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A Quantum System

The system S

the family of pure states: P(S)

the family of observables: O(S)

the family of statistical states: S(S)

Mathematical description: A complex Hilbert space H
together with explicit embeddings:

P(S) ↪→ P(H ) the projective space of H ;

O(S) ↪→ S(H ) the family of self-adjoint operators on H ;

S(S) ↪→ B1(H ) the Banach space of trace-class operators on H ;
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The Quantum Particle (in dimension d)

A number of classical observables: mass, electric charge, ...

Two dynamical observables that are not compatible:

Position: Q1, . . . ,Qd

Momentum: P1, . . . ,Pd

that have to satisfy the Heisenberg uncertainty relations.

Using the functional calculus, a method of describing the above dynamical
observables is a Weyl system:

W : Rd × Rd → U (H ) strongly continuous
such that W (X )W (Y ) = e i(<ξ,y>−<η,x>)W (Y )W (X ),
where X := (x , ξ),Y = (y , η).

Then Q is the generator of V (ξ) := W ((0, ξ))
and P is the generator of U(x) := W ((−x , 0)).
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The Quantum Particle (in dimension d)

The Stone-von Neumann Theorem

Any Weyl system with d <∞ is a multiple of the standard Schrödinger
representation in d dimensions:

H := L2(Rd )

[U(x)u](z) := u(z + x)

[V (ξ)u](z) := e−i<ξ,z>u(z).
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N Quantum Particles (in dimension d)

HN := L2(Rd )⊗N

The Weyl system representing the j-th particle:

Wj (X ) := 1l⊗(j−1) ⊗W(x)⊗ 1l⊗(N−j).

If the N quantum particles are identical there are only 2 possibilities:

Bose particles: H B
N := L2(Rd )∨N

Fermi particles: H F
N := L2(Rd )∧N .

where ∨ is the symetric tensor product
and ∧ is the antisymetric tensor product.
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N Quantum Particles (in dimension d)

Let us recall that if we denote by PN the group of permutations of N
elements, we have the following representation:

TN : PN → U (H ⊗N), TN(σ)u1 ⊗ . . .⊗ uN := uσ(1) ⊗ . . .⊗ uσ(N)

We define the following two projections H ⊗N →H ⊗N :

symetrization: P−N :=
(
N!
)−1 ∑

σ∈PN

TN(σ)

antisymetrization: P+
N :=

(
N!
)−1 ∑

σ∈PN

sign(σ)TN(σ)

and denote by

u1 ∨ . . . ∨ uN := P−Nu1 ⊗ . . .⊗ uN , H ∨N := P−NH ⊗N ,

u1 ∧ . . . ∧ uN := P+
Nu1 ⊗ . . .⊗ uN , H ∧N := P+

NH ⊗N .
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A system with a variable number of fermions

The Hilbert space is the antisymetric Fock space:

F+ := ⊕
N∈N

L2(Rd )∧N .

By convention: L2(Rd )∧0 := CΩ with ‖Ω‖H 0 = 1.
On H ∧N we consider the scalar product:(

u1 ∧ . . . ∧ uN , v1 ∧ . . . ∧ vN

)
H ∧N := (N!)−1 det

(
(ui , vj )H

)N

i ,j=1
.

The Number Operator

N is the closure of the following essentially self-adjoint operator

◦
N :

◦
⊕

N∈N
H ∧N → F+,

◦
Nu1 ∧ . . . ∧ uN := N u1 ∧ . . . ∧ uN .

Its domain is
D(N) := {Ψ̃ ≡ {ΨN}N∈N ∈ ⊕

N∈N
H ∧N |

∑
N∈N

N2‖ΨN‖2
H ∧N <∞}.
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The CAR algebra
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The creation / anihilation operators

Definition

If we denote by P+ := ⊕
N∈N

P+
N , for any u ∈ L2(Rd ) we can define the

operators:

a(u) := P+
(
ux)P+, a†(u) := P+

(
un)P+,

u n (u1 ⊗ . . .⊗ uN) := u ⊗ u1 ⊗ . . .⊗ uN ,

ux(u1 ⊗ . . .⊗ uN) := (u, u1)H u2 ⊗ . . .⊗ uN .

We obtain in fact that:

a(u)
(
v1 ∧ . . . ∧ vN

)
=

N∑
j=1

(−1)j (u, vj )H

(
v1 ∧ . . . ∧ vi−1 ∧ vi+1 ∧ . . . ∧ vN

)
,

a†(u)
(
v1 ∧ . . . ∧ vN

)
= u ∧ v1 ∧ . . . ∧ vN .
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The creation / anihilation operators

By definition we take:
∀u ∈H : a(u)Ω = 0, a†(u)Ω = u ∈H ⊂ F+.

Properties:

∀u ∈H :
(
a†(u)Ψ,Φ

)
F+

=
(
Ψ, a(u)Φ

)
F+
,

∀(Ψ,Φ) ∈ F+ × F+.

∀(u, v) ∈H ×H : [a(u), a†(v)]+ = (u, v)H 1l,
[a(u), a(v)]+ = [a†(u), a†(v)]+ = 0.

∀u ∈H :
(
a†(u)

)2
= 0.

∀u ∈H : ‖a†(u)‖ = ‖a(u)‖ = ‖u‖H .

We used the notation [A,B]+ := AB + BA for any two bounded linear
operators on a Banach space.
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The creation / anihilation operators

Proposition A

If u := {uα}α∈I is an orthonormal basis of H (for a set of indices I) and
if we denote by F ⊂ I the family of finite subsets of I, then the family
{Φu(F )}F∈F defined by

Φu(F ) :=

[∏
α∈F

a†(uα)

]
Ω

form an orthonormal basis on F+.

Proposition B

The set of bounded linear operators {a(u), a†(u)}u∈H acting on F+ has
no nontrivial invariant closed subspace.
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The bi-qunatized operators

A. Suppose T ∈ B(H ) with ‖T‖ ≤ 1. Then we can define

Γ(T ) ∈ B(F+), Γ(T )
(
u1 ∧ . . . ∧ uN

)
:= (Tu1) ∧ . . . ∧ (TuN).

