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We consider local homeomorphisms between dotnains fiom R' satiafying ,:ondition

(N) and having local AC.L. inversc. For such mappings we genoralize sorre ba.sic

facte ftom the theory of quasireguiar mappings as the moduler inequality of Pole&ii

eod estimates of the modulus of spherical rings from {15]' USl and [19], and we use

these facts to extend Zoric's theorem and to calculate thc radius of injectivity tbr tltis

class of mapFingr,
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Introduction

Tbroughout this paper D will be a domain in R" and we consider maps / : D - R",

where D c R. is a domain. srrch a map is said to be of finite distortion if:

i )  f  ewi l : (D,R') .
2) The Jacobian deterrninant is locally integrable.

3) There exists K: D -+ [0.oo] measurable and finite a.e' such that ll/'(r)ll" 5
K(x) .t1@).

Notice that when K e L* ( D) we obtain the known class of quasiregular mappings

and we refer the reader to l22l and [23] for tire basic monographs dedicated to this

subjecr. If thedistortionmap X e fi,,,.(nl forsome p>n- 1 and/ eW,I,; i(D,R^),

it is shos'n in [6] that / is open, discrete. In general, for rnappings J' ; D -> kn

it.e. tliflererrtialic *'iih J1(z) I0 a.e., w(J catr defirre tLe outer dilabatiorr /(s(f),

'This research is supported by the Rornarriarr lvlinistry of Education and Resea.rch, CEEx

Prograrn, Project Z-CEx}F- LA / 25.A7.2006



rhe inner dilatatbu KrU) d the linear dilststion Kr by Ko(JX't) = lfr€lt'

Kililbl= dft$| ud Kfixl= lttfl# i 1o:*"o 
t € Dwturr-/ is ditrerentiable

with {(c) *'ir l"A we see that rtff) S lfs1l;"-l a'e'

If Q € BMo@l and nac{Ks(/Xs), rcilt!(p)} { Q(:) 1"' io I)' we sav as in

t18l;b,l i b 
" 

q-ilp. i" 1ra1 fi. O-iioi"**otpt itrn the following modular ectirnateg

are eetablished:

1) M(/(r)) < r16,111(f).

2) L'IKoUr, , (A(F(c, r), CB@,R\,8(r, 'R) \F(o, r)) - 0 when r --r 0 and B ) 0

is kcpt fixcd and E6,nY c O.

It mtnt be mentioned thst tbe modular inequalities 1) and 2), slthough are cys-

tematically used, appear in [18], [19], [24], [25], [26] in e nonexplift^form' Also' in

iigf, iA, j25t uo -*idutua 
"""'i"i""ti* 

maps for which 1) and 2) holds' IIow-

"u"r, 
inur" *.pu 

""" 
ACL, aaps*a-itt the class of local homeomorphisrns satisfying

condition (N) and having l(x|al ACL inverses our results are etronger' The meth-

ods and the technique oi tnu modular estimates 1) &nq 2.).dgveloned iu [24]' [25]'

[26] were also later-crmside.red in [r.5], ['!1, {r'rl' [14], [4]: l5l !:mappings 
of finite

distortion and satisffing condition'(R;"Soti *ups J z D --+ R" -a'r: maps of finite

distortion for which in"il *itt" A : io,'m) -* [0, m) tttT.l strictly increasing' with

.4(0) :0,4-- A(t) = a, exp(A 'Ko(/)) e LI'"U)), 
{ 

UPO' = oo anJ there exists

ts ) 0 such th8t A'(t)t incrca.scs to infinitY for t ) t0. In [13J it is-shown that such

non-consra;nf, maps €."e 
"p"", 

J""*te and in [r5] are proved t]re modula'r estimates 1')

uoJ zy for this cl*s of mappings. Zoric's typre theorerns and eliminability results are

""*ii"."a 
in [9], [14], 1a1,lS1 for such mappings' A logal homtomorphism which is a

map of finite distortio" *h *ti"fyiog 
"ooaitiott 

(A) aiso satisfies condition (N) and

has local ACL^ inverses (t* [8j, iif1j, fr"""" our entensions will be sharp' We prwe

the following generalizatioo oi 
" 

o"it known theorem of Poleckii from the theory of

quaisregular maPPings:

T h e o r e m L . I ' e t n ' 2 2 , f : D - - + R ' b e a l o c a l h o m e o m o r p h i s m s a t i s f y i n g
condition (N) and having local- AC L" inverses and lel f be a pal,h family lrom /)'

Then M(f(f)) S t\lr,1y1(r)

We also give estimates of the modulus of the spherical ring'

T h e o r e m 2 .  I ' e t n ) 2 , x e  0 , 0  <  d  <  a s u c h t h a t ' B ( r ' a )  c  D i f  r . e

tn tD,C, ,5 , ,o ,e :  {z  € .  D l i<  i l r - " l l  (  a } ,1 ' ,6 ,o ,p  1 { r : . [0 ' t J  
'C" , !y " ,D n#  I t

:.i* btr, ij'i,itt .S1r, u;'in C"d,,,o\ and let ' ' D -* [0, ml bc rrtca'suritblc tur<l firritc

L.e. Suppose that one of the following conditions hold:

1) t enp(A"w)(z)dz ( oo for some Orlicz map A'
B( r , a )  f i  D

2) There exists 11 ) 0 and 0 ( a

p - (B ( t , r ) )  ' ( l n ( f  ) ) '  f o r  0  <  r '  <  o '

< n-1 such that I  w(z)dz < 14'
B(r ' r )  O D



3) n } 3 and there exiets 0 < o < n -2,1\[ > 0,Q e LL(D1B(r,o)) with w < Q
t""ninri f IQQ)- Qn6,,poldz < M'(1"(*))o forwery0 < r < aa"nd c ig a

p pornt rff # e : (0, :) '* (0, m) decreasing and such that lz = 
*i- #+ . *'

4) n:2 and there exists Q e Lr(D nB(r,o))with ur S Q rurd I/ > 0 such that

f IQQ)-Qu1,,.,puldz S M for 0 < r < o and c is a ppoint of D, with 9:6.
B(z,r)nD

Then jim M-(f",a,o,o) :0.

If condition 2) holds aud 11 : i #=, ,n"rt
fr=1

.  .  M ' \ ' V n ' e "
M-(L ' , ,a , " ,D)  3 n-

l lnln ff) '

If condition 3) holds, Q6 : f QQ)d'z and 13 : i ;, tt"r,
BG,dnD /c:1

I I  .U .Vn .  en *  ur . - l  '  Qo' ls  *  wn-t  '  I I  '  12

,^^.^.^ ff),.

If condition 4) holds, then

^ , r  t r  .  ^ r .  r . A I  . h ' e 2  + z r ' Q o ' t e + 2 n ' _ ' M ' C ' ( l n l n ( t )  - y  
./ v t@\L  r , o ,q ,D t  :  ( h l n  f f ) 2

We extend some reults of Dairbekov p] and Rajala [20] concerning the eliminabil'

ity of the sets of null capacity of local homeomorphisms for quasiregular rnappings'

respectively for rnappings of finite distortion and satisfying condition (A).

Theorem 3 Let n > 3,8 C D closed in D, f : D\B -* ff be a local

homeomorphism satisf ing condition (N) and having loco;l ACl,n inverses such thet

M *,vl(Bi : 0. Then / extends to a homeomorphism e,round each point i/ € B. If

in adiition l16r1y1(oo) : 0 and there exists 16 ) 0 such that CB(g,rs) C ,, then /
extends to a homeomorphism around co.

We remark that our condition trI v ,61(8) : 0 is apriori weaker than the condition

M6o1,1--'(B) : O imposed in the analogue result of Rajala'

Theorem 4 Let rr > 3, E C D be closed, countable, / : D \ D -t R" be a local

homeomorphism satisfying condition (N) and having local AC L" inverses and assume

that / satisfies in each point r e E_one of ttrgconditions from Theorem 2' Then /
extends to a local homeomorphism / : D * FL

We also extend some results from [1], [3] and [4] proving some Zoric's tlpe theo-

rems with "singularities".

M-( l - ,a , - ,n)  3



Theorem 5 Let n )-3, K C It-. be closed, B c R' \ K be closed in Rn \ K'l :

R. \ (11' U B) ,-+ R' be; bcal homeomorphism satisfying condition (N) and haf ing

locnl ACL, inverses such that Mvr11'y(B u {m}) = 0' Then * :tl extend I to a

homeomorphism around each poini'd'€ .B *a we also denote by J the extend map'

Wc ltnvc:

1) If / is unbounded and d(/fruB) is compact, there exists rs ) 0 such that

K c B(0,rs) and f is injective on C.8(0,r's)'

2) ffe(i:K u6 is corrtpact, trnl \ejfr * dt yl n" \.Si@ is c<'rfnected'
ihen / is injective on Ro \ l(. If / is continuous on /( then /lE'\ K : F'\ K *

tr titfl L a homeomorp[gp aqg-if in addition / can be extended to an open'

discrete map on K, then /, R- -- E is a homeomorphism'

For K : / we obtain the following Zotic t'rype theorem'

T h e o r e m  I L e t r r ,  >  3 , 8  C  R  b e c l o s e d ,  f  t  R ' \ B  * f f U " a l o c a l

horneomorphism satisfyin! condition (1V) and having l?c:;l 
IcL:,inverses 

such that

IVv,gfB um) = 0. irtui / extends io a homeomorphisrn / : R -- fr"

we lind in Lemma 2 and Lemma 3 some conditions in order lo ensure lhaL

Mr<,<fl(x):0 and usitrg these couditions, we 6nd the foilowing generalization of

Zoric's theorem.

Theorem T:Iet n23,f : R'+ R'be continuous so that there exists p > 0

such that flC1(g,p) , CnlO-,p1 ' f (CB(g,p)) is a local homeomorphisrn satisfying

condition (lfl 
""a 

having local ACL inverses on /(CB(O, p)) attd suPpose that one

of the following conditions are satisfied:

a) there exists 0 1 a 1n- I such that liry- suPffi I  K l f ) ( r ) f f idr  <
C B(o,r)

co.

b) thereexists 0 3 a 1 n- 1 such that li1n.szr f K1(/)(r)ffi < m'
6 n(o,r)

Then, if / is unbounded, there exists rs ) 0 such that / is injective on cB(0' re)

and if / is open, discrete on R', then / : R' --+ Ro is a homeomorphism'

In [21] it is proved that if n> 3, f : R' * R^ is an ACl,n loeal homeomorphisnt,

having'iocal ACL. iwerses such that liry- sup f K1(t)^-Ld'r ( oo' then / is
I J  (0 , r ' )

a homeomorphisrn. Since Ky(J)(n) < K1@)^-t u."., it results that lcr such maps

tlre relation lim sup f X,(l)@)dt < x holds and hence our Theorem 7 exbends
r + 6  8 ( o . r )

Perovic,s result, since in our theorem we permit the average f Kt(f)(r)d'x < m
B(0'r )

Ncl lave a. lggaritlunic growbh to irrfirrity a.rrd we still obtairr a Zoric's type result. Thc

preceding theorem also extends our earlier result from [4], established for rnaps of

fidte distortion a.nd satisfying condition (,4)'

We extencl now a known theorern frorn the theory of quasiregular mappings cotl-

cerning the injectivity radius of a local honeornorphism, generalizing a result es-
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tablished by Martio Rickman and VAiSAIA for quasiregutar mappings in [17] and by

Kqsftclo, Onrrincn an{ Bnjala in lf 4l for mappings of finitc distortion and sntisfying

condition (A).

Theorem 10 Let n > 3,o > 0, I : R(o,o) --r ft' be a local homeomorphism

sntisfyirrg c<lrtdition (N) :uld hlviug lo(lltl ACI"'invcrsrx such tlurt thcrc cxists 0 S

a < n--1 so tbat Mo: ^$,uq f f1(/)(a)ffi ( oo' Then / is injective on
0<r(cA19,o;

B(0,d"), where do ) o' e' enTt(-e'ry(C ' Mr)*), with C a constant depending only

oD n.

