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Introduction

Together with Marius Mantoiu we have considered quantum hamiltonians
with magnetic fields and replaced the usual translations with magnetic
translations, generalizing some former results from constant magnetic
fields to bounded smooth magnetic fields.

This approach allowed us to obtain a pseudodifferential Weyl calculus,
twisted by a 2-cocycle associated to the flux of the magnetic field and we
developped this calculus in colaboration with V. Iftimie.

Magnetic modular spaces can be defined in this new setting.

An interesting fact that we pointed out is that the algebra of observables
is defined only in terms of the magnetic field without the need of a vector
potential.

Using these techniques we proved a number of spectral results for
quantum Hamiltonians in magnetic fields.
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Introduction

@ At the classical level the magnetic field may also be described by a
deformation of the canonical symplectic form of the phase space and
hence, a deformation of the Poisson bracket of the classical
observables.
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Introduction

@ At the classical level the magnetic field may also be described by a
deformation of the canonical symplectic form of the phase space and
hence, a deformation of the Poisson bracket of the classical
observables.

@ At the quantum level, we can define a twisted Moyal algebra, with the
Moyal product twisted by a 2-cocycle associated to the flux of the
magnetic field.

@ These two descriptions may be put together in a strict deformation
quantization in the sense of M. Rieffel.

@ In colaboration with Marius Mantoiu and Serge Richard we have
defined and studied associated coherent states quantization and
Bargmann representation.
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Some notations

@ The configuration space: X := R

o The phase space: =:= T A = X x &’
with momentum space X’, the dual of X,
(canonically isomorphic to RY).

@ The canonical symplectic form on =:

o((x.8),(y,n) =< &y >—<nx>
with < .,. > the duality application X’ x X — R.
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The magnetic field

@ The magnetic field is described by a closed 2-form B on X:

B = Z Bi(x)dx; A dxk, Bj(x) = —Buj(x), dB=0.
j,k=1
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The magnetic field

@ The magnetic field is described by a closed 2-form B on X:
B = Z Bi(x)dx; A dxk, Bj(x) = —Buj(x), dB=0.
j,k=1

@ On R" there always exists a 1-form, the vector potential A such that
B = dA.

@ The association of a vector potential to a magnetic field B is highly
non unique and we have that

A-A=Vd & dA=dA =8B.

o If B has components of class C(X), then the following formula
always provides a vector potential with components of class C;’gl(X):

Z/ ds Bji(sx)sxk.
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The magnetic field - the classical picture

@ In the Hamiltonian formalism, the Lorentz force can be described by
replacing the usual canonical pair of variables

(x,€) on = by the pair of variables (x, & + A(x))

defined once we have chosen a vector potential A for B.
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The magnetic field - the classical picture

@ In the Hamiltonian formalism, the Lorentz force can be described by
replacing the usual canonical pair of variables
(x,€) on = by the pair of variables (x, & + A(x))
defined once we have chosen a vector potential A for B.

@ Appearently this prescription is highly non-unique due to the gauge
ambiguity.

@ But, one can easily see that the Hamilton equations of motion only
depend on the magnetic field B, through the usual Lorentz force term:

(02) (1) = D Biw(x(£))(9exe) (1)

1<k<d

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 7 /51



The gauge invariant formalism

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 8 /51



The gauge invariant formalism
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Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 8 /51



The gauge invariant formalism

o Let m: = — X, (x,£) — x, be the canonical projection.
o Let 08 := o +7*[B].

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 8 /51



The gauge invariant formalism

o Let m: = — X, (x,£) — x, be the canonical projection.
o Let 08 := o +7*[B].

This 0B defines a new symplectic form on =.

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 8 /51



The gauge invariant formalism

o Let m: = — X, (x,£) — x, be the canonical projection.
o Let 08 := o +7*[B].

This 0B defines a new symplectic form on =.

We associate to o8 a new Poisson bracket:

{f.g}”: 5 (df),ig" (dg))

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 8 /51



The gauge invariant formalism

o Let m: = — X, (x,£) — x, be the canonical projection.
o Let 08 := o +7*[B].

This 0B defines a new symplectic form on =.

We associate to o8 a new Poisson bracket:

{f.g}”: 5 (df),ig" (dg))

where jg is the canonical isomorphism

ig = ==, <ig(X),Y >=cB(X,Y).
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The gauge invariant formalism

Using the canonical global coordinates we have:

{f.6}°(x.€):=
= [(057)(x.€) (058) (x,€) = (95 F) (x,€) (9¢;8) (x.€)] +
j=1
Z Bi(x) (9, f) (x, ) (0e,8) (x,€)
j,k=1
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The quantum picture

Let us recall that the quantum description of the classical mechanical
system described above is done in terms of a Weyl system.
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The quantum picture

Let us recall that the quantum description of the classical mechanical
system described above is done in terms of a Weyl system.
The Weyl system

@ Consists in a complex Hilbert space H

@ and two strongly continuous unitary representations:

Xox—= Ux)eU(H)
X3¢ V() eU(H)
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The quantum picture

Let us recall that the quantum description of the classical mechanical
system described above is done in terms of a Weyl system.

