. t > 0. 1\',Iot'eovet',

f Q * ( . . . f , , ( . ) )  e  l L . ( R * ; X 1 ) .  I r t c l e e c l , b t ? ) 0 a u d  ! J , , , . ' t ' >  . / ' , ( t )  b e a s i n l r e n l m i t

4.2.  I f  I  is  of  t r ' 'e  D o '  Dl  (on 2(A2) n X+),  t6ei r  bv (2 '8)  and (3 '3) ,  u ' t r

olr ta i r r  l l fQ=(t . . f , , ( t ) ) l l  < l IQ=(t .s" ,z ' ) l l  < l l rQ ( t ,g",r) l l  < r ' ( l ls ' , r l l )  l l rAs".71]
f<rr .a.c .  0 < I  < f .  01 t [e  ot l t t ' r ' l ta t t r l ,  i f  I  sat is{ ics ( i } .6) .  thcn ( i } '3)  impl ics

l l fQ- ( r , . f , , ( t ) ) r  <  l l rQ- ( i . . f , , (1 ) ) ,1  +n( l l l \ s , , . ' r { l ) l l rg " .z ' l l  5  o ( l l .q , , . r ' i l ) l l I rAe ' ,711+
pr i ,Ar t t , , s ' l i ) , r fq , ,  r ' l l ,  0  <  t  <  f .  a .< : .'  

Brrt  ( l . f  C; is <tf the fcr lnr (2.9). aud t l ic above <:oitsidct ' t i t i<-rt ts sl tol l ' t l tat,  Lt: t t tnta

2.2 appl ie's (t- i th I  instr:acl of ^\).  Htlnrrc

r '
l l f / , , ( r ) ' ,1*  1 , ,  

o( t , . / , , - r (s) r f ,Q)ds < l l r i r l i  ( t  >  0,  r t>  2) .  (4 .2r)
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Now the proof of a) can be immediately concluded: if n: 1, then formula (4.19)

is trivially satisfied; if n ) 2, then (4.19) is directly implied by $.2t).
To prove statement b), first apply inequality (3.6) in @.21).It follows that

l l f / , ( t ) l l  S l l r /o l l  + /  p"( l ln, / , , - , ( r ) l l )  l l r / , , -1(s) l lds ( t  > 0,  n > 2).  @.22)
Jo

But Ar satisfies the conditions of a) in the present lemma, hence llAl/rrtiltt S

l iAr/ol l ,  f  )  0,  n : l ,2. . . . Introducing the Iast inequal i ty in (4.22),  we obtain

l l f r , ( r ) l l  < l l f lb l l  + pr( l lA1/0l l t  /  lEr, , - , (s) l lds ( t  > 0,  n> 2).  (4.23)
J O

Finaily, since (4.20) is obviously satisfied for rl:1,2, a straightforward Gronwall

iype incluction in (4.23) concludes the proof of b)' n

Remark 4.3. S'ince ̂2 satisf,es the cond'it'ion,s for | 'in Lemma 4.4b)' it follows
that

l l l ' f , , ( t ) l l  <  exp(p( l lA l . io l l ) r )  l l n ' /o l l  ( t  >  o '  n :1 ,2 , . . . . )  (4 .24)

with p as in (3./).

Proof  of  Theorem 3.1 '  Westa l t  byol>serv ingthat i f  fo :0 inPr '< ib lern (1 '1) ,

then /(l) :0 is a solution to Eq. (1.1), as an inrrnediate consequellce of Remark

4.1.  I t  is  the unique st long solut ion hD( l tz) lX1,  as i t  fo i lows f rom formula (3.5) .

X lo reove r ,  t r 0 I  f o  €D(L2 )oX1 .  bu t  o ( l lA . / o l l )  : 0 ,  t he r . r  Qx ( t , . f o ) : 0 ,  f o r  a .e .

f ) 0, b1' (4.2). l ience f (t) = /6 is a solution to Ploblem (1.1). Its uniqueness in the

class of solutious inD(lt2) OX"' is irnnicdiate beca.use a.try otirel solution f.(t) e

D62) i X". uiust be a.e. cotrstaut: incleed, a,l lplvit ig fornlula (3.5), and invokil ig

t l t r ' l ros i t iv i tv  aucl  ntouotonic i tv  of  n.  n 'e o l r ta i t t  0  < a( l lA/ . ( t ) l l )  < a( l lA/6 l l )  :0 .

T l r i s  l eads  (aga in  b r '  (+ .2 ) )  t o  Qr ( t . / ( f  ) )  : 0  a .e .
Tlrerefore. \\,e can assulrle ltelorl '  that fo l0 and a(llA/6 1) + 0.

Filst s'e lrlove the existeirce part of the theoreur.
Exis tence in case a) .  Step 1:  Let  . /9  € DT Then Lornmas 4.2,4.3 and

Rerrrark 4.3 applr'. I ience.f,,, (defined bi'(3.i6)) sa,tis{ies (4.24). Thert formula (3.1),

the monotoue conrpleteness of X, and the fact that Aa is closecl irnply that there

i s . / ( r )  €  D (Lk )  s r r ch  t l i a t  AA ' . / , , ( r )  , /  t \ kJ f t )  as  ? r ,  +  @,  t  )  0 ,  A  :  0 ,L ,2 .

Consequerr t l l '  . f (1)  sat is{ ics ( l } .7) .  Xfo leovct ' ,  Ret t rat 'k  4.2 impl ies that  At . / ,  k :

0 .1 ,2 .  Q t ( , . / (  ) )  and  AQt ( . , . /O )  aLc  i n  l / , , . ( lR1 ;X -p ) .  T l i en ,  one  c&n  app l y  t l i e

Le'besgue's doniinateci corlvergcirce tl ieolem iu (4.15) and (4.17). It follows that

r l

f (t) : f" * 
J, 

QQ,.f (s))ds

t ' t l  /  I ' s  \  I
+ |  l ,  (  l l n . f f ' ) l l  +  /  a ( r , . f ( r ) ) r t r )  -  *1 ln / , l l ) l  n l i s ;as  ( i  >  0 )  (4 .2s)

. lo  L  \  . to  /  J

( i .e . .  . f  i s  a  s t lo r . rg  so lu t ion  o f  Eq. (3 .12) )  and

(4.26)

Obviousl l , ,  (4 .25)  iml> l ics tha, l , . /  e  C(R+;Xr ) .  By (2.1) ,  the opela, to l  A commutes
iriblr t lre inlegral, ri 'hen applied to (4.25). Consequently, L.f e C(R1;X1).

0 < r,(r)  , :  l lA./ ,r l l  __ l lA. i  ( t) l l  -  
, l ' , , '  

^r, , /( .s))r l .s ( ,  > 0)
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As it appears frotn formula (4.25), to prove that / is a strong solution of (1.1),
it is sufficient to show that qr : 0 (which means exactly (3.5)).