Theorem L2 Let n 2 3,a ) 0, f : B(0,4) --+ R" be a local homeomorphism

satisfying condition (N) and having local ACL' inverses so that there exists I €

L!*@({,$) such that 
'Kilf) 

3 Q a.e- in B(0, a) and let' Qo : 

"r!,rrQ@)du 

and

.1f1. - sup f lA(r) - Qr10,"11ffi, where 0 S a < n' - 2' Then / is injective
0<r(cg1g," ;

on B(0,d"), where do > o,'e'erp(-exp(C1I' lo * CzQ)i), with G and Cz constants

depending only on n.

Our paper may be considered as an attempt of considering mappings of furite

distortion under minimal assumptions. one of the natural minimal assumption is to

consider mappings [ : D '- R" a.e. dillerenl,iable with J1.(r) + A ?'"'' 
since for much

maps we 
"*r.tt"ottt" 

a.e. the dilatations Ko([),l{t(il, and of cotuse' a map of

finile rtstortion a,nd satisfving condition (,4) verifies this minimal a.sstrmption'

The class of local homeomorphisms / ; D --+ R' satisfying condition (l{) and

having local AC Ln itrverses is a special class of urappirrgs of furite distortiorr' hrdeed'

we see from Proposition 1 such that a map f : D - R' is a.e. differentiable wibh

Jild * 0 a.e., and since f is an a.e. differentiable local homeomorphism, we use

iirlor"* 24.4, page U [27] to see that J7 e L!".(D)' Let now g : V '-+ U be a

local inverse of /.-Since'gi* un ACLV homeomorphism, is a.e. dillerenLiabie, and

1f A: {A eVli is differintiable in y and, Jn@): 0}, we use Serd's lemma [3] to

see that'ir"(g(i)):0, and using the fact thai f satis6es co'dition (N), we.obtain

that p,.(A) ='0. tr results thati iE ACL-, a.e. differentiable on Vand Jg(y) *0

a.e. in V, and from Theorem 6.t, page 150, [7], we see ttiai / eWll(U,H") heuce

f ewrr:(D,R-).
lvorking in the class of local homeomorphisms satisiying condjtion (/v) and having

loca,l ACL inverses, we don'l need such a map to belong to Wi;l'(D-R^), and we

don't impose the map 1( to be in U(D) for every p ) 0, as is supposed in the case

of bhe mappings of finite disborbion and satisfuing condition (4), or in the case of Q-

homeomorphism, and in these conditions, we still obtain important qualitative results

based on the modular inequalities from Theorem 1 and 2. An important subclass is the

clrxs of ACLL local homeomorphisms having local ACL\ inverses, since sucir maps

satisfy condition (N), a.re a.e. differentia,ble with Jt@) t 0 a.e. and.the local inverses

also satisfy condition (N) and arc a.c. cliffcrcntiabic rvith notl-vanishing jacobian a'c'

In Exnnrnle I we firrri a hotneortrorphisrn / : D -'-+ D' satisfying corxlitioD (A )



il
Jt.
E

,ih
b.

*,
.&
ft-i

m'tsf

F
9.j
t!i

:ii
*:.
1t()

'i.i
:ti

tr,
.;.g]

)-"
i1
,t

. i i

4,.

Jit

't;,,

;i.

having ACL* inverses for every rn > 1, which is not a map of furit€ distortion and

,*'i",fi"S-*"aition (,ai or a Q- homeomorpfrism' which ehows that gur theory i8

consist€nt. Mo"u pr""i"li f *'wHtD,R^) for evw p > 1 *9 the dietortion map

nin-{il".lDl. it rcsuir; itar oui-&tensions are effective and lead to the conclusion

that manv of the a.ssrrniirti"ii* rt"* the thanry of rnoppings of fiuil,c distorl'iou alrrl

;ildd'*ndition (Ai-;; fr;- the theolr of Q-mappingp are redundant in order to

extend some basic properties of quasiregular mappings'

In the present paper we considered only local homeomorphisms' We used the

modular inequalities ri tta 2) and basicaliy the methods from [4]' [5]' [10]' [11]'

itq, i"f, iia1, iro1, lzii to improve some results concerning Zoric's i:heorem' the

calculus of the radius od in3ectivity and some eliminability results. Using rhe usual

techniquedevelopedintheabovepaper'wecanconsiderproblemssuchasboundary
extension, distortion estimates, equicontinuity results- we don't attack this problerns

now,inthepart ictr larcaseof localhomeomorphisms'sinceweshal ldothisthing
in firll generality in a more general setting' We give here only some extensions to

rcme known theorems rro* iiru theory of quasiconformal mappings from the book

of Viiis<iln l2?l which uc spccifica.lly tbr horncotuorphic rfla,ppiugs' hr a tbrthcoruirtg

;"*; siali corrsider the problems mentioned before for open, discrete mappings

f-: i -'R" with p^tbil :'0'p^(f (Bt)): 0' giving in this way further extensions

to thc thcorv of thc so 
'"off"a 

-*ppin[s of finitc riistorticu iurd satisfying condition

i;F;iri;'pi1, 11e1,'1r+1,jGt, li*it uid to the theorv orQ-rnappings from [10]' [11]'

[18], [1e], [24i, [25], [26].

2 Preliminaries

If f is apath family from R', weset F(f): tp tff -* [0'm]Borelmapsl I pds2L

for every 1 € f), and if a : D - [0,oo] is finite and measura'ble a'e" we put

J ,  R* - , ' [o,oo],4(x)-  = u(r)  i f  r  e 'D,u.(s) :  0 l t  , . (  ? 
uld^*" set M'( l ' )

inf I p"(r)w(x)dt, tn" , *odulut of Lhe paLh tamily f and lor u = l we ob-

firttltf usuar modulus. If t1,f2 are path families, we say that f1 ) fz if ev-

er1. path,y € Trr has a subpa,tt't i" l, and as in the ciassical case' we prove that if

;; $; 1r,"" fu"iitJ I i'r,€r) tia ir r, ,r2,"',r;'"' are path families' we have

JI . (UErf , )  <, i , ,1 / . ( f , ) .  A lso '  i f  ur  1u2,  then l '1 ' , ( f )  < i l / " ( l ) '  We del ine

for ,8, F c D, f i-f, F, D) to be the family of all paths' open or not' which joins E

with F in D. If e Ci and r,;: , * [0'oo] is measurable and finite a'e'' we say

that A is of zero ,-*oarrt,tt (and we uriie M'(A): 0) if the a119{ulus of ail paths

in D having some lirnit point in I is zero, and if u-r 2 1 and NI"(A) : 0, then cap

A : 0. If q": [0, 1) -* R; is an open path and t € R' we say that z is a limit point

of q if there exists t, + |'uch ihat s(l') * r' rf A c D is at most countable and

;tf;;;.Abi;,;ji n,cn1r,R)n i,' ') :0 for every o € A' we prove as in the

classical case that il.(A) = 0 aud we give such conditions in Theorem 2'

:i:
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A domain A C R: is a ring if C.4 has exactly two.components Co and Cr and
we denote A = R.(Co,Cr) and I'l A(co, G,R*). we say that a domaiu D c It'
has property P1 in the point 6 e SD rf II(A(8,tr',D)) = oo for ev€ry connected
$ets E and F from D with & € EnF and u,e say that D has property Pzinb
if for cvcry h e oD,fi f 14 thcrc cxists :r corrtinrrn F c D ltrxl rl > 0 g<r thlt
M(L(E,i,q)> d forevery E c D comrect(dwith b,01 € E- If o,0 € Ef", wc set

L--._ if a € R'. theto(a,b\ : 
,*r!{rffiihirrr 

if a,b € R^ and s(a,m) = 
1,*ffi

chordal distance betwecn o and 0. Then g is a metric on 
-R' 

and if /4, d C E we

set q(,4) and q(,4,,8) the diameter of ,4, respectively the distance between A and B,

consideringthechordalmetriconE . If Dt,.... Di,... isasequenceof domainsfrom

Eo, we set ker Di: {a e ffl there exists V eV('il and 1, € N so that y c Di for

j > ju\.

Given r ) 0, we set ?1,,(r): inf l/(f,c), where lhe inftmum is Laken over all

rings ,4 : R(Ca,Cr) so that Co contaius 0 and a point o € S(0, 1) and O contains

oo and a point b e ,9(0,r). Then lln: (0,oo) * (0,oo) is decreasing, linl 7l(r) : oo,

,l$X1r) 
:0 and if A: R(Cs,C),a,b e Ca,c'oo € Cr, then I4(ri > ft"(llgt-ii)

(r"" Th*."to 11.9, page 36, [27])' Given 0 1r < 7 we denote )'(r) : inf M(f a),

where the infimum is taken over all rings I : R(Cy,O1) with q(Co) ) r,q(C1) ) r

and we know bom Theorem 12.5 page 38 that ,\^ : (0, 1) -+ (0,m) is increa^"ing and

linq ).(r) = 0.

If f € LL(A)forevery A c Dbouuded, we set f-a : I m for l c D bounded

and we write /a : .f f (z)d.x. Here p, is the Lebesgrr" *ui,rr" from R^ and we denote

by m, the pdimensional Hansdoril measure lrom R'. We say that / : IJ --+ Il' is of

finite meanoscil lation in apoini x € D tf lty;ror,f 
,r l iQ)- 

fnp,,sldz ( oo and

we say tirat / is of bounded rnean oscillation on D (and we write I e BMO(D)) it

thereexists M >0 so that f V@- fald" 1M for everyball B C D. Wedenoteby

W|;!e.R^) the Sobolev space of all functions f : D --+ R' which are locally in Ln

togcthcr with thcir first ordcr wcak partial dcrivativcs. using Proposition 1.2, page

O,lZS1, we see that /.e C(D,R) is ACIP for some p > 1 if a.d only if / belongs to

the Sobolev space I4i'"j(D,R").

If E,F are Hausdorff spaces and / : E - F is a map, we say that / is open if

f carries open stes into open sets, and we say that / is discrete if /-1(y) is discrete

or empty for every g e F. If p : [0,1] * F is a path and e € -8, we say that a

patlr g: [0,f] --+ F is a l ift ing of p from r if q(0) : r and f oq: p and wesay that

s ' [ 0 ,o )  - - - i  E i samax ima l l i f t i ngo f  p f romr  i f  q (0 ) :  r , 0  <  a11 , f  oq :  p l [ 0 ,a )  and

a is maximal with this property. We say that / : E * F lifts the paths if / lifts every

path p : [0, t] -r I' frorn every point r € !'with /(r) : p(0). A local homeomorphism

f : E ---+F is a covering space if for every y e F there exists v ev(a) and Qi so that

.f 
-rV) = U;e tQi and llQi : Qr - F is a horneomorphism for every ri e ,I.

If f : D--+ R' is a rnap and b e dD we set C(f,b) : {Tl € R"l th're exists bo €
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D,bp + b,bp -b so that f (bp) - ur) and jor B cOD we s€t C(/, 'B) = Uuegc(.f, b)'

It Q- c D, we set for b e d i, 6 (f , a, 91 = $u e E" I tlere ari-sts l5-e Q' ho.* h'hy -? !.
,"in"JtA"l -* r). tf | : i -* R i" r-T3p, xrc say that / sa[isftes condil,ion (tV) if

p,(/(aj)': O for every A c D with p.('4) : A'

wc can extencl iD a nnlural way 6he defini[ion of a lotnl homeomorphism satisfying

condition (N) and having tocal eCf;'inverses to ff valued maps as follows: Let

;;: n".'ffr"'' f i" . fo"rf homeomorphism satisfying condition (N) and having

iocalACL inversesi f  foreach r€Dthereexists  U eV(x)  andaMrib i tumapI

,o thut I " 
(/(t/)) : I/ -r R. is a local homeomorphism satisfying condition (N) and

having local ACL" inverrsec.