The Weyl system
@ Consists in a complex Hilbert space H

@ and two strongly continuous unitary representations:

Xox—= Ux)eU(H)
X3¢ V() eU(H)

@ satisfying the Weyl commutation relations:

UX)V(E) = X V(e U(x), xeX, ceX.
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The quantum picture

We may put the definition of the Weyl system in the following form
involving the symplectic form on =:
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Introduction

The quantum picture

We may put the definition of the Weyl system in the following form
involving the symplectic form on =:

The Weyl system - symplectic form
@ Is given by a complex Hilbert space H

@ and a strongly continuous map
=X W(X) elU(H),
@ satisfying the relations
W(X)W(Y) = exp {;a(x, Y)} W(X +Y), W(0)=L1.

(just take W(x, &) := e/ U(—x)V(€))
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The quantum picture

It is well known that the classical observables are the (sufficiently regular)
functions
F:=—=R.
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The quantum picture

It is well known that the classical observables are the (sufficiently regular)
functions
F:=—=R.

The quantum observables
@ For any test function ¢ € S(Z; R)

@ we can define the associated quantum observable

99(0) 1= [1F 1O W(X)dX € BO)

where F~1 is the inverse Fourier transform on S(=).

And we can extend this formula by duality to S'(Z;R).
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Introduction

The quantum picture

In order to obtain the quantum description of systems in magnetic fields,
the 'paradigm’ is to quantize the system with the usual canonical variables
(x, &) replaced by the 'magnetic’ canonical variables’ (x,£ — A(x)) with A
a vector potential for the magnetic field B. Thus
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(x, &) replaced by the 'magnetic’ canonical variables’ (x,£ — A(x)) with A
a vector potential for the magnetic field B. Thus

@ Suppose chosen a gauge A for the magnetic field B.
e On L2(X) we define Q... Qn,

the multiplication with the variables, and
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The quantum picture

In order to obtain the quantum description of systems in magnetic fields,
the 'paradigm’ is to quantize the system with the usual canonical variables
(x, &) replaced by the 'magnetic’ canonical variables’ (x,£ — A(x)) with A
a vector potential for the magnetic field B. Thus

@ Suppose chosen a gauge A for the magnetic field B.

e On L2(X) we define Q.- -, @n,

the multiplication with the variables, and
Ny =Dy —Ay,...,Mh =D, —A,, with Dj := —i0

representing the canonical momenta in the magnetic field.

@ While for the usual Hamiltonian h(x,&) = (£2/2) + V/(x) the
quantization is rather clear (and by chance gauge covariant) things
are rather difficult for some 'general’ Hamiltonians (relativistic,
effective Hamiltonians) and other observables of the system.
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The quantum picture

A procedure that appears in the literature is to just make the replacement
at the 'symbol level:
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The quantum picture

A procedure that appears in the literature is to just make the replacement
at the 'symbol level:

e For any test function ¢ € S(Z; R)

@ one associates the magnetic quantum observable

Opa(d) = / [FL6](x.€ — A(x) W(X) dX € B(H).
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Introduction

The quantum picture

A procedure that appears in the literature is to just make the replacement
at the 'symbol level:

e For any test function ¢ € S(Z; R)

@ one associates the magnetic quantum observable

Opa(d) = / [FL6](x.€ — A(x) W(X) dX € B(H).

Unfortunately this procedure produces operators that are no longer gauge
covariant! (except the case discussed before).
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The 'magnetic’ Weyl system

The magnetic Weyl system J
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The magnetic Weyl system

We consider the unitary groups associated to the above 2n self-adjoint
operators @1, ..., Qq,, I'If\, e I'I?.
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The magnetic Weyl system

We consider the unitary groups associated to the above 2n self-adjoint
operators @1, ..., Qq,, I'If\, e I'I?.

The strongly continuous unitary group associated to the first d commuting
self-adjoint operators is evidently

VA(f) = efl'<§,Q>
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The 'magnetic’ Weyl system

The magnetic Weyl system

We consider the unitary groups associated to the above 2n self-adjoint
operators @1, ..., Qq,, I'If\, e ﬂdA.

The strongly continuous unitary group associated to the first d commuting
self-adjoint operators is evidently

VA(S) = efi<§,Q>

Using the Kato-Trotter formula we obtain the family of one-parameter
strongly continuous unitary groups:

UA(x) = e io.om A gi<xD>
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The 'magnetic’ Weyl system

The magnetic Weyl system

We consider the unitary groups associated to the above 2n self-adjoint
operators @1, ..., Qq,, I'If\, e ﬂdA.

The strongly continuous unitary group associated to the first d commuting
self-adjoint operators is evidently

VA(S) = efi<§,Q>

Using the Kato-Trotter formula we obtain the family of one-parameter
strongly continuous unitary groups:

UA(x) = e io.om A gi<xD>

They satisfy: UA(x)UA(y) = QB(Q; x, y)UA(x + y).

with QB(Q;X,y) = eXp(_if<Q7Q+x7Q+x+y> B)
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The 'magnetic’ Weyl system

Defining now
WA((x,€)) 1= e D7 VA UAX) =

— ef/<§7(Q+x/2)> e_if[Q,Q+X]A ei<X,D>
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The 'magnetic’ Weyl system

Defining now
WA((x,€)) 1= e D7 VA UAX) =

— e*l<§7(Q+X/2)> e_if[Q,Q+X]A ei<X,D>

We notice that

WAX)YWA(Y) = el/D7XNQB(Q; x, y)WA(X + V).
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The 'magnetic’ Weyl system

Defining now
WA((x,€)) 1= e D7 VA UAX) =

— e*l<§7(Q+X/2)> e_if[Q,Q+X]A ei<X,D>

We notice that
WAX)YWA(Y) = el/D7XNQB(Q; x, y)WA(X + V).