To this end we rewrite Eq. (4.25) conveniently and apply A to the resulting
equation. \\-e get

r t  f t
L fo  +  |  nQ+( r . . / ( . s ) )ds  :  L f ( t )  +  |  AQ- (s , / ( s ) )ds+

Jo  Jo

I t l  /  f "  \ l  ^
+  |  l " ( i : , \ / u l l ) - , r  ( l l A / ( s ) l l  +  /  L ( r . f ( r ) ) d r l l A ' ) f ( s ) d s .  ( 4 . 2 7 )

. / o  L  \  . / o  / J
Ou the othel hancl. as a is uou-decleasiug, fot'mula (4.26) iurplies

a | lA / , l l )  > * (v r r ( , l l +  [  A (s , / ( s ) )dz ) ,  u .28 )
\ ./tt /

t l irrs all t ire integlancls in (1.27) are lrositive. Then we can apply (1.2) and (2.2) as
in the ploof of Lemma 2.2. \\ 'e oblain

r t r  /  t ' '  \ - | . .
u( t ) :  /  l , f l i , t . /o l l )  - " ( l ln . i (s ) l l  +  /  a , ( r , f ( r ) )dr  ) l l ln ' . / ( ' ) l la ' .  @.2e)

. / o  L  \  . / o  / )

Brrt t lre function a is t l ie non-clecleasiug ancl convex (cf. (A2)). Then it is loca,l ly
L i1>schi tz .  aud,  l r r ' (J .26)  ancl (1.28) .  thel t :  is  a.nrrurbeL 0 < c:  

" ( l lA/o l l ) ,  
depenr l ing

only on l lA. fo l l ,  such t l ta t

0 S o i l t i \ . /6 l l  I  - , , ( ln . f  Q) l )  +  [  a i , . f  ( r ) ) t t r )  .  , ,4 ,1r ; .  (4  30)
\ . / o /

As slruln befole. f(f) satis{ies (13.7). Thcn introducing (4.3{)) in (4.29), r.n'c {intl

0 <  i , ( / )  = ,  I  r ' ( " ) l lA2 / (s ) l l , l ,  <  t ' .1 .  I  r 'g )a ,  (0  < ,  <7) .
.Jr  . lo

fcri cach f > 0. Het'e. c1 ) 0 is a. trttutbet depending ouly ou T nnd fi1.
\ow the Gronrvall incclrralitv iniplies ai(t) : 0. 0 < t < ?. As 7 is albiLraly, the

ex i s tencepa l t o f  t hep loo f  o f  Theo len i lS . l a )  i s t i r usconc ludec l i n thecase /0  €DT .
S t e p 2 :  L e t . f 1 1  b e a s T h e o l c n r 3 . l : , i ) . i . e . , . f o e D ( L 2 ) n X 1  .  B y L e t n t n a 2 . l b ) , w e

carr chose an inc:rezrsiug se(luerrce {.fb.r} c Df , of init ial conditions in Ploblcrl (1.1)

srrclr that .frr, ,/.1i,. as I - :c. Thert. a<:t 'orclittg to Stelt 1, u'e olrta.iu:r se<luence of
s l  f ougso l r r t i ous  { I - 1  }o f  E r1 .  ( 1 .1 )n ' i t h  I ' ; ( 0 )  : . f o . i .  sa l i s f i ' i ng t l t c :1> t ' opc r i i eso f  t , hc
I  ] r " '  ) l ( . n1 .  I r t  P iu  t i r ' t t l " t  .

l l . t 'ntr l l l  < cx1, [p( l{A1.tu.r l l ) ]  l l , t '?.1i ,  '11 (t  > 0)
In  ac lc l i t ion.

anc l

Acccililing

definecl by

F,(t) :  l i r . ,  +

A/ i ( r )  :  A/0. ;  * Af)(s,  F, (s))d.s.

( 4  3 r )

(4.:32)

(4 33)

(4.34)A(- .  F, ( .s) ) r /s  -  11A. l i , . ' l i

I irrrit of an incleasing sequence {f,,.,n.(t)}7:,
It ca.u be ea,.iiiy rieeli from the positivity of I/1

Q(s,  F , (s ) )ds .l"'
t;

l l ^1 - , ( r ) i t  +  /
t,t

to Stt 'p 1, eac'h .F-i  is t l ie

(3 . i6 )  n : i rh  . / , , . i (0 )  :  . /0 . r .
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Hon'eleL. ./ nirist cliffel from F on a, subset of IR1 lr'ith lionzero Lebesgrre mea"sul'e,

n'hr.fe necessal i lv. . /( f)  < F(f ) .  Tl ierefole

i i ^ / ( r ) l l  +

on that sullset, because A rrnd l l. l l  are stl ictly isotone mappings. ald A is isotone.
'f l i is contlaclicts (4.36). hence the uniqueuess pa,r't of the proof is coucluded. tr

P r o o f  o f  P r o p o s i t i o n 3 . l .  a )  L e t . f o , { f g . , } , { , / , , . 0 ( t ) } L , , a n d { F ; ( f ) } b e a s i n
Stcp 2 of the pr'oof of Theolem 3.la). Then fol oa.ch i, the sequence {f/,,. i(t)}[,
is 1;ositive. arrrl i ircleasing. Nlolcovcr', i t is nri lnr-bounck:<l ltecause

l l f . / , ,  r ( r ) l l  < l l r f , i l l  ( t  > 0),

:rs zl corrsequence of Lemma 4.4a) a.n<l of t l ie propelty f./6.; < l/e

(4 .37 )

As X is nioncitone complete, it follor.r's that {l/,,,;(f)}I:, iu convelgent for ali i.
Recall that I is closed,,and /,, r(t) / F;(t) as ?r ---+ oo, for all z. Consequently,

F, ( t )  €  D( l )  aud f . / , , . i ( t )  , /  l l \Q,)  as i  ??.  + oo,  i  :  1 ,2, . . . .  In  ac lc l i t ion,  l l f f l l l  <
l l l l . f u l l . f  >  0 , i  : 1 .2 . . . . .  Then ,  r ce rsou iug  as  be fo rc ,  u ' c  conc ludc  tha t . / ( f )  €  D ( f ) ,
f/: i( l) ,/ f .f (t) zrs r * oo, artrl that l l f/{ l satis{ies (l}.8).

lr) Tlre pt'oof of (I i.9) follrxvs a,s in a). r ' i th the only rcnralk that instea.d of (a37).
s'c rrralit, '  usr: of the irrequalit, ics

l l r . | , . ' ( t ) l l  _< cxp(1rp( l lAr . / , r . r l l ) t )  l l r l ' , , . ' l l  <  oxp(p1.( l lAr . lb l l ) t )  l l r . /u l l  ( ,  >  0) ,

u,lrich ale iurmecliate by Lemnra 4.4b). because pr ir i norl-decrea.$ing. tr

and from Lemma 4.1 that if /o,z < .fo,i then f.,t(t) S fq(tl for all n and t > 0'
This inrplies that the sequence {r',} is increasing.

Nforeover,,since llAl/6. 11 < llAr/oll, l ln'/o,,ll < llrt '/oll, and since p is non-
decreasing, it follows from inequality (4.31) that

:  l lA. /o l l  :  l lAF(r) l l  + 
. f ' , , '  

t { r ,F(s))rLs (4.36)

l l^ '4(r) l l  !  exp(p(l lA1/ol l)t) l l^ ' /ol l  t t  > ol (4.35)

Nor.r' a. couvergence afgulnent, as in the beginning of Step 1, implies thbt there

is an element / e tr|,"(R+;X+), with the properties stated in Remark 4.2, such

that F,(f) I .f(t) a.s i - co, a.e. Consequently, we can apply. say, Lebesgue's

convelgence theoreur in @.32)-$.34) to conclude the existence part of Theorem
. 1 . 1 4 , 1 .