If a : [a, b] + Ro is a rectifiable path, we denote by so : !c' bl -* [0' '(c)] its length

function, and we huu" ,, = ,ro 
" 

so, where u0 is the normal representation of o (see

[24, pug" 5). If / : D * R' is continuous' open' discrete, a : [a'6] +-D is apath and

E :7 :"is r""iifiu.bl", we c&n define a-, a reparametrization of o-by the property
'o:L. 

osd, and thc dcfinition is corrcct, duc to thc discrcctncss of thc rnap /' We

have the relations 0o = I o o', (a')0 : ct0'

I f  |  :  D-+ Rn isamap'  A C D,g€ R",  weput  l { (g, / ,  A)  :  Card ' l - l (y)n '4and

NU,;) sup N(v,l , i l -  t t  a e 71R*,n") we put l lAl l  :  , ,sup, l lA(h)l l ' l (A) :

c€R"

inf ll/(hill and we denote by % the volume of the unit ball from R" and by r'r'-t
l l h l l =1
ttte *e. of the unit sphere frorn Ro'

I f  x  €D ,n  )  0  and  9 t (0 ,e )  +  (0 ,m)  i sa rnap ,  wesay tha t : l  i s  a  p -po in t  o f

o it tu;@,e"; n o; i 
"ft) 

' r^61i,r)n D) for everv 0 1." :' If (p(') : c for

f ) 0 small enougtr, ;r;y * i" if fl that D satisfres a doubling conciition i. c' If

x e IntD,then r is a grpoint of D' with 9: cn' We shall need the following lemma

from [29]:

LernmaALet ! :  D - '  R^bealocal homeomorphism A'B C D suchthat

l lA :  A ' -  f (A) , f lB :  B  - .  f (B)  i sahomeomorph ism,  AnB+{  and / (A)n / (B)

i ,  
"oon""t"6. 'Thet i  

f lAu B: AuB'f(Au B) is ahomeomorphism'

3 Proofs of the results

Proposition l- Ler / ; D --+ R' be a local homeomorphism having local AC ['"

inverses. Then / is a.c. cliffcrcrttiablc orr D and Jt@) * 0 a'e' on D'

P r o o f  L e t u  c  D b e a d o m a i n s o t h a t  f l u : u  - r  v i s a h o m e o m o r p h i s m

and h: (/l(u))-t : v -+ u is ACL". Then h salislies condiLion (N) and is a'e-'

differentiaille 1"w 1221, page 190) and lei An : {A e Vlh is not differenbiable in g}

and' 21,: {v L v t 
jr.i.l^(v) : 0}' Then p"(h(/a)) : 0. and 1".t* 

from [2] that

p-(h(ZnD: 0. th"r, iit<i^u Z;) : / and let yg , y \(/r.u Z.n) and' ea : h'(Yo)'

Thentr. isdift 'erentiablelnioLnd Jnfuo)*0andll /(r)-/ jro)-h'(so)-1("-to)l l  :

l ln ; (so)- ' l l ( l l t  -  na -  n 'Ui )Ut"1 -  / (co)) l l  :  l lh ' (vo)- ' l l  ' l l t ' ( / ( ' )  -  h( / ( 'o) )  -

)i.,trriutri)': /(,r'jll r iili '; '--+.r:0. Ir resuus thar / is diftcrcrrtiablc i':us and

;""
+
J]:
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{q:

.1*

l+
riir
5r:
;11
it.

i l



.f'(ro) : lr (yo)-t, hence Jy(re) t' 0. We prwed that / is dillerentiable and "/1(c) I 0

on U \ h(/6 U 26) nncL thc proof is fintuhctl.

Propcition 2 Let f : D -r Ro be a local_homeomorphism having local ACL',n

inverses 
-aud 

lel, f be a pa1h family iu D and f : {r e f l/ o T is locally rectifiable

and thcre crcigtg a closcri subpath a of 1 such that a' is not abcolutcly coutinuoue)'

Then M(J(i): s.

Proof l-et Ui,V; be open sets such that /(n) c uprV; and /lUd : (li --+,1,

i sahomeomorph ismand l ;  =Ulu ; ) - r :U-u ; is  ACL*  fo revery i  €  N '  Le t

f : {A€ /(fip is rec[ifiable and for every a € f such that I - I o aand every

"o*pit 
inieffit I c l1,t(p)l such that Pog) c V1 for some i € N it results that

rfli = k' {f lI is absolutely continuous on I}. U-sr19 a theorem of tfuglede (see

t271. Theorem 28.2, pa,se 95), we see that M(/(f) \ f') = 0 and le[ f1 : {7 € fl

r o " n t n " t  I o l  €  i ' ; .  f n " " / ( f r ) :  f ' a n d l e t a €  f r  a n d  f l -  f  o o , ' W e

fr"* iU"t f : J oJt,o* r tO,tipit ...+ D and using the compactness of [0,r(0)]
we cau cover this interval with inte;/ab IL,.-.,I^ such that lio(It) C V1", for some

kt, , k^ € N, i : 'J.,...,m. Since c' is absolutely continuous on each i$ervgl 17, "'' I^

it results that a* is absolutely continuous 
"".10, 

l1B;1. We proved that i C f \ f1,

lrence M(/(i)) < M(/(r \ t 'r)) : M(f (r) \ l-') : 0.

proof of Theorem 1 Let I be a path farniiy in D and D9, Dr,..., Dro,..., domaing

so that Dn, ./ D. LeL fp : {o € fl/rna a Dx]; and lt : {o ! f;la is a closg{

path, / o a is rectifiable and ai is absolutely continuous) for k e N' We fix ,t e N

u"a i"t fx : flD* ; f)1, -+ f7i. we cover /(D1) with domains l{ such that

D*n f-r(V) = Uti!)r(lir,fl{lii: (lii "'+ % is a homeomorphism such lhat gii =

ly lu i ; ) -1  :V ; -  u ; . i i s  in  ACL map fo r  . i  =7 , . . . , i ( i . ) , r  €  N.  Le t  A i i=  {11e_V_i l t l i t
isnoid;f ferent iablein uI,  Zi ; :  {y eVr\A7i lJ i1,( i l  :0} for i :7," ' , i ( i ) , i€ N and

let,4 = u=r4!lsi, (Aiiuzs) and c-: u?t4!\a';uzo,'-.Usilsjard's lemrua (see

[2]), *e .* tlit"\l"(,q) - 0 and since f satisfies iondition (N) and C : f (A) it results

ifJ p"(C):O.'We see that A and C are Borel sets of null measure, I(A): C, / is

diferentiable on D; \ A and Jy@) I 0 and D* \ A'

Let now p € F(ia) and f : p' --+ [0, oo] be defined by p'(y) = suPre.r;l(y , I#6

lf A e f (Dr)\C,p'(g) : oo on C and, p' (g) = 0 otherwise. Then p' (i :topp(g;u(g))'

l lS;,(s)li,l ': 'r,...,y1r; for every y e % \ C and every i € N. Since % \ O are Borel

seis for i € N, we see thar ijrl[\ C are Borel maps for i € I.{'.? - 
1,",j(i), hence

p' is a Borel map on IZ; \ C for every i € N and this implies that p' is a Borel map'

l,et now o € ip, 0 : I oaand A6 : {t € [0,,(6)]lp0(') e C]' If plAo)> 0, then
I (p )

1 ( oo - J ood.s < I p' (|o(t))rtt : I p'rls.
A 6 o P

Suppose now that pt(Ad: 0. Let Bs : {t e [0,](B)]la. or B0 is noL dil ler-

ent iable in  f  or  l lB0(r ) ' l l  l1) .  Then pr( .Bo)  :0 and let  cs : ,43UIt6-  W9 f ix

,  €  [ 0 , ] ( r ) ]  \Co .  f nen 'Bo1 i1  e  % fo rsomet€  Nands ince , f * (4 " ( ' ) ) :  go ( t ) ,

th".u 
"*irit 

j  € {l,..., i(r)} such that tr-(t) e U;t and since p0(/) ( C, we see

that gr; is d;ifereniiable in B0(t) and Jn,,(,90(t)) 10. Diflerentiating in blie equalilv

iil
ij

- !";
w.
"IiiVr
,il,
*li:

' l$t'
i t j

4&:

t'
'iir.
a

..;.

,t'
,61'
"'t''{t :



ffi
&i

a.(r) : gri(d(r)), we see that a''(t) = e;r(4(0x f ttll = iir(l@'$tl{{ !l)1.:
ft'i".Ollf:'irr. iiil,0""* 1.: lldo (t)ll:iU'(,,'(t))("'(0)ll > I(/'(cr'('))ll"- (t)ll'

i;;"lts;hJ (f'(c'(t))lla-(4llS 1 for a'e' t e [0'l(p)]'

since c. b ab*lutely continuous on [0, t(B)] it results that so' is absolutely

**tI"""* 
"o-b,r(fr)I. 

U"i"g 
" 

c5a'gc of v*ri*blc forurulu: for ubs'lutr:ly corttitru.us

and increasing real mappings, we obtain

t(p) (P) t(P)

I o' d, : f p' @@\at : I p' U@-(,))d' > [ oo
t  t  J  

' - '  J
r 3 o g o

t(p)

I  o@o(t) \at :  I  pd.s l r .
J "  J
0 m

1 f
|  , t i ;1iN(y, f  ,Qo\du : |  4i;$@))1.11@)lrb !

J ' " J
l t e p l  Q p

. (t)) I t(f' (a. (r)))dl 2

tlst

[  (nc'o o s".  )(c)s, .  ( t )dt  =

U

We proved in both cases that I i at > 1, hence o' e t.(f 1')'

We take rlow as in [23], Theorem 8'1, page 49, \e I p'-Borel maps so that

o <,7,1y1 < p ' iv )  i f  o .  r - i i i l  T 'e tve l (Al ic '  Thens eVfor  somei€Nand

;-l(il'i; r fi-;; r"t, r.o*'-6t a,,a ;^ can find r € Dt \ / such that v = f(x) and
'r'i6i 

= #&. For such a point s we have lo(/(r)) S p'U@)) = ffi' hence

clre ser Qp: {x e Dr \ Alrlrj r*)) < t(ffi} is nonemptv for every p € N' We also

remark thrt ;;t(y) n Qtp #d for every 11 €j(Da)\ C' Since f i1 La'c- 
diffcrcntiablc

local homeomorphis6, "; r";;; tzA, irtLi"- 24.4, page M that JI e Lt""U))

and since i saaisfies cond.iiiou (N). we use the change oivariable formulae from [7]'

Theorem 5.2j. Page 132 and we have

f f
i ' : tu \du:  I  ,# fu) , la1 |  , l i fu)N( ! , I ,Q)d l / :

l J l l J J , J

/ (  Dr  ) tC  / (  Dr '  ) \ c

I r"O#$.o, < [ p'@)K.gl(a)d'a.
/  

'  ' ' ( J  (0 ) ) "  
J "

< p

It resulis iirai f r1ifu)dU S ,\/6,111(il) for every p e N and lettingp --+ co' we

R ' ,

obeirr ihat J' ," tiW, ! Mx,Vt(it"), hence n,€ see that M(/(i16)) S Mr,trl(l 't)
R r

I

l*''i:'
ry
d'.

i&;'
i*i
: i ! :

'r.

10
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for every /c g N. Using the generalization of Po-leckii's lemma given in Theorem 1,

we seie;hat M(t(ri)-: M(J(ir)) < Mx,u{fi < Mx,a(t) for cvcrv lc e N'

Now t5 / t, ien"-' fi1x) / /(f) and using a resull, of Ziemer P8!, *,9 see l,ha!

MUF;)) ,/ M(f(r)).' It results that, M(/(r)) S ;/r'tr(f) and the theorem is

proved.