Thus

A A _eia(x,Y)QB(Qian) A A
WAX)W?(Y) = 7QB(Q;y,X)W (YYW?(X).
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The magnetic Weyl calculus - definition

@ For any test function f : = — C we define the associated magnetic

Weyl operator:
OpAA(f) ::/_dX?(X)WA(X) € B[H]

that leaves S(X) invariant [M.P., J. Math. Phys. 04).
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Weyl operator:
OpA(f) ::/_dX?(X)WA(X) € B[H]

that leaves S(X) invariant [M.P., J. Math. Phys. 04).
e In fact for any tempered distribution F € §'(=) we can define the

linear operator:
OpA(F) == /_ dXF(X)WA(X) € B[S(X); S'(X)]
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The magnetic Weyl calculus - definition

@ For any test function f : = — C we define the associated magnetic

Weyl operator:
OpA(f) ::/_dX?(X)WA(X) € B[H]

that leaves S(X) invariant [M.P., J. Math. Phys. 04).
e In fact for any tempered distribution F € §'(=) we can define the

linear operator:
OpA(F) == /_ dXF(X)WA(X) € B[S(X); S'(X)]

o It defines a linear bijection [M.P., J. Math. Phys. 04].

Observation: Gauge covariance
The Schrodinger representations associated to any two gauge-equivalent
vector potentials are unitarily equivqlent:

A — A+dp = DpA/(f) _ eicp(Q)DpA(f)e—igp(Q)'
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Integral kernels associated to Weyl symbols

DpA(f) is an integral operator having the following integral kernel that
can be defined in terms of f

OpA(F) = Int(KAF),  [(Int(®))u] (x) = / (x, y)u(y)dy,
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Integral kernels associated to Weyl symbols

DpA(f) is an integral operator having the following integral kernel that
can be defined in terms of f

OpA(F) = Int(KAF),  [(Int(®))u] (x) = / (x, y)u(y)dy,

with
KAf .= NO715 f;

o AM(x,y) —exp< f[xy] )
° (g_f)(x,y) = (27)~ fX dne™Y f(x,n),
° (@f)(x,y) =f(x—y/2,x+y/2), (@ g)(x,y):g(%,y—x).
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Integral kernels associated to Weyl symbols

DpA(f) is an integral operator having the following integral kernel that
can be defined in terms of f

OpA(F) = Int(KAF),  [(Int(®))u] (x) = / (x, y)u(y)dy,

ith
" KAf == NMOT1§ 1

o AM(x,y) —exp< f[xy] )

o (§F)(x.y) = (2m)™" [y dne™ f(x,n),

° (@f)(x,y) =f(x—y/2,x+y/2), (@ g)(x,y) =g (%,y —x).
We denote by KOf .= @ 15 f.
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The 'standard’ representations

o Let us denote by AZ(x) := A%(0, x) and notice that it defines a
unitary operator on L?(X).
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The 'standard’ representations

o Let us denote by AZ(x) := A%(0, x) and notice that it defines a
unitary operator on L?(X).

@ Let us define

OpA(F) == NOPA(F) (N
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The 'standard’ representations

o Let us denote by AZ(x) := A%(0, x) and notice that it defines a
unitary operator on L?(X).

@ Let us define o
OpA(F) = NOPA(F) (M) !

and notice that it has the integral kernel

[KA(F)] (%, ) = N0, )Ny, 00N (x, y) [KO(F)] (x, ¥)
= w5(0,x,y)[K°()] (x, ).

with wB(O,x,y) = exp (_if<0><y> B)'
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The 'standard’ representations - unitary equivalence

o Let us choose some g € X and denote by AZ(x) := A*(g,x) and

OpA(F) 1= NAOpA(F) (AY) ™.
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The 'magnetic’ Weyl system

The 'standard’ representations - unitary equivalence

o Let us choose some g € X and denote by AZ(x) := A*(g,x) and
-/ -1
OpA, (F) == NJOpA(F)(NG)

@ Then, denoting by wgq(x) = wB(0, g, x), we have

Op o (F) = wB o OpA(F) (wEo) .
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The 'standard’ representations - unitary equivalence

o Let us choose some g € X and denote by AZ(x) := A*(g,x) and
. -1

OpA, (F) == NJOpA(F)(NG)

@ Then, denoting by w(’fq(x) = wB(0, g, x), we have
. . -1

Op”4(F) = wgoOp(F) (wgo) -

o We have obtained a class of unitary equivalent representations
indexed by the points in &, dependlng only on the magnetic

field B. We shall use the notation Op (f) = OpA(f).
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The magnetic Moyal algebra

The magnetic Moyal algebra J
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The magnetic Moyal product

Definition
The above 'magnetic’ functional calculus induces a magnetic composition
on the complex linear space of test functions S(=):

OpA(FiFg) == Op”(f) - Op?(g)
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The magnetic Moyal product

Definition
The above 'magnetic’ functional calculus induces a magnetic composition
on the complex linear space of test functions S(=):

OpA(FiFg) == Op”(f) - Op?(g)

It only depends on the magnetic field B!
in fact on the 'magnetic’ deformation of the symplectic form on =.
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The magnetic Moyal product

Definition
The above 'magnetic’ functional calculus induces a magnetic composition
on the complex linear space of test functions S(=):

OpA(FiFg) == Op”(f) - Op?(g)

It only depends on the magnetic field B!
in fact on the 'magnetic’ deformation of the symplectic form on =.