B. For H : D(H)→H a self-adjoint operator let us define

D
(
dΓ(H)

)
:= ⊕

N∈N
D
(
dΓ(H)N

)
,

D
(
dΓ(H)N

)
:= D(H)∧N

(considering D(H) as a Hilbert space for the graph-norm).

dΓ(H) := ⊕
N∈N

∑
1≤k≤N

[
1l∧(k−1)

]
∧ H ∧

[
1l∧(N−k)

]
.
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The bi-qunatized operators

Properties:

1 Γ
(
e−iH

)
= e−i dΓ(H)

∀t ∈ R : e it dΓ(H)a(u)e−it dΓ(H) = a
(
e−itHu

)
,

2 For T ∈ B(H ) and u ∈H we have
Γ(T )a†(u) = a†(Tu)Γ(T )
Γ(T )a(u) = a(T ∗−1u)Γ(T ),

3 For H = H∗ on H and u ∈ D(H) we have[
dΓ(H), a†(u)

]
= a†(Hu)[

dΓ(H), a(u)
]

= a(H∗u).

4 dΓ : B1(H ) → B
(
F+(H )

)
.
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Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 19 / 67



The bi-qunatized operators

Properties:

1 Γ
(
e−iH

)
= e−i dΓ(H)

∀t ∈ R : e it dΓ(H)a(u)e−it dΓ(H) = a
(
e−itHu

)
,

2 For T ∈ B(H ) and u ∈H we have
Γ(T )a†(u) = a†(Tu)Γ(T )
Γ(T )a(u) = a(T ∗−1u)Γ(T ),

3 For H = H∗ on H and u ∈ D(H) we have[
dΓ(H), a†(u)

]
= a†(Hu)[

dΓ(H), a(u)
]

= a(H∗u).

4 dΓ : B1(H ) → B
(
F+(H )

)
.
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The Number operator

Remark

We can write:

N = dΓ(1l) =
∑
α∈I

a†(uα)a(uα)

for any orthonormal basis {uα}α∈I.

Remarks:

Let us consider the 1-parameter unitary group U(θ) := e iθ acting on
H , generated by 1l.

We can define now the unitary group e iθN acting on F+.
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Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 20 / 67



The Number operator

Remark

We can write:

N = dΓ(1l) =
∑
α∈I

a†(uα)a(uα)

for any orthonormal basis {uα}α∈I.

Remarks:

Let us consider the 1-parameter unitary group U(θ) := e iθ acting on
H , generated by 1l.

We can define now the unitary group e iθN acting on F+.

We have then: e iθN = e iθdΓ(1l) = Γ
(
e iθ
)
.
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The CAR algebra

The Hilbert space F+ with the antisymetric Fock structure allows to
describe an infinite system of identical fermions.

Remark

In any pure state on F+ the probability to have more then N particles goes
to 0 when N ↗∞.

We can define now the CAR algebra A+(H ) as the unital C ∗-algebra
obtained by taking the norm-closure in B(F+) of the complex algebra
generated by the family of bounded operators {a(u), a†(u)}u∈H .

If dim H <∞ an analog of the Stone-von Neumann Theorem is
valid for the CAR algebra A+(H ), but this is no longer true if H
has infinite dimension.

For H infinite dimensional and separable, the C ∗-algebra A+(H ) is
an approximately finite dimensional C ∗-algebra not containing the
C ∗-algebra of compact operators on F+.
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The CAR algebra

The Bogoliubov Transformation

Suppose given
U ∈ B(H ) and V ∈ B†(H ) (with B†(H ) the Banach algebra of bounded
antilinear operators on H ), such that:

V ∗U + U∗V = 0 = UV ∗ + VU∗

U∗U + V ∗V = 1l = UU∗ + VV∗

Then there exists a unique C ∗-algebra automorphism
γ : A+(H )→ A+(H ) such that: γ

(
a(u)

)
= a(Uu) + a†(Vu).

The Gauge Group

Let us recall the 1-parameter unitary group U(θ) := e iθ acting on H ,
generated by 1l.

Its Bogoliubov transformation is the 1-parameter group of
automorphisms γθ

(
a(u)

)
= a(U(θ)u), that we call the Gauge group.

It is in fact induced by the unitary group e iθN.
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The quasi-local structure

Let us recall that for us H = L2(Rd ) and let us denote by D the
family of bounded open subsets in Rd with’sufficently regular
boundary.

For any domain D ∈ D we can define the Hilbert space H (D) and
the CAR algebra A+(D) := A+

(
H (D)

)
;

we have a natural injection
jD : A+(D) ↪→ A+(H ).

The family of sub-C ∗-algebras {A+(D)}D∈D has the properties:

1 D0 ⊂ D ⇒ A+(D0) ↪→ A+(D),

2 A+

(
H (D)

)
=

⋃
D∈D

A+(D),

3 1l ∈ A+(D), ∀D ∈ D.
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Representations of the CAR algebra

Finite dimensional case

If dim H = n <∞,

any representation of the C ∗-algebra A+(H ) is completely reducible,

there exists only one irreducible representation (up to unitary
equivalence) that is also faithful.

One has that
A+(Cn)

∼−→ B(C2n
).

Normal states

A state on a C ∗-algebra A is a continuous linear functional ω ∈ A′

that is positive (i.e. ω(A∗A) > 0) and normalized (i.e. ω(1l) = 1).

A normal state on A+(H ) is a state defined by an element
R ∈ B1

(
F+

)
through the formula ωR(A) := Tr(RA), ∀A ∈ B

(
F+

)
.
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The GNS Representation

Let ω ∈ A′ be a state on the C ∗-algebra A.

Let us define the (possibly ’singular’) sesquilinear map:
(., .)ω : A× A→ C, (A,B)ω := ω

(
A∗B

)
.