Proof of Theorem 2 If corrdition 1) holds, wc usc Thcorern 53, p0ge 24' [15]
(see also Lemma 2 from [5]) to sce that 

]11M"(f",o,o,l) 
= 0'

suppose that condition 2) holds. we can take r : 0 and let p : ff -- [0, m] be

defined W pk) = l/lnlnffnfut"ffi for ze Cs,5,o,p,p(z)= 0otherwise' Let l1 :

ae-k,f,1"= B(0, tx),At": Co,r,u*r,ru,.o for k g N. Then Ax C Bt", ll"ll-" < #rl
i f  z€ A*,fr+1< lnf f i  for eYery z € B* and 

"A,"Q)O'< 

My'"(Bf ik forevery

ft € N. I'etm€N be such that t-41 <6 <t^. Since p€ 'f"(f0,6,",D), we have

Ivl.(ts,6,^,n) 3 | t"(")r(r)U"G6 - I #ffi t
R i l  

-  
C o , t , o , o

1  { 1  u k ) a z  . , . v = n " l = , i [  , ! \ z ) 0 " = = , - ,
1r''"EI-fr1 ipil;1tnffitr = @t" "9" A!_ p"(81)(lnrffi)" -

Vn(n  +  
t  

i  
u (z ) r l ' z .MVne" l ' t

GEetr kO+F' ,,J ,, p^(Bu) > GGffF'

Supposenowthat  condi t ion3)  holds.  Thenn 2 3and0 < a < n-2andlet

et" : f QQ)d,z for ,t e N. Keeping the notations wed before, we have that
BrfiD

f IQQ) - Qnl,l," < &Iko for ft e N and let t, : 
,i-, -f fl1$i,"+F d'z and

B * n D  ^ - u n E

.q' = S | " ' ,=r?u ^, ,orlz. We have
" ' -  3n /  l l z l l " ( t n f f i )

n _ v ^ k

s,3vnennr+-^!^ffir".
7 L  1  f

v.""7 --^=:-- * | IQQ) - Qrl,lz < MV-e^11'
"  -  y r , , (Bp) ( l r  +  1 ) "  J

E : u  B , O D

Atso, lQp..1*Qr,l : ,,-G*;nDtlB _!,norur"r-Qr")dzl< #f#b BJ..DIQQ)-

Qt" ld.z  < Mkotp( tpa1)  for  every i i  e  N'  hence Q7" 5 Qo +oi t lQ,* ,  *  Qt l  3  Qo+

1 1



M .-i l-v(t*) S eo + Ivtk'+Leg1,) for lc e N. since 
{ ila1qfrffirt -< ffi rot

. l=1

every ft € N, we see that 52 1 w,,-1 
E15?bt 

S u--rQois* I'Io;"-tl:'' Ncnr

,v/,(ro,r,",o) S I o" Q)r(z)tlz < 
| o" @a@\d' S G#)^'

d" i"

t , , ,9 !?01= r=s, f i+*= 1 (Ml lvoe- tun-rQols+Mu.- i l2) l1 tnmff ) "
/ ll"lli(roiF"fr)" 

- (rnhef,)" - '
u0,,0.o, D

Suppose now that condition 4) hotds' Then n :2'Q,:0'9: c and we follow the

p.oof ti* [11]. We tt""u & <2trQoh+znMcff:rf, SznQols*2nMC{lnm-
i) < zneoits *hrttlC(t"r"t;l - ii,-tr"r,o iU,1fol,"lo) < lltlntlez *2nQole *

2niffC(lnln(;) - 1)l/( lnln ff)2.

Remark 1 we see that if c € IntD u"d liTjlp" 
,{,,rr(")0" 

( oo, then, for a > 0

fixe<l a.nd small enortgh, we have 
ig1 

M.(f",r, o,n) :0' Also' if lims;rnfat '4nolQ?)-

Qe6,,7noldz( oo (i.e. Q has furi[e rnean oscillation in r) and the domain D satisfies

a doubling condition in r € D, it results that 
]r4 

M.(l ,,t,o,p) : 0' and this case

was proved in [11]. Of course, e,ondition 'r) ls saiisfied when Q e Blvf O(D)' and this

;l,as prorr"a in [18], l.emma 2-2,page52' Alto, for c € IntD'we can take in case

J)  p:eo and we see that  i .#=a is  convergent  for  0 < a<n-2 '  For  n)  4

and 0 (  u <r t -3,  we can f#"  i "  case 3)  p( t ) : ln f  for ,  €  (0,€)  ana weseethat

r ,=F f \?z : ] . f r , '+ , . * .LZ - 
. /J- kn-a-t  ,ua
k = l  r c : t

L e m m a l T ' e t D , D ' b e d o m a i n s f r o m R ' , " f ' D ' D ' a d i f f m m o r p h i s l n ' a r :
D ' - + [ 0 , o o ] b e m e a s u r a b i e a n d f i n i t e a ' e ' a n d l e t l b e a p a ' t h f a ' m i l v f r o m D ' T h e n
M.(I(f)) I Muor.Kr(r,ft l  U / is conformal, i.e. if fr(JX') = K6(/)(c) in D' then

,\/"(/(f)) = t\1,.1 (f).

Proof Let p e l '(r) and Ie[ p' : R'] [0,oo] be d9fi1e!.bv p'(u) = p(/-l(s))

l l ( / : t )1 , ) l l  for  y  € n '  , i '@):  0 for  a 4 D'  .Then p '  e  F( / ( r ) )  and we have

i"1.(/(f)) s u(ilp'"@)da w(d p" U 
- L (:v) ) I l(/-' )' (E)ll da =

I

I
tQ)

I
t ( D )

I
J ( D )

r ,  . , , , , . ,  Kr(J)("f - '(E)) 
r, ,  _

I 
,(a)p"(f-'(i l) p,17t1uyy aa=

f (D)

,u u 
- | @D)' p^ (f - r (s))' rr (/) (/- '  (s))l J r - l(dlda :

t2



f
I u(I @D p^ (r) K 1 (t| (r)ttx.

{

Since p € F 0) was c,hcned erbitrarily, we prcved that M.(/(l)) S M,,"y.x,U) (|").

If / is conforrrral, thcrr also /-r is corrforutal, hcrrco ff1(/)(/-t(U))'If;(/-t)(y) =
Iis(f-L)(y)K1(l-r)(y): 1 for every y € D'. Using the result proved before, we see
that I/.(/(r)) S LI,"t.x,(r)(r) < l./"(/(r)).

We proved that 11.(/(f)) = Ltr.ot.x,(r)(f).

Lern"'a zI-et D C R' be an unbounded domain, u : D --+ [0, m] be measurable
and finite a.c. so that there exists 0 < a 1 n-lsuch that lim sJp & ."rlrr^o#fuAl 

.

oo, and let 1," = A(B(0, r)fiD,CB(o, s)nD, D) for 0 < r < s. then 
"go_ 

M,(T,") :

0 f o r 1 < r f i x e d .

Proof Let g:  R* -* f f ,g(") :  iT, j j r  for xt '  0,9(0) :  m. Thengis con-

ftrrrual aurd let A-.* = A(g(D) n F(0, !),s@) n CB(0,*),s(O)) for 1 ( r' 1 s.
Thenff i  I  .  a(s(r .))r tx:  I  w(s(n))Jo-r( . . / (")) . . I1@)rtx.d;:

-  
e (D)n8(0 , | )  e (D)nB(0 , | )

# I w(v)Jnafu)d's: d; I ffiau 1M for r') r'0'
' ' - ' '  q(n)nB(0,*)  

' - '  '  t tncB1u, ,1 """

Using Theorem 2, condition 2) and Lemma 1, we see that M.(f"") : fuI,og(|r,") -

0 if r > I is kept fixed and great enough and s -' oo.

Lemma S Let D C R' be an unbounded domain, u : D --+ [0, oo] be measurable
end finite &.c. so that there exists 0 3 q < n- 1 such that ttLtJPr,o,{n 

ou(x)drf 
r^

(lnr)'< oo. Then there ocists rs ) 1 such tnat...[L/V/,(I','") :0 for r ) 16 fixed,

where f," is the path family from Lemma 2.

Proof Lat M ) 0and rs) 2 besuchthat I u(r)dx < iy'r ' '( lnr)o for
B$.r)^D

r ) rs. We have for r ) ro:

r n  f  , ( r ) . , - _  r n  S  f
Gr)" J [ryo'=1r,r4-L ]

c  B@, r )nD  * - "  Dn (B (O , r  ' 2 *+ t  ) \B (0 , r . 2k  ) )

u ( r ) ,  .  r n  $  t  f  , . .  I r ' l
"  a#d. r  (  -  )  *  I  a \L )d$<- ; ; : - '
rrr l r ,"  -  (hr.r)" L_n a,ro'r !*,rnru\x)d' t  < r"Grr

$ (zn:]')" (h(r2k+r\\, .Y . i r?"'".
Z- 22kn 

tl 
rn(lny), /- 22kn

A:O a:u

( ( k  +  t ) l n2  +  l n  r ) '  -  ^ ^ * : -  , t l 1 t  +2 ) *  -  \ r  ^ rL  nd  $  t r "

f f i s r "poW<^r '2 "  3"  I  * \ ^ . *

1 q
I J



We apPlY now Lemrna 2'

Ranrark 2 The conditions from Lemma 2 and Lemma 3 imply ttrat i!/"(oo) : Q'

AI$o, if A CD i" 
" 

countabte set and tr satisfietr one of'the cpndition"s from Theorem

ill; point hom .A it results that M-(A) : 0'

Propooition 3 T*t tt > 3, IJC D such that Bo D is closed iu D, / : D\IJ .- E.

be a local homeomorphi*- t"ii"fvi"g condition (N).and !1t-,c,bq.ACtr' inverses

such that Mx,<r{B):  t  I t t  '  {  n\  B'p '  [o ' i )  - '  R' 'p(t)  = (1 -  t ) f  (n]  +ty

for l € [0,1) be such that ErtP n

suchtha tq(0)  :  r , !o8  -  pand ' i t te r "u f i s tsadomain  U c  D \Bsuchtha t

[mq C U,]VI : {l -+ ltfb it t tt"*ry3"tn}ism and let g be its inverse' Then' if

D is bounded, there 
"d#;= fgra(t) 

e^D'rs > 0 ancl a local inverse of f 'g'o :

f(U) UB(y,ro) "'(J t)g'.(g(v,tlj) C D extending 9' with 7'o(a) : zo' If D is

unbounded aoa wv,1lr1;j':."0; ihere exists 
" 

: tiryo$'t € D u {*}'to > 0 and

a local inverse of J,9,n t JQ)U B(E'ro) * u v-g'"@(y're))' extending g' with

i, fu) :z and in th" cL i'='cx.,g,o(B(y, 
"o)) 

is a neighborhood of oo'

Proof. Step 1. Suppose that D is bounded' Let d be the line containing I mp' 6s :

a t , i f f i i ; ; i l l * . o = m i n { d g , l l . f ( , ) . y | l } . w e : * l l * f o r 0 < r . <
rs,,9(y,r) interrects d in two points' ̂ 9" Go"iL pole) and N' (north pole)' and we

choose 5" so that d(/(;],s'i 7 ittf'li,At") fot b <." < rs' we cover 's(u' r) \ l{"

with disjoint meridian! ,t#irrg from s,. anri wc also dcnotc by A' the set of all

such meridians for o i ;-a ;: L€t r'" = p(s'\ and we- consider the spherical caps

c,,, with center y u.ri ruaio r opening from'.g, and having opening angles s for

0 < r < ro. Let t(r) be the supremum of those opening angle.s s for which 9 extends

to C",, asahomeomorphismior0 < r < rs. Theng(Crt"l, ') cf 3ndif 
t(r) < zr'

we can tud s, e acr;;, ;;d ap € Ct?),",ap -' s' t""h'lh"lq!so) --+ z € 'B and

if t(r) = zr, we take lh: N,'. We set E,', =;6Gine'c;'"':.!oE"'' for

0 < r < re and e ) 0. Tiren ,B,. arecompact subsetsfromDt--Eafl 7D^c B'

f(8, . ,n(D \  B)) c B(a":e)-hence E. is a compact subset from T'E'n6D c B

and f (E"n(D\  B) )  =  {g . }  fo r0  <  r -<  r ' s '  S ince  cupB.7  0andJ isa loca l

homeomorphismon D\Bi i ' , "sul tsthat CardE':1and i f  / (r)  < n'E' :  {b '}  with

b " e B , f o r 0 < r 1 r s .