Explicitely we have:

(F12g)(X) := 4" /_ dY/_dZ e I f(X — V) g(X - Z)

where Tx (Y, Z) is the triangle in = having vertices:

X-Y—-Z X+Y-2Z, X-Y+2Z
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The magnetic Moyal algebra

The magnetic Moyal product

Theorem [M.P., J. Math. Phys. 04

For a magnetic field B with components of class CJ5(X), the composition
4B defines a bilinear map

S(2) x S(2) 3 (¢,¥) = ¢85y € S(2)

that is jointly continuous (for the usual Fréchet topology on S(Z)).
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The magnetic Moyal product

Theorem [M.P., J. Math. Phys. 04

For a magnetic field B with components of class CJ5(X), the composition
4B defines a bilinear map

S(2) x S(2) 3 (¢,¥) = ¢85y € S(2)

that is jointly continuous (for the usual Fréchet topology on S(Z)).

Proposition [M.P., J. Math. Phys. 04

For a magnetic field B with components of class CJ5(X), we have:

LeEneoax = [oxueax. v e (sE@)

L @0)00x0ax = [ o)) (xdx. o) € (SE)

v
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Definition

We ca extend the product #2 by duality to bilinear maps:

S'EBS(E) = S'(2); S(E)HES(Z) - S'(2).
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The magnetic Moyal algebra

Definition
We ca extend the product #2 by duality to bilinear maps:
S'E)HBS(Z) = S'(2); S(2)HES'(Z) — S'(2).

The magnetic Moyal algebra
We set:

ME(2) = {F e S'(2) | FtBo € S(2), ptEF € S(2),Vo € S(E)}
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The magnetic Moyal algebra

Definition
We ca extend the product #2 by duality to bilinear maps:
S'E)HBS(Z) = S'(2); S(2)HES'(Z) — S'(2).

The magnetic Moyal algebra
We set:

ME(2) = {F e S'(2) | FtBo € S(2), ptEF € S(2),Vo € S(E)}

This defines a *-algebra for the composition £B
and the usual complex conjugation as *-conjugation.
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The magnetic Moyal algebra

Definition
We ca extend the product #2 by duality to bilinear maps:
S'E)HBS(Z) = S'(2); S(2)HES'(Z) — S'(2).

The magnetic Moyal algebra
We set:

ME(2) = {F e S'(2) | FtBo € S(2), ptEF € S(2),Vo € S(E)}

This defines a *-algebra for the composition £B
and the usual complex conjugation as *-conjugation.
Moreover, the above algebraic structures may be organized as a strict

deformation quantization of the algebra of observables in the sense
of Rieffel. [M.P. 05]
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The topology

Theorem [M.P. 11]

o For a magnetic field B with components of class (5 (X), we have
two natural linear applications

ME(=) - IB%(S(E)), ME(=) - 153(3’(5)).
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e — . i el ove [z cbr ol
The topology

Theorem [M.P. 11]
o For a magnetic field B with components of class (5 (X), we have
two natural linear applications

m%)%ﬁ@(» WWEAB@ED.

o If we consider the usual topology of uniform convergence on bounded
sets on the spaces of continuous linear applications, then both the
above maps define the same locally convex topology on 98(=Z) and
this space is complete for this topology. )
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The topology

Theorem [M.P. 11]
o For a magnetic field B with components of class (5 (X), we have
two natural linear applications

m%)%ﬁ@(» WWEAB@ED.

o If we consider the usual topology of uniform convergence on bounded
sets on the spaces of continuous linear applications, then both the
above maps define the same locally convex topology on 98(=Z) and
this space is complete for this topology. )

We shall usually consider this locally convex topology on the *-algebra
ME(=).
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The topology

Theorem [M.P. 11]

o For a magnetic field B with components of class (5 (X), we have
two natural linear applications

m%)%ﬁ@(» WWEAB@ED.

o If we consider the usual topology of uniform convergence on bounded
sets on the spaces of continuous linear applications, then both the
above maps define the same locally convex topology on 98(=Z) and
this space is complete for this topology.

We shall usually consider this locally convex topology on the *-algebra
ME(=).
Proposition [M.P. 11]

The topologies induced on MMB(Z) by restriction from S’(Z) are coarser
then the above locally convex topology.
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The norm

@ The familly:

¢B(Z) == {F € S'(2) | Op"(F) € BILA(X)]

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 27 /51



The norm

@ The familly:
¢B(Z) == {F € S'(2) | Op"(F) € BILA(X)]

does only depend on the magnetic field B.
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The norm

@ The familly:
¢B(Z) == {F € S'(2) | Op"(F) € BILA(X)]

does only depend on the magnetic field B.

e On ¢B(Z) we can define the map:

IFllg = 1Op™(F)lBp2(xy)

that does not depend on the choice of A
and is in fact a C*-norm on ¢B(=2).
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The norm

@ The familly:
¢B(Z) == {F € S'(2) | Op"(F) € BILA(X)]

does only depend on the magnetic field B.

e On ¢B(Z) we can define the map:

IFllg = 1Op™(F)lBp2(xy)

that does not depend on the choice of A
and is in fact a C*-norm on ¢B(=2).

o ¢B(Z) is a C*-algebra isomorphic to B[L2(X)].
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The magnetic Moyal algebra

Suppose that the magnetic field B has components of class ngl()().
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The magnetic Moyal algebra

Suppose that the magnetic field B has components of class ngl()().