One verifies that Iω := {A ∈ A | ω
(
A∗A

)
= 0} is a two-sided ideal of

A; let pω : A→
(
A/Iω

)
be the canonical projection.

Let Hω be the Hilbert space completion of the quotient A/Iω.

One verifies that for any A ∈ A, the map l(A) : A→ A defined as
l(A)B := AB factorizes through pω and induces a map
πω : A→ B(Hω). One can prove that(

pω(B1), πω(A)pω(B2)
)
ω

= ω(B∗1 AB2).

Let us define Ωω := pω(1l) ∈ Hω. Thus
(
Ωω, πωΩω

)
ω

= ω(A).

Then πω : A→ B(Hω) is a representation of the C ∗-algebra A with
Ωω a cyclic vector. It is called the GNS representation.
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The Fock state

By construction the CAR algebra A+(H ) has a faithful ireducible
representation on the antisymetric Fock space, with cyclic vector Ω.

This representation is the GNS representation defined by the following
state:

ω0 : A+(H )→ C, ω0(A) :=
(
Ω,AΩ

)
F+(H )

Any state ω on the CAR algebra A+(H ) is completely determined by
its values on monomials of the form (Wick ordered monomials):

a†(uα1) . . . a†(uαk
)a(uβ1) . . . a(uβm ),

with {uj}j∈N an orthonormal basis of H , k + m ≤ dim H ,

α1 < . . . < αk , β1 < . . . < βm.

ω0

(
a†(uα1) . . . a†(uαk

)a(uβ1) . . . a(uβm )
)

= 0,∀k + m > 0.
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Gauge invariant quasi-free states

Let us consider the action of the dual of the gauge group on a state:
γ∗θω := ω ◦ γθ.

Remark: The state ω is gauge invariant ⇒
ω
(
a†(uα1) . . . a†(uαk

)a(uβ1) . . . a(uβm )
)

= 0, for k 6= m.

Definition

A state ω on A+(H ) is called quasi-free when it exists Sω ∈ B(H ) such
that

ω
(
a#(h1) . . . a#(h2n+1)

)
= 0 for any n ≥ 0. (a# stays for either a† or a)

ω
(
a†(uα1) . . . a†(uαm )a(uβ1) . . . a(uβm )

)
= Det

(
uαi , Sωuβj

)
H
, ∀m ≥ 0.

Then Sω is called its two-point function and:

0 ≤ Sω = S∗ω ≤ 1;

Sω + jSωj = 1l (with j the complex conjugation on H )
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Representations of A+(H )

Theorem A

The GNS representation of the algebra A+(H ) with respect to a normal
state is a multiple of the Fock representation.

A representation π : A+(H )→ B(K) (with a separable Hilbert space
H ) has a well-defined total number operator when there exists an
orthonormal basis {un}n∈N in H such that the series

∑
n∈N

a†(un)a(un)

converge in the sense of strong rezolvent convergence.

Theorem B

A representation of the algebra A+(H ) has a well-defined number
operator if and only if it is a multiple of the Fock representation.
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The Araki-Wyss representations

Araki, W., Wyss, W.: Representations of canonical anticommunication
relations, Helv. Phys. Acta 37 (1964) 139-159.

Suppose given a Hilbert space K (infinitely dimensional and
separable) and let K ∗ be its dual and f : K

∼→ K ∗ the Riesz
anti-isomorphism.

We can construct as above
the antisymetric Fock spaces F+(K ), F+(K ∗), F+(K ⊕K ∗)
and the CAR algebras A+(K ), A+(K ∗), A+(K ⊕K ∗).

Then we have canonical isomrphisms:
F+(K ⊕K ∗) ∼= P+

[
F+(K )⊗ F+(K ∗)

]
A+(K ⊕K ∗) ∼= A+(K )⊗ A+(K ∗)
(space tensor product of C ∗-algebras).
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The Araki-Wyss representations

Suppose chosen T = T ∗ ∈ B(K ) such that 0 ≤ T ≤ 1l.

The Araki-Wyss representation associated to T

The Hilbert space: H := F+(K ⊕K ∗).

The representation: ΠT : A+(K )→ B(H)
ΠT

(
a(f )

)
:= a((1l− T)1/2f

)
⊗ 1l + Γ(−1)⊗ a†(f(T1/2f)

)
,

ΠT

(
a†(f )

)
:= a†((1l− T)1/2f

)
⊗ 1l + Γ(−1)⊗ a(f(T1/2f)

)
.

Proposition

The representation ΠT is unitarily equivalent with the GNS representation
associated to the gauge invariant quasi free state ωT associated to the
two-point function operator T ∈ B(K ).
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Equilibrium states
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The Gibbs state

Let us consider a ’large’ system in contact with a thermostat with
which it may exchange heat and particles.

A basic postulate of thermodynamics states that there are two
intensive physical observables: the temperature and the chemical
potential , that characterizes the equilibrium of the system composed
of the gas in the box in contact with the thermostat; moreover, these
two physical observables are defined only for equilibrium states.

A second postulate of thermodynamics states that there exists an
extensive physical observable, the entropy, defined on any state of the
system and being maximal at equilibrium.
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The Entropy

The statistical mechanics interpretation needs an expression of the entropy
as a function defined on the phase space of the system with very many
degrees of freedom.

The first hypothesis is that the entropy must be a positive function of
the state S : B1(H )→ R+ . It is then natural to define the entropy
of the state ρ as the mean value of some observable S(ρ) ∈ B(H ):

S(ρ) := Tr
(
ρS(ρ)

)
.

The property of extensivity that we ask for the entropy means that for
two independent systems with states ρj ∈ B1(K), j ∈ {1, 2}, the
entropy of the joint system having the state ρ1 ⊗ ρ2 ∈ B1(K1 ⊗K2)
must be the sum of the entropies of the separated systems:

S
(
ρ1 ⊗ ρ2

)
= S

(
ρ1

)
⊗ 1l + 1l⊗ S

(
ρ2
)
.