Let A = {r  e (o,rs) lE'  o B t  d\ , f '  = {r  j . t0 ' l  -  
lun, 'path l r (0)  e

5,,r(1) = l /" ,^/( [0,  1)) ' ' ; ' [ r ; , , ) , , f r" t  t  i  1t i , to;  anr l  let  l '  = { ' }  :  i0 '1) --  D path

I r (0 ) :g (s , )  andt t re .eux i r l , ' ^ ; 'e l ' ,w i th /o1-1 'and i rhasat leas ta l im i tpo in t
i" 's)  f*  

"€ 
(0,re).  Let f '  =, !ra ' , t  : ,U f ' '  Then t I16'111{f)  = 0 and we see

from [27], Theorem 10.2, page Z8iiir* there exists a constant c,. depending only on n

such rhar c. [ + S ,rjii5, Tt'ce r' > /(r), we have c, 
[+ = iu(r') < nl(/(r)) <

- { "
My,19( t )  :  0 ,  herrce A(A) :  0 '

we proved that for r. € (0, ,o) \ ul, g extends to a homeomorphisrl on '9(r7, r) aDd

that  B, :  g(S(V,r ) )  bounds rJordun domain D,  f rorn D.  Let  1:  p( [s ' . ,1) ) '  Let
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l4r = U A,u/. Thengextendstoahomeomorphismon W andQ=g(W)c
r€(0,ro)\,{

D.

Step 2. Arguing as in [29], [30], we consider for simplicity the case n = 3' We can

take p(1) : 0 and the polar coordinates (p,V,rlt) so that the coordinates of a point

frorntire E€gurent I arc$:0,0 < p< pa. We consider for 0 < h 1lto,O<'po<2!

the maximal surfaces L' (pil = {zll0 I h < p < po,g : 9o,O < 4) < ti(eo)}

for which the components ,(po) of 1-1(I'(p6)) intersecting q([s*,1)) are mapped

homeomorphically by f on L'(gd. tt 0 < rh((io) < 7r: we can find at least a point

a*" e L'(po)n{Lpp-: r1,1po),p J rpo} such thal itrro = h: [0,t] -* L'(ge) path

if(O) e I, r(1) : a,po\, it results that every maximal lifting of some paths-7' € lro
stariing from some point from q([s*,i)) has at least a limit point in B and let

loo belthe family oi all suc.h putiit.- Lei A : U lr, A' = 
^ U. lo and

0<{(p)<n 0<rr(P)<r

A: {s € [0,2r)10 S rl,@) < r]. Then Iv[y41y!l): 0 a^nd as in [29], [30] we show

tlrat there erists a constant o. (depending in general on n) so that n/(f') 2 a^U(E).
We have a11y1(E) S M1,A(L):0, hence p1(E):0. Letting /1 + 0' we can find

E cl} ,2r)  withpl( .&') :0 so that 1, ' (96):  {z l-0 .< p < Po,p: p0,0 < {  < r I
Iras the property that the component L(gd of f 

-r (L' (pd) intersecting q([s"n, 1)) is

mapped-homeomorphically onto L'(96) for p € [0,2tr) \ Il. Let G:,,,.t09"1t 
,''(r)'

T h e n G C  D a n d  H :  f ( G ) :  U  L ' ( f i  a n d  l e t i \ . I :  W U H '  ! ! ' e s e e t h a t
rp€[0,2r)\E

IIQ : Q ---r W and llc : G '-+ H is a homeomorphism and from Lemma A we see that

IIQJG : QuG --+ ly' is a homeomorphism, hence g extends to a homeotnorphisrn on

M and s(I[) : QU G c D.

Step 3. We can suppose that ro f A hence B,o c A(QUG). Ler K : B(a,re)\e/'

Then K is nowhere disconnecting, hence c(c,b) is a continua from D for every 0 €

B(a,ri l and since capB :0,f(C(g,b) \ B) : {6} for every b € B(U,rs) and /
is a local horoeomorphism on , \ B, we see that C(g,b) is a point for every b €

B(V,ro).We can therefore extend the map g to a continuous map dcfincd on B(y, 16).

Now, since / is a local homeomorphism a,round each point frorn d(Q U G) \ I and

f @Qu G) \ (B u .B"")) c Kjt results that also A@ u C) \ (B u B.o) is nowhere

disconnecting. Then q8e = D[ and C (f ,b, Q U G) is connected for every h e D,o.

we define F ; D,.o * p(E') by F(b) : c(Lb,Qv G) for b e n,.n. Then F(r) :

/(:r) orr t.n \ B and let us show that F is injective on D.o, i'e. F(01) n F(b) : 6
1f U + bz, h,bz E D,n. Indeed, otherwise there cxists h,h e D,n,bl I 0z so that
p(br)n F(h)  # @ and let  z  e F(br)nF(b2) .  We can f ind a,p,Qp e QuG,ao - '  br 'cp '

fu such thai J((ao) * z,l(%) '-+ z. Let c > 0 be such that f (op),f@) € B(z,c)

for p ) p.. Then ap,cp < g(B(2,.) \ l() for p 2 p. and letting p -+ oo' we see that

h,bz € g(B(z,e) \ 1{). Letting € * 0, we obtain that br, bz e C(S'z) = 9(z) hence

h = h. We proved that F is iqjective on D.o.

Now /lD,o \ B : D,o \ R -+ R(g,rs)\ F(B) is a hotneomorphism. Suppose that

cu 'pF(B) > 0 arrd ie t  fe  :  A(B,n '  B,D,) ,1 i1 :  A( .$( iy , r 'e) .F(B),  B( ' :1 , 'o) ) 'We see

bhat  fo c . f ( fo) ,  hence 0 < l f f ( f ; )  < n, / ( / ( fg))  < i11g,1;y(16) :0,  and've reache<l
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a cn*trsdiction. It results that capF(D 4 fl B): 0 and sine F(b) is a connected

sct for cvcry b € D,, ; obtain'that F(D) ie a point for crrcry- tr € D'o, hcncc

r.-, ;:"--*-il(y,^) isl homuomorphism whre inrrcrse io an extenaion of g.

The proof ie aimilBr in the case when I) is unbounded'

Remark 3 The proof of Proposition 3 is the kcy for obtaining zoric's type theo'

reiris and is based oo ttt" ideas oi Zonc 129i, [30]' The *ry-- *1q us€d in Step l' are

basicalty thc sarc'c o." J tt 
" 

pop".s of *arg3na L{ardcn [1], Chistca [3]' Dairbekor

Br *a n"i"r; [21J. Thc a,rgumcnts trom [t] ana [3] rcmain valid only in thc casc

when B is a finiie sei. ln [:i! ttrere is a gap-in the iroof of pheolem 1 from [!t] in

applying Lemma e, o o= ilJ to go ba.*l; the original proof of Zoric from [29] and

[30j iE Step 2.

ProofofTheoremsl.&Bo:{b€B|fcannotbeextendtoahona:m.crphism
arquud 0) and suppose that Bo * 'fand let b e Bs' Let rt € D\B':ua -+ 0 and

s,o = r(r*) -, y,-and *i"s if 
"""*"*v 

a Lftjbius transform, we can presume that

O:a 11^. 
'iirr* 

ropB :0, ir can takc p >_0 such that S(b,p) fl B : S and n'c can

:";o*. tUtt 
"* 

€ E{b,-;) for every f L X and i"s : d(E'i(S(l"p)) > C' Foi each

li € N there exisis 9L "'i;l 
i,,o'ersl of f around r* and let 16 = sup{s > Cl91 eiisis

on B(y1, s) and lrn gt c B(b, p) \ B) f* k e N' 11'e also deaote by' gs ihe exterrion

or.qo ;; r(m,rp) fore'ery ; ; ltl. If tl : co, then c(.qr' co) cE(b'p) is a connected

g c t a a d s i n c c m p l : o a n d t h c r c c x i s t s L ' | c D \ B a t m o s t c o u n t a b l c s o t h a t /
iakes 6nite lalues on D \ (B U C), we see that CardC(gp,oo) : 1, hence 9e maps

fr;";;*orphic onto a proper subset of R', v.'hich is tcpclogically impossible' It

results ttrst J;" < e fcr e'''er;' k e N'

I'ei Dk : g*(D(V*,ip)) for ,rr e N' Suppose that there qists ft € I{ so that D*

has a boundary- point Oir?'fs O B(b, p). \1'e can find 6- € Dt so that c* = !(b^) ---+

c€ 5(y1, t1,) .  r 'et ,arbbesuch t i lat  s(Lo,po)nB = f  andlet ?:d(t ' f (s(bo'r , lo))
and 'c can supposc that 5,' e B(h, ni) to' *' C N and 11 ) 0' Lcl' p'n: l0'1l --+

i-(,r),p,,,(L)': (1 --t1",,,"+rc for-r i [0,1] and let q"': [0'1) * B(ht'pu)'q'" =

Qr o p-l[0,1) for rn € N. We see that C(St"'") is a mrnected Tl,1?- 
F(Uo' po) ?ld

since/isalocallro***otpf.isroooE(asipo)\B,cnpB:0and f-(C^(1t'c)\B):{c}'
i t  results t \at  CurdC(nr,d:1. Since b^ e D1", I (b^):  c* € B( 'g ' f r)  for every

m € N and c* -- ;; sc that C(gr",c) = {h}, hcncc liqq-(l) = 6o' Using

Prtipositir.ru 3, we caII extend 91" to ahotuuluorp]risrl arouud 0g eurd this coutrrxlicts

rhe fact tirat bu e Iio. It r*,.rli, that each domain Ds has at least a boundary point

os € S(b, p) for lc € N. ;t;; be so that llvo - sll <, f, ' Then uJn:}) c B(aut+)'

nrdeed,' i i 'a € B(y,?), then l lyr - al i  S l lv* - vl l  + l lv - j l l '  
? t ? : ro.- ? S

1111ar ) - y l l - l l t r o : t t l l < l l f i ; ; ) - y t l L : J t , hcnccaeB(vp , tp ) ' I " * " t hc rc fo rc
;;;# ih;t su'astv, ?l !"i ti"t'E'1v,$) c B(ux,tt) for everv k € N' it results

tni qt exists on nfut,?i for every A e N and let pe = sup{s > 0lS" extends on

E(y,s) and Inl gt" c n(;,p1\ n) and we deuote this extension of 9p on B(E,pt) by

lr)"ior'k e N. Al Uefore, we show that pp < oo a'd each domain Qn: L,x(B('g,pn))

fras at lcast aboundary point o6 e S(b,p) for 't e N'

We I rave oo: | | ! (a*)_y| l  s  rg for  A€ N arrdtak ingi f  r recessaryasubsequetrce,

rile csn suppose that there 
"*ittt 

o e ^9(b,p) such that Qk a &t and let Oo €'Vo'Vo €
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y(J(o)) be such that /lO" : Oo "+ y" is a homeomorphism, yo = B(f (o), p) for some

p i'O'""a thst rrt e O" ior /c e N. Since B(rJ, \) c B(ux,t ) Tq A(vt'tr).u tlh-e

domain o[ definiLion of].ne m8{, 91, we see that ,r* md 9n are defined on B(y'!)
*ti grl.B(y, $): hdB(u, ?). Ttt"tt xk = sk(vk) = h*(ar) e hr(B(v,?)) c Qr fot
l : e N .