E*i"ten". in case b). First notice that, in this case, Lemna 4.2 applies,

con'esponding to the fulf i l lment of the conditions of Theorem 3.1b). Then, the
ploof is as in Step I of case a).

fJniqueness. Remalk that, applying the Lebesgue's convergence theorem to

formula (3.16), we find that,/ is a,lso a.soiution to Eq. (3.15). On the other ha,nd,
i f  F i sano t i r e rpos i t i veso lu t i ono f  Eq .  (1 .1 )  w i t h the legu la r i t ys ta ted inTheo rem
3.1, then F satisfies Eq. (3.12), hence is also a solution to (3.15). But, because of

tlre fornr of the itelation (3.16), it can be easiiy checked tirat .f < F, for any otiret'
posi t ive solut ion F of  (3.15) .  Suppose uow that  such a solut iou F e C(R1;X1),

clif l 'elent froru /, exists an<l veli l ies Eq. (3.5). Then

l lA f ( / ) l l  +  
f , , '  

x t , . f (s ) ) rLs

1,, '  
or, . f  (s))ds< l l^F(r) l l  + 

. lo '  
x{, ,F(s))ds
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5. Alpr,rcerroNs To KrNprrc Eeue.uous

Beside their intrinsic interest, the examples of this secLion illustrate how the
abstract results of Section 3 can be put to work in various particular situations.
The fir'st exarnpie is a rather straightforward application of Theorem 3.1a), but
represents a. new approach to the existence theory fol the Smoluchowski coagula-
tion equation. The second exarnpie is an application of Corollary 3.1 to a space-
clependent kinetic nrodel. The third exa.mple is an zr,pplication of Theorem 3.1a),
wiiich requires a mofe caleful choice of the function n, and needs a more involved
velif ication of t.he nronotonicity propcrties required in (A1) and (42).

Finally we urention that Theorem 3.1b) is equally applicable to the first and the

tliird example, considered in this sectiort. However, this does not bring any new

relevance to our anaiysis, so that will be not discussed here.

5.1. Smoluchowski's coagulation equation. In this example, we reconsider the

existence and uniclueness of stlong. giobal irr t irne solutions to tlte Smoluchor'i 'ski 's

coagulationequation introduced in [10]. [11j (see also, e.g., [18] , for areceut revierv).

to desclibe the irrevelsible evolution of palticles tha,t may coalesce into lalgel clus-
ters. Let f(t,y) > 0 denote tire deusity of clusters of size I € R+ at t ime I > 0.

Then tl ie i.r..p. for the continuous versiou of t l ie Srnoluchowski's equation [11] r 't lads

a
; f  

: Q , u ) : a ! ( . f ) - Q ; ( f ) ,  i ( 0 )  : " f o > o  ( t > 0 ) ,  ( 5  1 )

( 5  2 )

(5  3 )

rneasu lab lc

\!-c assuute titat thet'c cxist t lrtr <:oustattts qo,qt > 0 iLld 0 ( o

q(y,y. )  (  r1o + qt (y"y ' l  +  y f i  y ' )  )  (3/ ,  y .  2  0) .

( p, such lhat

(5  4 )

r.r'lt<:Lr:
r r * 1 . ) < 1 .  ( 5 5 )

Nofc tlrat (5.-1) irr. iLr<l<ts tl ic <'asc *' lrr:rr ci l l tt:t Io =- 0 'r r/1 '-- 0. H.rvt:tcl ' . tttt:

sr.lppose, ri ' i t l iorrt loss of generalit l-. that r71 > 0 (lrr:<:arrsc the sittrat;i<-rtt wltt lt l  17 is

lrorrndcci lx'a constant ca.n l le cousirlelc<l a,s:r palticulat' iza.tiort of (5r.4) to t,Ltt: c:ascr

r r l rerc r71 )  0 a i rc l  ( \ :  /J  =0) .

Fol k > 0, let If. :- I l  (R*;r|u) be thc spacre of rcal rnea.stirable frurctious

9 : Rr- r+ R strcli t l i i i t

l l . s l l r . r  , -  |  l , t i t " l s ( u ) l t t t 1  1 t " ' .
, ,  . / I t ,

Denote L) , . ,  :  { tJ  e LL:  g > 0} .  T i rc  Io l lou, ing pr .oper tv  of  thc Srnoluc l iorvsk i 's

rpockll is esscrrfial fol oul arralysis. Sttl lpost: t lrat thc trtca,sttl 'alrlt: fttttctiotis 17. r. 'r :

l l t l  -  lR sat is f i ,  g .gL '€ t r f ' .  Thcu

*''e.c t'e 1.ongutori,,:;::::l ; 
til

firnctior.r.

.  I  l ' ! t

Q" (r t)(u) , -  
;  1, ,  

11(11 - !J*, : t t . )g(v -  v.)s(v")d' ! . ,

l -
I  q(v . t t . ) tQ1*)r ls1. -
l 0

x IIQI r-+ lRa is a synurtetr ic,

t, 
1,,* 1,,*'i' 

(a' v *) q (:'/' v ) tt 0t) g @.) rt rl rt'v *'l" t,(y) lcll (s)tyt - e; ki@)l ,tu =
l o

( 5  6 )
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wnere

6@,y.) : :  $(y + y.)  *  ,b@ - rb@.).  (5.7)

To obtain (5.6), simply apply the change of variables (a,Y*) -' (Y - y*,y*) in the

first term of the i.h.s. of (5.6), and apply Fubini's theorem.
In part icular,  i f  g €.Ll*6, then taking rb@): E in ident i ty (5 '6) '  we get

fn* e.tdt i ludv:o' (5  8 )

Tliis girres folmally t ire mass cotrservatiou for Eq' (5.1).

Consider  problem (5.1)  iu  the space X:  t r l (R+idy) .  Here X:  t r l (R+;dy)  is

equipped u,ith the usual nor.nr I l. l l  : l l . l l l , , and with the natural order (. In this

case, one can apply Theorem 3.la) as follorvs:

Consider' l,l as a subset of X. Let d : 0, 1 and define the positive linear operators

/ \ , . ;  :  D( / \ , . ; l  t  X * ,  X by D(A, ' . i )  :  Lr r , . (A. . rg)(g)  t :  \ t . (y)s(y) ,  wi th ' \1(y)  : :

(1 + g) t i ,  y  )  0  a.e. ,whet 'e  l '0  :  p  and  ̂ t t  :  a  I  0 .
Next uote that forniulae (5.2) and (5.3) define Qi and Q"- as positive and isototie

nonlinear operators iu X rvith the coururou domain D" :: Lro'

It is irnmediate that Q.+, A,,.0, aucl l\".1 satisfy the dornain colditions fot Q+,

,\. apd A1, t 'especbively. r 'equiled l l;-Tht:oren'r 3.1 a). In l lartictrlar', t l te opeL:r'tot's

Qj are o-closecl. by the ulonotone coll\'elgellce theot'eur. Obi'iously, A,,.0 satisfies

the couditions of (,40) fol A.
\ou, u,e clieck that A..i ( i : 0.1) and Qj velifv iuequa]it ies of the form (3.2)

aiid (3.a). Indeed, rf g e L1rr.*, t ireti stat't ing fi 'oni (5.6). ri 'e f incl

l l^ .  'Q;(e) l l  -  l l l .  'QI(v) l l

i (1  + y) t '  +  (1 + y*)  r '  -  (1  + y  *  y . )^" lq(v .y- )u(v)g(v. ) rLvcL 'v*  )  0 ,

(s e)

( 5 . 1 0 )

de{ines a

:; l,- l,*
l ln3 oai(. /)  l l  -  l ln3'a;(g)l l

i ( l  +v  +y* ) ' ' t  ( t+y ) ' ' t  -  ( 1  +  a . ) ' ' 3 )q (v , v . ) s (a ) r (u . ) c l vdv* .
( 5 . 1 1 )

l f  0  < f i  <  1 l '2 .  ap1>ly ing agair r  (5.10)  in  (5.11) ,  n 'e ger t

l ln3.oJrqlll -l lrr7,q;e)ll s o
rrir i<'h is <.rf thc fc.rln.r (1i.4) r.vith p : 0.

Orr  thc of l tc . r  hant l ,  i t  l12 < iJ  < I .  ther t  lo  t ts t iu tat t :
follori ' ing folni of Povzner's algeblaic inequality ([3] )

: t l,- l,-
i r e r . a u s e 0 < i i ( 1 , a n d

( 1  + v ) ' + ( 1  + y . ) l ' , >  i , , 6 J _ + . i _ : 1  ( 0 < 7 < 1 ,  t t , y , 2 0 ) .
( 1  +  r r  -  y * ) r  ' z o  ( l  +  . r ' ; - ,

Inec lua l i t l . (5 .9 )  shows tha t .s  * ,  A" ( . . / )  , :  l lA" .oQ; (9111 -  l lA"oQI (a) l l
l rcrsi t ive isotone nrap A" :D(L, ' )  -  IR r i ' i th clonrai t i  D(4.)  :  Lia.*.

