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(S4.1) Let G be the complete graph K3 on three vertices. Prove that its incidence matrix
is not totally unimodular.

Proof. Let V(K3) ={1,2,3} and E(K3) = {ij | 1 <i < j <3} ={12,13,23}. Then its inci-
dence matrix A has 3 rows corresponding to the vertices 1,2, 3 and 3 columns, corresponding
to the edges 12, 13,23. Thus,

We get that det(A) = —2. O

(S4.2) Let A € R™*" be a TU matrix, let b € Z™ and let ¢ € Z". Then both optima in the
LP duality equation

max{c'z | > 0, Az < b} = min{y"b |y >0,y"A>c"}.
have integer optimal solutions (if the optima are finite).

Proof. By Theorem 2.3.3, P = {z | + > 0, Az < b} is integer, so we can apply Proposition
2.2.3.(iv) to conclude that max{c’x | > 0, Az < b} has an integer optimal solution z*.
Claim: The dual LP is min{y’b |y > 0,y" A > T},

Proof of Claim: We have that max{c’z | z > 0, Az < b} = max{c'z | Cx < d}, where

C= (;{) ,d = <(b)> Thus, its dual is min{w’d | w > 0,wTC = ¢T'}. By letting w = (g),
it follows that
min{w’d | w > 0,w'C ="} = min{y’b|u,y >0, —u’ +yTA=c"}
= min{y"b | u,y >0,y7A=c" +u"}
= min{y’b |y >0,97A> "} [
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Thus, the dual LP is

min{yTb |y >0, yTA > cT} = min{yTb |y >0, ATy >} = min{bTy | Dy < a},

where D = (—_A[T> and a = (_OC> Since D is obtained from A by using operations

that preserve the TU property, C' is also a TU matrix. As a is an integer vector, the dual
polyhedron is integer and the dual LP has an integral optimal solution y*. Ol

(S4.3) Let G = (V, E) be a bipartite graph and w : E — N be a weight function. The
maximum weight of a matching in G is equal to the minimum value of }_ _ 4,, where y
ranges over all functions y : V' — N such that y, + y, > w(e) for each edge e = uv of G.

Proof. We have that

max{w(M) | M matching in G} = max{w’z |z >0, Ar <1}
= min{y’1 |y >0,97A>w"}
= min{y"1|y>0,y"A>w"yeZ"},

as a consequence of Proposition 2.3.4. Since y € ZY and y > 0, we get that y € NV,
hence y : V — N. Remark that y71 = Y vev Yo and that for every edge e = uv of G,
(yTA)e = yu + yo. Thus, y? A > w? if and only if y, + v, > w(e) for each edge e = uv of
G. O

(S4.4) Let A be the incidence matrix of a cycle of length 5. Prove that A is a square matrix
and compute its determinant.

Proof. Let Cs5 = vgv1v9v3v4 be the cycle of length 5, with vertices vg, v1, v9, v3, v4 and edges
VU1, U1Vs, Va3, U3y, U4Ug. Then its incidence matrix is

10001
1 1000
A=1]1011 00
00110
00011
One can easily see that det(A) = 2. O

(S4.5) Give examples of nonempty polyhedra P C R™ such that

(i) PNZ™ =0, hence P; = 0.



(ii) PNZ"# 0 and for every ¢ € R™\ {0}, max{c'z | z € PNZ"} < max{c'z | z € P}.

Proof. (i) Let a € R\ Z and define P := {(a,...,a)T}. Then PNZ" = (. Or, take
P=1[1/3,1/2.

(ii) For example, take P := [5/2,7/2]. Then PNZ = {3}, hence max{c'z | x € PNZ"} =
max{3c} = 3c. On the other hand, for every ¢ € R\ {0}, we have that

(a) if ¢ > 0, then max{c’x | z € P} = Tc/2 # 3c,
(b) if ¢ < 0, then max{c’'z | x € P} = 5¢/2 # 3c.