The unique class of continuous functions satisfying this are

S(X ) := −c ln(X ), ∀c > 0.
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The Entropy

Definition

The entropy of the quantum statistical state ρ ∈ B1(K ) is

S(ρ) := −cTr
(
ρ ln(ρ)

)
,

for some constant c > 0.
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The free Fermi gas
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The free fermion gas

We shall consider a model of free fermions without spin!
Although non-physical from the point of view of Quantum Field Theories,
this model is useful when one can neglect the spin.

We remain in the previous context and consider also a dynamics.

The Dynamics

The evolution of a quntum particle is described by a self-adjoint,
lower semibounded operator H called the Hamiltonian, such that if
ρ ∈ B1(H ) is the state of the particle at time τ = 0, then the state
at time τ = t is given by e−itHρe itH .

The free dynamics: H = −∆ with domain the Sobolev space H2(Rd ).

On a bounded domain D: H(D) = −∆ with domain the Sobolev
space H2(D) ∩H1

0(D) (i.e. the Laplacean with Dirichlet boundary
condition on the boundary ∂D).
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The free fermion gas in a bounded domain

Proposition

The Hamiltonian H(D) has compact rezolvent for any D ∈ D.

Thus there exists {ej ∈ R}j∈N∗ and {Ej ∈ P
(
L2(D)

)
}j∈N∗

such that e1 ≤ e2 ≤ . . . ≤ en ≤ . . ., Ej⊥Ek and H(D) =
∑

n∈N∗
enEn

(with the series converging in norm rezolvent sense.)

Using Weyl’s Law: #{ej ≤ N} ∼ CNd/2 +O(N(d−1)/2)

The rezolvent

R(D)p
z :=

(
H(D)− z1l

)−p

is a Trace class operator for any p ≥ d − 1/2.

Then we conclude easily that e−βH(D) ∈ B1(L2(D)), ∀β > 0.
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The free fermion gas in a bounded domain

The N Particles Hamiltonian H(D)N

D
(
H(D)N

)
=
[
H2(D) ∩H1

0(D)
]∧N

.

H(D)N =
∑

1≤k≤N

[
1l∧(k−1)

]
∧ (−∆) ∧

[
1l∧(N−k)

]
.

If un ∈ EnL2(D) with ‖un‖L2(D) = 1, then u := {un}n∈N∗ is an

orthonormal basis in L2(D) and (if FN := {F ∈ F(N∗) | #F = N})

H(D)N =
∑

F∈FN (N∗)

(∑
n∈F

en

)
|Φu(F )〉 〈Φu(F )| .

(The series converges in strong rezolvent sense)
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Evidently H̃(D) and N admit an orthonormal basis of common
eigenvectors.

For β > 0 and µ ∈ R we have: e−β(H(D)−µ1l) ∈ B1(L2(D)).
In fact TrF+(L2(D))e

−β(H̃(D)−µN) ≤ exp
(
eβµTrL2(D)e

−βH(D)
)
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The Macrocanonical Ensemble

We shall now present an argument trying to justify the Gibbs postulate
concerning the macrocanonical ensemble.

We shall approximate our localized system with a ”bounded energy”
one, by using he orthogonal projection ΠN on the first N eigenvectors
of H(D).

We ask that the equilibrium state is the state with maximal entropy
given the mean values of the energy and of the particle number.

We shall compute the state ρN
E,N ∈ B+

1

(
F+(ΠNL2(D))

)
that gives a

maximal entropy

S
(
ρN
E,N
)

= −cTr
(
ρN
E,N ln(ρN

E,N )
)

under the constraints: TrρN
E,N = 1 and

Tr
(
ρN
E,N dΓ(ΠN)

)
= N , Tr

(
ρN
E,N dΓ(ΠNH(D))

)
= E .
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The Macrocanonical Ensemble

Using the Lagrange multiplier procedure one considers three real
multipliers κ, β and µ and the variations of the functional

G : B1

(
F+(ΠNL2(D))

)
→ R,

G (ρ) := −kTr
[
ρ
(

ln ρ− κ1l + βKN
µ

)]
,

where KN
µ := dΓ(ΠNH(D))− µdΓ(ΠN) = dΓ

(
ΠN(H(D)− µ1l)

)
.

The critical point condition then implies that
for variations of the form ρ(t) := ρ0 + tη, ∀t ∈ (−ε, ε)
one has

d

dt

∣∣∣∣
t=0

G (ρ(t)) = 0.

By some simple linear algebra we get that ∀η small enough

d

dt

∣∣∣∣
t=0

G (ρ(t)) = Tr
(
G ′(ρ0)η

)
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The equilibrium state in a bounded domain

This implies

ln
(
ρN
E,N
)

+ (1− κ)1l + βdΓ
(
ΠN(H(D)− µ1l)

)
= 0.

Thus ρN
E,N = eκ−1e−βdΓ

(
ΠN (H(D)−µ1l)

)
.

The Gibbs state

ρE,N = eκ−1e−β(H̃(D)−µN).

We conclude that:

the domain of the parameters β and µ is constrained by the condition

e−β(H̃(D)−µN) ∈ B1

(
F+(L2(D))

)
,

We must ask that:

eκ−1 = ‖e−β(H̃(D)−µN)‖−1
1 =

(
Tr
(
e−β(H̃(D)−µN)

))−1

.
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Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 42 / 67



The equilibrium state in a bounded domain

This implies

ln
(
ρN
E,N
)

+ (1− κ)1l + βdΓ
(
ΠN(H(D)− µ1l)

)
= 0.

Thus ρN
E,N = eκ−1e−βdΓ

(
ΠN (H(D)−µ1l)

)
.

The Gibbs state

ρE,N = eκ−1e−β(H̃(D)−µN).