Stalting again froui (5.6). ri 'tr fincl tl iat if r7 e l],r.*. their

(5.r2)

(5.11) .  lvc t rpply  t l r t r

0 t u + y * ) 2 r r  - ( t + y ) ' r t  - ( 1 +  u * ) 2 ' 3  { 2 ( 1 + u ) t } ( 1 + v ) t t  ( 3 t , v * >  0 ) ,  ( 5 . 1 3 )



which can be easily proved: Indeed (5.13) is equivalent to ((r) :2ra *I + r20 -

Q + r1z0 ) 0 for all r ) 0. However, as ((z-1) : r-z?q1r),to prove that ((r) > 0
for r ) 0, we need only show that ((r) ) 0 on (0,11, which is immediate, because
1 / 2 < p < r .

Thus, applying (5.13) in (5.11), we find that there is a number c > 0 such that

lln3,'0I(s)ll - lln3,.o;(e)ll < " ll^",rgll llr3,'gll ( 5  1 t \

Clearly, inequality (5.14) is of the form (3.4) with p(r): cr.
LeL a"(r) :: aorl for some constant a6 ) 0. If o6 is sufficiently large, then the

rrrap lfr.* ) g ++ ao l lA",osll /\c,og -Q;b) € X has the properties required in (Az).

It appears that Q!, A".0, A.,l and a. verify the conditions of Theorem 3.1a) for

Qi, A, A1 and a, respectively, provided that as is sufficiently large. Consequently,
one can apply Theorem 3.la) to the i.v.p. (5.1). We obtain

Theorem 5.L. Let fo e LLa,+ in Problem (5.1). Then Eq. (5.1) has a un'ique

strortg solution f such that f (t) € LLo,+,t > 0, and llf (t)11",,, is locally bounded

on  R1  .  I n  add i t i on , f , ( 1+  y )P f  €  C (R+ ; r l (R+ ,dy ) ) ,

l l f ( t ) l l r ;  + [ '  \1. :1,))d" :  l l fo l l " r .  ( r  > 0),
t '  . l o

tt,nd. tltere 'is a constant c ) 0 such, tlmt

l l f  ( t ) l lq ,  (  exp(c l l fo l l t i , , , , t ) l l fo l lu , ,  ( t  >  0) .

It should be emphasized here that Theorem 5.1 does not imply directly the mass

< ' o n s e l v a t i o n ,  e x c e p t  f o r t h e  c a , s e q l  > 0 , 0 : 1 a n d  o : 0 .  I n  f a c t ,  \ f  0  < 2 { l  < 1 ,
then the theorem allows for the existence of solutions with in{inite initial mass (see

also f31] )  i . " . ,  fo  e LLr t ,+ ,but  fs  $  L l .
Hori,ever. if /e e LLB.*ntr1, then the solution /(l) Itas linite rnass. Indeed, Iet

f : If C Lr r- .Lr be defined by (fg)(g) - y7(y) a.e. on IR.a. Clearly, I is of

tvpe D or i  np,  LIB,n.  Then proposi t ion 3.1a)  appl ies,  so that  f  e  Lt  p,*n.L l ,  and

l l f  / ( f ) l l  < l l f . /o l l
I f  I |  i s  r ep laced  by  l | (R )  { r :  :  ( c1 )  :  c j  €  R ,7  :  1 ,2 , . . . ,  l l c l l "  

' . :

L7, j ' '  l . i l  < -), ?") 0, then the above anaiysis remains valid, srrch tlrat Theo-

lerl ."r.1 <'an lte leformulated, u,ith cil>vious modii ica,tions, for the discrete version of

t  l rc  Srr r , - r l r r r ' l io i r  s l< i  c<l r tat ion [10]

.  J - l  m

i , ,  :  i !Q i -^ ' .u ( " ( r ) )  
-  t  Q i , *k ( t ) ) ,  " r (0 )  

:  c1 .o  )  0  ( i  :1 '2 , . . . . ) ,  (5 . r r )

ri 'hele Q;r,(c):: q(k,.j)c*c1 , is defined by the same svnlrl letric coagulation kcrnel

in t roduced before,  subject  to  (5.4) ,  (S.S) .  Here the component  c1( t )  )  0  of  c( t ) : :

(cj(t)) is intelpreted as the concentration of clusters of size 7 at time t ) 0'

Existence and uniqueness of globzrl irr tirne solutious to tlte Srnolrrchowski equa,-

tiop ale ra,ther well understood, in the corrtext of coagulation-fragmeutation theory,

see. e.g., [1S]-[32] (for more details, the irrtercstcd rea.cler is referred to f1B] , [31], and

[32j). Existence and/or uniqueness of dif]'ererrt kind of solutions wtrs ploverl iu sev-

elal r,voi'ks, under various moment and regularity hypotiieses. Thus, the results of

[19]-[28] a.re valid for more or less particular variants of q given in (5.4).. Moreover,

in  [29] ,  i t  is  assuined ihat  q(a,a)  < p(U)p(y. ) ,  wi t l r  .p(y)  < /c(1 + u) i ,  fo l  sornc

( 5 .  1 5  )

( s . 1 6 )
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constanL k > 0. Furthermore, paper [30] considered a coagulation kernel that blows

up for small values of E an g*. Finally, in.[31], existence of solutions was proved

for q continuous, with q(A,y-)l(yA-) * 0 as (g,E*) --1 oor while local existence

and uniqueness of solutions was obtained under the condition q(y , A.) < p(y)p(y -) ,

witlr cp(y) continuous and sublinear' (i.e.. p|ry) 3 ptp(y), y > 0, p > I) ' The

ruliqueness results of [31] also include cases of solutions with infinite mass. The

lnass coltsefvation in the context of the Smoluchowski equation has been recently

investigated in [28] and [33].
Tireolem 5.1 seems to be corupletttetttal\ ' to t 'he l iterature, and to bring some

unitl. into tl 're existeuce theoly fol the strong solutions of Eqs.(5.1)-(5.3) and (5.17)'

undel  the general  condi t ions (5.a)  at td (5.5) .

5.2. Povzner-l ike model with dissipative coll isions. We revise here the theory

of existelce and uniqueuess of global solutions fot' a space-dependent Boltzmann

model, [8] (see also [34]). rvith coll ision ot)erators moll if ied in the spatial variable'

The moclel <iescribes a la,re{ied mono-component fluid of particles of unit mass,

evolvilg in the free space r.r ' i th dissipative'(c'ottset'valive) binary coll isions' i 'e., col-

I isious resulting in the loss (conserrration) of t l ie l<iuetic energy of the encouuters.

Accoldilg to the model [8]. the post-coll ision velocities v', w'Are related to the

plc-r 'o l l is iorr  ve l t - ,c i t ics v  rur t l  w l r r '

v  - v  - ( 1  - 7 1 ( n ) ) ( v -  w . r r ) n w  : w + ( 1 - 0 ( n ) ) ( " - w , n ) n ,  ( 5 . 1 8 )

q.here ( . , . )  is  t l ie  i r r r rcr  l r roc l r r r : t  in  Rj l  ar tc l  n  € 52 - t l te  uui t  sphele iu  iR ' r .  Hct 'e ,

,7 : 52 * 10,112) is a given r.ncasulalt le function. Tlie total ntomeutuin is couset'ved

iir coll isions, v/ + w' : v J- w. brrt t l .re kinctic' enelgv is losb

1 . , ' l '  r '  l * ' l t  - =  1 v ; ?  .  ; w ; 2  -  2  i ( n ) ( 1  - / l ( n ) )  l ( v  w , n ) 1 2 ,  ( 5 . 1 9 )

excelrtiug the case IJ :0. ri 'herl the <'ol] isious ]recottle elastic.