Proposition [M.P., J. Math. Phys. 04

The space of indefinitely differentiable functions with uniform polynimial
growth on = is contained in MB(Z).
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The magnetic Moyal algebra

Suppose that the magnetic field B has components of class Cgfjl()\,’).

Proposition [M.P., J. Math. Phys. 04

The space of indefinitely differentiable functions with uniform polynimial
growth on = is contained in MB(Z).

Hormander type symbols
For me R and 0 < § < p <1 we define VF € C*(Z) the seminorms

I = sup_< & >=mHoll=dlal (9202 F)(x, )]
’ (x,£)e=
and the Fréchet space

ST(E) = {F € C(2) | Y(a.a), |\ < oo}.

Proposition [I.M.P., Proc. RIMS 07]
FormeRand 0 <6 < p<1wehave S75(Z) C MmB(=).
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Symbols of 1-dimensional projections

Given a 1-dimensional orthogonal projection

Py = |¢ >< ¢| for some ¢ € Lz(X) with [[¢]l2 =1
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Symbols of 1-dimensional projections

Given a 1-dimensional orthogonal projection

Py = |¢ >< ¢| for some ¢ € Lz(X) with [[¢]l2 =1

@ its usual Weyl symbol is given by

po =FO(¢ @ ¢).
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Symbols of 1-dimensional projections

Given a 1-dimensional orthogonal projection
Py = |¢ >< ¢| for some ¢ € L*(X) with ||p]l2 =1
@ its usual Weyl symbol is given by
Py = FO(¢ @ ).

@ Notice that the magnetic operator associated to the above symbol is
no longer a 1-dimensional projection!
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Symbols of 1-dimensional projections

Given a 1-dimensional orthogonal projection
Py = |¢ >< ¢| for some ¢ € L*(X) with ||p]l2 =1
@ its usual Weyl symbol is given by
Py = FO(¢ @ ).

@ Notice that the magnetic operator associated to the above symbol is
no longer a 1-dimensional projection!

o Notice further that taking ¢ := (/\f‘)flqb we have that

(M) (6" © ¢A) = wB(¢ @ ).
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The magnetic symbols of 1-dimensional projections

Definition
Let us put pf:: ’1e) [wiB(qb ® ¢)| = SG(AA)_I (4" ®F)}- J
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The magnetic symbols of 1-dimensional projections

Definition
Let us put pf:: ’1e) [wiB(qb ® ¢)| = SG(AA)_I (4" ®F)}- J

Then o
pot®pS =5, PS5 =0p5,

Radu Purice (IMAR; LEA Math-Mode) Harmonic Analysis, Bucharest, 2012 September 21, 2012 30 /51



The magnetic symbols of 1-dimensional projections

Definition
Let us put pf:: 3O [F(gb ®$)] = SG(AA)_I [(¢A ®F)}- J
Then _
pot®pS =5, PS5 =0p5,
and

OpA(pE) = Tnt [/\Ae—ls‘se [wB(¢® 5)]]
= Jnt [ (6" @ o4 |.
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The magnetic Moyal algebra

The magnetic symbols of 1-dimensional projections

Definition
Let us put pf:: ’1e) [wiB(d) ® ¢)| = SG(AA)_I (4" ®F)}. J

Then -
pot®pS =5, PS5 =0p5,

and
OpA(pE) = Tnt [/\Ae—ls‘S@ [WB(¢® 5)]]
= Jnt [ (6" @ o4 |.

Thus the state |¢ >< ¢| in the magnetic field B has associated an
idempotent real symbol pf.
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The magnetic Weyl calculus

The magnetic Weyl calculus J
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The magnetic Weyl calculus

'Magnetic’ pseudo-differential operators

Definition
Choosing any vector potential A for B we define the associated classes of
magnetic pseudodifferential operators on H := L?(X’) with Hormander

type symbols:
ms(A) = OpA[S5(Z)]-
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The magnetic Weyl calculus

'Magnetic’ pseudo-differential operators

Definition
Choosing any vector potential A for B we define the associated classes of
magnetic pseudodifferential operators on H := L?(X’) with Hormander

type symbols:
ms(A) = OpA[S5(Z)]- )

Theorem [I.M.P., Proc. RIMS 07]
If the magnetic field B has components of class C7,(&X'), for any m; and
my in R and for any 0 < § < p <1 we have:

Si3 (D)8 S3(2) < ST™(E).
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The magnetic Weyl calculus

'Magnetic’ pseudo-differential operators

Definition
Choosing any vector potential A for B we define the associated classes of
magnetic pseudodifferential operators on H := L?(X’) with Hormander

type symbols:
ms(A) = OpA[S5(Z)]-

Theorem [I.M.P., Proc. RIMS 07]

If the magnetic field B has components of class C7,(&X'), for any m; and
my in R and for any 0 < § < p <1 we have:

Si3 (D)8 S3(2) < ST™(E).