T'ef Q: U Q*. We shovs that / is injective on Q' Indeed, if this is f;alse'
&:r

w e c a n  f i n d  l c , m  €  N , / c  l m a n d a €  Q * , c €  Q ^  s u c h t h a t  / ( a )  =  / ( c ) ' - I f

Q*f|Q* * 6, wesee from Lemma A that / is injective on Q*UQ* aud we reached a

*"trJi"iio", since /(a) = f (c).1f. Q*fiQ** 6,we use the fact that ax e 1QxfiQ"

to see that QrfiQ" f $ and' since /(Qt) nf(Q) is connected-and nonempty' we

see from Lemma A that / is injective on Qr U Q". Now (QrV Q) fiQ^ * 6 atld

f (Qxu Q.) n I(Q; : B(l@), fl) U B(g, pk) f1 B(v, p,,.) is connected and nonemptv'

*d uppfyi"g ugui" L"-to; A' ; obtain that / is injective on Ql U Qo U 8-' W€

reached again a ontradiction, and hence / is injective on Q' Then f (Q = R(g'))'

with ^ =J sup pr and let [ : B(g/, A) + Q be its inverse' Then ['r = Iim zl =

k € N  

? \ v ' ' r l

*l$lrrtv*ff *[jLlrtr*l 
: tl('g),and 'sing Brouwer's theorem, we see that Q € y(l,)

*rrto , Q ; n(r,,t) is a homeomorphi,sm. we reached a contradiction, siuce we

,,rpp*i that b e Bo. W" therefore proved that we can extend / to a homeomorphism

around each point b e B.

Suppme nos' that b : oo' Then ihere exists rs ) 0 so that C'B(0, ro) C -D and

let f : {r , [0, i) ---+ CB(0, re) path l7 has some limit point in B U {*}}' L"!

g ,R' - -H^ ,g(x) '= r - f ;p  i i  r  € 'R ' \  {0} ,s(0)  = m,g(m)= 0 '  Then I  is  conformal

and g(CB(0,r0)) : b(0,*) \ {O}. We also see that if A,B € C(B",R'^), then

I (A;  B\  -  inf  l l / ( r ( / , ) ) l i  > i r r  l ( , '1) l ls(r) l l  :  t (A) ' t (B) '- \ - -  '  
l l A l l : r "  l l h l l : l

lVe have:

l J i " " ( r )  -  l t r fuQj) ) 'Js@)l  .Kr(f " s)@): rc;ffiF 
: 

1fG@D[|(dD" _

,l{tlnJQll J+EL : Kr(r " s)@)
l ( / ' (s ( r ) ) ) "  l (s ' ( r ) ) '

for a.e. r € B(0, j), hence Kr(f 
" i l  S Kr(J)o g on Ii(O,f) ' Using Lemrua 1, we

see rhat Mx,g",o)(g(L')) 3 Mxl,<n.g(s(t ')) l ' tK,o(f) 0' f irom rvhat rvc havc

proved Ueio.",'iit""ults that / o'g extends to a homeomorphism around 0, hence /

extends to a homeomorphism around oo.

R.emark 4 The preceding theorem holds if / satisfies condiiion (N) and has local

,4C1" inverses only in some neighborhood of each point 6 e B [J{m}'

Proposition 4Let n> 3,K C R'be closed, B c R'\ K be closed in R" \
K, f : R; \ (ft'U B) * E" be a locai horneomorphism satisfying condition (N) and

having \ocal ACL inverses such that lul6a1/B):0' Then we can extend / to

a homeomorphism around each point 6 e B and we also denote by / the extended

rnap. If also fu|v,111(oo) = 0, extending if necessary the map / to a homeomorphism
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rJ-

.i-:

around@sodBlsodenotingby/theortendedmap'wecanlifteverypathp:[0't]-+
R" \e0r,FI from everv r with /(r) = p(0)'

Proof FlomTheorem3, wecanextend J toahomeomorphismaroundeach h e B'

We can easily see ttt"t ii f """ 
be e{gnc$fto a homeomorphism axound oo' then we

; iil, ;t* path p , 10,i1 -' R,'\eGTt from every c with /(r) = p(0)'

Suppose now that we cannot extend / to a homeomorphism around oo' L'et

r € R'\ K be eo thst y = I @) € R"\C(1,.K), lo 
= d(v, C(J f11""9 t* t e R(v' re)'

T,et p;[0,1] * B(a,ri lU'"'ain""a UvpiO: !1- t)s+tv fot t €.[9't] *d suppose

that we caunot lift p from c. Then t'i"." e*itt" 0 < o < 1 and q: [0,o) * R"-\ K a

path so that q(0) = a,7 oq= pl[0,a) a'nd m is. a limit point of q' We can find Q open

sorhar Imq CQ and t lb,q'-- i tq l  *ahomeomorp6isma'nd let  s:  f (Q) --+ Q

be its inverse. Using piulporiii"" i'tipnta to the domain I) : R' \ 11, we can

find r > 0 and a to"riir,i"*" ot I, si: f(8) u B(p(a),1) --- AU D' extending I

such that C,@@)): * una n'' is tle exterior of aJordan domain a'nd oo € D"'

I t resultsthatwecanextendftoahomeomorphismaroundooandwereacheda
contradiction. \M"-g1gu"d thai we can lift p from l' hence we can lift every line

r tio,tfl f f ecn,ptt) : (1 - t)u +'ct, t € [0, ll,v e B(v'rs) from every point

r with f (r) : e(0).

Let now p : [0,1] ---+ R'\ d6Rl be a Rat!3r,rcl,,l:t ;r e.R'\ K be so-that

l(r) =p(0) and let Y be tn" 
"o*poo"nt 

of Ri \ eCIF containing Imp andlet U

il" ift" componmt of /-1(y) containing r' Then flU : U ---+ 7 is a covering space'

hence llll : (l -+ V lifbs the paths and hence / lifts p from r'

Proo fo fTheoremsSupposetha tcond i t ion l ) l ro ldsand le tp>0besotha t
f f i . . ; ( 0 ' ; ' . S i ' ' c u i i s u r r b o u t r r ] c < ] ' w 0 c i I J ' I f i r r d z € T : ' \ ' . ' s u c h t h a t
Itij e Cs(o,p). ilet'I/ : Cnio'p:t and U be the component of /-r(V') containing

?:. Using Proposition 4, *" t* tiat flu : (J -'+ V lifts the paths' V is simply

connected and since / is a local homeomorphism on u, we see that flu : u -+ v 'r's a

lromeomorphism and let g: V ' lJ be its inverse' Then 09(1/) has two components'

onebeing s(S(o,p)),whiciboundsaJordandomain Do,andtheotheroneisC(g'oo)'

Sir,"" rri c(i,k'u Bt : i, *"see that C(s,*) is a compact' connected subset of

if\tr, ei""a since 1is a local homeomorphism on n_ \ (KqB)' it results that

Card 'bQ,* j  : l  ^nddk ,m)  =oo '  Th is imp l ies tha tU -CDo and i f  ro  >0 is

;h r# i; c B(o,roj,' it 
"., 'oB(0, 

rs) c t/ and J is injeciive on CB(0'rs)' K c

Do c B(0.rs) and ,lgg/(") 
: *.

suppose that condition 2) hoids. we see from Proposition 4 tllat, extending

if necessary f to a horneomorphism around oo, we can lift every path p: [0,t] -*

n;iffir) from every 1. € 1". with /(c) :,p(0)' , Tn".ly''jl::-]f*::: 
-li:

;;" i eff*i I i(n" i r; ana hence./ is unbo"ld"d- wc s{1,T.',th'* 1,.':
in iect ive'oni t" \ i t ,  * tu."  b :  Kuf;QU:n) '  Let r1,cz e | , ] ' . \Bbesothat
/(rr) = /(rz). i(uuping the notations used before, we see bhai /lU : U --+ tr/ is a

ilo**.otpnism and sinle I/ - CDcwith D, a Jordan domain, it results that [/ is the

single component of f-L V)and U I l-'(V')' Let y € V andp: [0, t] -* R"\CGF

o path such that p(0) :'f (,r1) ,p(1): tt. Let qp: [0'.1] * Rl \ j.( bepaths suc]r tirat

q*io) :  xr, . ,  I  o Qk :  p, i  = i ,z. '  tnen qr(r)  € I-L( l / )  :  U,Jkt ' (7))  -  v 'k :  1 '2 '
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hence q1(1) : c2(1). we use now the property of the uniqueness of path liftings for

local h morpii"-" t see that nr: ri2' We prwed that / ie injective on R" \ E'

We show that if a € Ro \ K i" so that f is open in a, then 1-t11(a)) = 
[a]'

Indeed, suppose that there €cdsts b € R' \ K,b + o such that /(a) : /(b)' Let

U" eH(e\,ite Va be disjoint such tbat flu": Uo "+ f(f!l il!@morphiem 
and

l(fA) c iV;.Since IntCffi K) - 4t, we can find u e /(Ua)\C(f ,K), hencewe can

ii"a-,, e'fl {g,lt a t/a \ E such that J(*) : /(lJ) und we reached.l contradiction,

since w. proved ihat j is in;ective on R' \ fi. It results thet I-1(f (a)) : {o} if

a € R" \ K and since f(oo) : oo' we see that / is injective on R'- \ K'

Stqpce nour that / is continuous on K. Then /-t(/(K)-: K and /(R" \ K) :

R' \ f(rf) and sine f(*) : oo, we see that tlfi" \ k, fi" 1 { t ff \/(K) i:
a homouorphism. If in addition / is also open, diocrete on K, then K C D," and

f lC Do : C D) -* f (C Do) is a homeomorphism, hence / is injective on 0D o and open'

ii*".L on llo a,nd using the univalence on the border theorem from [3], we see that

f is injecdve onDoand hence .f , E" -* R" is a homeomorphism'

\1:e obtain the following generalization of Zoric's theorem:

Thanem 6 Lei n >3,K c R' be compact, -f ' R' ---+ R^ be continuous on R"

and a lcal homeomorphism and satisfying condition (N) on IL'\ K' having local

, Ctr. inrrcrsee on /(R; \ l0 r" that }/5.11y(e) : 0. Then, if / is unbounded, there

exifis rs > 0 such that i is injective on-Cbi0,rs) and if f is open, discrete on K,

rhen f ,-R." *E i" 
" 

homeomorPhism.

Proof using Theorem 5, condition 1), we only have to show that / is unbounded

if ..r is oryn. discr"te. Let r € R' \ K, U' eV(r),| ' .: B(!(r), r). such that t(U") :

i; t'i,3,;) - av,. lt y e s(f @). r), we let y : [t, oo) --* R"' ?e(t) = (1 - t) J @ + j!
6sr t > I and let E: {lt e ,S(/(t),r)l^1, cannot be lifbed from some point a € dU"

rrirh y : /ia)). f,eL f' : {tulg € E} ;a let f be the family of all ma-.rimal liflings oI

sorne-earix from f' starting So* **u point o g dU. and having o9 as a limit point'

\\-e hare 1f (f ') < M(,f F)i < Mr,r1(f) : [, hence I 'f(f ') :0 and pr'-1(E) - 0' It

:esult,= rhat we can lift a.e. path ty'from some point u e 0u, and this implies that / is

ur:bounded. No*'. there u*Gt. ,o i O .o that /ICB(O' rs) : CB(O, rs) --+ t(CB(0,rs))

is a iiomeomorphism. Since / is injective on ,9(0,rs) and open, discrete on B(0'rs)'

\(-e u-- riie unire.lence on the border theorem from [3] to see that / is injective on

B,ii"t'q, and hence that / ' E' * F' it a homeomorphism'

R . e m a r k  4 L e t  [ : R o  r R " . / ( r )  : r i f  r  € E ( 0 , i ) , / ( t )  =  
i F  

i f  l l c l l  >  i '

Tl:en., is bounded. conformal on R'\S(0, 1). is not open on S(0, 1) and it is not

injectil:e. Thjs shorps that the openness of the map f on the "singular" set K, or the

un-cou:rdedness of rhe map .f axe necessary conditions in Theorem 6.