Fol each lixecl n € 52, the tratrsfolnratiott fR:l x R' > (.r, w) *' (v', w') € R3 x R:i

is inr-ertible. The irrrtet'sion fcrt 'trttt la<' atc

^ /  i  / t (n)  \
?  - v  |  -  l ( v  w . n ) n

\  t  -  2 J ( n ) /

/ r - l J ( n )  \
w  w  l -  | ( v  w , n ) n

\ t  -  z l | \ n )  /

Let , \  -  / - r ( lR ' r  x  lR ' r ; r1xdv)  -  / -1.  er{ r r iPPe' t l  rv i t ,h  t l te  nol tu i l  l l  , :  l l ' l l r . '  and

thc natr r ra l  o l r lcr ' { .  Dcl j rur  lx  / -1.  : , .  L i  ( , r i ' r  x  R: l ;dxr lv) ,  &;  € I IR,  t l tc  space of

rnt ,usrr la l r lc  i i rnr : t , io t ts  r>t t  17: IRi ]  x  [ i . ' l ' - 'R sat is f r - i r rg

As befot'e, f l .n clcttotes tlrc positirc cone in tr1 .

Fcrnrtrt lat<:<l in X. thc i,r ' .p. fbr t lte above tt iocltt l reatls

j r  :  Af  1 QI( f  )  a: ; ( f ) ,  / (o)  :  / 'o  > o,

u' l r<r1c . f '  -  . f  (1 ,x .  v)  is  t ,hc ouc-pal t ic lc  c l is t l i l l r t ion funct io t r ,  c1e1lencl ing ou t i t t tc t

1. ) 0. position x eilt i ' .  arrrl vcloc'itr-v €il{:} of t lrc so-ca,l lcd test particl<r, A is l, lrc

inlinitesirnal generzrtor of thc Cir gloLtl> {t/t},.,* of the frce motiou (I/r/)(x.v) ::

f (x - tv,v), a..c. Fultl 'rer. Q) and QJ aLc t.fre sr>calleri nonlinear gain and loss

Itgtl,.: ,- [ Q
"  . / R ,

(r1 20)
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operators, respectively and describe the influence of the collisiqns,.on the evolution
oi 1. fnuy are formally defined'bl , 

'., 
,

a l l o  

rR  r

QJ (g)(*  v)  : :  9(x,  v)  /  , t ,  I  l ( . t ,  r  -  w)11 P(r ,  n)s(x f  rn,w)d 'nd"w,
. lo  , /gz 

"p: r  F.22)
L'espectirely, rvhere P : IR1 x 52 r--+ IR... is a given measurabie function with P(r, n) :

P(r,-n) assunied to satisfy

r ' l i

t R  ?
I t t: : l  a t ' I

J o  J S 2 y R 3

P(r ,n)  l  cor2 ( "  > 0,  n €S2), (5 .23)

fol souie constauts c0 ) 0, 0 < ^i ( 1, aud R > 0, specific to the collision processes.

Under the above assumptious, fortnulae (5.21) and (5.22) define Qi ", 
positive

and isotone opelatols on the colnlllorl domain D :: L\. This foliows easilv if we

pcl fornr  the chauge of  va l ia .b le (0,R]  x  52 f  ( r ,n)  *  y  : :  ? 'n  € {z  eR3 :  lz l  S R}

in (5.21)  and (5.22) ,  and then take in to accout t t  (5.23) .

The basic propelty of the moclel is the identity

I r,&) l()I k) - Qi(il] a"
./ lR3

L  [  : ,:  :  I  r ' ( v .w .v ' ,w ' )  l ( n ,w  - v )11P( r ,n ) .q (x , v ) . r / ( x  *  r n ,w )dndvdw,
Z . / ^ r y ? r x ! 3  

( 5 . 2 4 \

u'lrele c-'.g:iR'J * R ale ttteastu'able functious such tltat I ' tg e tr1, and

J1l  .  * ,  v ' ,  w ' )  3  r i t (v ' )  + { r (w' )  - l1 , ( " )  *  l / r ( * ) ,

n- i t l i  v 'and w'g iven by (5.13) .  \ \ 'e  deduce easi ty  (5.24) ,  per forming the changeof

r-alialrlc (r. ' . tr ') -- (u. rf ) iu the fi lst term rif t l ie i.h.s (5 24).

If .! l  : 0. then (5.20) vields a version of t l ie so-called generalized Boltzmann

erlrratior.r l ' i t  h binar;' ela.stic (r:ouset'rrative) coll isions, analvzed in [9i.
Lct thc positive l iueal oPelatol A.l : L|, - '  X be clcfined bv (A.rg)(x,v) ::

) (v)g(x.v)  a.e.  ou R3 x iR.3,  wi th ) (v)  := ( i  +  lv l ' ) .  Def i 'e ,a7(r : )  : :  cgL for  $ome

constallt, c0 ) 0. If co is sufficienbly large, then a(tt Ld, and Q7* verify the conditiotis

of  Colo l lan '3.1 fot '4 ,  A :  Ar  and Qi ,  r 'espect ive iv '
Inclee<I, the olter.ators Qn+ are p-saturated. Moreover, they are o-closed, by the

nlollotone convergellce Lheorern. It is immediate that tlre domain conditions im-

posed ip Sections 1, 3 and in Corollary 3.1 a.r'e satisfied. Furthet', applying (5.19)

in ( .5.2.1) .  rve o l r ta iu a,n incqua, l i t5 'o f  the fo lm (3.2) ,  i .c . ,  i f  9  e / , ) , . * ,  then

0 S aa(q) ' :  l l^oQ;(s)l l  * l lnra,l(r) l l
l "  I '

: | , l , l  zr(t ' , n, v, w, x)g(x, v)g(x * rn,w)drvLvdwdx,
, lO  . /  j r  x lR j  x l l t r j  x lR : r

u , h c r c n ( r , n , v l w . x )  : : p ( n ) ( i - l i ( n ) ) l ( n , v  * ) l ' * t P ( r , n ) .  I l . e r n a r k h e r e t h a { '

thc nrap'Ll.* ) fi * La(fl) € iR is Positive ancl isotone. N4oreover, for co suificientlv
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large, the map Ll,* ) g 4 co ll^asll /ta9 - a;k) e X is also positive and isotone.

Further, ro obtain an inequality of the form (3.4), note that (5.19) gives ,\(v')2 +

I(*,) ,  < (2 + lu ' l '  +l- ' l ' ) '  < (2 +lvl2 + lwl2)2 :  t r(v)2 +.\(w)2 + 2)(v))(w),

which can be applied in (5.24) to conclude easily that there are two constants c1,

c > 0 s u c h t h a t

ll nSoi tsl ll - llt Zq; @ll
d, I r2.l1v;.11w;r* ?g(*, v)g(x * rn,w)dndvdwdx

, / g z y p s t p : y p r

< cllLaglllltt?'sll,
for. all g e Lt,+.Finally, it is obvious that the group [/t (generated by A) commutes

u,itlr tlre semigroup I/' (generated by Aa), and,l\kQ+(U g) e tr|,"(R+;X+) for all

g € otr=rLI ,* ,  k :  I ,2, . . . . .
Therefore, by Corollary 3.1, we have the following result:

Theorem 5.2. Let fo e Ll,,+ in ProbLem (5.20) Then Eq. (5.20) has a unique

pos,itiue mild solut'ion f suchthat f (t) e LL,+,t ) 0, and ll/(f)llrl is LocalLu boun'ded

on IR1. In ad"dition, f , (I + l"l ')f e C(R1;tr1),

l l /(t) l lr; + [ '  no171q )d" : l l follr; (t > 0),
- z  

J o

rLnd there is a, constant c > 0 such that

" nI
1 c t  I- I

J O

(5 .25)

(5 .26)l l f  (t) l lq < exp(c l lfoll4t)l l follq (t > 0).