Under the above hypothesis on the magnetic field B, for any vector
potential A we have that in the Schrodinger representation:
W(A) - WIE(A) C WIET™(A).
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L2-continuity

Theorem [I.M.P., Proc. RIMS 07]
If the magnetic field B has components of class BC*°(X), then Sg’p(:)

with 0 < p < 1 and S 5(Z), with 0 <& < p <1 are contained in €5(=)
and there exist two constants c(n) € Ry and p(n) € N, depending only on

the dimension n of the space X, such that we have the estimation:

I1Flle < c(m)|Fl(p(n),p(n))-

where

F ‘= max max su 0208 F)(x,
Flioa la|<p |a|<q (x,g)ZEK EF) ()l

are the seminorms defining the topology of 5275(5).
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Sobolev spaces

@ Suppose that the magnetic field B has components of class BC*(X).
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Sobolev spaces

@ Suppose that the magnetic field B has components of class BC*(X).

@ We shall define the scale of Sobolev spaces starting from a special set
of symbols.
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Sobolev spaces

@ Suppose that the magnetic field B has components of class BC*(X).

@ We shall define the scale of Sobolev spaces starting from a special set
of symbols.

@ For any m > 0 we define:
om(x,€) =< £ >"= (1+ [¢[*)™/?

so that pm € S[(Z) € MB(Z) and for any potential vector A we
can define:

pﬁv = DpA(pm)'
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The magnetic Weyl calculus

Sobolev spaces

Definition

Suppose that the magnetic field B has components of class BC*°(X’) and
suppose chosen a vector potential A for it. For any m > 0 we define the
complex linear space:

HI(X) = {u e L12(X) | pAu e LZ(X)}.
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Sobolev spaces

Definition

Suppose that the magnetic field B has components of class BC*°(X’) and
suppose chosen a vector potential A for it. For any m > 0 we define the
complex linear space:

HI(X) = {u e L12(X) | pAu e L2(X)}.

Proposition [ I.M.P., Proc. RIMS 07]
The space H7(X) is a Hilbert space for the scalar product:

< UV > ()= (Pt V)2 + (U, V)2
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The magnetic Weyl calculus

Sobolev spaces

Definition

Suppose that the magnetic field B has components of class BC>(X') and
suppose chosen a vector potential A. For any m > 0 we define the space
H,™(X) as the dual space of H}(X') with the dual norm:

< ¢,u>
P L
wern(no} |ull(m.a)

that induces a scalar product.

We also denote H9(X) := L?(X).
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Elliptic symbols

Definition

For m > 0 a symbol £ € 575(=) is said to be elliptic
if there exist two positive constants R and C such that
for any (x,£) € = with [{] > R one has that

[F(x,8)l = C<&>m
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Elliptic symbols

Theorem [I.M.P., Proc. RIMS 07]

@ Suppose that the magnetic field B has components of class BC*(X')
and suppose chosen a vector potential A for it.
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Elliptic symbols

Theorem [I.M.P., Proc. RIMS 07]

@ Suppose that the magnetic field B has components of class BC™(X)
and suppose chosen a vector potential A for it.

® Suppose m >0 and F € 5]5(=) is a real symbol (elliptic if m > 0),
W|the|ther0<(5<p<1or(5—,0€[0 1).
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Elliptic symbols

Theorem [I.M.P., Proc. RIMS 07]

@ Suppose that the magnetic field B has components of class BC™(X)
and suppose chosen a vector potential A for it.

® Suppose m >0 and F € 5]5(=) is a real symbol (elliptic if m > 0),
W|the|ther0<(5<p<1or(5—,0€[0 1).

@ Then the operator
OpA(F) : HR(X) — [2(X)
is self-adjoint.
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Elliptic symbols

Theorem [I.M.P., Proc. RIMS 07]
@ Suppose that the magnetic field B has components of class BC™(X)
and suppose chosen a vector potential A for it.

® Suppose m >0 and F € 5]5(=) is a real symbol (elliptic if m > 0),
W|the|ther0<(5<p<1or(5—,0€[0 1).

@ Then the operator
OpA(F) : HR(X) — L2(X)
is self-adjoint.
o If F >0 then Op”(F) is lower semibounded and we have a strong
Géarding inequality.
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Elliptic symbols

Theorem [I.M.P., Proc. RIMS 07]

@ Suppose that the magnetic field B has components of class BC™(X)
and suppose chosen a vector potential A for it.

® Suppose m >0 and F € 5]5(=) is a real symbol (elliptic if m > 0),
W|the|ther0<(5<p<1or(5—,0€[0 1).

@ Then the operator
OpA(F) : HR(X) — L2(X)
is self-adjoint.
o If F >0 then Op”(F) is lower semibounded and we have a strong
Géarding inequality.

o If Alis chosen in CJ5(X), then OpA(F) is essentially self-adjoint on
S(X).
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Extension of the Weyl calculus

@ Let us denote by B[V;; ;] the space of continuous operators from the
locally convex space V; to the locally convex space V5.
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Extension of the Weyl calculus

@ Let us denote by B[V;; ;] the space of continuous operators from the

locally convex space V; to the locally convex space V5.

o0

@ Suppose B has components of class pol

with the same property.

(X) and we have chosen A
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Extension of the Weyl calculus

@ Let us denote by B[V;; ;] the space of continuous operators from the
locally convex space V; to the locally convex space V5.

@ Suppose B has components of class ;gl(/'\,’) and we have chosen A
with the same property.

@ Then we have (with isomorphisms of linear topological spaces):

[M.P. JMP 04]

v
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Extension of the Weyl calculus

@ Let us denote by B[V;; ;] the space of continuous operators from the
locally convex space V; to the locally convex space V5.