We conclude that:

the domain of the parameters β and µ is constrained by the condition

e−β(H̃(D)−µN) ∈ B1

(
F+(L2(D))

)
,

We must ask that:

eκ−1 = ‖e−β(H̃(D)−µN)‖−1
1 =

(
Tr
(
e−β(H̃(D)−µN)

))−1

.
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The Gibbs state in a bounded domain

We obtain β and µ from the conditions:

Tr
(
H̃(D) e−β(H̃(D)−µN)

)
= E Tr

(
e−β(H̃(D)−µN)

)
,

Tr
(
N e−β(H̃(D)−µN)

)
= N Tr

(
e−β(H̃(D)−µN)

)
.

From the Klein inequality:

∀(ρ1, ρ2) ∈
[
B+

1 (H)
]2

: Tr
(
ρ1(ln ρ1 − ln ρ2)− (ρ1 − ρ2)

)
≥ 0.

we obtain easily:

Among the states with given average energy E and average particle
number N , the Gibbs state has the maximal entropy.
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The Gibbs state in a bounded domain

We shall study the Gibbs state of the free Fermi gas in a bounded domain.

We denote by: Kµ := dΓ
(
H(D)

)
− µN, z := eβµ.

The Gibbs state associated to parameters β and µ is given by

ωβ,µ(A) :=
(

Tre−βKµ
)−1

Tr
(
e−βKµA

)
.

Remark:

We have the ’commutation’ relation: e−βKµa†(u) = za†(e−βH(D)u)e−βKµ .

Thus ωβ,µ
(
a†(u)a(v)

)
= zωβ,µ

(
a(v)a†(e−βH(D)u)

)
=

= −zωβ,µ
(
a†(e−βH(D)u)a(v)

)
+ z

(
v , e−βH(D)u

)
L2(D)

Finally we get:

ωβ,µ
(
a†(u)a(v)

)
=

(
v ,

ze−βH(D)

1l + ze−βH(D)
u

)
L2(D)

.

Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 44 / 67



The Gibbs state in a bounded domain

We shall study the Gibbs state of the free Fermi gas in a bounded domain.

We denote by: Kµ := dΓ
(
H(D)

)
− µN, z := eβµ.

The Gibbs state associated to parameters β and µ is given by

ωβ,µ(A) :=
(

Tre−βKµ
)−1

Tr
(
e−βKµA

)
.

Remark:

We have the ’commutation’ relation: e−βKµa†(u) = za†(e−βH(D)u)e−βKµ .

Thus ωβ,µ
(
a†(u)a(v)

)
= zωβ,µ

(
a(v)a†(e−βH(D)u)

)
=

= −zωβ,µ
(
a†(e−βH(D)u)a(v)

)
+ z

(
v , e−βH(D)u

)
L2(D)

Finally we get:

ωβ,µ
(
a†(u)a(v)

)
=

(
v ,

ze−βH(D)

1l + ze−βH(D)
u

)
L2(D)

.

Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 44 / 67



The Gibbs state in a bounded domain

We shall study the Gibbs state of the free Fermi gas in a bounded domain.

We denote by: Kµ := dΓ
(
H(D)

)
− µN, z := eβµ.

The Gibbs state associated to parameters β and µ is given by

ωβ,µ(A) :=
(

Tre−βKµ
)−1

Tr
(
e−βKµA

)
.

Remark:

We have the ’commutation’ relation: e−βKµa†(u) = za†(e−βH(D)u)e−βKµ .

Thus ωβ,µ
(
a†(u)a(v)

)
= zωβ,µ

(
a(v)a†(e−βH(D)u)

)
=

= −zωβ,µ
(
a†(e−βH(D)u)a(v)

)
+ z

(
v , e−βH(D)u

)
L2(D)

Finally we get:

ωβ,µ
(
a†(u)a(v)

)
=

(
v ,

ze−βH(D)

1l + ze−βH(D)
u

)
L2(D)

.
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We shall study the Gibbs state of the free Fermi gas in a bounded domain.

We denote by: Kµ := dΓ
(
H(D)

)
− µN, z := eβµ.

The Gibbs state associated to parameters β and µ is given by

ωβ,µ(A) :=
(

Tre−βKµ
)−1

Tr
(
e−βKµA

)
.

Remark:

We have the ’commutation’ relation: e−βKµa†(u) = za†(e−βH(D)u)e−βKµ .

Thus ωβ,µ
(
a†(u)a(v)

)
= zωβ,µ

(
a(v)a†(e−βH(D)u)

)
=

= −zωβ,µ
(
a†(e−βH(D)u)a(v)

)
+ z

(
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)
L2(D)
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The Gibbs state in a bounded domain

Finally one gets:

ωβ,µ
(
a†(u1) . . . a(um)a(v1 . . . a(vn)

)
=

= δmn det

((
vj ,

ze−βH(D)

(1l + ze−βH(D))
ul

)
L2(D)

)
.

Thus the Gibbs state for a bounded domain D ⊂ Rd is a quasi-free state
with two-point operator

the Fermi-Dirac distribution: ℘FD
β,µ(H) := 1

(zeβH +1l)
.
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The KMS property

The Gibbs state being associated to the semigroup of the Hamiltonian
operator Kµ, implies an interesting behaviour with respect to the unitary
group associated to the Hamiltonian Kµ.

For A ∈ B
(
F+(L2(D))

)
denote by τµ,t(A) := e itKµAe−itKµ .

The product e izKµAe−izKµe−βKµ is well defined as
a bounded operator on F+(L2(D)) for 0 ≤ =mz ≤ β.
The same is true for e−βKµe izKµAe−izKµ and −β ≤ =mz ≤ 0.
Then for any two bounded operators A and B on F+(L2(D)):

1 FAB (t) := ωβµ
(
Bτµ,t(A)

)
is the boundary value of a function analytic

on 0 < =mz < β and continuous on its closure;
2 GAB (t) := ωβµ

(
τµ,t(A)B

)
is the boundary value of a function analytic

on −β < =mz < 0 and continuous on its closure;
3 FAB (t + iβ) = GAB (t), ∀t ∈ R.

