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(S3.1) Let us consider the cube C3 = {r € R® | 0 < z; < 1 for all i = 1,2,3} in R3. List
the faces, the facets, the minimal faces and the vertices of Cs.

Proof. We have that (3 is the solution set of a system of 6 inequalities: —z; < 0,27 <
1, —29 < 0,29 <1, —23 < 0,23 <1, i.e.

1 0 0
1 0 0 N 0
0 -1 0 ! 1
0 1 0 LN I
0 0 —1]| \'3 1
0 0 1

Then F' = () is a face of C3. The nonempty faces have the form F; = {z € R® | Ajz = b}
for some I C {1,...,6}. Obviously, I = () gives F; = P.
The facets of C5 are:

Fay={z € P |z =0} ={(0, )
Froy ={r € P |z =1} = {(1, 12, 23)
Fiy ={x € P |2y =0} = {(21,0,23)
( )[0<a <1,0 <23 <1}
( ) 11 <1,0< 2y <1}
( 1) v <1,0 <2y <1}

F{4}:{ZE€P|ZE2:1}:{{L‘1, I3
F{5}:{SL’€P|Z‘3:0}:{JI

| 0

| 0

10< 2 <1,0< ;5 <1}
1,z3) |0
x9,0) | 0
| 0



The minimal faces of C5 are:

Fassy={x € P|x1=0,29=0,23 =0} = {(0,0,0)}
Fasey={r € P|x1=0,20=0,23 =1} = {(0,0,1)}
Fausy ={r € P|xy =0,20=1,23=0} = {(0,1,0)}
Faaep={x € Pla1=0,290=1,23 =1} = {(0,1,1)}
Fpssy={r€P|xy=1,2,=0,23=0} = {(1,0,0)}
Fasey={zx€ePla1=1,2,=0,23 =1} = {(1,0,1)}
Faasmy={x € Plx1=12,=123 =0} ={(1,1,0)}
Fausy={r€P|loy =1z, =123=1} ={(1,1,1)}

and the vertices of P are (0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),
(17 07 1)7 (1’ 17 0)7 (17 1’ 1)'
The other faces of F' are:

Fasy={z € Plxy=0,20=0} ={(0,0,23) | 0 < w3 < 1}
Fuy={zeP|la1=0,20=1} ={(0,1,23) | 0 < z3 <1}
Fausy={re€Plz;=0,23 =0} = {(0,22,0) [0 <25 <1}
Fogp={r € Plx1 =023 =1} = {(0,22,1) | 0 < 2y < 1}
Fosp={ze€P|azy=12,=0} ={(1,0,23) | 0 < 23 < 1}
Fogy={rePlzy=1Lz=1}={(1,1,23) |0 < x5 <1}
Fosp={z€Pla;=153=0}={(1,25,0) | 0 <zp <1}
Fog ={rePlaoy=1x3=1}={(1,25,1) | 0 <2y < 1}
Fisn={rePlry=0,253=0} ={(21,0,0) | 0 < zy <1}
Fo={re€P|lay=023=1} = {(2,0,1) | 0 <2y <1}
Fusy={z€P|ay=123=0} ={(21,1,0) | 0 < z; <1}
Fuegy={z e Plry=1x3=1} ={(21,1,1) | 0 <z < 1}

We have that F; = ) for all other I C {1,...,6}

There are in total 28 faces.

(S3.2)
(i) If P is an affine set, then its only faces are () and P.
(ii) If P has proper faces, then I 2 ().
(iii) If F is a proper face of P, then F'={x € P | Ajx = b} for some ) £ I C I™.
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Proof. (i) Assume that P = {x € R" | Az = b}. It follows that

P={zeR"|ax<b,—ax<—bforalli=1,... m} ={zreR" | Cx <d},

—A —b
there exists I C {1,...,2m} such that F' = {x € P | Cjx = D;}. If i € {1,...,m},
then c; =a; and d; = b;. If i € {m+1,...,2m}, then ¢c; = —a;_,, and d; = —b;_,,. In
both cases, c;x = d; for all x € P.

where C' = < A ) ,d = ( b . Let F' be a nonempty face of P. By Theorem 1.7.5.(iii),

If I" =0, then P ={x € R" | A=x = b~} is affine and has no proper faces, by (i).

Since F' # (), by Theorem 1.7.5.(iii), there exists J C {1,...,m} such that F = {z €
P | Ajx =0b;}. Take [ := JNIT. If I =0, then J C I=, hence F = P, that is a
contradiction. Thus, we must have I # (). Furthermore, for all z € P we have that
Ajx = by iff Ajx = by, since for ¢ € J NI~ one has already that a;z = b; is an implicit
equation.

]