@ Suppose B has components of class C;&(X) and we have chosen A
with the same property.

@ Then we have (with isomorphisms of linear topological spaces):

[M.P. JMP 04]
Opt(S(2)) =B [S'(X):S(X)]; Op" (5'(5)) 2 B[S(X): ()]

v
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Extension of the Weyl calculus
@ Let us denote by B[V;; ;] the space of continuous operators from the
locally convex space V; to the locally convex space V5.
@ Suppose B has components of class C°9(X) and we have chosen A

pol
with the same property.
@ Then we have (with isomorphisms of linear topological spaces):

[M.P. JMP 04]
Opt(S(2)) =B [S'(X):S(X)]; Op" (5'(5)) 2 B[S(X): ()]

OpA (sz(z)) =~ BS(X)] (B [S'(X)]

v
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Extension of the Weyl calculus

@ Let us denote by B[V;; ;] the space of continuous operators from the
locally convex space V; to the locally convex space V5.

@ Suppose B has components of class C;&(X) and we have chosen A
with the same property.

@ Then we have (with isomorphisms of linear topological spaces):

[M.P. JMP 04]
Opt(S(2)) =B [S'(X):S(X)]; Op" (5'(5)) 2 B[S(X): ()]

OpA (sz(z)) =~ BS(X)] (B [S'(X)]

Op* (L2(Z)) =2 B, [L2(X)]  (Hilbert-Schmidt operators)

v
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An inversion result
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An inversion result

o Let m> 0 and F € S5 (=) be an elliptic symbol that does not
depend on the x € X" variable.
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An inversion result

o Let m> 0 and F € S5 (=) be an elliptic symbol that does not
depend on the x € X" variable.

o Let —a < inf F(§) and F5(§) := F(&) + a.
fex’
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An inversion result

o Let m> 0 and F € S5 (=) be an elliptic symbol that does not
depend on the x € X" variable.

o Let —a < inf F(§) and F5(§) := F(&) + a.
fex’

o Let us denote by F;1(&) := 1/F,(€) its usual inverse
(for pointwise multiplication).
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An inversion result

o Let m> 0 and F € S5 (=) be an elliptic symbol that does not
depend on the x € X" variable.

o Let —a < inf F(§) and F5(§) := F(&) + a.
fex’

o Let us denote by F;1(&) := 1/F,(€) its usual inverse
(for pointwise multiplication).

o We define: tZ[F] := FBF; 1 — 1 € MB(2).
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The magnetic Weyl calculus

An inversion result

Theorem [M.P.R., J.Func. Anal. 07]
Suppose that the magnetic field B has components of class BC*°(X') and

let m>0, F € S (Z) N C>(X") be elliptic and a € R, large enough.

Then F, has an inverse for the 12 product, F, in €8(X) and this inverse
is given by the formula

Fo=F® (Z(tf[Fl)ﬁBk>

keN

with the series converging in the C*-norm ||.||g.
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A Beals type Criterion
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A Beals type Criterion

e For (m,a) € Ry x R, let us denote by
Om.a(X) = a+ pm(X) =a+ < &>
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A Beals type Criterion

e For (m,a) € Ry x R, let us denote by
Om.a(X) = a+ pm(X) =a+ < &>
e Our inversion result implies that o , € ¢5(Z), Va>am > 0.
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A Beals type Criterion

e For (m,a) € Ry x R, let us denote by
Om.a(X) = a+ pm(X) =a+ < &>
e Our inversion result implies that o , € ¢5(Z), Va>am > 0.

@ Thus let us define 50 :=1

Sm = Pman, form>0; 5m::p|_m|a‘ ; form <0
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A Beals type Criterion

e For (m,a) € Ry x R, let us denote by
Om.a(X) = a+ pm(X) =a+ < &>

e Our inversion result implies that o , € ¢5(Z), Va>am > 0.
@ Thus let us define 50 :=1

Sm = Pman, form>0; §5,:= pl_mlya\m\’ form< 0
@ For any X € = let us define

x(Y)=0(X,Y), adl[F]:=xtBF — F1fix, VF € §'(2).
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A Beals type Criterion

Theorem [I.M.P. Comm.PDE 10]
o A tempered distribution F € S'(Z) is a symbol of class S"(Z)
(0 < p < 1) iff for any (p, q) € N?
and for all the families u1,...,up, € X and p1,...,pq € X’
we have that:

— 4B (5B B ~B B B(=
Sm—qph (aaul RPN (U (U abuq[F]) € ¢7(2).
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A Beals type Criterion

Theorem [I.M.P. Comm.PDE 10]

o A tempered distribution F € S'(Z) is a symbol of class S"(Z)
(0 < p < 1) iff for any (p, q) € N?

and for all the families u1,...,up, € X and p1,...,pq € X’
we have that:
- B B B ~B B B(=
Sm—qph <a0ul RPN (U (U abuq[F]) € ¢7(2).