Definition

A state ω satisfying the 3 properties above is called a KMS state for the
group τµ,t at value β.
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The Thermodynamic Limit

We notice that by construction any normal state on F+(L2(D)) gives
probability 0 for finding an infinite number of particles, for any bounded
domain D.

Let us try to obtain the ’infinite system’ as a limit of the systems in
bounded domains when ’the domains grow to the entire space.
More precisely let us consider a countable family {Dn}n∈N∗ ⊂ D such that:

Dn ⊂ Dn+1, ∀n ∈ N∗,⋃
n∈N∗

Dn = Rd .

Notice that for n ≤ m we have a canonical injection

L2(Dn) ↪→ L2(Dm) ↪→ L2(Rd ) ≡H .
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The Thermodynamic Limit

Identifying L2(Dn) with its image in H we shall work in this fixed Hilbert
space with non-densely defined hermitic operators, in fact with their
pseudoresolvents (that have a non-trivial kernel).

Theorem

C∞0 (Rd ) is contained in
⋃

n∈N∗

[
H2(Dn) ∩H1

0(Dn)
]

and is a domain of

essential self-adjointness for H = −∆.

∀φ ∈ C∞0 (Rd ), ∃Nφ ∈ N∗ such that H(Dn)φ = Hφ, ∀n ≥ Nφ.

The sequence of Hamiltonians {H(Dn)}n∈N∗ converges in
strong-rezolvent sense to H.

The problem is that convergence in strong-rezolvent sense is too weak to
imply a ’good’ convergence of the evolution and of the state in their
classes! This is one of the consequences of trying to approach really
infinite systems by finite ones.
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The Thermodynamic Limit - algebraic setting

We step down from the complete algebra of observables B
(
(F+(H ))

)
to its sub-C ∗-algebra of quasi-local observables, the CAR algebra over
H : A+(H ).

On the C ∗-algebra A+(H ) let us consider the following
automorphism groups:

γ(n),t(A) := Γ
(
e itH(Dn)

)
AΓ
(
e−itH(Dn)

)
, ∀n ∈ N∗;

γt(A) := Γ
(
e itH

)
AΓ
(
e−itH

)
.

On the C ∗-algebra A+(H ) let us consider the following states:

ωβ,µ,(n)(A) :=
(

Tre−βK(n),µ

)−1
Tr
(

e−βK(n),µA
)
,

with K(n),µ := dΓ
(
H(Dn)− µN

)
.
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Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 49 / 67



The Thermodynamic Limit - algebraic setting

We step down from the complete algebra of observables B
(
(F+(H ))

)
to its sub-C ∗-algebra of quasi-local observables, the CAR algebra over
H : A+(H ).

On the C ∗-algebra A+(H ) let us consider the following
automorphism groups:

γ(n),t(A) := Γ
(
e itH(Dn)

)
AΓ
(
e−itH(Dn)

)
, ∀n ∈ N∗;

γt(A) := Γ
(
e itH

)
AΓ
(
e−itH

)
.

On the C ∗-algebra A+(H ) let us consider the following states:

ωβ,µ,(n)(A) :=
(

Tre−βK(n),µ

)−1
Tr
(

e−βK(n),µA
)
,

with K(n),µ := dΓ
(
H(Dn)− µN

)
.
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The Thermodynamic Limit - algebraic setting

Theorem

For any A ∈ A+(H ) we have that:

∃ lim
n→∞

γ(n),t(A) = γt(A);

the sequence {ωβ,µ,(n)(A)}n∈N∗ has a limit that defines a state
ω̃β,µ ∈ A+(H )′;

the state ω̃β,µ is a quasi-free state with two-point operator

Rβ,µ :=
ze−βH

(1l + ze−βH)
, z := eβµ.

the state ω̃β,µ is a KMS state for the automorphism group τ̃µ,t , where

τ̃µ,t(A) := e it(dΓ(H)−µN)Ae−it(dΓ(H)−µN).

One can prove that a quasi-free KMS state is unique (for a given group
and parameter β). The above KMS state ω̃β,µ is left invariant by the
group of automorphisms γ.
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The infinite free Fermi gas

Thus we have succeeded to describe the infinite free Fermi gas through

its algebra of quasi-local observables A+

(
L2(Rd )

)
,

a time evolution given by the automorphism group t 7→ γt on
A+

(
L2(Rd )

)
,

a family of automorphism groups τµ,t (for a given domain of values of
µ), such that γt = τ0,t and for any β > 0 we have constructed a
quasi-free KMS state ω̃β,µ (for τµ,t at β) that is left invariant by the
evolution γt ;

the two-point operator of this quasi-free KMS state is
given by the Fermi-Dirac density:

Rβ,µ :=
ze−βH

(1l + ze−βH)
, z := eβµ.

This state is an equilibrium state for the system at inverse
temperature β and chemical potential µ.
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Conserved Charges and Currents
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Global observables

Consider any one-particle observable described by the self-adjoint
operator q in H . One can then consider the associated global
observable associated to it, that will be given by the bi-quantized
self-adjoint operator
q̃ := dΓ(q) acting in F+(H ).

If q ∈ B1(H ), then dΓ(q) ∈ B
(
F+(H )

)
and belongs to the

quasi-local algebra A+(H ). In this case, for any quasi-free state ω
with two-point operator Rω we have that: ω

(
dΓ(q)

)
= TrH

(
Rωq

)
.

For more general one-particle observables the above properties are no
longer true and their global forms are no longer quasi-local
observables.
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Global currents

Given a one-particle observable q its time evolution is described by
the map: R 3 t 7→ q(t) := e itHqe−itH ,
with H the one particle Hamiltonian.

Its one particle current is then given by:

φq(s) := − d

dt
q(t)

∣∣∣∣
t=s

= −i [H, q(s)].

The global current associated to q is then

Φq(s) := dΓ
(
πq(s)

)
.