It is not difficult to see that the argument of Theorem 5.2 cati be repeated

ri'ith obvious ruodifications to provide a similar result fol the space-homogeneous

versioir of Eqs. (5.20)-(5.22), which coincides with the fot'ce-free, tiu'ee-dimensiorral

sp:rce-horlogeneous Boltzmann model for granular flows [13], [14].
Theorem 5.2 improves a result announced in [8], where the existence of solutions

n,as sta.ted fol initial data in ,L[, and property (5.25) was included among the

c:onditions fol uniqueness of the solution.

5.3. Boltzmann model with inelastic coll isions and chemical reactions.

In this fina.l exanple, we reconsider the existence theory of solutions for an all-

sti 'act systern of a Boltzmann-like phenomenological equations, [6]. [35], [36]' which

cles<:r'i[c zi mu]ti-component reacting gas of particles with intelna.l states, cirat'-

ac:telized lt1' cliscrete values of the internal energy. Motivabed lrv the fact tha,t

a leal gas mixt.ure of particles with internal structure can be tliought as a tlix-

ture of sevelal chemical species of tnass points with unique internal state, any

gas particie of the model is supposed to posses one internal state. Specifically,

the moclel lefers to a gas consisting of N chemical species. A particle of species

r t  :1 ,2, . . . ,N is  character ized by i ts  mass n ln )  0 and inte lual  energY E, , .

\\tithout loss of generality, one can assume that E,, ) 0, 1 ( rl ( N. It is

zrssumed that, the ciremical reactions are induced by inelastic (possibly) multi-

bcrcly, irrstant coll isions. A reaction is identif ied with a couple (*,0) e M x M,
u ' l rere M , :  t l  :  (? , , ) i< , ,< lu l t ,  e  {0,  1, . . . ,1{ } }  is  a rnul t i - inc lex sct .  Her<;

6 :  ( a 1 , . . . , 4 N )  €  M  a n d  0 :  ( h , . . . , 0 N )  e  M  d e s i g n a t e  t h e  p r e - c o l l i s i o n  a n d
post-collision cha,nnels, respectively, with 0 I (v,,,13r, ( K participants of species rz;

1 - (  n  (  l / .  Anycoupleof  the form ( f ,y)  e MxM is  ident i f ied wi th amulb i -boclv



A NONLINEAR, EVOLUTION EQUATION IN AN ORDERED SPACE

elastic collision with 7r, collision partners of species n; I 1n ( ly'. The number of
particles in some channel 'y € M is l7l :: Do-{, fu. The family of chemical species
palticipating in channel T is denoted bV I/(f) ;: { i:1t. > 0,1 < , < l/}.

Let llt[-,, V"(*) and I,V"(w) denote the total mass, velocity of the mass center
and totai energy, respectively, for the particles in channel ?, i.€.,

N

I / . - \ - .l t t 1  . :  
/  

^ l i ? ? I i ,

; -  I

r  l ,

V,(* )  ,=# t  I , , , , * , , ,, ' . ' ) , €  
/ ( . y ) j _ r

I41"(w) :: t f{r-'nr,*?,1+ n,.1,
r€Ar(1)  i :1

r.l 'here w : ((wr.;)ie{1......u})r.e,V("1 i 'ept'esents the ensernble of velocities of the
particies in channel 7. Then. tire kinetic enefgy of the pat't icles (with velocities w)

in cha,nnel ?, relative to the franie of the urass cettter', Leads

(5.27)

(5 .28)

(5 2e)

(5 .30  )

Obr.iorrsly, I4/,.-r(w) ) 0.
Accolding to the rnoclel. a gas lr ' :rc't iott (cr. /3) nray take l i la.co only if i t is consis-

tent with the couselvation of l l i i lss. l l lolttettt,uur aud ettergl'. i .c.,

/ 1 1 . ,  : , 1 1 t .  V , , ( w )  :  V r ( u ) ,  I { , ' ( w )  :  I l p ( u ) ( 5  3 1 )

We u'ill a$sume here tlitrt eiastic collisions are ahi'ays plesent in tlie gas evolution.

Tl re lefot 'e .  the s i : t  C, t t  : :  { t " . , . t )  e  'V x "V :  A[ , , :  i r l , t ]  is  t rouenrpty.

The Boltzmann-like sl-sterl l of ecluatiotis frrl the above trtodel is

* . r ,  : a i ( . f ) - a , ( . f )  ( r > 0 .  r < i < r / ) .  ( 5 3 2 )
ot

Hele the unknou'n ./ i : R+ x lRr r* R1 is the one palticle distribution functions

.f, : .f,(t,v) (t-t inre. v-r-elociti ') of the part,icles of species 1 < i < l/. In Ec1.
(5.32). a! (.f ) ancl Qr (/). rvith ./ ,: (.f t.. . . , .1..r ) arr: t. l ie so-callecl loss and gain

(rrr-rrrl incar') opetatot's fol the palti<' les of s1>ttcics l. t 'csptt<:tivt: ly. Folniallr ' .

Ql ( . , / ) ( r )  :  t  ( r i  
I  h , , ^ ( * .  n ) (g tou , i . , , ) (w . r t ) l * , , , ,  , d f r i r Jn .

o. ie. .U , r . ,  . ,  - . / ,  , , r_,

(5 .33 )

e ,  @Q) :  I  o ,  l  [ , , r . , , ( * , n )g " (w) ] * , . , . : , r Jw ;dn ,  (5 .31 )
^.nZ.u o" , , ,  1,,  , , . ,

u'hele

.s1(w) :: I I  f l  r,(*,.,).  ̂ ,  e M. (5 3;)
.  ,€y \ ' ( t  )  . r :  I

Q. is t:he rruit sphele in [R:]l^' l-:1. n'ith i '€.A1, ancl drfu; is t lrc Errcliclca.tt e]eureut of

area,  ou {w €Rj l l " l  l *0.^ ,  :  v} .  Hele,  t l t t l  f t r t r t : t i r l tLs up. . ,  e  C([q: t l " l  x  f )6;Rj ] i  J  1.

aud the measulable firnctions r[.Jtr, ?:1.,t 
'  nX:]l^i t f)71 c- [R.1 are givttt i.

I I , . - . (w )  =  I I ' " (w )  
1 ' I .Y ' (w )2  -  

f  
r , " ,
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The following conditions are assumed ([6]' [36]' [37]):
( B )  r B , . :  p ( i , o : 0  u u l e s s :  1 " ] t 2 2  , l 7 l > 2 ,  ( o , 0 )  € C r u ,  a n d  w  e  D [ , o : :

{ * '  .  IR3 lo l  :  W, ,o (w ' )+  f (oo  -  g )no>o) .
t "  " u \  i : r  )

(B) For each i. e N(a) fixed, pB,o(w, n), r,e,o(w, n), and uB,^(w) are invariant

with respect to the interchattge of the components wrr,1, .. ', w,,,', of w.

(83)  I f  (o ,0 )  e  CM,w e  Df , . ,  then

(V6 o uB,)(w. n) :  %(w) ,  (Wp o uB,.)(w, n) :  I4l*(w),  (5.36)

fol all n € f)6, and

I  I rD*(* ,n)p(w,  n)( { ,  o  uB,a)(w,  n)dwdn

R 3 l ^ l x f , ) / ,

= /  , - . . , r (w,  n)(p o u. .p)(w,  n) / (w,  n)dwdn,

Rs l r i  xQ . ,

for all <p : R.3lol ,.* IR and 4, : IRrl'3| r- lR, for which the integrals are well defined.