@ The following two families of seminorms:
Hs;pr@g‘@jFHw, with (a,a) € N7,
and [jsp_q,t8 (abfl cadBaof abﬁq[F]) e,
with (p, q) € N? and vectors from =,
define equivalent topologies on S7"(=).
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The magnetic Bargmann representation

The Bargmann magnetic representation J
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The magnetic Bargmann transformation

Definition
We fix some v € L?(X) with [v][2(xy = 1;
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The magnetic Bargmann transformation

Definition
We fix some v € L?(X) with [v][2(xy = 1;
for any u € L?(X) and for any point X € = we define

BB (u)(X) = <(/\A)_1v, WA(—X)(/\A)_lu> = <v,’vT/B(—X)u>

[2(X) L2(xy
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The magnetic Bargmann transformation

Definition
We fix some v € L?(X) with [v][2(xy = 1;
for any u € L?(X) and for any point X € = we define

BB (u)(X) = <(/\A)_1v, WA(—X)(/\A)_lu> = <v,’vT/B(—X)u>

[2(X) L2(xy

We call the magnetic Bargmann transformation of u the function

BE(u): =3 X = BB(u)(X) e C.
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The magnetic Bargmann transformation

Theorem [MPR 11]

The magnetic Bargmann transformation of u € L2(X) satisfies:
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The magnetic Bargmann transformation

Theorem [MPR 11]

The magnetic Bargmann transformation of u € L2(X) satisfies:
Q@ The map =3 X — B5(u)(X) € C is continuous.
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The magnetic Bargmann transformation

Theorem [MPR 11]

The magnetic Bargmann transformation of u € L2(X) satisfies:
Q@ The map =3 X — B5(u)(X) € C is continuous.

@ The map L?(X) > u s BE(v) € L2(Z; (2d7i()d) is well defined and

isometric.
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The magnetic Bargmann transformation

Theorem [MPR 11]
The magnetic Bargmann transformation of u € L2(X) satisfies:
Q@ The map =3 X — B5(u)(X) € C is continuous.
@ The map L?(X) > u s BE(v) € L2(Z; (2d7i()d) is well defined and
isometric.
© We have the estimation

[BE()(X)| < [lul = | BE (W)
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The magnetic Bargmann transformation

Theorem [MPR 11]
The magnetic Bargmann transformation of u € L2(X) satisfies:
Q@ The map =3 X — B5(u)(X) € C is continuous.
@ The map L?(X) > u s BE(v) € L2(Z; (2d7i()d) is well defined and
isometric.
© We have the estimation

[BE()(X)| < [lul = | BE (W)

Let us denote by
KB(Z) i 5 {B <X; (;f)dﬂ c 12 (z; (;’:)d> NBCE)
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The inverse transformation

Let us compute now the inverse map of the magnetic Bargmann
transformation: N
BB KB(Z) = 12(X).
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The inverse transformation

Let us compute now the inverse map of the magnetic Bargmann
transformation: N

BB KB(Z) = 12(X).
We have
= <F, ‘B“Vg(u)>

K2 (=)
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The inverse transformation

Let us compute now the inverse map of the magnetic Bargmann
transformation:
BE . KKB(=) - L3(x).
We have _
(BE(F),u) |

12(x)

= (F.30(u)

and after some computations we obtain

K3 ()

BE(F) = Op (F=F)v € [2(X).
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The reproducing kernels

Definition
Let 5" be the evaluation map on KZ(Z) (subspace of the bounded
continuous functions on =):

¥X ez, ebv [SBVB(u)] = BB(u)(X).
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The reproducing kernels

Definition
Let 5" be the evaluation map on KZ(Z) (subspace of the bounded
continuous functions on =):

¥X ez, ebv [%E(u)] = BB(u)(X).

o For any X € = there exist a vector £x"" € KB(Z) such that

(627 B2W) Ly ey = €7 [B()] = BI()X).
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The reproducing kernels

Definition
Let 5" be the evaluation map on KZ(Z) (subspace of the bounded
continuous functions on =):

¥X ez, ebv [%E(u)] = BB(u)(X).

o For any X € = there exist a vector £x"" € KB(Z) such that

(627 B2W) Ly ey = €7 [B()] = BI()X).

o After some computation we get that

£8v(v) = <WB(Y)V, WB(X)V>K5(E).
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The reproducing kernels

Definition
Let 5" be the evaluation map on KZ(Z) (subspace of the bounded
continuous functions on =):

¥X ez, ebv [%E(u)] = BB(u)(X).

o For any X € = there exist a vector £x"" € KB(Z) such that

(627 B2W) Ly ey = €7 [B()] = BI()X).

o After some computation we get that

£8v(v) = <WB(Y)V, WB(X)V>K5(E).

o VX =1, || =1
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The reproducing kernels

Proposition

For any F € KE(=Z) we have in weak sense:

dx
Bv B,v : 2 (=
(2r)" /dX Fyegl=F inl <_, (%)d>.

Thus the following weak-operator integral
dX

B ._ —d B,v 2 . B(—

P, = (2m) /de ’5X ><5 L <_, on )d> — K, (2)

is the orthogonal projection on the closed subspace K2(Z).
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The Bargmann calculus

Let us study now the Bargmann transformation of the Schrédinger
representation Op”.
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The Bargmann calculus

Let us study now the Bargmann transformation of the Schrédinger
representation Op”.
For ¢ € S(=) let us compute

Bal(¢) := BE 0 OpA(4) o BY.
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The Bargmann calculus

Let us study now the Bargmann transformation of the Schrédinger
representation Op”.
For ¢ € S(=) let us compute

Bal(¢) := BE 0 OpA(4) o BY.

Finally one obtains

[Bal(@)F | (X) = (BE 2] . 004 ()BE(F)).
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The magnetic Bargmann representation

Thank you for your attention ! J
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