Given an evolution associated to the Hamiltonian H0, a conserved
observable is a self-adjoint operator that satisfies: e itH0qe−itH0 = q,
∀t ∈ R. Its one particle and its global currents are evidently 0.
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Global currents

Regularized currents

In many cases the commutator [H, q] expressing the one-particle
current is very singular.

We shall work with the following regularization procedure introduced
in [AJPP-07]:

∀ε ∈ (0, ε0], φ
(ε)
q := −i [fε,k (H), q], fε,k (E ) :=

E

(1 + εE )k
.

Definition

Given a Hamiltonian H0 an observable q is called a tempered conserved
charge for H0 when it satisfies

e itH0qe−itH0 = q, q(λ) := qχ(H0 ≤ λ) ∈ B(H ).

We denote by φ
(ε)

q(λ) :=
[

H
(1+εH)k , q

(λ)
]
.
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The Perturbation Problem

We shall consider a ’basic’ Hamiltonian H0 and some perturbation H of it
such that:

∃E0 ∈ R, H0 + E0 ≥ 1, H + E0 ≥ 1;

∃p > 0, (H + E0)−p − (H0 + E0)−p ∈ B1(H ).

We shall consider a one-particle observable q that is a tempered conserved
charge with respect to H0.

We shall consider a function F such that 0 ≤ F ≤ 1 and the quasi-free
states ω0 defined by the two-point operator F (H0) and ω defined by the
two-point operator F (H).
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The Perturbation Problem

Theorem

Suppose given two Hamiltonians H and H0 as above and a tempered
conserved charge q with respect to H0. If the function F is such that
F (H)− F (H0) ∈ B1(H ) then ω(Φq) = 0.

Corollary

In the KMS quasi-free state at value β for the Hamiltonian H, the global
current of any tempered conserved charge q for the Hamiltonian H0 has a
vanishing mean value.

It is enough to notice that the function F (E ) := ze−βE (1 + ze−βE )−(p+1)

verifies the Hypothesis of the above Theorem; in fact we have to use the
second assumption in the hypothesis above H and H0 and the fact that
one can find a C∞0 (R) function ϕ such that

F (E ) = ϕ
(
(E + E0)−p

)
.
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The Open System

Let us consider now a system S in contact with two reservoirs R1 and R2.

More precisely let us consider two reservoirs with a fre Fermi gas, each one
in equilibrium at some given temperatures (β1 and β2) and some chemical
potentials (µ1 and µ2), that may be put in contact through a small
sample, the system S.
We shall suppose that at time t = 0 we open the contact (thermal and
physical) between each reservoir and the sample and wait for a long time
(t →∞) in order that a stationary state is reached.

Let us notice that when considering composite systems like above, the
antisymetric Fock space has to be a tensor product of the individual Fock
spaces and we have

F+(K1 ⊕K2) ∼= F+(K1)⊗ F+(K2).

Thus at the one-particle level one has to consider direct sums of Hilbert
spaces.
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The Open System

Basic Assumptions

In each reservoir the dynamics is described by a one-particle
Hamiltonian Hj (j = 1, 2) acting in the Hilbert spaces Kj (j = 1, 2).

1 ∃Ej ∈ R, Hj + Ej ≥ 1, j = 1, 2;
2 for j = 1, 2, Hj has no singular continuous spectrum.

The dynamics of the Fermi gas in the sample is described by a
one-particle Hamiltonian HS acting in the Hilbert space KS , that has
pure point spectrum.

The interaction between the sample and each of the reservoirs is
described by V acting in H := K1 ⊕K2 ⊕KS and having the form
V :=

∑
j=1,2

∑
n∈N∗

κj ,n (|ξj ,n〉 〈υj ,n|+ |υj ,n〉 〈ξj ,n|) with

{ξj ,n}n∈N∗ orthonormal in Kj (j = 1, 2)
{υj ,n}n∈N∗ orthonormal in KS for each j = 1, 2∑
n∈N∗
|κj ,n| <∞ or each j = 1, 2.
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The Open System

The Dynamics

For −∞ < t ≤ 0 we consider that the coupling with the sample is
turned off so that the total Hamiltonian is given by
H0 := H1 ⊕ H2 ⊕ HS acting on
D(H0) := D(H1)⊕D(H2)⊕D(HS ) ⊂H := K1 ⊕K2 ⊕KS .

Puting on the contacts at t = 0 means that the total one-particle
Hamiltonian for t > 0 will be H := H0 + V , self-adjoint on D(H0).

We shall denote by E∆(H) and E∆(H0) the spectral measures of H,
resp. H0 (with ∆ any Borel set in R). The projections Ea.c. and Ep.p.

are associated to the absolutely continuous and resp. the pure point
parts of the spectrum.

Under our Basic Assumptions on the dynamics, the wave operators:
Ω± := s − lim

t→±∞
e itHe−itH0Ea.c.(H0)

exist and are complete (i.e. RanΩ+ = RanΩ− = Ea.c.(H)).
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The initial state

Our algebra of quasi-local observables is

A+(H ) ∼= A+(K1)⊗ A+(K2)⊗ A+(KS ).

At t = 0 our reservoirs are at equilibrium being described by two
quasi-free KMS states with parameters β1 and β2 and resp. µ1 and
µ2: ωβ1,µ1 ∈ A+(K1 )′, ωβ2,µ2 ∈ A+(K2 )′.

These two states are associated to two two-point operators

Rβj ,µj
:=
(
eβj (Hj−µj 1l) + 1

)−1 ≡ ℘FD
βj ,µj

(Hj ) ∈ B(Kj ).

At t = 0 the sample is in a stationary quasi-free state with a two-point
operator RS ∈ B(KS ) that commutes with HS . We shall see that the
objects we shall be interested in do not depend on this state.