We suppose that the reactiotts are t 'evelsible, i.e., if r3.n I 0 for some (a,B),

fh<:rr also rn.a * 0.
It foliows from (5.37) that pg.., and rp.,, are relatecl one to anotirer. Irtdeecl. a.

rrrore explicit relationship betrveen pB.. aud 7'D,e caln be delived, as it results fi'orn

a geuela,l exar.nple constnrcte.d in [36] , 137], but this is be1'ond out'1tt 'esertt scope.

Here we only mention tl iat Eq. (5.32) r 'educes to the ciassical Boltzrnann equation,

u'[ep one assulres a lnorro-coulyronent gas of particles rvitli llinar'y' t:]trstic coliisions

( i . e . ,  l y '  :  l ,  I (  :  2 ,  a t t d  P t .o  :  1 -6 ,a  : 0  t r p l ess  a  :  0  :  ( 1 ' 1 ) ) .

TIre last coudition of the nrodel coucertrs the ltetravioit of rp.,, (see [6]):

Assumption 5.1. Tltere ore sonte. cort'stants 0 I q 11 an'd 
",,, 

O such that

r1 r .^ (w.  n )dn  {  co( l  1 -W"(* ) ) "  (w €  IRr " r ,  a .e . ) .  (5 .38)

for a,LI a, B e M.

Olrv iousl .y ,  r rp. . (w)  -  0.  ut t less (o.0)  e Cu.
A conseqtteirce of (81). (Bz) and (5.1t8) is t ire. l<ev eqtralit l '

/ v r

t  /  v l ' ) ( " )  [ rJ I ( .q ) ( " )  -Q,  ( .q ) ( " ) ]  r l v :0  (0<  t<4) ,
u  t $ l
/ : l  

/ K '

(5 .3e  )

f c . , r '  a l l  q  :  ( g t , . . . , g r y )  r v i t h  (1+  |  v  l ' ) t * "g ,€  , 1 (R j r ;  dv ) , ' i , :  7 ,2 , . . . , l y ' .  He le ,

u lo ) ( r r )  i :  ?? r ; ,  v l n ) ( . r r )  , : l r r , r , l v l 2  +  E ; ,  v l ' ) ( r r )  ' . : n7 , i , 1 ) j  ( l  <  i  < ,4 r r ) ,

rv l re lc  u. i  is  thc j -comporrent ,  j  :  1 ,2,3,  of  v .  Eqrra l i ty  (5.39)  inrp l ies,  at  lcst

folnra,ily, the llrrlk conselvatiott of urass, tnot-netttuttt a.ncl total cnefgy.
Lct X ,- (L' (R:l;dv))^ l>e equippcd t ' i th the or'<ler'( inclucecl by tl ie order of

t l re  <xrn1>ou<lnts ( i .e . ,  the natu i 'a l  or< let  of  1, ' ) .  ' f l rc  l lo f ln  o l l  X is  < lc{ i t ie t l  as

(5 .a0)

(5 .37)

,8.r,(*) t: f
. ,n,0

N , N

l lg l l ' :  I  /  l , r , ( " )1 , /v  : !  11t r ,11, ,  .
u l " ' '
' - r llt:]
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Denote by Lf,:: ri(n'; dv), k e IR., the spaceof measurable functions 9 : IR3xlR3 '*
IR satisfying

l l s l l ,  r  : :  I  f ,  *1v1 '? ; f  1e1v;1dv < oo
^  J R +

and let tr[.* be the positive cone in .Lf .
It is naturai to folmulate the i.r ' .p. for Eq. (5.32) in the space X. Under the

above conditions. fot'mulae (5.33) and (5.34) define Qf and Qn , 1 ( i ( N, as
operators from the comnlon domain p: (LL)N C X to lt(R';dv). Defining tl ie

ope la to l s  QE tD  C  X  r -  X  bV  QE:  Q{ , . . . . . ,QnL ) ,  \ \ ' e  can  w l i t e  t he  i . v .p .  f o r

Eq. (5.32) in X as
t l

i f  
:  a|(,f) - QE(.f),  /(0) :. fo : (. /0.r, " ' , . fo.rv) € X+

We shall plor,e the existeuce of soiutions to Problern (5.41), by applying Theorem

3.1a) (in the case n: Ar). To tl i is eud, let the positive closed linear operator

l tp :  (LLr)N r -  X be def ined on cor l lponents b1 ' (Ass)r (v)  :  t r i (v)g(v)  a.e.  o l l

lR.3 x R3,  u,here l i (v)  ' . :  nL i+ ru;  lv l2  f2 + E; ,  1  < i  < N.  Denote l . r (w)  : :

Die.nr(r) I l=, It(*'. i) i ? € M. Then ciearly, l ' '(w) : AI ,- + W^,(w), hence

( 5 . 4 1 )

(5 42)

(r;. a3 )

0 ( l r r ( w )  < l r ( * ) .

lrr addition, defining tr"(*) :: l l;e^:(r)fl]:, )r(-r.r), ^r € M, '"r'c have

11. ( * )  <  ln l  t ' -11{ )1 ' (w) .

ri ' lrer.e -E:- luil l{}nr I Ei : | <, < r\r} It is riseful to renralk that, since W"(w) 2
E  l r  l >  0 ,  anc l  0  <  q  <  i .  t l t e t i  l r r ' ( 5 .38 ) ,  ( 5 .42 )  and  (5 . -13 ) .

r . t , 1^ (w )  <  C ) " (w )  (w  €  [R t " t . d .e . ) .  ( 5 .44 )

for. all a, {.) e,V. I{ele C : C(8.1i) > 0 is a numbet' clepending on E aiicl 1(

(r'ecall that I{ is the ma,xinnrm nuurbeL of partners in a t 'eaction chaunei).

To appl.r 'Tht'olem 3.1a) to (5.11), f i lst lemark tl iat Q=, ancl Ap vt:rify the dotnaiu

conclit ions imposed to Q+ ald A lty the theorem. \Ioleover', As has the properties

1e<luirecl for A in (-40). Ful'thef, ol)seLve that fot'mula (5.39) provides correspondent

to (3.2). speci{icai}r-.

Ln(9) , :  l l^sQikt) l l  -  l lAB0;(s) l l  :  t )  (s e (r.1 *)n ).
Tcr olrta,in a colt 'es1>ottciettt to (l).-l). de{inc sr.(w) :: I ietv(r) L]=1 )t(*t.,) '

\ext. trsing the <lelinit ion of Qfi turcl prol>ct'ty (Bz).ancl applf ing the obvicius

ineclual i t ; 's . (w)  < 1"(*) ' ,  r . r 'e  i i lc l  that  i f  9  e ( I [ . * )^ ' .  thcn

lln?,aItrllll = s, ,  (w)p6,*(w,n)(g ' '  o  t rp. . , ) (w.  n)dwr ln\ - l
t r l

6 v ,pe  MJp r1 . , i y92 ,

'tn"t,,lrrr,
(5.1)7) i rr

1 , , ( w ) 2 p , ; . , , ( w , n ) ( g ' 3  o  u , r . e ) ( w .  n ) d w d n .

thc last integla. l .  
' f l t tr t t  i t t tr , : t 'c 'harlging o aird p, wt: gc: l\ \ 'e apph' pfol)crt\

l l l lLalk)l l  < I l '  (1,7 o ?t;t . , ,)2(w, n)r ' , i  , ,  (w, n)c"(w)dwtdn. (5.45)
, , . i leMpt1, i (yg2, ,
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Since 1,3(w) :  M0 *WB(*) ,  property  (83)  impl ies that  ( lBouB,o)(w,n)  :  l . (w)

for all ia, 13) e crrr, w € Drta. This and (81) enable us to deduce from (5.45) that

l l,r?CIts)ll < t I 
tn(w)2r11.o(w,n)e'(w)dwdn'

o . t i € rVp r1^ l ye , ;

(5.46)

Not', usitrg che definitiorts of I

arrd (5.42) .  i1 'p  e l r ta i t t  f ion i  ( ' ' r .

l lnbaltqt l l  s t  t
<r .,rl€.A4pr,.., 

a g..,

" (w)  
and

46)

s(\\w )rrJ

Q 
", 

and then, taking advantage of (5.38)

,.,(w, n)e"(w)d,wd,n + pB(llrBgll) l lASsll

: lliu'ue n&) ll + p" (ll(n asll) lllt2usll ,
',virere ps is a positive ttott-clect'easitrg (polvnourial) function.