Proof of Theorem 7 We apply Theorem 6, Lemma 2 and Lemma 3'

Proof of Theorem 8 We see from Theorem 3 that / extends to a local home-

onorchism on R". If t/ is a component of /-1(R'). then /it/ : U --+ R- lifts the

llari:-. and hence it is a homeomorphism and if I is its irlverse, we see that 9(R') has

a single boundary component. namely C(g,x) and C(9. oo) is connected' Since / is
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a local homeomorphism on Ri\B3p;l capB :0, we see.that C(s'*): {b} for some

b e DU{m} and heuce f : E -' E" is a homeomorphism'

We also have

Theorem 9 Let n ) 3,K c R' be closed, B c R'\K be closed in R'\K'J :

R" f("U;t-* n" u" 
" 

local homeomorphism satis$ing condition (N) and having

toea"t ACL-inverses r""n in" ,l"iriiu Ui*)) : o u"a"t"ppose thai IntC(fi :

6.e6n is compact and R'\m4 is connected' Then we can extend J to a

homeornorphism around each point t- g ,A utta we also denote by / ihe extended map'

Suppose that one of the following conditions holds:

1) K is compact.

2) CarrIB - I < oo.

3) C(.f, m) is bounded.

Then there exists rn € N so that N(/, R,' \ /{) 3 m arrd each value I e R" \

d(f6 is taken by / by exactly q-times, with 17 5 rru'

ProofWeseefromTheorem3thatwece!J'rlgnd/toahomeomorphisma,round
each point b e B.and let p > 0 be so that qlnC B(0'pi 

"d,g 
t ' = CB(}'p)'

We use Proposition 4 and the preceedings arguments to see that J-t V) t' $ and let

(t'r)reN be the.o*ooo"*, of i-t(y). itt""llU. : U6 "+ V 
.is 

a homeomorphism and

ilr"n,-, v ___+ {J, their inverses for i € N. We see that 7Il;.has two components, one

being 9;(.9(0, p)) and the other is C(ga'oo), which contains just one point bi e BU{m}

so that f (br): co, i € N.

I f K i s c o m p a c t ! w e s e e f r o r n T h e o r e m 3 t h a t / c a n b e e x | e n d e d t o a h o m e o .
morplr-ism arourld rc, hence the set E: (b:kffi-annot have *-* t limit point and

cannot have some limit point in K,since'd(flK) is compact' It results that f'can

have some limit point b L R' \ K. and we reached a contradiction, since / is a local

lromeomorphism in b. wb finrl that the set.E is frnite. Also, if c(.f 'cp) is bounded,

rile ser E cannor have some limit point in K U {m}, and we obtain again that -L' is

f i n i r e .  L e t  q : C a r d E , a n d w e s e e t h a t  q <  j i f  C a r d B : j ( o o '

I f  we  i r ave  po in rs  e i . . . . . . rm  €  R"  \ , I {  such  tha t  / ( c1 )  =  f  ( r p ) , p :  1 , " "m '

l e t  C / ,  €  t l g r  t "  d i s j o i n t  such  tha t  f (Qo ) :W: .R ( fg l t t r . i : I ' ' . ' ' r n  and  l e t

, , '  e- i l ' \  q l .1 '1 .  T lc t r  w:  carr  f i 'd  u i  €  ( ) i \  / - t ( l (CU' l i t )  such that  f  (u ' )  :

u , .  I  :  i . . . . .nr  and let  y€ l j  and p :  fo , i l  - -  f t "  \c( / ' / ( )  be a path so that  p(0)  =

f  ( a ' , t . pG) : y .  \ \ - e .u ' i n t t aq l : [ 0 ,  1 ]  - - -+R" \Kpa thssuch tha ts i (0 )  :  a t ' f  oQ t :P '

[ : "t,,.,.n2, Since q;(1) e J-t(V ) : 
nl_rUu 

and using the property of the uniqtteness

of path liiLing tor local homeomoi'phism, we find that' tn S g'

P roo fo fTheo rem l0Weske tch thep roo f f rom|1a ]and fo r thesakeo fcom-
pleteness we give a slightly elaborate proof' We can take /(0) = 0 and we de-

no." b1' U(O,J,rf the 
"component 

of /-t(R(0,r)) containing- 0 for r > 0 and let

,o :  
" rp{ , i  

>  0 l I7(0.  { , r )  c  B(0.o)} '  Let  l ;  =  2111{z e R' lz- .e }LI (o ' f  ' r ) }  and

I- l  :  suplz € R'  :  €  
" r { i (0 .  

/ . r ) }  for  0 < r  < rs .  Then /  maps t . / (0 ' . f ' r )  homeomor-
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phically, hence / is injectiveonE(0.ti) br0 < r ( 16 and Lj'-oif r "+ro'

We take tr,,y, €EU(0, f, r) such that lic'ii : tri anci ilu']l : li' Then f (r') a^nd

.f (v") e ,9(0,r) and hom f,u*-u 3't [14], there exists p" e BtA'r) so that for every

i . i*, +F) *" have .f (2") € B(1t,,t\ and either 0 or .f (7.) belongs lo B(P''i)' b"l

,'"1 Llnu: Since /(B(0,11)) is ;;ected, we ean find 4 e Siqt,,t)-n /(B(0'li)) and

let zi be the unique ooioir.o* t-t(zt)nF(0,t1) for.t € G:+): we denote bv

Cr(.6i C S(p,,t) tt" ,ph"riot cap of center ,, uodopening unste d. Let Ct C S(p,,t)

;;;h" ,ptt*i""i 
"tp 

of ecniet zt and opening angle /1, where p1 is ihe supremum of

all r/ for which zf coruponent of /-1(Cr((/)) is mapped horu.eomorphically onto Ct(d)'

and let Ci be the component of f-|(Ct) for t € (i,+)'As in [14]' we see that

C inS(0 .  L )  *  aand le t  x i  e  C inS(0 , ,1 )  and 11  :  f@i ) fo r  t  €  ( ; '# )  rc i r '

be the family of all paths joining rr with zt in Ct and let f t: f ICI for f € G'ry)'

L e t f ' :  U  r ; , r :  U  { l ; ' o r l r e r ' } .
, e  t ; , t ' 1  t e  r ; , t ' 1

Let p e ,F(f')' lVe see fronr [27]. T]reoretn 10'2, page 28' that t]rere exists a

constani C depenciing only on n such ihat f S I p'@)do for f' € G'+)
S ( p " ' i )

Integrating over I € G,+), we {ind a coustanl 01 depending only on n such that

0 :-r, . illf';. Using fieo.em I and Theoretn 2, condiiion 2), sgfind a constant

C2 depending only on r ,,-,"h that C1 < ,t/(f ') < A'IK,(/)(r) S ;ft&;' 
Taking

cs:  * .  n 'e  obta in that  / j  > '  L ; ' '  exp(-exp(c; r '1 '1 ; i ) )  a"a le t r ing 1+ rs '  the

theorem'is proved'

Theorem 1"1 Lei n > 3.,f , R" - R* be a locai homeomorphism satisfying

condir ion ( lV)  anr i  havingiocai  4CI"  inverses '  andiet0 3 a <n- I  and I ' '1o:

Srlps4,qo f 
4#++d3 for , ) 0. Suppose that there exists r'; + oo such that

B ( 0 . r )

,11,, { :c for I € N aiid suppose t' l iat l i in iuf i ' ,  e'exp(-exp(C' lt ' I ' ,) i;) = u"'

rvhere c is rhe constant foom Theorem 10. Then / is injective on R"'

Theorem i3 Ler n )' 3..i ' R" t R* be a local homeomorphism saiisfying

(:orldirior (-V) and havurg Gcal --lCI" itiverses so that tirere exists Q e Li,,t\\") witir, ,

1{r(f) < Q a.e. onR" attdletQ" - ! Q@iarand'1/. = .:.u9 f 
€OftrS='-!

B ( 0 , :  )  
o < : ' < : o l ? ( o ' a )

for rr -- 0. $'here 0 5 * < r,-2. Supposethat thereexisis t j - xsuch-ihat fuI', < rc

fo r7€Na i i ds t i ppose t t i ae  
, i 1 * i t t f t ,  

e ' exp (  -exp (01 '1 f ,  +CzQ ' , )  * ) : * 'w l i " r e

c:1 a.nrJ C2 are the constants frQrn Theorem 12. Then / is injective on R".

Example 1\\'e rake l: 10. ll enci we c'iefine i,he caflior set E c I as follows: Ar

Step l , l ,e.",nou. Er : (. i, l1. at'Step t 
Y: :*"touu 

Iiz : 1i,3) u (uz' $) nt Step nt

\r€ rernove from each interl'al J frorn t 
" !,, 

,9.4 an interval having the sanre center

as ./ and of length 9' and ll'e denote by E- ihe union of ail such removed interval
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at St€p m- we Bee that ,r1(B*) = *(3)--t for m 2 1' We continue this infinite

plooees, ve let E = I \ U- 8o. and re oee tblt p1('b) :0'
m=1

We take 0 < o < I and we define p : f -r Rby p(l) = 4nr-l for i € E*'nt27'

Tlreu p is measuralrlo, ! tAVt: t ,iott)-oo* 
< oo for l'r € N ornl lot g : [0' 1] -r rt

o t

lre deturerl ty c(r) = i ppldtfor s € I' Then ! e Lt(I)'7' = p a.Q1 9 is strictly

o 1

increasing, sal,is6es <pndition (lv) and ilg'lr&)at < oo for /c e N' If (a'p) is an

interrral from E* , then (g(cr) , 9(p) ) is the-correspondius interpl 9-{ length (ll - u)u^ ,t
for ever.v nz € N, h"nJ g(b'i;;ttso a Cantoi set with prk(ff)) = 0' obtained in

the sa,me way as th. C;A; Lt E, 'oh.n* the union of intervalg E* of total length

ii?F;fururua uytrr" union oiintervats F- of total lensth t(?)--t for m' € N'

Let J : sU).
Then J c I,I(J) : 6*and let h : J "+ I'h = g-r' We see tbat if (a'p) is

an interval from lL 
"taigfil,g(p)) 

is the correspondir-rg interval from }l'"' then /r

is differentiabl" o" tgt"llipjj'i'ia'i'tu) : ilfu = q'7-"t for st€ (s(a)'g(0))' tt

results that 
f 

d(L)dL: * 
"f0(s2)- 

< oo and if p > r is fixed' we have tln'p11rg :

* fr (3ut-o)- : oo if we take 0 < a < (3)t= and we also see that h" 4 Le('lo) 1t
J  s ^ \ o

m:v

Jo C J is an intenral with 4 n S@) f 6'

We take u<rw rr ) 3, wefixp ) I autlwetuke 0 < a ( (3.f ' l*t Q,: J xl"-r uwl

l ,  Q - I "  be  de f inedbv  f ( r r ' . . - ,5o)  =  (h ( r1 ) , t2 , " t ,31 f9 t  
"  

=  ( " t ' ' - ' ' x " )  e  Q '

fnen / is an a.c. am"t""ii"Ui" homcornorphisin, Jy(z) * 0 ue. on Q, f satisfics

condition (N) and f e W|i@,R') \ W;'j(Q,R")' The inverse flr : I" --r Q is

eJ* uv i-i(r,r, ,r"i l'iloii,r),ti, ' rtl"ii;; v - (u'"''tto) € I^ hence f-t e
"w:::(i,'Pt^) r* #t'N. dr'ii['/rUl(il= n'QS"-i u'"' h,9t'9 see that Ks(/)
is uot integrable on every interrral Jo x 1o-1 c Q so that { n s@J t' S' hence

KoU) # t,!""(Q).