Thus, at t = 0 our entire system is in the direct product state:

ω0 = ωβ1,µ1 ⊗ ωβ2,µ2 ⊗ ωΓ(ρ),

a quasi-free state with two-point operator

R0 := Rβ1,µ1 ⊕ Rβ2,µ2 ⊕ RS .
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The asymptotic states

Evidently the state ω0 is left invariant by the dynamics defined by the
Hamiltonian H0 (it simply commutes with the two-points operators).

For t > 0 the state of our entire system will be given by

ωt := ω0 ◦ γt , γt(A) := e−itdΓ(H)Ae itdΓ(H).

Following Ruelle we call nonequilibrium steady state (NESS)
asymptotic to ω0, any accumulation point of the set:{

1

T

∫ T

0
ωt dt | T > 0

}
with respect to the weak∗ topology on the dual of the quasi-local
observables; we denote this family of asymptotic states by Σ+(ω0).
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The Non Equilibrium Steady States

Theorem [C.-A. Pillet 2007]

Under the above assumptions and for the above initial state ω0 we have
that:

Σ+(ω0) = {ω+} where:

1 ω+|
A+

(
Ea.c.(H)K

) is a quasi-free state with two-point operator

Ra.c.
+ := Ω−R0Ω∗−.

2 ∀A ∈ A+

(
Ea.c.(H)K

)
, for any ω0-normal state η we have that

∃ lim
t→+∞

η
(
e itdΓ(H)Ae−itdΓ(H)

)
= ω+(A).

3 ∀a ∈ B1(H ) we have that ω+

(
dΓ(a)

)
= Tr

(
R+a

)
, with

R+ := Ω−R0Ω∗− +
∑

λ∈σp.p.(H)

E{λ}(H)R0E{λ}(H).

The NESS ω+ and thus the two-point operator R+ are left invariant
by the evolution associated to H.
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Aalborg-Århus, May, 2013 () Radu Purice: NESS and currents May 10 - 13, 2013 63 / 67



The Non Equilibrium Steady States

Theorem [C.-A. Pillet 2007]

Under the above assumptions and for the above initial state ω0 we have
that:

Σ+(ω0) = {ω+} where:
1 ω+|

A+

(
Ea.c.(H)K

) is a quasi-free state with two-point operator

Ra.c.
+ := Ω−R0Ω∗−.

2 ∀A ∈ A+

(
Ea.c.(H)K

)
, for any ω0-normal state η we have that

∃ lim
t→+∞

η
(
e itdΓ(H)Ae−itdΓ(H)

)
= ω+(A).

3 ∀a ∈ B1(H ) we have that ω+

(
dΓ(a)

)
= Tr

(
R+a

)
, with

R+ := Ω−R0Ω∗− +
∑

λ∈σp.p.(H)

E{λ}(H)R0E{λ}(H).

The NESS ω+ and thus the two-point operator R+ are left invariant
by the evolution associated to H.
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The Landauer - Büttiker formula for the current

Let us consider the global observables representing the total charge of
each reservoir:

Qj := dΓ(1lj), 1l1 := 1lK1 ⊕ 0⊕ 0, 1l2 := 0⊕ 1lK2 ⊕ 0.

Then the associated currents are

Φ1lj = −∂t(e itdΓ(H)Qj e
−itdΓ(H)) = −e itdΓ(H)dΓ

(
[V , 1lj]

)
e−itdΓ(H))

with [V , 1lj] ∈ B1(H ).

Let us compute the mean value of the correspondent currents in the
NESS: ω+

(
dΓ(Φ1lj)

)
= Tr

(
R+[V , 1lj ]

)
= Tr

(
Ra.c.

+ [V , 1lj ]
)

due to the fact that:
E{λ}(H)[V , 1l]E{λ}(H) = E{λ}(H)[H, 1l]E{λ}(H) = 0.

Notice that: Ra.c.
+ = Ω−Ea.c.(H0)R0Ω∗− = Ω−1lRR01lRΩ∗−

with 1lR := 1l1 ⊕ 1l2 ⊕ 0.
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The Landauer - Büttiker formula for the current

In the above arguments we have supposed also that

σj := σ(Hj ) = σa.c.(Hj ), j = 1, 2.

In fact, in order to go further we shall need to have a very precise spectral

representation of
◦

H := H0Ea.c.(H0) = H1 ⊕ H2.

1 Both H1 and H2 have generalized eigenfunctions expansions:

For j = 1, 2 there exist Ghelfand triads Gj ⊂ Kj ⊂ G ′j ,
there exists two maps σj 3 λ 7→ ψj (λ) ∈ G ′j of G ′j -norm one such that
for any φ1 and φ2 from Gj and for any bounded function f we have
that

(φ1, f (Hj )φ2)Kj =

∫
σj

f (λ) < φ1, ψj (λ) >j < φ2, ψj (λ) >j dλ.

2 The functions ξj ,n defining the operator V belong to the space Gj

from above (we denote by < ., . >j the duality Gj × G ′j ).
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The Landauer - Büttiker formula for the current

Then the Kato-Kuroda-Birman theory implies that

Ω∗+Ω− = S is the unitary scattering matrix on K1 ⊕K2.

Moreover we can define the following bounded operator

S = 1l− 2iπT and verify that S and T commute with
◦

H.
Thus we can write

S =

∫ ⊕
σ(H0)

S(λ)dλ, T =

∫ ⊕
σ(H0)

T (λ)dλ,

with S(λ) and T (λ) being 2x2 matrices.

The unitarity of S implies that:

T (λ)− T ∗(λ) = −2πiT (λ)T ∗(λ).

Ω± have bounded extensions in G ′1 ⊕ G ′2 ⊕HS .

The matrix elements of T (λ) are given by

T (λ)jk = < ψj (λ),V Ω−ψk(λ) >j .
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The Landauer - Büttiker formula for the current

Using the above formulae we can rewrite the expression of the mean value
of the current in the NESS as

ω+

(
dΓ(Φ1l1)

)
= −2π

∫
σ(H0)

(
℘FD
β1,µ1

(λ)− ℘FD
β2,µ2

(λ)
)
|T (λ)12|2 dλ.
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