Therefore, t lte last iueqrrality is the lequired cot'respondent to (3.4) (in the case

n :  A r ) .
Furtlrer'. Iet ne > 0 be sonre cottstant' ancl define a(r):: 

"rDX:aP, 
t: ) 0'

Therefo|e,  n( l i , \sg l i )  -  no IX l lArg l l " .  But .  eacl t  teLni  i i : \s9 l lp  i i r  t l ie  r " l i 's  of

tl ie last equalit l 'ca.n be expressecl by (5.10), aud tlte resultiug expression cau be

cxpanclecl bt'the ruultirrcrnitrl folurula. Thcu, after soure eleuteutaly algebra, n'e get

t  l r , '  f , r l lo l  ing t tscf r t l  cr l l l t t 's : i r t t

c ( l j A ; r 7 l  )  :  n u (:^/,  |  ) ^ ' (w )ea (w)dw.  (5 .17 )

R 3  . .^ ' € ' V . l 1 l > 1

n' l teLe c^, . i  )  0 ale'st l icth'  l tosit ive. <:oustant

\\ 'e shon' that i f  ns is stt f t ic ientlv large.

Qikl) € -\  is posit ive attcl  isototte. To this

c o e f f i c i e n t s ,  1 € M . l f l  ) 1 ,  1 < ? < l \ - .

t lren (I]  1)N ) s * a(1lLnf l l)Lns -

eud, first uote that one can write

tL * ; ,  ( 5 .18 )

Q ,  ( . q ) ( " )  :  l ? r ( q ) ( v ) q i ( v ) .  ( g  e  ( L l i N  '  v  e  I R 3  a ' c " r  < ' <  r / ) '

rr- lrclc

R , ( e ) ( v )  : = \-
L

u , 1 . ( \ l W  )

t
t t . , 1 e  M

,1. I
I l l v,(*, ,)l

s € , \ ' ( r r  )  . 1 = 1  
|

( s . . 1 ) l ( i . c ;  )  I

, " '  , r r , l ,  ,

l] n"r*".,11
. l :) 

J

uri th rz,r . , ,  as in (5.38).  Heuc'c.

a ( l i A p q l i ) ( A  n e ) i ( v )  -  Q ,  k t ) $ )

It is c:onx.ni('rrt to s('t

i ? ; t ( ' 7 ) ( v )  : =  ( ' (t, I
' j i , :r ' ., r

= ln( l lAni / l l ) ) ' (v)  *  R1(q)(v) le1(v) .  (5 .4e)

),'(*) II
s€A ' (o  )

( s . t ) l ( i . r t ,  )

dw,,  (5. . ' ) ( ) )
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with C as in (5.44). Summing on p in (5.50), using the explicit form of lo(w), and

invoking property (.B1), we at'e easily led to

ni(sx") = Cl;(v)
?e

r v h e t . e q " . , ) 0 a r e c o n s t a t r t c o e f f i c i e n t s , . y € M , | r l > 1 , 1 < i s , / V '
\Ve introduce $.a\ and (5.50) in (5.49). Consequently, fol v € IR:t a.e.,

n ( l lAss l l ) (A  ss) t (v )  -  Q l (e ) (v )  :  tn f  (s ) ( " )  -  Rn(s )Q\so( ' )  *  
" , (e ) (v ) ,  

(5 .51)

n'here

f,(s)(")  : :  t r i (v)g.(v) I  (asc1.t  -  Cq^,,")I ^"r*rn.'(w)dw
R: l l r  I

Non,n'e conlpare (5.48) and (5.50), by taking advantage of (5.aa). It follows tl iat

the nrap (LL)* ) g e In,1(g) - Rr(S)lS, € .Lr is positive and isotoue, 1 < i < N.

\,,loreover, because of the for.nr of T;(gt), if os ) 0 is sufficientiy large, then the

nra.1r1>irrg (LL.+)* ) g e Ti(g)(v) e Lr is positirre and isotone for all i . In this casc.

by  v i r t ue  o f  ( 5 .51 ) ,  t he  map  ( I l . * ) t  )  s  *  a ( l lAeg l l )Aag  -QnkJ )  €  X  i s  a l so

positive and isotone.
Iu colc lus ion,  the condi t ions of  Theot 'eur  3.1a)  a le fu l f i i led ( in  the case A:  Ar) ,

so that \\re are in lrosition to state an irnproved velsiou of a. r'esult announced in [6] .

Theorenr 5,3. Su,ppose t.hat in Problem, (5 /ri). .fo.i e LIn.*. 1 < i < N. Tlr,e.'rt

Eq. (5.4tt) has a nn,ique stuortg soLuti,on, f(t) : (.fr,.. ' , fN) such that .f ift,) e Lta +,
f > 0. tnd l lf i(t) l lr.,, i .s ktully boun,d'ed, orr Ra, 1 < i < N. In additi 'on,, .f ;.

( 1  +  l v l ' ) / ,  €  c ( R 1 : r t ) ,  1  <  i  <  N ,

l lna/(r) l l  :  l lAa/ol l  ( r  > o),

rtrtd. t,ltere is a rt,on.-rLecreasi,n,g ,funct'ion 2a :R+ r- R1 sudl f/laf

l l , t 'o f t r l l l  <  exp(ps( l l /0 l l ) , ) l l ^? / , ,11 ( r  >  0)

Oltse;r'r. t[at Theorenr l i .3 cloes uot state thc cottscrvtrtion of tnass, ttrotnettlttru

an<l oler.gr'. l>rrt the couselvatiou (in a,r'bitra.rt 'units) of t, l ic quantitv nass+(total)

opcfg]'. Hou'eveL. the plol>erties of /(t), cf. Theoleni 5.3, alicx'v fbr checking inrurt>

rliatell, the selia.r'ate cottserr.atiot't for each of tile above quantities.

Theorem 5.3 q'as first obtained in [6] , undel a tnore restrictirte formulation t.ita.n

her.e. The ploof of [6] is rnole complicated thau here, because ittr.olves an operatot'

approximatiou step. as urcntioned in Sectio.n 1, in the ca,sc of Arkerycl's scheme [1].
Hcre it sl iould be noti<:ccl that if Prol:ien'r (5.41) is palticulalizecl to tl ic <:ase of

tf ie c]assical Boltzrtrann equation, then Theolem 5.3 t 'eclrtces to the tttain rnotio-

topicitt.r.esLrlt of [1]. tr lolcoi'er'. in tha,t <:ase, usiug srrit,a,blc a,cldit ional Povznor'-i iktl

cstiurat.ions, \re carl re-olttaiu the genelal lnolrlettt estituations of [1]. as apll l icatiorr

of  Plo l ros i t iou i i .  1b) .
Finally lve feuraLk that similar analyses as fol Tlreorems 5.2 rind 5.3 <:an lrt:

deveioped fol the models cousiclclecl in [5] and [B].

D
M , l t l - ,  

n"o/, ' \1(w)er(w) dw'

t e t V . l t l > 1

(5 .52 )

(5 .53 )
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