4 Homeomorphisms satisfying condition (N) and

having ACL inverse

The maps involved in the following theorems are considered apriori homeomorphisms,

and for such maps we solve problems lii<e eliminability, boundary extension, equicon-

tinuity, modulus of continuity and cha,racterize the limit rnap. As we said before,

the gene.ral seiting of the tlieory will be persse'd in a forthcoming paper for open'

discr-ete -aps. The following 10 theorerns a,re the corresponding versions of Theo'

rern 17.3, 17.13, 17.15, 18.1, i8.2. 19.2, 19.4' 21.\, 27.9,2r'L0,21'71,21'13,21'14 front
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[2?t grven for quasiconformal mappings. We give the proof only fol a few of them'

rio*-tn" proo6 fidbw the clasgical line from [27], a,nd 
"P iyt rc,place the classical

modular inequalities with our improned versions t) *9 2). Fryry results given for

Q-homeomorphisms can be found in [10], [18J, [19], l24l' t25]:.t291-.and for mappings

.,i fir,it" tlistortion and satishnng condiLion (r{) you can see [5]' [15]'

Theorem 14 Let D' C E' be a dornaiu, b e flD be an isolated point of BD, t :

D + D'be a homeomorphism satisfying condition (N) and hryi"s an ACL inverse

* tirui I/r, tit ({6}) : 0. Theo / octcnds to a homeomorphism J : DU{}} --+ D' U{b' }'

Proof. Let r > 0 be such thet E'(6, r) c D, A: fi({6}, CB(b,r)), A' = ft(C(/' b)'

Cf (B(b,r))) .  Then Mx,a(re):  O t ta MF'q') :  M(J(|A)) < Mv,1}(Tn) = 0

and this implies that C:ardC(I,b) : l.

Proposition 5 Let Co, C1 be continua in R', A: R(Cy,C1) and u € '1,"(R')'

Then M,(fe) < m.

Proof Let r : d,(Cs,Ci and D C R' so that Eo Uer C D and D is compact

a n d l e t  p . f f  - *  [ 0 , o o ) , p ( c ) :  +  i f  r €  D , p ( s ) = 0 l f . n (  D '  T h e n p € , F ( f a )  a n d

M-(te) 3 j p-(x)u(x)d'x : ! [ w(x)dt < a'
I l a D

Theorem 1f Let D' C E" be a domain, I , D + D' be an ACL, hr',meomor-

pfrium ,o that /-1 saLisfies condiLion (N), b € dlJ such that D has property P1 in b

i"iJk,ti:ti(y)au < oo. Then C(f ,b) has at most one point at which D' is finitely
D,

connected.

Proof Suppose that D' is finitely corrnecbed at two disLincb points_61 ,bZ^l:T

c(f ,b). Let ri -:b,ai_:- b so that f (x) j b't,J(y)--+ br and lei I[ € v(b;)

be-balls so that Atnjz: d,k : L,2. Extracting if necessary a subsequence,

;; ; find si c'ur,F\ c uz connected such tbTt !(r) e uiJ@iL-e l'i- pr

every i € N, and let Ei = I-t(Ei),n = I-L(F;L TItL" b eE1fiF1 and let

f  
"  

L@r,F1,r ) , f '  a(E; ,1 ' - i ,D ' ;  and /  = R.(A1,O2).  Using Proposi t ion 5,

Theorem 1, the p1 property oflhe^domain I in the point b and {,he facl lhat l' > l,l,

we have that  oo = l / ( f )  -  MU-rF 'D 1 l ' l6 ,g- , ) ( f ' )  S Mv,6- '1( f  e)  < oo,  and

we reached a contradiction.

Theorem 16Lei n'Cff beadomain, f : D -'+ l) 'ahomeomorphismsatisfying

condition (N) and having,4c.L'inverse, b e.0D so that D is locally connected in

b,Kr(f) sabisfies one of bhe condiiions from'fheorem 2 in b and suppose that D' has

p.op"ity P2 in some point from C(f 'b).Then / has a limit in b'

Proof Suppose that C(f ,b) contains two disti[ct point 6'1,bi and that D' has

property P2 ii h'r. Let P C b' be compact and ri > 0 be so that M(A(E' 4 D')) > 6

io. 
"u".V 

6'-C l)'^eonnected so that b'1, 62 <8. Since lJ is locally connected in b, there

exists U; € y(b) such that U;nD is connected, Ui c B(b,ri),i € N and ri --i 0' Let

f j :  A i t t j n 'D , / -1 ( / " ' ) ,  q i r ' i :  A ( / ( f i j n  D ) ,4D ' ) f o r i  €  N .  Us i ' gTheo re ' r  1

and 2 and the P2 propcrty of D' in 01, we have 5 5lf(f;) < It '16,11(f 1) - 0, and

we reached a contradiction.
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Theorem LT Let u: D -+ [0'ml be measurable and frnite a'e' and satisfying in

eacb point I e D oue of the conditioru from Theorem 3, W be g fami|y of homeo,

morphisms I : D --+ U1 Ct satisfying condition (N) and having .a_c'l,o inr'.rses 8o

li* rrtn s r.r for I e w and there exist r ) 0 so that each f ew omits at leqst

t*o ltoittts'rr1.0y with q(n1,bt) 2 r' Thon I4l is ecluicontittuous'

proof let  16€ I)agd 0 < e < r .LetQo= f l ( to,  a),Q1.= n(yr, ' f ) ) t0 '" .1{.r

b"; |5'; EO"ipl c D and let / = R(Qo,cQ).Thgn f (A) = n(t(-80)'cl(81))

afi,q(cl(Q1)) > q(or'a-z) > i,q(/(Or))'->"itt?i,/(zs)).foreverv x€Qoanderrery

f ew.Let f ew,, eQo;ta i '='*i"t7,9Qt l,/(so))):w" keep.0 > 0 fixed and

we choose n ).0 small 
"ilwn 

so that ,vf"Ori < ,\.(c). Then,\'(t). < M(lle) =

udirrll < My,61(1.,,1 <llz,On) S )'(!), and since 'tr" is increasing' we see that

f ( e. Since u . r., *.obtti" tL"i'tl s(/("),f(ro)), hence q(/(c),/("0)) ! e for

;"-; 
"-r7r- 

E(r6,n) and every i eW, i.e. the farnily l7 is equicontinuorn in r:0.

Theorem 18 Let u: D -+ [0,m] be mensurable and finite a.e' and satisfying in

each point x e D one of ttre coniitions from Theorem 2' W be a fa'mily of homeq'

;;;futt* f ; D --+ D1 CP--, satisfying condition (N) and ha!19 AC'L^ inverses

so that xilD <.,,, fo, 
",,"ry 

f e W, and suppose that one of the following conditions

hold:

1 ) t h e r e e x i s t s i r : 1 ' n z € D a n d r ) 0 s o N h a t e a c l r , f € W o r n i t s a p o i n t o l w i t h
q(a r ,  I  { r r ) )  I  r , ' i '  :  L ,2-

2) there exists c; € D apd r ) 0,i = 1,2,3 so thai q(f(r;) ' f(c1)) ) r for

i  +  i , i ,  j  =  7 ,2 ,3and  eve ry  f  eW '

Then W is equicontinuous.

Theorem L9 Let a e LL""(D) satisfying in each point r € D one of tire conditions

from Theorem 2, fi : D -"i, C R- Uu homeomorphisms satisfying condition (N)

and having ACL^io""t'o 'o thut KilD 1 w fot every '1 € N and suppose that

1., ---+ [. TLen, if oard,Imf ) 3, it result, tuat I : D --+ ])' is a homeomorphism onto

u do-rin D' C R*. If f ; --+ / uniformly on the compact subsets from D, then / is

either a homeomorphisrL onto a domain D' C 8", or a constant e If we suppose in

addition ihat I are ACL, maps for every j € N, that Card'}D ) 2 and there exists

"o 
e f,;"tn")'latisfying in eacn point one of the conditiors from Theorem 2 so that

Iit(Ji )( o;6 for 
"'v"ry'ia 

N, rft"t D' is a component of KerDi if f : D --+ D' is a

i romeomorphism, and i f  f  :6 , thenc€ C(KcrDluKcrCD) ' -Also '  i f  f  :  D - '+  D'

is a homeomorphism und f C D' is compact, theie exists jo € N such that L' C Di

for j 2 7e and fi 
t */-1 uniformly on F'

Theorem 2o Let D, D' be domains in R^ with card7D /2,u € t ' |,.(D),uo_e;

LI".(D') satisfying in each point one of the conditions from Theorem z,b!.Ji 
:-?,: 

u

UJ".qCL. homeomorphisms with AC|.L" inverses so that Kr(li) < u,K1{[t') 3 wg

for every j € N and Ji --+ /. Then the convergence is uniformly_on the compact

subseis from D aud tire limit map is either a homeomorphism onto D', or a consiant

t: € 0D'.I1 the ntt, .*"l i ; l  
-- 

t- 'ugiformly on t5e cornpact subsets from D',

and the secontl ca^se can occui o,rly if dD has oniy one componenb, or infinibcly manl'
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components or €xactly two pointwise compooents.

Theorem zLllet D.D'bedomains inR" with CardDD' >2,F C Dbecompact
and let W be a farnily of homeomorphisms .f : D -* D' satisfying condition (N) a'nd
lroviug ,4CIL* inverses so that thcre exiets u e I'|,"U)l satisfying in each point one of
tlrc corrditi<xu frour Thcorcur 2 srrch tlur6 KtU) S c,r f<rr cvcry./ € W. Thcu, f<rr cvcry
e ) 0, thereexists d ) 0 rc that q(f(F')) < eif q(f(F),aD') < d. If c.hrdqD> 3
arrd0D has exactly & components, with 2 S,t S m, CurdF> 2,fi a,re /C.L" rnaps
for every j € N and there exists Lrs e LI*"P') satisfying in esch point one of the
conditions from Theorcm 2 so th* K1(tlL) S,^ro for every J € N, then thcre exists

d > 0suchthat q(/(F)) 2 dand q(f{F),?D')>dforevery I  eW.

Theorem zzIrot D,D'&dornains inR',r € D,u: d,(r,?D),Wbeafamilyof
homeomorphism,s | : D ---+ D' satisfying condition (N) and having ACl" inverses so
that there exists w e L!,*.(D) satisfying one of the mnditions 2), 3) or a) from Theorem
2 in the point r: so that u € LL(B) for every ball B C D aud Kr(f) S ar for every

f e W. Then there exists a continuous, increasing function 0,,,,,,. | (0, 1) -+ (0, m)
such tbat lim^d.,",-(r) :0, 

}h*rd^,",.(") 
= oo and llf@ - f(t)ll/d(f(x),AD') <

0^,,..(k{j/d) for every g e B(x,o) and every f eW.

the function dr.".- does not depend on z.

Proof Let y e B(x,,o),r t  :  d,( f  (x),AD'),4 :  R(E(o, l ls-"11, CB(t,o))  and I  €
!lr. Then A c D, f (A) : R(Co, C), where Cs : f (E (x,l ly - tl l)), & : C f (B (x, u))
and /(r),/(y) e bo,C1 contains oo and a point ti e 0D' so that a' : [lJ(r) - b'[1.
Using Theorem 1 and 2 and Theorem 11.9 page 36, 1271, we bave '17"(d' 

/lt/(u) -

/(")lt) < M(l'11.r1) < Mx,CI$'a) < M.(l.e). If r^r satisfics corrditiotr 2) rir 3)
from Theorem 2 in z, we take |n,,,,(r) :1/11;1(C/(lnlnf)") for r ) 0 and if o.'
satisfies condition 4) from Theorem 2 in c, we take Ln,'.-(r) - l/H;l(q /(htn i)2 +
Cz/(lnlni)) for r > 0, where theconstants C,Cr,Cz depend ort'ln,,(t' In the case

sup f u(z)dz : ful q oo. we take C : AIltV,€n,which is a constant depending
BCDbal l  g

only on ru and r,;, hence 0o,.(r) :1177;1Q/(lnln f )') depends only on n'-nd ut.

Theorem 23 l-rlt W be a family of homeomorphisms / : B(0,1) --r B(0, 1)

sarisfiring condition (,V), having AC L" inverces, so that /(0) : 0 for every f e W and

rhere exists u € LL (B(0,1) ) satisfying one of the conditions 2), 3) or 4) ftom Theorem

2 f.or x:0 and o: 1 and so that Kr(f) ! u for every J e W.Therr there exists

f , . .  : (0 ,  1)  *  (0,  1)  cont inuous,  increasing,  wi th l im g^-( r ) :0 , i t j1  p^, , ( r )  :1

such that t l/(r)t l < '€n,.(x) for every r € B(0.1) and every J eW'
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